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Logic qubit plays an important role in current quantum communication. In this paper, we propose
an efficient entanglement concentration protocol (ECP) for a new kind of logic Bell state, where
the logic qubit is the concatenated Greenber–Horne–Zeilinger (C-GHZ) state. Our ECP relies on the
nondemolition polarization parity check (PPC) gates constructed with cross-Kerr nonlinearity, and
can distill one pair of maximally entangled logic Bell state from two same pairs of less-entangled logic
Bell states. Benefit from the nondemolition PPC gates, the concentrated maximally entangled logic
Bell state can be remained for further application. Moreover, our ECP can be repeated to further
concentrate the less-entangled logic Bell state. By repeating the ECP, the total success probability
can be effectively increased. Based on above features, this ECP may be useful in future long-distance
quantum communication.

Keywords concatenated Greenber–Horne–Zeilinger (C-GHZ) state, single photon, cross-Kerr
nonlinearity

1 Introduction

In recent years, quantum information technology has
made many exciting progresses both in theory and ex-
periment. Comparing with classic information technology,
quantum information technology shows attractive advan-
tages, such as the absolute security. Quantum entangle-
ment is an important source in many fields of quantum
information technology, such as quantum computation
[1], quantum teleportation [2–5], quantum key distribu-
tion [6, 7], quantum secure direct communication [8–13],
quantum machine learning [14], and so on [15–23]. How-
ever, in the actual quantum information processing, the
entangled particles will inevitably interact with the exter-
nal noisy environment, which may result in the decoher-
ence. The decoherence may cause negative impact on the
applications of entanglement. For example, in the prac-
tical applications in quantum communication field, a de-
graded entanglement channel may degrade the fidelity of
the teleportation, even more, it will make the quantum
communication insecure. Therefore, we should recover the
degraded entangled state into the maximally entangled
state. In quantum communication, the methods to solve
the decoherence problem are called entanglement purifi-
cation and entanglement concentration.

Entanglement purification is to distill some pairs of par-
ticles in highly entangled states from a set of mixed states
[24–30]. Entanglement concentration, which will be de-

tailed here, is used to recover the less-entangled states into
the maximally entangled ones [31–43]. In 1996, Bennett et
al. proposed the concept of entanglement concentration
and contrived the first entanglement concentration proto-
col (ECP) [31], which based on Schmidt decomposition.
Subsequently, many efficient ECPs have been proposed.
Existing ECPs usually can be divided into two groups.
The ECPs in the first group can concentrate the less-
entangled states encoded in the physical qubits directly,
including the ECPs for photonic polarization entangle-
ment, the spin in quantum-dot and optical microcavities,
atomic entanglement, the nitrogen-vacancy center and mi-
croresonator systems, and so on [32–41]. The ECPs in
the second group focus on the logic-qubit entanglement
concentration [42, 43]. Logic qubit entanglement, which
encodes many physical qubits in a logic qubit, is widely
used in quantum computation [44, 45]. In 2011, Fröwis
and Dür first proposed a kind of logic-qubit entangle-
ment, i.e., the concatenated Greenberger–Horne–Zeilinger
(C-GHZ) state [46], which was later experimentally real-
ized by Lu et al. in linear optics [47]. They also showed
that the C-GHZ state is useful for large-scale fiber-based
quantum networks and multipartite QKD, QSS and third-
man quantum cryptography [47]. The C-GHZ state has
the form of [46–53]

|Ψ⟩C−GHZ =
1√
2
(|GHZ+

m⟩⊗n + |GHZ−
m⟩⊗n), (1)

where

|GHZ±
m⟩ = 1√

2
(|0⟩⊗m ± |1⟩⊗m). (2)
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Here, n is the number of logic qubits, and m is the number
of physical qubits in each logic qubit. In 2015, with the
help of the controlled-not gate (C-NOT gate), Qu et al.
proposed an ECP for the C-GHZ state [42]. Subsequently,
Pan et al. proposed a linear optical ECP for the C-GHZ
state [43].

In this paper, we will research on a linear optical ECP
for a new kind of logic Bell state with the help of po-
larization parity check (PPC) measurement. In our logic
Bell state, each logic qubit is encoded in a C-GHZ state.
We define logic qubit |0̄⟩ as |0⟩(n,m) = 1√

2
(|GHZ+

m⟩⊗n +

|GHZ−
m⟩⊗n), and |1̄⟩ as |1⟩(n,m) = 1√

2
(|GHZ+

m⟩⊗n −
|GHZ−

m⟩⊗n), respectively. Such logic qubit is also called
the quantum parity code [54–56] and it has the advantage
of incorporating protection against transmission losses.
Therefore, the logic Bell state has application potential
in ultrafast high-rate long-distance quantum communica-
tion [57, 58].

This paper is organized as follows. In Section 2, we first
introduce the structure of the logic Bell state and the PPC
measurement. In Section 3, we explain our ECP for the
logic Bell state. We first describe this ECP for the simple
cases of m = n = 2 and m = 2, n = 3, respectively. Then
we extend the ECP to the logic Bell state with arbitrary
m and n. In Section 4, we provide some discussion. In
Section 5, we give a conclusion.

2 The structure of the logic Bell state and the
PPC measurement

In this section, we first briefly show the structure of the
logic Bell state in an optical polarization system. We de-
note |H⟩ as |0⟩ and |V ⟩ as |1⟩. |H⟩ and |V ⟩ mean the
horizontal and vertical polarization of the photon qubit,
respectively. The logic qubit in the logic Bell state is de-
fined as

|H⟩(n,m) =
1√
2
(|GHZ+

m⟩⊗n + |GHZ−
m⟩⊗n),

|V ⟩(n,m) =
1√
2
(|GHZ+

m⟩⊗n − |GHZ−
m⟩⊗n), (3)

where

|GHZ±
m⟩ = 1√

2
(|H⟩⊗m ± |V ⟩⊗m). (4)

The less-entangled logic Bell state can be written as

|φ⟩(n,m) = α|H⟩(n,m)|H⟩(n,m) + β|V ⟩(n,m)|V ⟩(n,m), (5)

where |α|2 + |β|2 = 1. If m = n = 1, it simplifies to the
standard Bell-state.

The PPC measurement in our paper essentially acts
as the role of quantum nondemolition detector (QND),
whose basic principle is shown in Fig. 1. The PPC mea-
surement can be implemented with cross-Kerr nonlinear-

Fig. 1 The schematic drawing of the polarization parity
check (PPC) measurement [59]. PBS represents the polariza-
tion beam splitter, which can transmit the photon in |H⟩ and
reflect the photon in |V ⟩. It can be found that both the pho-
ton of |H⟩ in the spatial mode a1 and the photon of |V ⟩ in the
spatial mode b1 will make the coherent state pick up the phase
shift of θ.

ity [59], which is a powerful tool in quantum information
processing [59–65].

Next, we will introduce the working principle of QND.
In Fig. 1, we let a photon in the state of |Π1⟩ = µ|H⟩a1 +
ν|V ⟩a1 and a photon in |Π2⟩ = γ|H⟩b1 + δ|V ⟩b1 pass
through the QND, where |µ|2+|ν|2 = 1 and |γ|2+|δ|2 = 1.
After the QND, the two-photon state combined with the
coherent state |α⟩ will evolve to
|Π1⟩ ⊗ |Π2⟩ ⊗ |α⟩→ (µγ|H⟩a1|H⟩b1 + νδ|V ⟩a1|V ⟩b1)|αeiθ⟩

+µδ|H⟩a1|V ⟩b1|αei2θ⟩+νγ|V ⟩a1|H⟩b1|α⟩.
(6)

From Eq. (6), the odd (O) parity items |H⟩a1|V ⟩b1 and
|V ⟩a1|H⟩b1 make the coherence state |α⟩ shift with 2θ and
0, respectively, while the even (E) parity states |H⟩a1|H⟩b1
and |V ⟩a1|V ⟩b1 both make |α⟩ shift with θ. If we set θ equal
to π, the shifts 0 and 2θ will not be distinguished. As a
result, this two-photon system can be divided into two
classes, one corresponds to the shift of θ on the coherence
state |α⟩, the other one corresponds to the phase shift of 0
(2θ). Consequently, we can carry out a polarization parity
check (PPC) measurement by detecting the phase shift
of the coherent state without destroying the photons. If
the detection result is θ, it means that the initial state
in Eq. (6) will collapse to the E parity item |H⟩|H⟩ or
|V ⟩|V ⟩. If the detection result 0 (2θ), it means the state
in Eq. (6) will collapse to the O parity item |H⟩|V ⟩ or
|V ⟩|H⟩.

3 The entanglement concentration protocol for
the logic Bell state

The aim of our ECP is to distill the maximally entangled
logic Bell state from the less-entangled logic Bell state in
Eq. (5). The maximally entangled logic Bell state can be
written as

|Θ⟩(n,m) =
1√
2
(|H⟩(n,m)|H⟩(n,m) + |V ⟩(n,m)|V ⟩(n,m)). (7)

Firstly, we let m = n = 2 to show the basic principle of
this ECP. The schematic drawing of the ECP is shown in
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Fig. 2 The schematic drawing of the ECP under the case
of m = n = 2. S1 and S2 are two sources of less-entangled
logic Bell state. The two big boxes represent two logic Bell
states. Two moderate boxes in each big box represent the two
C-GHZ states in each logic Bell state. The number of the small
boxes in each moderate box equals to n. The red dot in the
small box represents the photonic physical qubit. The number
of red dots in each small box equals to m. HWP is a half-wave
plate which can make |H⟩ ↔ |V ⟩. The QND whose structure
is shown in FIG. 1, is to make a polarization parity check
(PPC) measurement. The “+/−” in the red long box indicates
measurement under basis of |±⟩ = 1√

2
(|H⟩ ± |V ⟩).

Fig. 2. Our ECP needs two pairs of identical less-entangled
logic Bell states, named |ϕ1⟩(2,2) and |ϕ2⟩(2,2) with the
form of
|ϕ1⟩

(2,2)

= α|H⟩(2,2)a |H⟩(2,2)b + β|V ⟩(2,2)a |V ⟩(2,2)b

= α

[
1√
2
(|H⟩a1|H⟩a2|H⟩a3|H⟩a4+|V ⟩a1|V ⟩a2|V ⟩a3|V ⟩a4)

1√
2
(|H⟩b1|H⟩b2|H⟩b3|H⟩b4+|V ⟩b1|V ⟩b2|V ⟩b3|V ⟩b4)

]
+β

[
1√
2
(|H⟩a1|H⟩a2|V ⟩a3|V ⟩a4+|V ⟩a1|V ⟩a2|H⟩a3|H⟩a4)

1√
2
(|H⟩b1|H⟩b2|V ⟩b3|V ⟩b4+|V ⟩b1|V ⟩b2|H⟩b3|H⟩b4)

]
, (8)

|ϕ2⟩
(2,2)

= α|H⟩(2,2)c |H⟩(2,2)d + β|V ⟩(2,2)c |V ⟩(2,2)d

= α

[
1√
2
(|H⟩c1|H⟩c2|H⟩c3|H⟩c4+|V ⟩c1|V ⟩c2|V ⟩c3|V ⟩c4)

1√
2
(|H⟩d1|H⟩d2|H⟩d3|H⟩d4+|V ⟩d1|V ⟩d2|V ⟩d3|V ⟩d4)

]
+β

[
1√
2
(|H⟩c1|H⟩c2|V ⟩c3|V ⟩c4+|V ⟩c1|V ⟩c2|H⟩c3|H⟩c4)

1√
2
(|H⟩d1|H⟩d2|V ⟩d3|V ⟩d4+|V ⟩d1|V ⟩d2|H⟩d3|H⟩d4)

]
. (9)

In Fig. 2, photons in the spatial modes a1 − a4 and
c1 − c4 belong to Alice and the photons in the modes
b1 − b4 and d1 − d4 belong to Bob. Firstly, Alice and

Bob both perform the bit-flip operations on the photons
in modes c1 − c4 and d1 − d4 with the help of the half-
wave plate (HWP), respectively. After that, |ϕ2⟩(2,2) can
be converted to |ϕ3⟩(2,2) as

|ϕ3⟩
(2,2)

= β|H⟩(2,2)c |H⟩(2,2)d + α|V ⟩(2,2)c |V ⟩(2,2)d

= β

[
1√
2
(|H⟩c1|H⟩c2|H⟩c3|H⟩c4+|V ⟩c1|V ⟩c2|V ⟩c3|V ⟩c4)

1√
2
(|H⟩d1|H⟩d2|H⟩d3|H⟩d4+|V ⟩d1|V ⟩d2|V ⟩d3|V ⟩d4)

]
+α

[
1√
2
(|H⟩c1|H⟩c2|V ⟩c3|V ⟩c4+|V ⟩c1|V ⟩c2|H⟩c3|H⟩c4)

1√
2
(|H⟩d1|H⟩d2|V ⟩d3|V ⟩d4+|V ⟩d1|V ⟩d2|H⟩d3|H⟩d4)

]
. (10)

In this way, the whole system can be described as

|Φ⟩ = αβ

4
[(|H⟩a1|H⟩a2|H⟩a3|H⟩a4 + |V ⟩a1|V ⟩a2|V ⟩a3|V ⟩a4)

(|H⟩b1|H⟩b2|H⟩b3|H⟩b4 + |V ⟩b1|V ⟩b2|V ⟩b3|V ⟩b4)

(|H⟩c1|H⟩c2|H⟩c3|H⟩c4 + |V ⟩c1|V ⟩c2|V ⟩c3|V ⟩c4)

(|H⟩d1|H⟩d2|H⟩d3|H⟩d4 + |V ⟩d1|V ⟩d2|V ⟩d3|V ⟩d4)]

+
αβ

4
[(|H⟩a1|H⟩a2|V ⟩a3|V ⟩a4 + |V ⟩a1|V ⟩a2|H⟩a3|H⟩a4)

(|H⟩b1|H⟩b2|V ⟩b3|V ⟩b4 + |V ⟩b1|V ⟩b2|H⟩b3|H⟩b4)

(|H⟩c1|H⟩c2|V ⟩c3|V ⟩c4 + |V ⟩c1|V ⟩c2|H⟩c3|H⟩c4)

(|H⟩d1|H⟩d2|V ⟩d3|V ⟩d4 + |V ⟩d1|V ⟩d2|H⟩d3|H⟩d4)]

+
α2

4
[(|H⟩a1|H⟩a2|H⟩a3|H⟩a4 + |V ⟩a1|V ⟩a2|V ⟩a3|V ⟩a4)

(|H⟩b1|H⟩b2|H⟩b3|H⟩b4 + |V ⟩b1|V ⟩b2|V ⟩b3|V ⟩b4)

(|H⟩c1|H⟩c2|V ⟩c3|V ⟩c4 + |V ⟩c1|V ⟩c2|H⟩c3|H⟩c4)

(|H⟩d1|H⟩d2|V ⟩d3|V ⟩d4 + |V ⟩d1|V ⟩d2|H⟩d3|H⟩d4)]

+
β2

4
[(|H⟩a1|H⟩a2|V ⟩a3|V ⟩a4 + |V ⟩a1|V ⟩a2|H⟩a3|H⟩a4)

(|H⟩b1|H⟩b2|V ⟩b3|V ⟩b4 + |V ⟩b1|V ⟩b2|H⟩b3|H⟩b4)

(|H⟩c1|H⟩c2|H⟩c3|H⟩c4 + |V ⟩c1|V ⟩c2|V ⟩c3|V ⟩c4)

(|H⟩d1|H⟩d2|H⟩d3|H⟩d4 + |V ⟩d1|V ⟩d2|V ⟩d3|V ⟩d4)]. (11)

Then, Alice and Bob make the photons in a1c1, a3c3,
b1d1, b3d3 modes pass through QNDs to make PPC mea-
surements. We find that the PPC results of the items with
the coefficient of αβ are different from the items with the
coefficient of α2 or β2. All the PPC results are shown in
Table 1, which can be divided into two groups. The left
half of table represents the PPC results of the items with
the coefficient of αβ. There are 8 possible results, where
the photon pairs in a1c1 and a3c3 (b1d1 and b3d3) have
the same parities. The right half of table represents the
PPC results of the items with the coefficients of α2 or β2.
There are also 8 possible results, where the photon pairs
in a1c1 and a3c3 (b1d1 and b3d3) have different parities.
For getting the maximally entangled state, we need to se-
lect the cases corresponding to the left half of Table 1. In
detail, the PPC measurement results of a1c1, a3c3, b1d1,
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Table 1 The QND measurement results in the ECP while
m = n = 2, where “O” is the odd parity, corresponding to the
phase shift of |α⟩ is 0 (2θ), “E” is the even parity corresponding
to the phase shift of θ.

αβ α2 or β2

Alice Bob Alice Bob
a1c1 a3c3 b1d1 b3d3 a1c1 a3c3 b1d1 b3d3

E E
E E

E O
E O

O O O E

O O
E E

O E
E O

O O O E

and b3d3 are EEEE, EEOO, OOEE, or OOOO. For ex-
ample, if the PPC measurement results are EEEE, the
state in Eq. (11) will collapse to |Φ′⟩ as

|Φ′⟩ = 1√
2

[
1√
2
(|H⟩a1|H⟩a2|H⟩a3|H⟩a4|H⟩c1|H⟩c2|H⟩c3|H⟩c4

+|V ⟩a1|V ⟩a2|V ⟩a3|V ⟩a4|V ⟩c1|V ⟩c2|V ⟩c3|V ⟩c4)
1√
2
(|H⟩b1|H⟩b2|H⟩b3|H⟩b4|H⟩d1|H⟩d2|H⟩d3|H⟩d4

+|V ⟩b1|V ⟩b2|V ⟩b3|V ⟩b4|V ⟩d1|V ⟩d2|V ⟩d3|V ⟩d4)
]

+
1√
2

[
1√
2
(|H⟩a1|H⟩a2|V ⟩a3|V ⟩a4|H⟩c1|H⟩c2|V ⟩c3|V ⟩c4

+|V ⟩a1|V ⟩a2|H⟩a3|H⟩a4|V ⟩c1|V ⟩c2|H⟩c3|H⟩c4)
1√
2
(|H⟩b1|H⟩b2|V ⟩b3|V ⟩b4|H⟩d1|H⟩d2|V ⟩d3|V ⟩d4

+|V ⟩b1|V ⟩b2|H⟩b3|H⟩b4|V ⟩d1|V ⟩d2|H⟩d3|H⟩d4)
]
, (12)

with a probability of 1
2 |αβ|

2. Next, Alice and Bob should
perform the polarization measurement on the photons
in the spatial modes c1 − c4 and d1 − d4 in basis of
|±⟩ = 1√

2
(|H⟩ ± |V ⟩). There are sixteen possible mea-

surement results of the photons in c1−c4 (d1−d4), which
are shown in Table 2. As the measurement may change
the phase of the items, we divide the sixteen measure-
ment results into four groups. The phases of the items in
a1a2a3a4 (b1b2b3b4) modes corresponding to each mea-
surement result group is shown in Table 3. According to
Table 2 and Table 3, we can finally determine the state of
the photons in a1a2a3a4 (b1b2b3b4). For example, if the
measurement results of the photons in both c1c2c3c4 and

Table 2 The sixteen possible measurement results of the
photons in modes c1 − c4 (d1 − d4) can be divided into four
groups, where each group contains four possible results.

Group 1 2 3 4

|++++⟩ |+−+−⟩ |+−++⟩ |+++−⟩

Results
|++−−⟩ |+−−+⟩ |+−−−⟩ |++−+⟩
| − −++⟩ | −++−⟩ | −+++⟩ | − −+−⟩
| − − −−⟩ | −+−+⟩ | −+−−⟩ | − − −+⟩

Table 3 The phases of each items in a1a2a3a4 (b1b2b3b4)
corresponding to the measurement results in each group. Here,
the subscript a(b) represents a1a2a3a4 (b1b2b3b4).

Items |HHHH⟩a(b) |V V V V ⟩a(b) |HHV V ⟩a(b) |V V HH⟩a(b)
1 + + + +
2 + + - -
3 + - + -
4 + - - +

d1d2d3d4 modes belong to group 1 or group 2, the parties
will obtain the maximally entangled logic Bell state with
the form of

|Φ′
s⟩ =

1√
2

[
1√
2
(|H⟩a1|H⟩a2|H⟩a3|H⟩a4

+|V ⟩a1|V ⟩a2|V ⟩a3|V ⟩a4)
1√
2
(|H⟩b1|H⟩b2|H⟩b3|H⟩b4

+|V ⟩b1|V ⟩b2|V ⟩b3|V ⟩b4)
]

+
1√
2

[
1√
2
(|H⟩a1|H⟩a2|V ⟩a3|V ⟩a4

+|V ⟩a1|V ⟩a2|H⟩a3|H⟩a4)
1√
2
(|H⟩b1|H⟩b2|V ⟩b3|V ⟩b4

+|V ⟩b1|V ⟩b2|H⟩b3|H⟩b4)
]
. (13)

On the other hand, if the parties obtain other kinds
of measurement results, the parties can not directly ob-
tain the maximally entangled logic Bell state. Fortunately,
they can also convert the obtained state to the maximally
entangled logic Bell state with the help of the phase-flip
operation. Therefore, under the PPC measurement results
of EEEE, the parties can deterministically obtain the
maximally entangled logic Bell state.

In above discussion, we mainly explain the case that
the results of QNDs are EEEE. If the parties obtain one
of the other three cases EEOO,OOEE,OOOO, they can
also finally obtain the maximally entangled logic Bell state
with the same success probability. Therefore, the total
success probability of obtaining the maximally entangled
state is 2|αβ|2.

Next we discuss the ECP for a more complicated logic
Bell state with m = 2 and n = 3. The less-entangled logic
Bell state can be written as
|ψ⟩(3,2) = α|H⟩(3,2)|H⟩(3,2) + β|V ⟩(3,2)|V ⟩(3,2). (14)
Similar to the ECP we discussed above, a pair of initial

less-entangled logic Bell states are needed which can be
written as
|ψ1⟩

(3,2) = α|H⟩(3,2)a |H⟩(3,2)b + β|V ⟩(3,2)a |V ⟩(3,2)b

= α

[
1

2
(|H⟩a1|H⟩a2|H⟩a3|H⟩a4|H⟩a5|H⟩a6

+|V ⟩a1|V ⟩a2|V ⟩a3|V ⟩a4|H⟩a5|H⟩a6
+|V ⟩a1|V ⟩a2|H⟩a3|H⟩a4|V ⟩a5|V ⟩a6
+|H⟩a1|H⟩a2|V ⟩a3|V ⟩a4|V ⟩a5|V ⟩a6)

21601-4 Jiu Liu, et al., Front. Phys. 14(2), 21601 (2019)
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1

2
(|H⟩b1|H⟩b2|H⟩b3|H⟩b4|H⟩b5|H⟩b6

+|V ⟩b1|V ⟩b2|V ⟩b3|V ⟩b4|H⟩b5|H⟩b6
+|V ⟩b1|V ⟩b2|H⟩b3|H⟩b4|V ⟩b5|V ⟩b6

+|H⟩b1|H⟩b2|V ⟩b3|V ⟩b4|V ⟩b5|V ⟩b6)
]

+β

[
1

2
(|H⟩a1|H⟩a2|H⟩a3|H⟩a4|V ⟩a5|V ⟩a6

+|H⟩a1|H⟩a2|V ⟩a3|V ⟩a4|H⟩a5|H⟩a6
+|V ⟩a1|V ⟩a2|H⟩a3|H⟩a4|H⟩a5|H⟩a6
+|V ⟩a1|V ⟩a2|V ⟩a3|V ⟩a4|V ⟩a5|V ⟩a6)
1

2
(|H⟩b1|H⟩b2|H⟩b3|H⟩b4|V ⟩b5|V ⟩b6

+|H⟩b1|H⟩b2|V ⟩b3|V ⟩b4|H⟩b5|H⟩b6
+|V ⟩b1|V ⟩b2|H⟩b3|H⟩b4|H⟩b5|H⟩b6

+|V ⟩b1|V ⟩b2|V ⟩b3|V ⟩b4|V ⟩b5|V ⟩b6)
]
, (15)

|ψ2⟩
(3,2) = α|H⟩(3,2)c |H⟩(3,2)d + β|V ⟩(3,2)c |V ⟩(3,2)d

= α

[
1

2
(|H⟩c1|H⟩c2|H⟩c3|H⟩c4|H⟩c5|H⟩c6

+|V ⟩c1|V ⟩c2|V ⟩c3|V ⟩c4|H⟩c5|H⟩c6
+|V ⟩c1|V ⟩c2|H⟩c3|H⟩c4|V ⟩c5|V ⟩c6
+|H⟩c1|H⟩c2|V ⟩c3|V ⟩c4|V ⟩c5|V ⟩c6)
1

2
(|H⟩d1|H⟩d2|H⟩d3|H⟩d4|H⟩d5|H⟩d6

+|V ⟩d1|V ⟩d2|V ⟩d3|V ⟩d4|H⟩d5|H⟩d6
+|V ⟩d1|V ⟩d2|H⟩d3|H⟩d4|V ⟩d5|V ⟩d6

+|H⟩d1|H⟩d2|V ⟩d3|V ⟩d4|V ⟩d5|V ⟩d6)
]

+β

[
1

2
(|H⟩c1|H⟩c2|H⟩c3|H⟩c4|V ⟩c5|V ⟩c6

+|H⟩c1|H⟩c2|V ⟩c3|V ⟩c4|H⟩c5|H⟩c6
+|V ⟩c1|V ⟩c2|H⟩c3|H⟩c4|H⟩c5|H⟩c6
+|V ⟩c1|V ⟩c2|V ⟩c3|V ⟩c4|V ⟩c5|V ⟩c6)
1

2
(|H⟩d1|H⟩d2|H⟩d3|H⟩d4|V ⟩d5|V ⟩d6

+|H⟩d1|H⟩d2|V ⟩d3|V ⟩d4|H⟩d5|H⟩d6
+|V ⟩d1|V ⟩d2|H⟩d3|H⟩d4|H⟩d5|H⟩d6

+|V ⟩d1|V ⟩d2|V ⟩d3|V ⟩d4|V ⟩d5|V ⟩d6)
]
. (16)

For |ψ2⟩(3,2), the parties should perform the bit-flip op-
eration on the photons in modes c1−c6 and d1−d6, which
can convert to |ψ2⟩(3,2) to |ψ3⟩(3,2)

|ψ3⟩
(3,2) = β|H⟩(3,2)c |H⟩(3,2)d + α|V ⟩(3,2)c |V ⟩(3,2)d

= β

[
1

2
(|H⟩c1|H⟩c2|H⟩c3|H⟩c4|H⟩c5|H⟩c6

+|V ⟩c1|V ⟩c2|V ⟩c3|V ⟩c4|H⟩c5|H⟩c6
+|V ⟩c1|V ⟩c2|H⟩c3|H⟩c4|V ⟩c5|V ⟩c6
+|H⟩c1|H⟩c2|V ⟩c3|V ⟩c4|V ⟩c5|V ⟩c6)
1

2
(|H⟩d1|H⟩d2|H⟩d3|H⟩d4|H⟩d5|H⟩d6

+|V ⟩d1|V ⟩d2|V ⟩d3|V ⟩d4|H⟩d5|H⟩d6

+|V ⟩d1|V ⟩d2|H⟩d3|H⟩d4|V ⟩d5|V ⟩d6

+|H⟩d1|H⟩d2|V ⟩d3|V ⟩d4|V ⟩d5|V ⟩d6)
]

+α

[
1

2
(|H⟩c1|H⟩c2|H⟩c3|H⟩c4|V ⟩c5|V ⟩c6

+|H⟩c1|H⟩c2|V ⟩c3|V ⟩c4|H⟩c5|H⟩c6
+|V ⟩c1|V ⟩c2|H⟩c3|H⟩c4|H⟩c5|H⟩c6
+|V ⟩c1|V ⟩c2|V ⟩c3|V ⟩c4|V ⟩c5|V ⟩c6)
1

2
(|H⟩d1|H⟩d2|H⟩d3|H⟩d4|V ⟩d5|V ⟩d6

+|H⟩d1|H⟩d2|V ⟩d3|V ⟩d4|H⟩d5|H⟩d6
+|V ⟩d1|V ⟩d2|H⟩d3|H⟩d4|H⟩d5|H⟩d6

+|V ⟩d1|V ⟩d2|V ⟩d3|V ⟩d4|V ⟩d5|V ⟩d6)
]
. (17)

The whole system |Ψ⟩ = |ψ1⟩(3,2) ⊗ |ψ3⟩(3,2) can be de-
scribed as

|Ψ⟩ = αβ

[
1

2
(|H⟩a1|H⟩a2|H⟩a3|H⟩a4|H⟩a5|H⟩a6

+|V ⟩a1|V ⟩a2|V ⟩a3|V ⟩a4|H⟩a5|H⟩a6
+|V ⟩a1|V ⟩a2|H⟩a3|H⟩a4|V ⟩a5|V ⟩a6
+|H⟩a1|H⟩a2|V ⟩a3|V ⟩a4|V ⟩a5|V ⟩a6)
1

2
(|H⟩b1|H⟩b2|H⟩b3|H⟩b4|H⟩b5|H⟩b6

+|V ⟩b1|V ⟩b2|V ⟩b3|V ⟩b4|H⟩b5|H⟩b6
+|V ⟩b1|V ⟩b2|H⟩b3|H⟩b4|V ⟩b5|V ⟩b6
+|H⟩b1|H⟩b2|V ⟩b3|V ⟩b4|V ⟩b5|V ⟩b6)
1

2
(|H⟩c1|H⟩c2|H⟩c3|H⟩c4|H⟩c5|H⟩c6

+|V ⟩c1|V ⟩c2|V ⟩c3|V ⟩c4|H⟩c5|H⟩c6
+|V ⟩c1|V ⟩c2|H⟩c3|H⟩c4|V ⟩c5|V ⟩c6
+|H⟩c1|H⟩c2|V ⟩c3|V ⟩c4|V ⟩c5|V ⟩c6)
1

2
(|H⟩d1|H⟩d2|H⟩d3|H⟩d4|H⟩d5|H⟩d6

+|V ⟩d1|V ⟩d2|V ⟩d3|V ⟩d4|H⟩d5|H⟩d6
+|V ⟩d1|V ⟩d2|H⟩d3|H⟩d4|V ⟩d5|V ⟩d6

+|H⟩d1|H⟩d2|V ⟩d3|V ⟩d4|V ⟩d5|V ⟩d6)
]

+αβ

[
1

2
(|H⟩a1|H⟩a2|H⟩a3|H⟩a4|V ⟩a5|V ⟩a6

+|H⟩a1|H⟩a2|V ⟩a3|V ⟩a4|H⟩a5|H⟩a6
+|V ⟩a1|V ⟩a2|H⟩a3|H⟩a4|H⟩a5|H⟩a6
+|V ⟩a1|V ⟩a2|V ⟩a3|V ⟩a4|V ⟩a5|V ⟩a6)
1

2
(|H⟩b1|H⟩b2|H⟩b3|H⟩b4|V ⟩b5|V ⟩b6

+|H⟩b1|H⟩b2|V ⟩b3|V ⟩b4|H⟩b5|H⟩b6
+|V ⟩b1|V ⟩b2|H⟩b3|H⟩b4|H⟩b5|H⟩b6
+|V ⟩b1|V ⟩b2|V ⟩b3|V ⟩b4|V ⟩b5|V ⟩b6)
1

2
(|H⟩c1|H⟩c2|H⟩c3|H⟩c4|V ⟩c5|V ⟩c6

+|H⟩c1|H⟩c2|V ⟩c3|V ⟩c4|H⟩c5|H⟩c6
+|V ⟩c1|V ⟩c2|H⟩c3|H⟩c4|H⟩c5|H⟩c6
+|V ⟩c1|V ⟩c2|V ⟩c3|V ⟩c4|V ⟩c5|V ⟩c6)
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1

2
(|H⟩d1|H⟩d2|H⟩d3|H⟩d4|V ⟩d5|V ⟩d6

+|H⟩d1|H⟩d2|V ⟩d3|V ⟩d4|H⟩d5|H⟩d6
+|V ⟩d1|V ⟩d2|H⟩d3|H⟩d4|H⟩d5|H⟩d6

+|V ⟩d1|V ⟩d2|V ⟩d3|V ⟩d4|V ⟩d5|V ⟩d6)
]

+α2

[
1

2
(|H⟩a1|H⟩a2|H⟩a3|H⟩a4|H⟩a5|H⟩a6

+|V ⟩a1|V ⟩a2|V ⟩a3|V ⟩a4|H⟩a5|H⟩a6
+|V ⟩a1|V ⟩a2|H⟩a3|H⟩a4|V ⟩a5|V ⟩a6
+|H⟩a1|H⟩a2|V ⟩a3|V ⟩a4|V ⟩a5|V ⟩a6)
1

2
(|H⟩b1|H⟩b2|H⟩b3|H⟩b4|H⟩b5|H⟩b6

+|V ⟩b1|V ⟩b2|V ⟩b3|V ⟩b4|H⟩b5|H⟩b6
+|V ⟩b1|V ⟩b2|H⟩b3|H⟩b4|V ⟩b5|V ⟩b6
+|H⟩b1|H⟩b2|V ⟩b3|V ⟩b4|V ⟩b5|V ⟩b6)
1

2
(|H⟩c1|H⟩c2|H⟩c3|H⟩c4|V ⟩c5|V ⟩c6

+|H⟩c1|H⟩c2|V ⟩c3|V ⟩c4|H⟩c5|H⟩c6
+|V ⟩c1|V ⟩c2|H⟩c3|H⟩c4|H⟩c5|H⟩c6
+|V ⟩c1|V ⟩c2|V ⟩c3|V ⟩c4|V ⟩c5|V ⟩c6)
1

2
(|H⟩d1|H⟩d2|H⟩d3|H⟩d4|V ⟩d5|V ⟩d6

+|H⟩d1|H⟩d2|V ⟩d3|V ⟩d4|H⟩d5|H⟩d6
+|V ⟩d1|V ⟩d2|H⟩d3|H⟩d4|H⟩d5|H⟩d6

+|V ⟩d1|V ⟩d2|V ⟩d3|V ⟩d4|V ⟩d5|V ⟩d6)
]

+β2

[
1

2
(|H⟩a1|H⟩a2|H⟩a3|H⟩a4|V ⟩a5|V ⟩a6

+|H⟩a1|H⟩a2|V ⟩a3|V ⟩a4|H⟩a5|H⟩a6
+|V ⟩a1|V ⟩a2|H⟩a3|H⟩a4|H⟩a5|H⟩a6
+|V ⟩a1|V ⟩a2|V ⟩a3|V ⟩a4|V ⟩a5|V ⟩a6)
1

2
(|H⟩b1|H⟩b2|H⟩b3|H⟩b4|V ⟩b5|V ⟩b6

+|H⟩b1|H⟩b2|V ⟩b3|V ⟩b4|H⟩b5|H⟩b6
+|V ⟩b1|V ⟩b2|H⟩b3|H⟩b4|H⟩b5|H⟩b6
+|V ⟩b1|V ⟩b2|V ⟩b3|V ⟩b4|V ⟩b5|V ⟩b6)
1

2
(|H⟩c1|H⟩c2|H⟩c3|H⟩c4|H⟩c5|H⟩c6

+|V ⟩c1|V ⟩c2|V ⟩c3|V ⟩c4|H⟩c5|H⟩c6
+|V ⟩c1|V ⟩c2|H⟩c3|H⟩c4|V ⟩c5|V ⟩c6
+|H⟩c1|H⟩c2|V ⟩c3|V ⟩c4|V ⟩c5|V ⟩c6)
1

2
(|H⟩d1|H⟩d2|H⟩d3|H⟩d4|H⟩d5|H⟩d6

+|V ⟩d1|V ⟩d2|V ⟩d3|V ⟩d4|H⟩d5|H⟩d6
+|V ⟩d1|V ⟩d2|H⟩d3|H⟩d4|V ⟩d5|V ⟩d6

+|H⟩d1|H⟩d2|V ⟩d3|V ⟩d4|V ⟩d5|V ⟩d6
]
. (18)

The basic principle of the ECP is shown in Fig. 3. Alice
and Bob make the photons in spatial modes a1c1, a3c3,
a5c5, b1d1, b3d3, b5d5 pass through QNDs to make PPC
measurements. All possible results of PPC measurements
are shown in Table 4, which can be also divided into two
groups. The left half of the table represents the PPC mea-

Fig. 3 The schematic drawing of the ECP for logic Bell state
with m = 2, and n = 3. The two big boxes represent two logic
Bell states. The two moderate boxes in each big box represent
two C-GHZ states. Red dots represent physical qubits.

Table 4 The PPC measurement results for the logic Bell
state with m = 2, and n = 3, where “E” means the even parity
and “O” means the odd parity, respectively.

αβ α2 or β2

Alice Bob Alice Bob

a1c1 a3c3 a5c5 b1d1 b3d3 b5d5 a1c1 a3b3 a5c5 b1d1 b3d3 b5d5

E E E

E E E

O O O

O O O
O O E E E O
O E O E O E
E O O O E E

O O E

E E E

E E O

O O O
O O E E E O
O E O E O E
E O O O E E

O E O

E E E

E O E

O O O
O O E E E O
O E O E O E
E O O O E E

E O O

E E E

O E E

O O O
O O E E E O
O E O E O E
E O O O E E

surement results of the items with the same coefficient of
αβ, where the number of the result E in each of the two
parties is odd. They are the successful cases of concentra-
tion. The right of the table represents the PPC results
of the items with the coefficients of α2 or β2, where the
number of the result E in each of the two parties is even.
If the parties obtain one of the measurement results in the
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right part, the concentration will fail.
We take the successful case corresponding to the mea-

surement results of EEEEEE for example. Under this
case, the state in Eq. (18) will collapse to

|Ψ′⟩ = 1√
2

[
1

2
(|H⟩a1|H⟩a2|H⟩a3|H⟩a4|H⟩a5|H⟩a6|H⟩c1|H⟩c2|H⟩c3|H⟩c4|H⟩c5|H⟩c6

+|V ⟩a1|V ⟩a2|V ⟩a3|V ⟩a4|H⟩a5|H⟩a6|V ⟩c1|V ⟩c2|V ⟩c3|V ⟩c4|H⟩c5|H⟩c6
+|V ⟩a1|V ⟩a2|H⟩a3|H⟩a4|V ⟩a5|V ⟩a6|V ⟩c1|V ⟩c2|H⟩c3|H⟩c4|V ⟩c5|V ⟩c6
+|H⟩a1|H⟩a2|V ⟩a3|V ⟩a4|V ⟩a5|V ⟩a6|H⟩c1|H⟩c2|V ⟩c3|V ⟩c4|V ⟩c5|V ⟩c6)
1

2
(|H⟩b1|H⟩b2|H⟩b3|H⟩b4|H⟩b5|H⟩b6|H⟩d1|H⟩d2|H⟩d3|H⟩d4|H⟩d5|H⟩d6

+|V ⟩b1|V ⟩b2|V ⟩b3|V ⟩b4|H⟩b5|H⟩b6|V ⟩d1|V ⟩d2|V ⟩d3|V ⟩d4|H⟩d5|H⟩d6
+|V ⟩b1|V ⟩b2|H⟩b3|H⟩b4|V ⟩b5|V ⟩b6|V ⟩d1|V ⟩d2|H⟩d3|H⟩d4|V ⟩d5|V ⟩d6

+|H⟩b1|H⟩b2|V ⟩b3|V ⟩b4|V ⟩b5|V ⟩b6|H⟩d1|H⟩d2|V ⟩d3|V ⟩d4|V ⟩d5|V ⟩d6)
]

+
1√
2

[
1

2
(|H⟩a1|H⟩a2|H⟩a3|H⟩a4|V ⟩a5|V ⟩a6|H⟩c1|H⟩c2|H⟩c3|H⟩c4|V ⟩c5|V ⟩c6

+|H⟩a1|H⟩a2|V ⟩a3|V ⟩a4|H⟩a5|H⟩a6|H⟩c1|H⟩c2|V ⟩c3|V ⟩c4|H⟩c5|H⟩c6
+|V ⟩a1|V ⟩a2|H⟩a3|H⟩a4|H⟩a5|H⟩a6|V ⟩c1|V ⟩c2|H⟩c3|H⟩c4|H⟩c5|H⟩c6
+|V ⟩a1|V ⟩a2|V ⟩a3|V ⟩a4|V ⟩a5|V ⟩a6|V ⟩c1|V ⟩c2|V ⟩c3|V ⟩c4|V ⟩c5|V ⟩c6)
1

2
(|H⟩b1|H⟩b2|H⟩b3|H⟩b4|V ⟩b5|V ⟩b6|H⟩d1|H⟩d2|H⟩d3|H⟩d4|V ⟩d5|V ⟩d6

+|H⟩b1|H⟩b2|V ⟩b3|V ⟩b4|H⟩b5|H⟩b6|H⟩d1|H⟩d2|V ⟩d3|V ⟩d4|H⟩d5|H⟩d6
+|V ⟩b1|V ⟩b2|H⟩b3|H⟩b4|H⟩b5|H⟩b6|V ⟩d1|V ⟩d2|H⟩d3|H⟩d4|H⟩d5|H⟩d6

+|V ⟩b1|V ⟩b2|V ⟩b3|V ⟩b4|V ⟩b5|V ⟩b6|V ⟩d1|V ⟩d2|V ⟩d3|V ⟩d4|V ⟩d5|V ⟩d6)
]
, (19)

with a probability of 1
8 |αβ|

2.
The following step is that Alice and Bob measure all the

photons in modes c1−c6 and d1−d6 in the basis of {|±⟩}.
Similar with the case corresponding to m = n = 2, with
the help of the phase-flip operation, the parties can finally
obtain the maximally entangled logic Bell state from the
state in Eq. (19). In above discussion, we mainly explain
the case with the PPC results of EEEEEE. If the parties
obtain one of the other 15 measurement results in the left
half of Table 4, they can also get the maximally entangled
logic Bell state with the same principle. In each case, the
success probability is 1

8 |αβ|
2, and the total success prob-

ability of obtaining the maximally entangled state is also
2|αβ|2.

It is straightforward to extend this approach to the ar-
bitrary logic Bell state, which means that m and n are
arbitrary numbers. As shown in Fig. 4, S1 and S2 gener-
ate two copies of less-entangled logic Bell states |φ1⟩(n,m)

and |φ2⟩(n,m) as

|φ1⟩(n,m) = α|H⟩(n,m)|H⟩(n,m) + β|V ⟩(n,m)|V ⟩(n,m)

= α

[
1√
2
(|GHZ+

m⟩⊗n + |GHZ−
m⟩⊗n)a

1√
2
(|GHZ+

m⟩⊗n + |GHZ−
m⟩⊗n)b

]
+β

[
1√
2
(|GHZ+

m⟩⊗n − |GHZ−
m⟩⊗n)a

1√
2
(|GHZ+

m⟩⊗n − |GHZ−
m⟩⊗n)b

]
, (20)

|φ2⟩(n,m) = α|H⟩(n,m)|H⟩(n,m) + β|V ⟩(n,m)|V ⟩(n,m)

= α

[
1√
2
(|GHZ+

m⟩⊗n + |GHZ−
m⟩⊗n)c

1√
2
(|GHZ+

m⟩⊗n + |GHZ−
m⟩⊗n)d

]
+β

[
1√
2
(|GHZ+

m⟩⊗n − |GHZ−
m⟩⊗n)c

1√
2
(|GHZ+

m⟩⊗n − |GHZ−
m⟩⊗n)d

]
. (21)

Then, the parties should perform the bit-flip opera-
tion on the photons in modes c and d, which can convert
|φ2⟩(n,m) to |φ3⟩(n,m) as

|φ3⟩(n,m) = β|H⟩(n,m)|H⟩(n,m) + α|V ⟩(n,m)|V ⟩(n,m)

= β

[
1√
2
(|GHZ+

m⟩⊗n + |GHZ−
m⟩⊗n)a

1√
2
(|GHZ+

m⟩⊗n + |GHZ−
m⟩⊗n)b

]
+ α

[
1√
2
(|GHZ+

m⟩⊗n − |GHZ−
m⟩⊗n)a

1√
2
(|GHZ+

m⟩⊗n − |GHZ−
m⟩⊗n)b

]
. (22)

Next, the parties make the photons in spatial modes
a1c1, a(m + 1)c(m + 1), a(2m + 1)c(2m + 1), a(3m +
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Fig. 4 The schematic drawing of the ECP for logic Bell state
with m and n being arbitrary numbers.

1)c(3m+1), · · · , a((n−1)m+1)c((n−1)m+1) and b1d1,
b(m+1)d(m+1), b(2m+1)d(2m+1), b(3m+1)d(3m+1),
· · · , b((n−1)m+1)d((n−1)m+1) pass through the QNDs
to make PPC measurements, and both pick up the items
corresponding to the coefficient αβ. Then, they measure
all photons in modes c1 − c(nm) and d1 − d(nm) in the
basis of {|±⟩} and can finally distill the maximally entan-
gled logic Bell state. The total success probability of this
arbitrary logic Bell state case is also 2|αβ|2.

4 Discussion

So far, we have completely described our ECP about the
logic Bell state. In above section, we only select the items
with coefficient αβ, and discard the items with coefficients
α2 and β2. Actually, similar to previous ECPs, such dis-
carded items can be reused to distill the maximally en-
tangled logic Bell state, which can increase the success
probability of our ECP. We take m = n = 2 for example.
As shown in Table 1, we consider the case of EOEO. With
the measurement results of EOEO, the state in Eq. (11)
will collapse to

|Φ′
f ⟩ = α2

[
1√
2
(|H⟩a1|H⟩a2|H⟩a3|H⟩a4|H⟩c1|H⟩c2|H⟩c3|H⟩c4

+|V ⟩a1|V ⟩a2|V ⟩a3|V ⟩a4|V ⟩c1|V ⟩c2|V ⟩c3|V ⟩c4
1√
2
(|H⟩b1|H⟩b2|H⟩b3|H⟩b4|H⟩d1|H⟩d2|H⟩d3|H⟩d4

+|V ⟩b1|V ⟩b2|V ⟩b3|V ⟩b4|V ⟩d1|V ⟩d2|V ⟩d3|V ⟩d4)
]

+β2

[
1√
2
(|H⟩a1|H⟩a2|V ⟩a3|V ⟩a4|H⟩c1|H⟩c2|V ⟩c3|V ⟩c4

+|V ⟩a1|V ⟩a2|H⟩a3|H⟩a4|V ⟩c1|V ⟩c2|H⟩c3|H⟩c4)
1√
2
(|H⟩b1|H⟩b2|V ⟩b3|V ⟩b4|H⟩d1|H⟩d2|V ⟩d3|V ⟩d4

+|V ⟩b1|V ⟩b2|H⟩b3|H⟩b4|V ⟩d1|V ⟩d2|H⟩d3|H⟩d4)
]
, (23)

with a probability of 1
4 (|α|

4 + |β|4).
Subsequently, Alice and Bob measure all the photons in

modes c1c2c3c4 and d1d2d3d4 in the basis |±⟩, and they
can finally obtain the less-entangled logic Bell state as

|Φ′′
f1⟩(2,2)=α2

[
1√
2
(|H⟩a1|H⟩a2|H⟩a3|H⟩a4

+|V ⟩a1|V ⟩a2|V ⟩a3|V ⟩a4)
1√
2
(|H⟩b1|H⟩b2|H⟩b3|H⟩b4

+|V ⟩b1|V ⟩b2|V ⟩b3|V ⟩b4)
]

+β2

[
1√
2
(|H⟩a1|H⟩a2|V ⟩a3|V ⟩a4

+|V ⟩a1|V ⟩a2|H⟩a3|H⟩a4)
1√
2
(|H⟩b1|H⟩b2|V ⟩b3|V ⟩b4

+|V ⟩b1|V ⟩b2|H⟩b3|H⟩b4)
]
. (24)

Obviously, |Φ′′
f1⟩(2,2) has the similar form as |ϕ1⟩(2,2), and

can be reconcentrated in the next round. With the same
principle, we can calculate the success probability of the
second concentration round as

P2 = 2
|α|4|β|4

(|α|2 + |β|2)(|α|4 + |β|4) , (25)

where the subscript 2 means the second round of concen-
tration. Similarly, we can also calculate the success prob-
ability of the kth concentration round as

Pk = 2
|α|2

k

|β|2
k

(|α|2+|β|2)(|α|4+|β|4) . . . (|α|2k +|β|2k )
. (26)

Therefore, after performing the concentration protocol
for k rounds, the total success probability of our ECP is

P = P1 + P2 + P3 + . . .+ Pk

= 2|α|2|β|2 + 2
|α|4|β|4

(|α|2 + |β|2)(|α|4 + |β|4)

+2
|α|2k |β|2k

(|α|2 + |β|2)(|α|4 + |β|4) . . . (|α|2k + |β|2k)

=

k∑
j=1

2|α|2j |β|2j∏j
i=1(|α|2

i + |β|2i)
. (27)

In Fig. 5, we calculate the total success probability (P )
of this ECP as a function of the entanglement coefficient
α. Here, we control the repeating number k = 1, 2, 3, 4, 5,
respectively. From Fig. 5, we show that when k = 1, the
total success probability P can only reach the maximum
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Fig. 5 The total success probability (P ) of the ECP as a
function of the coefficient α with the iteration number k =
1, 2, 3, 4, 5.

of 0.5 when α = β = 1√
2
. With the growth of repeating

number, the total success probability can be effectively
increased. When the repeating number increases to k = 5,
the maximal value of P will increase to be close to 1.

Finally, let us briefly discuss the cross-Kerr nonlinearity
in this protocol. As described above, cross-Kerr nonlin-
earity plays an important role in many quantum informa-
tion processing protocols. However, the natural phase shift
in a single-photon level is extremely small and it cannot
be observed directly [66]. Fortunately, recent experiments
showed that the phase shift can be observed in a single-
photon level [67, 68]. It opens a door to future potential
applications in area of quantum information processing.

5 Conclusion

In conclusion, we propose an efficient entanglement con-
centration protocol (ECP) for a new kind of logic Bell
state, where the logic qubit is the C-GHZ state. In the
ECP, we require two pairs of less-entangled logic Bell
states. With the help of the nondemolition polarization
parity check (PPC) gates constructed with cross-Kerr non-
linearity, we can distill a maximally entangled logic Bell
state with some probability. We first explain this ECP
for the logic Bell state with m = n = 2 and m = 2,
n = 3, respectively. Then, we extend this ECP for the
arbitrary logic Bell state. Benefit from the nondemonition
PPC gates, the concentrated maximally entangled state
can be remained for further applications. Moreover, when
the protocol fails, we can repeat the ECP to distill the
maximally entangled logic Bell state. By repeating the
ECP, the total success probability of our ECP can be ef-
fectively increased. This in turn supports the feasibility of
our scheme experimentally. Based on the above features,
this ECP may have potential applications in long-distance
quantum communication in a noisy environment.
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