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New models for multi-dimensional stable vortex solitons
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Solitons are stable solitary waves. In 1834, Scott Russel first observed such a solitary water wave in a narrow channel
near Edinburgh. In 1895, D. Korteweg and G. de Vries had derived the Korteweg-de Vries (KdV) equations for waves
on shallow water surfaces. In 1965, N. Zabusky and M. Kruskal had demonstrated the stability of the solitary waves
in the Korteweg—de Vries equation using numerical simulations, and coined the term “soliton”. In 1967, Gardner,
Greene, Kruskal, and Miura had discovered the mathematical technique of the inverse scattering transform to find
analytical solutions to the KdV equation in a systematic manner, and the KdV equation was thus recognized as a
paradigmatic integrable partial differential equation. The nonlinear Schrodinger (NLS) equation is another extremely
important integrable system, which has a form of i9;¢ = (—1/2)0,2¢ + g|¢|*>¢. There are plane-wave solutions to this
equation, however, the cubic self-focusing nonlinear term (with g < 0) causes modulational instability and creates
solitary waves. The NLS equation can model gravity waves on the surface of deep inviscid water and light waves in
various optical media, as well as many other physical media. A great many of papers and books about solitons have
been published [1-3].

More recently, the nonlinear Schrodinger equation was applied to the Bose-Einstein condensates (BECs) of ultra-
cold atoms. The cubic nonlinear term in the NLS equation comes from collisions between the ultra-cold atoms. In
this case, g is positive and negative for repulsive and attractive interactions, respectively. Solitons were observed
experimentally in Bose-Einstein condensates of "Li atoms with attractive interactions [4, 5]. In the studies of Bose-
Einstein condensates, external potentials are often used to confine BECs. The nonlinear Schrédinger equation with
external potentials are called the Gross—Pitaevskii equation in this context.

The NLS equation in one dimension is an integrable system, which may be completely solved by the inverse-scattering
method. However, the two- or three-dimensional NLS equation is not integrable. There is a singular phenomenon
called collapse in two- and three-dimensional NLS equations with cubic self-focusing nonlinearity, g < 0 [6, 7]. In two
dimensions, there is a critical value for the total norm, N = [[ |¢(z,y)[>dzdy. If N is lower than the critical value, N,
an initially localized state becomes delocalized under the action of the dispersion term, (—1/2)V?¢. If N > N,, the
localized structure becomes progressively more localized and the peak amplitude of the localized structure diverges in
a finite time, which is known as the collapse. In any case, it is known that there are no stable solitons in two- and
three-dimensional NLS equations with cubic nonlinearity.

However, there are several types of generalized NLS equations, which are not integrable systems but have stable
multi-dimensional localized solutions. Such stable localized solutions are often called solitons, although some people use
the term soliton only for localized solutions in integrable systems. In one type of generalized NLS equations, repulsive
quintic nonlinearities or saturable nonlinearities are added [8, 9], while the standard NLS equation has only a self-
focusing cubic nonlinearity. The higher-order nonlinearity weakens the self-focusing effect when the peak amplitude
increases, and the collapse is suppressed.

A model equation of another type features a repulsive nonlinearity whose strength grows from the center to the
periphery. In the standard NLS equation with the cubic self-defocusing nonlinearity, a uniform state is stable and a
localized structure is hardly created. However, when the nonlinearity grows from the center toward the periphery at a
rate faster than RP in the D-dimensional geometry, multi-dimensional solitons can be created [10-12]. In BECs, the
nonlinearity can be controlled using the magnetic Feshbach resonance [13].

The other method for the stabilization of multidimensional uses the spin-orbit coupling (SOC) in binary BECs.
SOC can be effectively introduced in BECs using Raman lasers [14]. Stable vortex solitons called semi-vortices and
mixed-modes were found in numerical simulations of two-dimensional spin-orbit-coupled Gross—Pitaevskii equations,
even if only the self-focusing cubic nonlinearity are included [15]. In semi-vortices, one component is a fundamental
(zero-vorticity) soliton, and the other component carries the vorticity, while each component includes fundamental
and vortical terms in the mixed modes. Furthermore, metastable vortex solitons were found in three dimensions [16].

Recently, Zhong et al. have proposed a new system, which includes both the repulsive nonlinearity, whose strength
grows from the center to the periphery, and SOC [17]. Their NLS system for two components of mean-field wave
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Fig. 1 The top and bottom panels display examples of stable higher-order mixed-mode states, with additional vorticities 1
and 2, respectively. Sets of two left panels, and two central ones, show, respectively, the distribution of densities of the two
components, |+ (z,y)|?, and their phases. The right panels display patterns of the total density, |1+ (z, y)|? + |4— (x,y)|? in the
same states, which remain axially uniform. The figure reproduces a part of Fig. 7 from the paper by Zhong et al. [17].

functions, 14, has the form of 10,0y = (—1/2)V2hx + exp(r?)(|v+[? + v|v£]?) v+ £ A9y £10,)10+, where coefficient
A represents SOC. They have found stable semi-vortex solitons and mixed-mode solitons by means of numerical
simulations. In addition to the numerical results, exact analytical solutions were obtained for semi-vortex solitons at
particular values of parameters in one and two dimensions. They have also found that semi-vortex states with higher
vorticities, and higher-order mixed-mode solitons with necklace structures are numerically stable (see an example of
the latter in Fig. 1), while their counterparts found in previously studied models were completely unstable. Thus, new
types of stable soliton have been found by Zhong et al. in the realm of generalized NLS equations in two dimensions.
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