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We study the quadrature squeezing and entanglement in a cavity optomechanical system (COMS).
In our model, a flying atom sequentially passes through and interacts with the COMS and a Ramsey
pulse zone, and subsequently the atomic state is detected. In this way, the photon-phonon squeezing
and entanglement can be generated. The dynamic evolution of the squeezing and entanglement in the
presence of losses are examined by using the master equation method.
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1 Introduction

In recent years, cavity optomechanics [1, 2] has become
an exciting research field for exploring quantum effects in
an extremely wide range (from microscale to macroscale).
In a typical cavity optomechanical system (COMS) a cav-
ity field couples with a movable mirror due to the ra-
diation pressure. This system has many potential appli-
cations in quantum science and technology, for example,
quantum computation [3], quantum metrology [4], and
so on. With the deepening of theoretical and experimen-
tal research, rich physical effects have been discovered
in COMSs, for example, the observations of the normal-
mode splitting [5], Kerr nonlinearity [6], bistability [7], op-
tomechanically induced transparency (OMIT) [8–10], the
quantum ground state cooling of the nanomechanical res-
onators [11, 12], and so on. In addition, various kinds of
nonclassical effects such as macroscopic superposition [16],
quantum entanglement [17], the squeezing effect [18], and
so on, which are generated in COMS [13–15], have also
attracted considerable attention.

Quantum entanglement [19] is a typical nonclassical ef-
fect. On the one hand, quantum entanglement plays an
important role in the study on the fundamental issues of
quantum physics, for example, it can help us to reveal
the boundary and the transition between classical world
and quantum world. On the other hand, quantum entan-
glement has a lot of potential applications in quantum
computation and quantum communication. Many pro-
posals have been brought forward to generate quantum
entanglement in various COMSs [20–23]. The quantum

squeezing [24] is another typical nonclassical effect and a
key resource for many applications, such as gravitational
wave detection and ultrahigh precision measurements [25].
Many schemes for creating quantum squeezing have also
been proposed in COMSs [26–28]. Experimental squeezing
of a nanomechanical object has been achieved through a
nonlinear Duffing resonator [29].

Recently, some works studying the entangling and
squeezing properties of a hybrid COMS at single-
excitation level have been published. Ge and Zubairy put
forward a scheme to generate the deterministic entangle-
ment between two movable mirrors using a flying atom
in superposition state [30]. They also propose a scheme to
generate macroscopic superposition via periodic qubit flip-
ping [31]. Liao et al. proposed a method to generate entan-
glement between two macroscopic mechanical resonators
in a two-cavity optomechancial system [32]. Inspiring by
the above works, we want to study the photon-phonon en-
tanglement and squeezing in a hybrid cavity optomechan-
ical system, in which a two-level atom is flying through
the cavity. We find that, in the large-detuning case, the
photon-phonon entanglement and squeezing will only be
generated when we apply a π/2 Ramsey pulse to the atom
and detect the atomic state.

This paper is organized as follows. In Section 2 we intro-
duce the theoretical model and derive the effective Hamil-
tonian under the condition of large detuning. In Section
3 we calculate the dynamic evolution under ideal condi-
tions and discuss the generation of the entanglement and
photon-phonon squeezing in the COMS. In Section 4 we
use the master equation method to study the entangling
and squeezing properties of the COMS in the presence of
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losses. Finally, in Section 5 we discuss the experimental
feasibility and provide a brief summary.

2 Model and Hamiltonian

Our proposed scheme is shown in Fig. 1. A two-level atom
(with the ground state |g⟩ and the excited state |e⟩) se-
quentially passes through and interacts with the COMS
and the Ramsey pulse zone, and then its state is detected
[33]. The Hamiltonian of the system reads (ℏ = 1)

H =
ωa

2
σz + ωca

†a+ ωmb†b

−iG(aσ+ − a†σ−)− ga†a(b† + b), (1)

where σz = |e⟩⟨e| − |g⟩⟨g|, σ+ = |e⟩⟨g|, and σ− = |g⟩⟨e|
are the Pauli operators of the atom with frequency ωa,
a(a†) and b(b†) are the annihilation (creation) operators
of the cavity mode and the mechanical mode with fre-
quency ωc and ωm, respectively. G describes the Jaynes-
Cummings coupling strength between the atom and the
cavity field, and g is the single-photon optomechanical
coupling strength between the cavity field and the me-
chanical mode.

In the interaction picture, we have

HI = −iG(aσ+ei∆t − a+σ−e−i∆t)

−ga†a(b†eiωmt + be−iωmt), (2)

where ∆ = ωa − ωc is the frequency detuning between
the atom and the cavity field. When ∆ = ωm >> G, g,
the effect of rapidly oscillating terms is neglected, and the
effective Hamiltonian can be derived as [34]

Heff = α[(a†a+ 1)σee − a†aσgg]

−η(a†a)2 + iβ(abσ+ − a†b†σ−), (3)

where α = G2/∆, η = g2/ωm, β = Gg/ωm, σee = |e⟩⟨e|,
σgg = |g⟩⟨g|. In the expression of Eq. (3), the first term
describes the photon-number dependent Stark shifts, and
the second is the Kerr nonlinear term, the last terms de-
scribe the tripartite interaction (with the atom makes a
transition from the excited state to the ground state, a
photon and a phonon are created simultaneously; and vice
versa), which plays a crucial role in generating the entan-
gled states.

Fig. 1 Schematic diagram of the system. A two-level atom
sequentially passes through the COMS and the Ramsey pulse
zone, and then its state is detected.

The state of the system can be expressed as |Ψ⟩ =∑
Aij CAij |A⟩ ⊗ |i⟩c ⊗ |j⟩m ≡

∑
Aij CAij |Aij⟩, where

|A⟩ = |e⟩(|g⟩) describes the excited (ground) state of the
two-level atom, |i⟩c and |j⟩m represent the Fock states of
the cavity field and the mechanical oscillator, respectively.
CAij is the complex probability amplitude corresponding
to the states |Aij⟩.

3 Ideal situation

First we discuss the situation in which the environmental
effects are not taken into account. As shown in Fig. 2,
before the atom enters into the COMS, we prepare the
system in the state |Ψ(t0)⟩ = |e00⟩, i.e., the atom is sent
into the COMS in the exited state, the cavity field is in
the vacuum state, and the mechanical resonator is cooled
to its ground state. When the atom is in the COMS, the
governing Hamiltonian is H1 = Heff . The state of the
system under the action of the Hamiltonian H1 will evolve
to

|Ψ(t)⟩ = M(t)|e00⟩+N(t)|g11⟩, (4)

where

M(t) =
eiηt/2

R

[
R cos

(
Rt

2

)
− i(2α+ η) sin

(
Rt

2

)]
, (5)

N(t) = −2βeiηt/2

R
sin

(
Rt

2

)
, (6)

and the system will oscillate between |e00⟩ and |g11⟩ with
the frequency R =

√
4α2 + 4β2 + 4αη + η2.

At moment t1, the atom leaves the COMS, and the
state of the system is |Ψ(t1)⟩, which also acts as the initial
state of the next evolution process (from t1 to t2). Then
the governing Hamiltonian becomes H2 = −η(a†a)2 (Heff

with G = 0). The state of the system at moment t′ (t1 ≤
t′ ≤ t2) can be written as

|Ψ(t′)⟩ = M(t1)|e00⟩+N(t1)eiητ |g11⟩, (7)

where τ = t′ − t1. It can be seen that the effect of Hamil-
tonian H2 is only a change of the state’s phase.

Now we consider following four cases:

Fig. 2 The temporal sequence of our scheme. H1 and H2

are the governing Hamiltonians of the system for each period
defined in the text. The insets above time points represent the
position of the flying atom.

12601-2 Jun-Hao Liu, et al., Front. Phys. 14(1), 12601 (2019)



Research article

Case I. A π/2 Ramsey pulse is applied to the atom and
the atomic states are detected. At moment t2, the atom
enters the Ramsey pulse zone, we apply a π/2 Ramsey
pulse to the atom, the π/2 Ramsey pulse transforms the
atomic states as |g⟩ → (|g⟩−|e⟩)/

√
2, |e⟩ → (|g⟩+ |e⟩)/

√
2,

and the atom leaves the Ramsey pulse zone at moment t3,
then the atom keeps on flying and enters the detector at
moment td. During this period (from t2 to td), the gov-
erning Hamiltonian is still H2, the system will continue to
evolve according to the Hamiltonian H2, Hence the state
of the system at moment td can be expressed as

|Ψ(td)⟩ =
1√
2
(|e⟩|φ−⟩+ |g⟩|φ+⟩), (8)

after we detect the atomic states, the system will collapse
to

|φ±⟩ = M(t1)|00⟩ ±N(t1)eiη(td−t1)|11⟩, (9)

where the +(−) sign corresponds to the detected atomic
states |g⟩(|e⟩), respectively. We can see that if we apply a
π/2 Ramsey pulse to the atom and detect the atomic state
we can obtain the entangled state of the photon-phonon
subsystem.

Case II. A π/2 Ramsey pulse is applied to the atom but
the atomic states are not detected. One can obtain the
reduced density operator of the photon-phonon subsystem

ρnd = |M(t1)|2|00⟩⟨00|+ |N(t1)|2|11⟩⟨11|, (10)

this is a mixed state of the photon-phonon subsystem.
Case III. We do not apply the π/2 Ramsey pulse but

the atomic states are detected. The states of the photon-
phonon subsystem will be |00⟩ (if the atomic state is |e⟩)
or |11⟩ (if the atomic state is |g⟩).

Case IV. We do not apply the π/2 Ramsey pulse nor
detect the atomic states. the reduced density operator of
the photon-phonon subsystem will be ρnrd = ρnd.

From cases II, III, and IV, we can see that if we do not
apply a π/2 Ramsey pulse to the atom or do not detect
the atomic state we can not obtain the entangled state of
the photon-phonon subsystem.

We can also discuss the entangling properties of the
states |φ±⟩ and ρnd(ρnrd) from the point of view of the
concurrence [35]. The concurrence can be expressed as
C(ρ) = max{0, λ1 − λ2 − λ3 − λ4}, and the λi are the
eigenvalues, in decreasing order, of the Hermitian matrix
R =

√√
ρρ̃

√
ρ, here ρ̃ = (σy ⊗ σy)ρ

∗(σy ⊗ σy), we have

C(ρnd) = 0, C(φ±) = 2|M(t1)N(t1)|. (11)

For the case II and case IV, the density opera-
tor ρnd(ρnrd) only contains the diagonal elements, and
there is no interference effect, the degree of entangle-
ment between the photon mode and phonon mode is
zero. For the case I, we can obtain a bipartite entan-
gled pure state |φ±⟩ between the photon mode and

phonon mode, its density operator |φ±⟩⟨φ±| contains non-
diagonal elements M(t1)N

∗(t1)e−iη(td−t1)|00⟩⟨11| and
M∗(t1)N(t1)eiη(td−t1)|00⟩⟨11|, which lead to the genera-
tion of entanglement.

Then we discuss the squeezing properties of the states
|φ±⟩ and ρnd. The two-mode quadrature component op-
erators in the interaction picture are obtained as

X1 =
1

23/2
(ã+ ã† + b̃+ b̃†), (12)

X2 =
1

i23/2 (ã− ã† + b̃− b̃†), (13)

where ã = ae−iωct, b̃ = be−iωmt, and [X1, X2] = i/2.
For the state ρnd(ρnrd), the standard deviations

of the photon-phonon quadrature components are
∆Xρnd

1 = ∆Xρnd

2 = 1
2

√
1 + 2|N(t1)|2, and we have

∆Xρnd

1 ,∆Xρnd

2 ≥ 1/2. This shows that for the case II
and case IV, there is no the photon-phonon squeezing.

For the state |φ−⟩ of case I, we have

∆X
φ−
1 =

1

2

√
1 + 2|N(t1)|2 − 2Re[sV ], (14)

∆X
φ−
2 =

1

2

√
1 + 2|N(t1)|2 + 2Re[sV ], (15)

where s = eiωa(td−t0), which is derived from the effect of
the free evolution associated with the free Hamiltonian,
and V = M(t1)N

∗(t1)eiη(td−t1). In this case, since the
existence of the non-diagonal elements (V ̸= 0), ∆X

φ−
1

or ∆X
φ−
2 can be smaller than 1/2. In other words, the

photon-phonon subsystem can be in a two-mode quadra-
ture squeezed state. Moreover, we have ∆X

φ+

2 = ∆X
φ−
1 ,

∆X
φ+

1 = ∆X
φ−
2 .

4 Dissipative situation

Now we consider the dynamic evolution of the system in
the presence of losses. We assume that the cavity mode,
the mechanical mode, and the atom are coupled to their
bathes at zero temperature. Then the time evolution of
the density operator ρ(t) of the system can be described
by the following quantum master equation

ρ̇(t) = −i[H, ρ] + γcL[a]ρ+ γaL[σ−]ρ+ γmL[b]ρ, (16)

where the Liouville operator L[o]ρ = oρo†−(o†oρ+ρo†o)/2
(o = a, b, σ−). γc, γa and γm are the loss rates of the cavity
field, the atom and the mechanical resonator, respectively.
In general, the density operator of the system can be ex-
pressed as

ρ(t) =
∑

AijA′i′j′

WAijA′i′j′ |Aij⟩⟨A′i′j′|, (17)

where WAijA′i′j′ = CAijC
∗
A′i′j′ .

When the atom is in the COMS, the governing Hamilto-
nian is H1 = Heff . From the initial state, the Hamiltonian

12601-3 Jun-Hao Liu, et al., Front. Phys. 14(1), 12601 (2019)



Research article

H1, and the master equation (16), we get to know that the
five base vectors {|e00⟩, |g11⟩, |g10⟩, |g01⟩, |g00⟩} consti-
tute a closed subspace, the state of the system, when the
atom is in the COMS, can be written as

ρ1(t) = A1(t)|e00⟩⟨e00|+B1(t)|g11⟩⟨g11|
+C1(t)|e00⟩⟨g11|+D1(t)|g11⟩⟨e00|
+X1(t)|g00⟩⟨g00|+ Y1(t)|g01⟩⟨g01|
+Z1(t)|g10⟩⟨g10|. (18)

By inserting the density operator (18) and the Hamilto-
nian H1 into the master equation (16), we can obtain a
set of coupled differential equations for the coefficients

Ȧ1(t) = β[D1(t) + C1(t)]− γaA1(t), (19)
Ḃ1(t) = −β[D1(t) + C1(t)]− (γc + γm)B1(t), (20)
Ċ1(t) = β[B1(t)−A1(t)]− (iζ + Γ)C1(t), (21)
Ḋ1(t) = β[B1(t)−A1(t)] + (iζ − Γ)D1(t), (22)
Ẋ1(t) = γaA1(t) + γcZ1(t) + γmY1(t), (23)
Ẏ1(t) = γcB1(t)− γmY1(t), (24)
Ż1(t) = γmB1(t)− γcZ1(t), (25)

where Γ = (γa + γc + γm)/2, ζ = (2G2 + g2)/ωm.
The atom leaves the COMS at moment t1, and the state

of the system is ρ1(t1), which is the initial state of the next
evolution process (from t1 to t2). The governing Hamilto-
nian becomes H2. The density operator of the system at
moment t′ (t1 ≤ t′ ≤ t2) can be written as

ρ2(t
′) = A2(t

′)|e00⟩⟨e00|+B2(t
′)|g11⟩⟨g11|

+C2(t
′)|e00⟩⟨g11|+D2(t

′)|g11⟩⟨e00|
+X2(t

′)|g00⟩⟨g00|+ Y2(t
′)|g01⟩⟨g01|

+Z2(t
′)|g10⟩⟨g10|. (26)

By inserting the density operator (26) into the master
equation (16) with the governing Hamiltonian H2 and
solving the obtained differential equations, we can get the
formal solutions for the coefficients

A2(t
′) = A1(t1)e−γaτ , B2(t

′) = B1(t1)e−(γc+γm)τ , (27)
C2(t

′) = C1(t1)e−(iη+Γ)τ , D2(t
′) = D1(t1)e(iη−Γ)τ , (28)

X2(t
′) = (1− e−γmτ )Y1(t1) + Z1(t1)(1− e−γcτ )

+e−(γc+γm)τ (eγcτ − 1)

×(eγmτ − 1)B1(t1) +X1(t1)

+(1− e−γaτ )A1(t1), (29)
Y2(t

′) = e−γmτ [Y1(t1) +B1(t1)(1− e−γcτ )], (30)
Z2(t

′) = e−γcτ [Z1(t1) +B1(t1)(1− e−γmτ )]. (31)

where τ = t′−t1. Then the atom enters and leaves the π/2
Ramsey pulse zone at moment t2 and moment t3, respec-
tively. Finally, the atomic states are detected at moment
td, the system will collapse to

ρ±D(td) = N [Q2(td)|00⟩⟨00|+B2(td)|11⟩⟨11|
±(C2(td)|00⟩⟨11|+D2(td)|11⟩⟨00|)
+Y2(td)|01⟩⟨01|+ Z2(td)|10⟩⟨10|], (32)

where N = 1/[Q2(td) + B2(td) + Y2(td) + Z2(td)],
Q2(td) = X2(td) + A2(td), and the coefficients
A2(td), B2(td), · · · , Z2(td) equal to A2(t

′), B2(t
′), · · · ,

Z2(t
′) in Eq. (26) with t′ = td. The +(−) sign corresponds

to the detected atomic states |g⟩(|e⟩), respectively. The
concrete forms of ρ±ND(td) are not given here since they
do not affect the collapsed states.

Now we use the concurrence to measure the degree of
entanglement of the state ρ±D(td), we have

C(ρ±D) = 2N
√
|C1(t1)D1(t1)e−2Γ(td−t1)|, (33)

the two entangled states ρ±D have the same degree of entan-
glement. Figure 3 shows the evolution of the concurrence
versus the scaled time T1 = g(t1− t0) and Td = g(td− t1).
When the atom is in the COMS, the non-diagonal ele-
ments C1(t1) and D1(t1) will oscillate with the evolution
of the system, and the concurrence will show an oscilla-
tory decay with T1. When the atom leaves the COMS,
the product C1(t1)D1(t1) is a constant, and the effect
of Hamiltonian H2 is only a change of the phase of the
system’s state, hence the concurrence will exponentially
decay with Td. Due to the decoherence, the non-diagonal
elements will gradually decrease with T1 and Td, i.e., the
coherence of the photon-phonon subsystem will gradu-
ally disappear, and the photon-phonon entanglement will
gradually disappear.

Then we calculate the standard deviations of the two-
mode quadrature component X1(X2) of the state ρ±D(td).
For the state ρ−D(td), the standard deviations of the
photon-phonon quadrature components are

∆X−
1 =

1

2

√
1 +N{K(td)− 2Re[sC2(td)]}, (34)

∆X−
2 =

1

2

√
1 +N{K(td) + 2Re[sC2(td)]}, (35)

where K(td) = 2B2(td) + Y2(td) + Z2(td). We also have
∆X+

1 = ∆X−
2 ,∆X+

2 = ∆X−
1 . For simplicity here we only

discuss the component ∆X−
2 in the following.

Fig. 3 The concurrence versus the scaled times T1 and Td.
The parameters are: ωa/ωm = 102, ωm/g = 20, G/g = 1,
γa/g = γc/g = 2× 10−2, and γm/g = 2× 10−3.
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Fig. 4 ∆X−
2 versus the scaled times T1 and Td. The parameters are the same as in Fig. 3.

In Fig. 4, we plot ∆X−
2 versus the scaled times T1

and Td. Because the non-diagonal elements could gener-
ate the squeezing effect, we have also plotted Re[sC2(td)]
versus T1 and Td (not shown in this paper) and found
that when T1 and Td are small, Re[sC2(td)] is also very
small, i.e., the coherence of the photon-phonon subsys-
tem is weak, the amplitude of the photon-phonon squeez-
ing is not obvious. Along with the increasing of T1 and
Td, Re[sC2(td)] will gradually increase, the coherence of
the photon-phonon subsystem will gradually increase, and
the amplitude of the photon-phonon squeezing will gradu-
ally increase. However, when T1 and Td are large enough,
Re[sC2(td)] will be closer to zero due to the decoherence,
so that K(td)± 2Re[sC2(td)] ≥ 0, and the photon-phonon
squeezing will disappear.

5 Discussion and conclusion

Next, we make the parameter analysis and discuss the
experimental conditions. In our model, the generation
time of the photon-phonon entanglement and squeezing
is t = (T1 + Td)/g, and the lifetime of the single-photon
(atom) is 1/γc (1/γa). To generate the entanglement and
squeezing, we should guarantee t < 1/γc, 1/γa (γm is
much smaller than γc, hence 1/γc ≪ 1/γm). From Fig. 3
and Fig. 4, we find that the photon-phonon entangle-
ment and squeezing can reach the maximum value when
T1 + Td ∼ 10. Therefore, we should guarantee g > γc, γa,
in which g > γc is the single-photon strong coupling con-
dition in optomechanics. Moreover, we consider the large
detuning case, and the condition is ∆ = ωm ≫ G, g. So
we should guarantee ωm > γc, and this is the resolved
sideband condition [36, 37] in optomechanics.

Currently, the resolved sideband regime has been
demonstrated in some COMS, so the key challenge is the
single photon strong-coupling condition g > γc. In order to
achieve this regime, people proposed many schemes to en-
hance the single-photon optomechanical coupling. These
schemes include the use of the cross-Kerr interaction [38],
the construction of an array of mechanical resonators [39],
mechanical amplification [40], and so on [41].

In summary, we have studied a cavity optomechani-
cal system (COMS), in which a flying atom sequentially

passes through and interacts with the COMS and a Ram-
sey pulse, and then the atomic states are detected. We
find that the photon-phonon entanglement and two-mode
squeezing can be generated in the COMS only after the
atom passes the Ramsey zone and is detected. Using
the master equation method, we study the entangling
and squeezing properties of the system in the presence
of losses. Our study provides the possibility to manipu-
late cavity optomechanical system with a flying atom and
paves the way to achieve the quantum entangled states
and squeezed states involving macroscopic objects.
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