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The skyrmion Hall effect is theoretically studied in the chiral ferromagnetic film with spatially modu-
lated Dzyaloshinskii—-Moriya interaction. Three cases including linear, sinusoidal, and periodic rectan-
gular modulations have been considered, where the increase, decrease, and the periodic modification
of the size and velocity of the skyrmion have been observed in the microscopic simulations. These phe-
nomena are well explained by the Thiele equation, where an effective force on the skyrmion is induced
by the inhomogeneous Dzyaloshinskii-Moriya interaction. The results here suggest that the skyrmion
Hall effect can be manipulated by artificially tuning the Dzyaloshinskii-Moriya interaction in chiral
ferromagnetic film with material engineering methods, which will be useful to design skyrmion-based

spintronics devices.
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1 Introduction

In recent years, the discovery of magnetic skyrmion in
chiral ferromagnetic materials has triggered extensive re-
search activities [1-18, 20-22], mainly due to its poten-
tial applications in spintronics devices [23-27]. The bro-
ken inversion symmetry of the materials will induce finite
Dzyaloshinskii-Moriya interaction (DMI) [28, 29], which
can stabilize the magnetic skyrmion together with the
Heisenberg exchange interaction, external magnetic field
or the magnetocrystalline anisotropy field. The dynam-
ics of the skyrmion can be flexibly manipulated by spin-
polarized current [14, 15], and the trajectory of its center
can be simply described by the Thiele equation [23]. It
shows that a transverse component of the velocity will be
generated by an effective force on the skyrmion, i.e., “the
skyrmion Hall effect” [15], which has been confirmed in
recent experimental observations [20, 21].

Meanwhile, the physical factors influencing the DMI in
chiral ferromagnetic materials have been carefully inves-
tigated [30-40]. For instance, it has been shown that the
bulk DMI can be modified by the chemical composition
[30], carrier density and the strain [31], band filling [35],
etc. The interfacial DMI in the multilayer thin films, on
the other hand, can be tuned by the thickness of certain
layer [32, 39, 40], oxygen coverage [33], ion irradiation
[34], etc. Furthermore, the effect of electric field has also
been studied [36, 37, 40], where 130% variation of DMI in
Ta/FeCoB/TaO,, trilayer has been demonstrated experi-

*These two authors contributed equally to the work.
arXiv: 1901.02120.

mentally [36]. These developments thereby lay the foun-
dation to control the dynamics of magnetic skyrmion by
artificially modulating the DMI in chiral ferromagnetic
materials [41, 42].

In this paper, we investigate the skyrmion Hall effect in
a chiral ferromagnetic film with spatially modulated DMI.
We show that the trajectory of the skyrmion will be dras-
tically modified by the inhomogeneous DMI, which can
be well understood by analyzing the Thiele equation. The
results here will be beneficial to design skyrmion-based
devices by controlling the DMI with material engineering
techniques.

2 Theoretical model

As shown in Fig. 1, the model system is a chiral ferromag-
netic film with length L, width w, and thickness d. The
main interactions among the magnetic moments here in-
clude the Heisenberg exchange interaction, DMI, and the
perpendicular magnetic anisotropy, which thus give the
energy density of the film as [14, 15, 23]

Em] = A(Vm)? + Epy[m] — K, (e, - m)>. (1)

Here, m(r) = M (r)/M; is the normalized magnetization
distribution, and M is the saturation magnetization; A is
the exchange stiffness; K, is the perpendicular magnetic
anisotropy coefficient, and e, is the anisotropic axis along
z-direction. Epps[m] represents the energy density due to
DMI interaction, where Epp[m] = D(m,.V-m—m-Vm,)
for interfacial DMI and Epp[m] = Dm -V x m for bulk
DMI [14, 15, 23, 43]. The coefficient D determines the
strength of DMI and is assumed to be spatially inhomo-
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Fig. 1 Schematic diagram of the system under consider-
ation. A chiral ferromagnetic film with spatially modulated
Dzyaloshinskii-Moriya interaction is placed in the z-y plane.
Spin-polarized electrons are injected to drive the motion of
the magnetic skyrmion in the film. L: Length; w: Width; d:
Thickness.

geneous.
A magnetic skyrmion will be prepared near the upper-
left corner of the film, and a spin-polarized current per-
pendicular to the film will be applied. The amplitude, de-
gree and direction of spin polarization of the applied cur-
rent are denoted by I, p, m,, respectively. Then the mag-
netization dynamics of the film will be described by the
Landau-Lifshitz—Gilbert—Slonczewski (LLGS) equation

dm

dm
E:—’yomxHeferamx——ﬂmx(mxmp).

dt
(2)

Here, 7o is the gyromagnetic ratio; Hefp = — ]Vl[ Vm&[m)]
is the effective magnetic field; « is the Gilbert damping
coefficient. The last term in Eq. (2) is the Slonczewski
spin transfer torque with the amplitude g = ;{gﬁi’; , where
h and e are the reduced Planck constant and elementary
charge, respectively. The solution of Eq. (2) will give the
current-driven dynamics of the skyrmion.

If the spatial variation of the DMI is small enough in the
scale of the skyrmion size, we can approximately describe
the structure of the skyrmion with fixed DMI strength D
at its center. Its trajectory then can be described by the
Thiele equation (see Appendix A) [44]

Gv—aDv—F — F* =0. (3)

Here, v is the drift velocity of the skyrmion center; G and
D denote the gyromagnetic coupling tensor and dissipa-
tive force tensor; F' and F'* are the effective forces acting
on the skyrmion due to the inhomogeneous energy den-
sity and the spin transfer torque, respectively. They are
explicitly related to the magnetization distribution m(r)
as

leg = /d’r‘(aglm X 85m) -m, (4)
@5/5 = /d’l’aglm . 85m, (5)
gl
Fe =~ [ drocetm(r)), ©
F¢ = B/d'r(agm X M) - my,. (7)
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The variables &, £ here denote the spatial coordinates z, y.
Then the velocity v of the skyrmion will be obtained from
the Thiele equation as

G(Fy + Fy) — oD(F; + Fy)

UJC == g2 + a2D2 b) (8)
G(F, + F3) 4+ oD(F, + F})
Uy = — G2 + a2D? ) (9)

which then gives the Hall angle 9y = arctan(v, /v;).
The interfacial and bulk DMI will result in Néel-type
and Bloch-type skyrmion, respectively. In the polar coor-
dinates taking the skyrmion center as the origin, the mag-
netization configuration of the skyrmion can be expressed
as [23] m(r,p) = (sin©O(r)cos ®(yp),sin O(r) sin ®(p),
cos O(r)), where & = ¢p+~. Dependingon D > O or D < 0,
the helicity v will be 0 or 7 for the Néel-type skyrmion,
and will be 7/2 or —m/2 for the Bloch-type skyrmion
(see Appendix B). Further calculations (see Appendix C)

give the gyromagnetic coupling tensor G= ( 8 —Og) with

G = 4, and the dissipative force tensor D = (g g),
where

D— 71'/00[7'(@’)2 + %sinz oldr. (10)

The force F' due to the inhomogeneous DMI strength D is
expressed as F' = —?Vlig grFVD. For convenience, we have
defined the integral (see Appendix C)
F = —7r/ (r®' + sin © cos O©)dr, (11)
0
and the coeflicient gy = cos~y for Néel-type skyrmion
and gy = sinvy for Bloch-type skyrmion. When m, =
(sin 6 cos ¢, sin O sin @, cos ), the force acting on the Néel-
type skyrmion by the spin transfer torque is F°® =
cos y(sin @ sin ¢, — sin 6 cos ¢)SF, while the force on the
Bloch-type skyrmion will be F* = —sin~y(sinf coso,
sin 0 sin ¢) BF.

The parameters in the Thiele equation (3) can be fur-
ther estimated if the radial profile of the skyrmion O(r)
is known, which then can predict the velocity of the
skyrmion based on Egs. (8) and (9). Here, we take the

ansatz ©(r) = 2arctan[%] proposed recently [45],

with the skyrmion radius R = 7D, /m and
the skyrmion wall width w = % [45]. In Fig. 2, R,
w, D, F are shown as the functions of DMI strength
D by fixing the material parameters A = 15 pJ/m and
K, = 0.8 MJ/m3. All of them will monotonically increase
when D varies from 3 to 4 mJ/m?.

3 Micromagnetic simulations

In this section, we investigate the current-driven dynam-
ics of the magnetic skyrmion in the film by simulating the
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Fig. 2 (a, b) The dependence of the radius R and wall
width w of the skyrmion on the DMI strength D according
to the model in Ref. [45]. (¢, d) The integrals D defined in
Eq. (10) and F defined in Eq. (11) as functions of D. We have
set A =15 pJ/m and K, = 0.8 MJ/m? in the calculations.

LLGS equation (2), and the simulated results are com-
pared with the theoretical predictions from Thiele equa-
tion. The simulation parameters are set as L = 500 nm,
w = 100 nm, d = 0.4 nm, My = 5.8 x 10° A/m,
A =15 pJ/m, K, = 0.8 MJ/m3 o = 0.05. The cur-
rent amplitude is taken as I = 3 x 10! A/m, with the
degree of spin polarization p = 0.4. We restrict the sim-
ulations here to the case of Néel-type skyrmion, and set
the direction of polarization m, = (—1,0,0). The film is
discretized into grids with size 1.0 x 1.0 x 0.4 nm?, and
the time step during the simulations is taken as 1 fs for
convergence.

3.1 Linear modulation

We first assume that the DMI strength is linearly modu-
lated along the x-direction. In Fig. 3(a), the trajectories
of the skyrmion are presented when D increases from 3
to 4 mJ/m? and decreases from 4 to 3 mJ/m?, respec-
tively. For comparison, the trajectory for homogeneous
D = 3.5 mJ/m? is also shown. The results reveal that the
Hall angle 9 can be controlled by introducing the gradi-
ent of D. Besides, the size of the skyrmion will also vary
when D is changed during the motion. In Figs. 2(b) and
(c), the radius R and wall width w of the skyrmion are
obtained by fitting the simulation results to the ansatz
o(r) = Qarctan[%}. We see that the fitted R is
generally larger than the theoretical value, which can be
about 2 nm for large D. On the other hand, the fitted
w is close to the theoretical values with a small difference
about 0.3 nm. Therefore, we can take the proposed model
in Ref. [45] to approximately estimate the profile of the
skyrmion.

The velocity of the skyrmion is further determined from

53602-3

its trajectory, as shown in Figs. 3(d) and (e). As D is
linearly increased from 3 to 4 mJ/m?, both components
of the velocity v, and v, will become larger. The force
due to the linearly modulated D is along the z-direction
and is given as F, = —%S}" VD, while the force due to
the spin transfer torque is along the y-direction with the
value F7 = BF. The Thiele equation will then give the
velocity
GB + TaVDD 22GVD — afD
Ve = T L a2 it G2 + a2D?

Figure 2 has shown that F will quickly increase from 40
to 90 nm during the motion, thus both of v, and v, will
increase along with the DMI strength D. Meanwhile, D
will also slowly increase from 15 to 18 [see Fig. 2(c)], which
thus explains the slight increase of the magnitude of Hall
%)gvp—aﬂb
GA+32aVDD
creases from 4 to 3 mJ/m?, the velocity v, and v, will
both decrease, while the magnitude of the Hall angle ¥y
will continuously decrease. Besides, the magnitude of Hall
angle will be small for positive VD and be large for nega-
tive VD at fixed D, as shown in Figs. 3(a) and (f). Figures
3(d—f) suggest that the Thiele equation can correctly cap-
ture the trend of the velocity and Hall angle with linearly
modulated D, although some quantitative differences ex-
ist.

'Uy:

angle 9 = arctan( ). Similarly, when D de-

3.2 Sinusoidal modulation

We further study the current-driven dynamics of skyrmion
with a sinusoidal modulation of the DMI strength, where
D = 3.5+ 0.5sin(272/100) mJ/m? with « € [0,500] nm.
Figure 4(a) shows that the trajectory of the skyrmion
will be periodically distorted by the modulated DMI. Spe-
cially, the skyrmion will be pushed away but can always
move back to the trajectory if D is set as 3.5 mJ/m?2. The
behavior can be understood from the periodic modulation
of the Hall angle, the magnitude of which will become
large for negative VD and vice versa. The turning points
xq of the trajectory will then be determined by the con-
dition VD = 0, which gives zg = 25,75, ,475 nm. The
skyrmion size will also be periodically modulated as ex-
pected. In Figs. 4(b) and (c), the radius R and wall width
w of the skyrmion obtained by fitting the simulation re-
sults are compared to the theoretical values. The size of
the skyrmion will expand and shrink periodically together
with the DMI strength. In spite of quantitative differences,
the theoretical calculations do can predict the variation of
the skyrmion size satisfactorily.

The velocity v and Hall angle g5 have also been ob-
tained from the micromagnetic simulations and calcu-
lated from the Thiele equation separately. As shown in
Figs. 4(d—f), v and ¢y will oscillate around the reference
values obtained for fixed D = 3.5 mJ/m?. Besides, v, will
achieve it maximal value when D is largest and vice versa,
as determined by the factor F in Thiele equation. How-
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Fig. 3 (a) The trajectory of the skyrmion in the z—y plane of the film; (b) the location-dependent skyrmion radius R; (c) the
location-dependent skyrmion wall width w; (d, e) the location-dependent velocity components v, and vy of the skyrmion; (f)
the location-dependent Hall angle 9z of the skyrmion. LLGS: Micromagnetic simulation based on LLGS equation (2); Thiele:
Theoretical results based on Thiele equation. inc: D increases from 3 to 4 mJ/m? for = € [0,500] nm; dec: D decreases from 4
to 3 mJ/m? for = € [0,500] nm; const: D takes constant value 3.5 mJ/m? for comparison.
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Fig. 4 (a) The trajectory of the skyrmion in the z—y plane of the film; (b) the location-dependent skyrmion radius R; (c)
the location-dependent skyrmion wall width w; (d, e) the location-dependent velocity components v, and v, of the skyrmion;
(f) the location-dependent Hall angle ¥5 of the skyrmion. LLGS: Micromagnetic simulation based on LLGS equation (2);
Thiele: Theoretical results based on Thiele equation. sin: D is sinusoidally modulated as 3.5 4 0.5sin(272/100) mJ/m? for
x € [0,500] nm; const: D takes constant value 3.5 mJ/m? for comparison.

ever, vy in this case can be either positive or negative,

since VD here is large enough to be dominant. In the 400 nm.
same reason, ¥y can also be positive or negative, which

results in the “push-back” trajectory given in Fig. 4(a).

Moreover, the Hall angle with maximally negative value

will be achieved when VD is negatively largest at x = 50,
150, 250, 350, 450 nm, while the Hall angle with maxi-

53602-4

mally positive value will be achieved at = = 100, 200, 300,

3.3 Periodic rectangular modulation

Finally, we consider the effect of the periodic rectangu-
lar modulation of DMI on the dynamics of skyrmion. In

Liping Zhou, et al., Front. Phys. 14(5), 53602 (2019)
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Fig. 5 (a) The trajectory of the skyrmion in the z—y plane of the film; (b) the location-dependent skyrmion radius R; (c)
the location-dependent skyrmion wall width w; (d, e) the location-dependent velocity components v, and v, of the skyrmion;
(f) the location-dependent Hall angle ¥ of the skyrmion. LLGS: Micromagnetic simulation based on LLGS equation (2);

Thiele: Theoretical results based on Thiele equation. rect: D takes the values 4 mJ/m

2 or 3 mJ/m? alternately per 50 nm for

x € [0,500] nm; const: D takes constant value 3.5 mJ/m? for comparison.

Fig. 5(a), the trajectory of skyrmion has similar “push-
back” feature, where D takes the values 4 mJ/m? or
3 mJ/m? alternately for each 50 nm along z-direction.
Unlike the sinusoidal modulation case, the skyrmion size
will be suddenly changed because of the abrupt increase or
decrease of DMI; otherwise, the radius R and wall width
w will be nearly the same in the regions with constant D
[see Figs. 5(b, ¢)]. Once again, the agreement between the
theoretical and simulated results will be better when D is
small.

We have assumed that the modulation of DMI should
be slow in the scale of the skyrmion size for the Thiele
equation to be valid. This assumption will break down for
the case here, since D is a step function of the location
and VD will give the d-pulsive force. Considering the finite
size of the skyrmion, we exploit the Gaussian distribution

22
ﬁe_? to replace the §(z) function, where o defines the

broadening degree of the force F. As shown in Figs. 5(d—
f), the velocity v and Hall angle d5 of the skyrmion are
calculated from the Thiele equation by setting o = 15 nm,
which can reasonably explain the simulation results. Not
surprisingly, v and ¥ will repeatedly modulated, and the
direction of v, will be changed to give the “push-back”
motion in Fig. 5(a).

4 Discussion and conclusion

We notice that some quantitative differences exist be-
tween the results of micromagnetic simulation and the
Thiele equation, which can be attributed to several rea-
sons. Firstly, the analytical expressions for the skyrmion

radius R and skyrmion wall width w exploited in the
Thiele equation will only be accurate for the condition
R/w > 1 [45], which however is not well satisfied for the
magnetic skyrmion simulated here. Secondly, the struc-
ture of the skyrmion has been deformed by the inhomo-
geneous DMI, which further make the ansatz inaccurate
to describe the magnetic skyrmion, especially if its size
becomes large. Finally, numerical errors may be induced
by the finite difference method during the micromagnetic
simulations. Nevertheless, the Thiele equation can capture
the correct physics to understand and predict the motion
of the magnetic skyrmion discussed here.

In conclusion, we have investigated the skyrmion Hall
effect in chiral ferromagnetic film with spatially modu-
lated DMI based on the Thiele equation and the mi-
cromagnetic simulations. We show that the trajectory
and size of skyrmion can be manipulated by tuning the
Dzyaloshinskii-Moriya interaction. Specially, the motion
of the skyrmion can be sped up or slowed down by the
gradient of DMI, and periodic DMI will cause the “push-
back” trajectory of the skyrmion. These phenomena could
be realized by the material engineering technologies nowa-
days, e.g., applying a spatially modulated gate voltage.
The results here will not only advance our understanding
of the rich dynamics of magnetic skyrmion further, but
also can be useful to develop novel skyrmion-based spin-
tronics devices.
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Appendix A Derivation of Thiele equation

Here, we give the derivation of the Thiele equation from
the LLGS equation (2). Taking the cross product of m
and Eq. (2), we will get

mxd—m— m x (m x H.rf) + am X mxd—m
a " eff) T at
—fm x (m x (m x my)), (A1)
which can further reduce to
dm dm
= . H H.re —a—
m X a Yo(m - Hepp)m +yoHepp — I
+8m x my,. (A2)

Here, we have applied the rule of vector triple prod-
uct a X (b x ¢) = b(a - c¢) — c(a-b) and the relations
m-m=1m- dd": = 0. Assuming that the magnetization
dlbtrlbutlon of the skyrmion is not deformed during its
motion, which is given as m (&) with the local coordinates
& relative to its center R(t), then the magnetization dis-
tribution of the whole film in the lab coordinates will be

m(r — R(t)) = m(£), and we wﬂl have

d’f— —v - ng

with the skyrmion velocity v = <= Substltutmg into
Eq. (A2) and taking the dot product with Vegm We fur-
ther get
—Vem-(mxv-Vem)=~Vegm- Heyy
+a(v-Vem) - Vem + Vem - (m x myp). (A3)

After integrating over the whole film, Eq. (A3) will reduce

to the Thiele equation as
Quv—aDv—F —F°=0. (A4)

Here, Q is the gyromagnetic coupling tensor and D is the
dissipative force tensor; F' and F'° are the forces on the
skyrmion due to the inhomogeneous energy density £[m]
and spin transfer torque, respectively. They are defined as
the functions of the magnetization configuration m(r) as

Q= /d’r(ngm x Vem) - m
D= /d’l’V&/m . ng,

F = —

M d'rVEIE[ }

F? = B/dr(VE/m X m) - my,.

Appendix B Magnetic skyrmion configuration
In the polar coordinates, the magnetization configuration
the skyrmion is expressed by m(r) = (sin ©(r) cos ®(p),
sin ©(r) sin ®(¢), cos O(r)). The components of Vem are
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calculated as

0 1
M _ ©’ cos O cos P cos ¢ + — sin O sin P sin ¢,
ox r
0 1
Mz _ ©’ cos O cos P sin p — — sin O sin ® cos ¢,
dy r
0 1
Ty ©' cos © sin P cos p — — sin O cos P sin ¢,
ox r
om, , oo L.
= = 0O cos O sin P sin ¢ + — sin O cos P cos p,
dy r
0
LY sin © cos o,
Jr
0
LY sin O sin .
dy
Here, we have utilized the relations
or cos or o Op 1 . Op cos
— = — =singp, — = ——sinp, — = — .
Oz ? Ay ¥ Bx F e dy r v

Then the energy density £[m
reads

| with the interfacial DMI

1
Elm]=A (@/)2 + —sin?0| — K, cos®>©
r2

1
D (@’ + — sin O cos @) cos(® — ). (B1)
r
The stable magnetization configuration is determined by
minimizing the total energy E[0,®] = [ dr&[m| with the
variational principle § E' = 0, which results in the following
equations:

1
D (@' + —sin © cos @) sin(® — ) =0,
r

6”—|—1 (1—1—54) Sin2@+A2r sin? © cos(®— ) =0.
Therefore, the helicity v = ® — ¢ should be 0 or 7, namely,
Néel-type skyrmion. Besides, considering that ©|,—¢ = 7
and O], = 0, the energy due to DMI will be minimized
ify=0for D>0or~=mfor D<O.

Similarly, the energy density £[m] with bulk DMI is

Em]=A [(@')2 + 712 sin? @} — K, cos’©
T
D (@/ + ! sin © cos @> sin(® — ). (B2)
7

The variational equation ¢ f dré&
the following equations:

[m] = 0 then results in

D <6' + 1sin@cos @> cos(® — ) =0,
r

1 1 K, D
0'+-0' — (+2A> sin 2®+E sin? @ sin(® — ) =0.

In this case, the skyrmion will be Bloch-type with the
helicity v = 7/2 for D > 0 or v = —7/2 for D < 0.

Liping Zhou, et al., Front. Phys. 14(5), 53602 (2019)
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Appendix C Expressions of Q,D. F, F*

We now determine the expressions of Q, D, F, F* for a
magnetic skyrmion in terms of the polar coordinates.
First, it is easy to see that the diagonal matrix ele-
ments Q,, = 9,y = 0. While for its non-diagonal matrix

element, straightforward calculations give 2™ x 9m —

ox oy
%@’ sin ©m, therefore we can get

o 27
Quy = —Qyu = / dr/ dp®’sin® = —47r,  (C1)
0 0

which is the well-known skyrmion number with a —4rw
multiplier [23].
In order to calculate D, we first have

0 0 1

877;:1 i 87? = (0")%cos® p + = sin? © sin? ¢,
0 0 1

877; ) 87737 = (0')%sin? o + = sin? © cos? @,
om Om

o oy (ChH 7“—2sin2 ©) sin ¢ cos p.
Therefore, the non-diagonal matrix elements D,, =
Dyr = 0 due to the integral over ¢ from 0 to 27. The
diagonal matrix elements of D will be
> N2 1 2
Dye =Dyy=m [r(©)° + —sin” ©]dr. (C2)
0 T

The force F' can be calculated from the energy density
E[m] given in Appendix B. Since we have assumed that
the skyrmion is not deformed, the only non-zero contri-
bution to the force F' will come from the inhomogeneous
D, which is a function of the skyrmion center R. Since
V¢ = —VRg, we will have

210
! M,

Here, the factor g = cos+y for Néel-type skyrmion and
gf = sin+y for Bloch-type skyrmion.

Finally, we calculate the force F'* due to the spin trans-
fer torque. We first have

F=g

VD / [r© + sin © cos O]dr.
0

1
O’ sin ® cos p— —sin O cos O cos P sin ¢
r

1
Ozymxm=| —0' cos®cosp——sinO cos OsinPsinyp |,
T
I .o
—sin“ Osing
r
1
©’ sin @ sin p+ — sin O cos O cos P cos ¢
r
1
Oymxm= | —©’ cos P sin v+~ sin O cos O sin P cos ¢
T

1
——sin? @ cos ¢
r

For Néel-type skyrmion where ® = ¢ or & = ¢ + 7, only
the y-component of [ dr(d,m x m) and the z-component

53602-7

of [ dr(8,m xm) are not zero after integral over ¢. While
for Bloch-type skyrmion where ® = ¢ £ 7, only the -
component of [dr(d,m x m) and the y-component of
J dr(8,m x m) are not zero after the integral. Therefore,
if m, = (sinf cos ¢, sin fsin ¢, cos ), the force acting on
the Néel-type skyrmion will be

F* = cos~y(sinfsin ¢, —sin 6 cos ¢) BF, (C3)
while the force acting on the Bloch-type skyrmion will be

F?° = —siny(sin d cos ¢, sin 0 sin ¢) 5.F . (C4)

Here, we have introduced the notation
F= —7r/ (r®’ + sin © cos O©)dr,
0

which has already appeared in the expression for F'.
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