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This study proposes an approach to generate high-order exceptional points (EPs) in non-Hermitian
systems. A system comprising a homogenous waveguide is considered wherein the imaginary part of the
refractive index is modulated using a one-dimensional Moiré profile. This gain-loss modulation couples
different lossless waveguide modes, and these hybrid modes can be modeled using a non-Hermitian
matrix with complex off-diagonal elements. Results indicate that third-order EPs can be produced
by the coalescence of two second-order EPs. Then, the necessary requirements are analyzed using
coupled-wave equations and the physical effects of the singularities are discussed.
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1 Introduction

The concept of exceptional points (EPs) has recently
attracted considerable attention in fields of optics and
physics. Originating from a purely mathematical con-
text, EPs represent branch point singularities in the spec-
tra of parameter-dependent linear operators [1]. Heiss
and Harney [2] showed that an EP in the wave func-
tion of a Hamiltonian is a specific superposition of two
configurations when the wave function involves a com-
plex interaction parameter. Similar to phase transition
points in non-Hermitian systems, the sharp features ob-
served around EPs cause many intriguing phenomena
in various systems, such as optical microcavities, cou-
pled atom—cavity systems, photonic crystals, exciton—
polariton billiards, parity—time (P7T )-symmetric systems,
and acoustic systems [3-21]. The unique properties of
EPs, such as the topologies of the self-intersecting Rie-
mann sheets around them, have been extensively stud-
ied. Further, various practical applications that employ
EPs, such as loss-induced transmission, unidirectional in-
visibility, laser mode selection, enhanced sensors, topo-
logical energy transfer, and slow light have been proposed
[10, 11, 18, 22-28].

Although EPs were originally proposed for two-level
quantum systems, they can be generalized to N-level sys-
tems to realize high-order EPs [28-38]. High-order EPs
are singularities in the parameter spaces of physical sys-
tems containing N > 2 constituent modes, wherein the
corresponding eigenvectors become equal [29]. Using high-
order EPs to further amplify the effect of perturbations
for achieving even greater sensitivity has gained particu-

lar research interest [28, 31]. The possibility of enhanced
spontaneous emissions at high-order EPs has also been
studied [32].

Owing to many attractive characteristics of EPs, ver-
satile methods for generating EPs with arbitrary orders
must be identified. The most common approach is to
initially use identical resonators, such as parallel waveg-
uides or ring cavities, and then introduce distributed gain—
loss perturbations via PT symmetry [15, 22, 23, 27, 28].
By treating the gains and losses as perturbations of the
complex resonant frequencies, wave dynamics of coupled
systems can mathematically described in terms of non-
Hermitian matrices with complex diagonal elements. Sim-
ple linear algebra methods can then reveal the primary
characteristics of EPs that separate broken and conserved
PT phases. This approach forms the basis of a wide range
of studies from phase breaking in complex optical poten-
tials [23] to enhancing sensitivity in coupled cavities [28]
and slow light [27].

This study proposes an approach to realize high-order
EPs. Mathematically, the diagonal elements in this ap-
proach are real, but the complex off-diagonal elements
are not conjugates of each other. The off-diagonal ele-
ments represent the interactions between different guided
modes; therefore, this approach can be applied to any
non-Hermitian waveguide structure with a suitable grat-
ing in the complex dielectric constant. P7 -symmetric op-
tical lattices employ a similar approach to manipulate the
beam dynamics [39] in single-waveguide structures to re-
alize unidirectional invisibility [25] and in surface gratings
to generate unidirectional, long-lifetime surface waves [26].
A high-order EP requires coupling among N > 2 modes;
therefore, the proposed approach utilizes the concept of
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Moiré optical lattices [40, 41] formed by the beating fre-
quency between two Bragg gratings with similar periods.
Beam dynamics in non-Hermitian Moiré lattices is stud-
ied, and the merging of two initially second-order EPs
(EP2s) to form a third-order EP (EP3) with increasing
modulation strength is investigated. This study highlights
the importance of Moiré lattices and paves way for gener-
ating, manipulating, and utilizing non-Hermitian degen-
eracies in various fields, including photonics, optomechan-
ics, and microwave and atomic physics.

2 Theory

This study investigates a system comprising a homoge-
nous waveguide structure with a one-dimensional pertur-
bation in the dielectric constant € in the x direction, as
shown in Fig. 1. The incident plane wave is polarized in
the z direction, and the wavevector lies in the z—y plane.
However, unlike conventional Moiré gratings, we assume
that the modulation is imposed on the imaginary compo-
nent of ¢ as follows:

0¢
e(x) = ew + j = [cos(g12) + cos(g22)]; (1)
where
gi2=9g=% G, (2)

where g and G are the Bragg and Moiré spatial frequen-
cies, respectively, and g > G. The perturbation is very
weak with respect to the real part of the background e,
ie., de K gy

z y

The effect of this perturbation on the propagation of
optical field can be analyzed by solving Maxwell’s equa-
tions [40]. Considering a mode propagating in the z—
y plane and assuming its electric component is E =
E, exp(—ikyy — 1Bz + iwt)Z without loss of generality, the
dispersion can be represented as follows:

1 w?

Based on Bloch theory and by considering the two har-
monic contributions to Im{e}, we see that E is a super-
position of several different plane waves:

E = Zexp(—ik,y + iwt) Z Apm exp(—ifn mx). (4)

Here, the wavevectors are defined as

Bn,m = ﬁ + ng1 + mgo, (5)

where n and m are integers.
Substituting Eqgs. (4) and (1) into Eq. (3) and using the
following approximation,

% N i B jjg%[cos(glx) + cos(gaz)], ©)

we can obtain the full-matrix formula as follows:

w2

n’m’ [ 72 2 .
Z Mn’m ( n,m + ky)An,m = EwcigAn’,m“ (7)
n,m

Let A = de/(4ey,); then,

’ !
Mg@m = 6n,n’6m7m’ _jA(én,n’il(Sm,m’ +6n,n’6m,m’i1)~

(8)

(b)
Refe} Ew
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Fig. 1 Schematic of (a) a non-Hermitian Moiré lattice with (b) a dielectric constant perturbation of Im{e} o cos(g1z) +
cos(gz2z). The real part er of ¢ is constant. (c) Illustration of the phase-matching conditions B m = 8 + ng1 + mgo.
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Here, §; ; is the Kronecker delta function. The matrix M
that determines the eigenfrequencies and eigenfunctions
of the coupled modes is clearly non-Hermitian because
the off-diagonal elements are complex but not conjugates
of each other, i.e., My, ,,, # My, ,,. Thus, the dispersion
curves may show EPs.

miy —jAmas 0 A1 2
—JjAmy M2 —jAmsz3 Ao | = fu g
0 —jAmas ma3 Ao,—1
where
my = (8—g1)° + ki? (10a)
mag = B + k;, (10b)
ms3 = (8 — g2)° + k; (10c)

Equation (9) provides a good approximation of the dis-
persion at the BZ edge g/2. Figure 2 shows some results
obtained by comparing strict calculations using the full-
matrix formula in Eq. (7) (blue dots) with the results ob-
tained from the reduced 3 x 3 matrix in Eq. (9) (red lines).
Both results agree well with each other. For simplicity, the
reduced 3 x 3 matrix is used for calculation and analysis.

3 Simulation and analysis

3.1 Spontaneous emergence of EP2s

We analyze the dispersion and field distributions of these
non-Hermitian Moiré lattices. Figure 3 shows the results
for two example cases, de = 0.0002 and 0.0006, using k, =
109, G = 0.01¢, and ¢, = 4.
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Fig. 2 Dispersion curves for the full-matrix (blue dots) and
reduced 3 x 3 matrix (red lines) methods when G = 0.01g,
ew = 4, and d¢ = 0.0006.

53603-3

In general, Eq. (7) represents the coupling between infi-
nite modes that are mediated by the perturbation shown
in Eq. (1). This study focuses on the modes at the Bril-
louin zone (BZ) edge 8 ~ ¢/2 in the Moiré lattice; there-
fore, only the components with almost degenerate energies
is retained. This reduces the full matrix to the 3 x 3 matrix

A_1p
Aoo |, 9)
Ao, —1

These results indicate that EPs are observed in the dis-
persion curves even for very weak perturbations de. Four,
two, and two EPs exist near the BZ edge, around the
wavevector g1/2, and near go/2, respectively (Fig. 3). A
broken P7T phase is observed between each pair of EPs.
Figure 3(b) shows that in these broken PT-phase regions,
the degenerate real parts of the eigenfrequencies (Re{w})
are associated with opposite imaginary parts (Im{w}).
This association creates circles in the two-dimensional
space formed by the wavevectors 8 and Im{w}.

The formation of these EPs is thresholdless. In other
words, even with infinitely small A values, the PT phase is
broken and the eigenfrequencies w are complex. To deduce

@ 50068
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Fig. 3 (a) Real and (b) imaginary parts of the eigenfrequen-
cies w for de values of 0.0002 (red solid lines) and 0.0006 (blue
dashed lines). The other parameters are k, = 10g, G = 0.01g,
and g, = 4.
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the cause of such a formation, we focus on the wavevector
for § = g1/2 and assume A < 1. The Im{w} ring shown in
Fig. 3(b) is small, and the upper dispersion curve of w? =
[k + (B — g2)°]/€w is separated from the two degenerate
curves of w? = (k2 + ?) /ey and w? = [k + (8 — g1)*]/€w.
In this case, the P7T phase can be approximated using the

2 X 2 matrix
of 1 —JAY (A0 __ 2(A-10

4 (a ) )= (). o
where wj = (g97/4 + k2)c®. The eigenfrequencies, wi =
wo/Ew(l £ JA) ~ woy/Ew(l £ jA/2), are complex and
conjugates of each other as long as A # 0. 8 = g2/2 can
be analyzed in a similar manner.

The eigenfunctions and field distributions are deter-
mined to prove that the degenerate points are EPs. Figure
4 shows the so-called c-product (¥*|¥) = A2, + A, +
A%7_1 for the eigenfunction WT = [A_; ¢, Ag o, Ao,—1]".
Usually, c-product value is approximately 1, but it sharply
decreases near EPs, approaching zero. This phenomenon
signifies the unique chirality, i.e., self-orthogonality, of
EPs [2, 27-30, 42, 43]. Herein, c-product is identical to
the phase rigidity utilized in a previous study [30, 44] be-
cause our calculations require the inner product (¥|¥) =
|[A_10/* + [Aool* +[A4o,—1]* = 1.

Figure 5 shows the field distributions at two selected dis-
persion points when de = 0.0006 and k& = 0.49834¢ (refer
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Fig. 4 Variations in the c-products of all the eigenfunctions
for de values of (a) 0.0002 and (b) 0.0006. At EPs, the c-
product approaches zero.
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Fig. 5 Eigenmode distributions for the (a) upper dispersion
point A and (b) lower degeneracy point EP2 [refer to the in-
set] when de = 0.0006 and S = 0.49834g. To determine the
relative distribution of field with respect to the Moiré lattice,
the pattern of Im{e} is shown at the top of the figure.

to the inset). The eigenfunction U7 at the lower degener-
ate point (EP2) is [0.068 +0.685i, —0.707,0.004 — 0.164i] T,
which is self-orthogonal, i.e., the c-product (¥*|U) is
zero. The main component of the eigenfunction is the
chiral component [A_1 0, 400" = [i, —1]T/+/2, which
is the eigenfunction of an EP2 in a two-level system
[2, 27, 29, 30]. This also validates the approximation used
in Eq. (11) when the thresholdless nature of EPs are dis-
cussed. Interference between the two components k£ and
k — g1 produces the strong oscillating pattern shown in
Fig. 5(b), where the field can reach zero. For compari-
son, the eigenfunction at the upper dispersion point A is
[—0.055, —0.275i,0.960]*. Herein, the main component is
the mode with wavevector k — go. Thus, the field distri-
bution [Fig. 5(a)] is nearly homogenous, with only a very
weak oscillating modulation.

3.2 From EP2s to an EP3

The aforementioned analysis reveals that EPs are gener-
ated in non-Hermitian Moiré lattices even for very small
perturbations de. These degenerate points are generally
EP2s, and the associated wavevectors 5 can be manipu-
lated by changing de. The two central EP2s move toward
each other as de increases; therefore, they may create an

Yan-Rong Zhang, et al., Front. Phys. 14(5), 53608 (2019)



RESEARCH ARTICLE

EP3 by merging together via an EP24+EP2=EP3 process,
as indicated by the arrows in Figs. 3, 4, and 6.

To predict the conditions required to create an EP3,
we can assume that EP3 occurs near g = g¢/2. Given
that G <« g < ky, we can also assume the approxima-
tions my1 = mos + gG and ms3 = mas — gG. Substituting
these values into Eq. (9), ignoring high-order perturbation
terms, such as AgG, and requiring that the three solutions
are identical, we obtain

gGey,
e =92 27w
Brs k2 +g2/4

(12)
when wpps = c(k;+g%/4)°%e,,*°. Considering the param-
eters utilized in our simulations, the critical value degp3
required to produce an EP3 is predicted to be 1.13 x 1073.

Indeed, our calculations indicate that an EP3 is formed
by the coalescence of two EP2s when de = 1.11 x 1073,
as shown in Fig. 6. Three dispersion curves are observed,
of which two have the same real eigenfrequencies. These
doubly-Re{w}-degenerate solutions are the lower (upper)
curves before (after) g/2; due to their opposite imaginary
components, they form the half rings observed in Fig. 6(b).
The other dispersion curve has a zero Im{w} value. EP3
occurs at 8 ~ g/2. After determining the eigenfunctions,
we can confirm that the three solutions coalesce into one

(a) 5.0067
5.0066-1~-.
5.0065
5.0064

— 0.00111
---- 0.00060

5.0063 1 Double

Re{e}/(cg)

5.0062 Double

5.0061 1
5.0060

5.0059

Im{e}/(cg)

|
o
W
1

_] .0,
_] 5 .
_2.0,
0.495 0.500 0.505
Blg

Fig. 6 Dispersions of the (a) real and (b) imaginary compo-
nents of the eigenfrequencies at EP3. Arrows indicate the oc-
currence of EP2+EP2=EP3 process as d¢ increases. The lower
(upper) curves before (after) g/2 doubly degenerate in Re{w}
and have opposite nonzero Im{w} values.
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Fig. 7 Field amplitude distributions at EP3.
solution as follows:
1 1
Upps = 5 iv2 (13)

-1

Equation (13) is just a standard type of EP eigenfunction
[36] with a zero c-product.

Figure 7 shows the field distribution at EP3, which
is substantially different from that for EP2 shown in
Fig. 5(b). In the regions of maximum Im{e}, the field am-
plitude oscillations are quenched and approach zero. This
phenomenon is closely related to the unique eigenfunction
of EP3; according to Eq. (13), the 5 — g1 and 8 — g com-
ponents have equal weights, i.e., A_1 o = —Ao,—1. Inter-
ference between them produces spatially periodic patterns
with a super period identical to that of cos(gx) cos(Gz).
Unlike scenarios wherein nodes with zero field amplitude
can be obtained with classic Moiré gratings [40, 41], a
phase difference of 7/2 (—m/2) is observed between §— g1
(8 — ¢g2) and 8 components. Consequently, the homoge-
nous background field associated with the 8 component is
not modified.

4 Discussion

We proved that EP3s can be found in non-Hermitian
Moiré lattices. The current interest in EPs is not only ow-
ing to their great academic importance but also because
they have a wide variety of potential applications in differ-
ent fields. The proposed approach can be experimentally
validated. Further, methods of manipulating the imagi-
nary component of € or equivalently the loss and gain coef-
ficients have been previously proposed [25, 42, 43]. Exper-
imental techniques utilizing photonic lattices [13, 39, 41]
also have great potential. However, in realistic situations,
the modulation coefficient de is generally very weak al-
though Eq. (12) implies that sufficiently large k, values

Yan-Rong Zhang, et al., Front. Phys. 14(5), 53603 (2019)
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could enable us to circumvent such limitations on large
de values. This is also a significant advantage of photonic
lattices [13, 39, 41].

This study focuses on discussing the transverse electri-
cal mode in Moiré lattices; a similar analysis can also be
applied to the transverse magnetic mode [45]. In addition,
the dielectric constant e,, is generally real; however, in
passive scenarios with a residual absorption background,
€w can become complex. However, this does not change
the physics discussed herein.

Potential applications of the effect presented herein
could also be utilized to enhance sensitivity [28] and spon-
taneous emissions [32] as well as other nonlinear effects
via the slow-light effect of EPs [27]. Realizing high-order
EPNs (N > 3) in quasi-periodic or even disordered sys-
tems via an approach that is similar to the proposed ap-
proach is essential. The possible physical mechanisms in-
volved and applications of these ideas require further dis-
cussion.

5 Conclusion

In summary, EP3s can be produced in non-Hermitian
Moiré lattices by the coalescence of two EP2s via the
EP2+EP2=EP3 process. The necessary requirements are
analyzed using coupled-wave equations, and the physi-
cal effects of EP3s are discussed. The proposed approach
could also be extended to structures with more harmonic
expansion terms, such as quasi-periodic super-lattices.
This study highlights the importance of Moiré lattices and
paves the way toward generating, manipulating, and uti-
lizing high-order EPs in various fields.

Y.R.Z.,,Z.7Z. Z., and J. Q. Y. contributed
equally to this study. The authors acknowledge support from the
National Natural Science Foundation of China (NSFC) under Grant
Nos. 11574162, 11674244, and 11874228.
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