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We have comprehensively investigated the frustrated J1-J2-J3 Heisenberg model on a simple cubic
lattice. This model allows three regimes of magnetic order, viz., (π, π, π), (0, π, π) and (0, 0, π), denoted
as AF1, AF2, and AF3, respectively. The effects of the interplay of neighboring couplings on the
model are studied in the entire temperature range. The zero temperature magnetic properties of this
model are discussed utilizing the linear spin wave (LSW) theory, nonlinear spin wave (NLSW) theory,
and Green’s function (GF) method. The zero temperature phase diagrams evaluated by the LSW
and NLSW methods are illustrated, and are observed to exhibit different parameter boundaries. In
certain regions and along the parameter boundaries, the possible phase transformations driven by the
parameters are discussed. The results obtained using the LSW, NLSW, and GF methods are compared
with those obtained using the series expansion (SE) method, and are observed to be in good agreement
when the value of J2 is not close to the parameter boundaries. The ground state energies obtained using
the LSW and NLSW methods are close to that obtained using the SE method. At finite temperatures,
only the GF method is employed to evaluate the magnetic properties, and the calculated phase diagram
is observed to be identical to the classical phase diagram. The results indicate that at the parameter
boundaries, a temperature-driven first-order phase transition between AF1 and AF2 may occur along
the boundary line. Along the AF1-AF3 and AF2-AF3 boundary lines, AF3 is less stable than AF1 and
AF2. Our calculated critical temperature agrees with that obtained using Monte Carlo simulations
and pseudofermion functional renormalization group scheme.
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1 Introduction

Over the past two decades, frustrated quantum Heisen-
berg model with competing nearest-neighbor (NN) an-
tiferromagnetic (AF) exchange interaction J1 and next-
nearest neighbor (NNN) J2 has been studied extensively
[1–3]. A well-known example was the quantum spin-1/2
J1-J2 Heisenberg model (known as the J1-J2 model) on
a square lattice, which has been investigated by various
methods. Their critical properties were well known [4–
22]. In the absence of the NNN interactions, the ground
state is antiferromagnetically ordered. The presence of
the NNN interactions is expected to induce strong frus-
tration and may strongly affect the AF order. It was be-
lieved that at zero temperature the competition between
the J1 and J2 leads to a disordered quantum spin-liquid
at 0.4 < J2/J1 < 0.6 [13, 20, 21]. For J2/J1 ≤ 0.4, the sys-

tem was a Néel state (AF1), and for J2/J1 ≥ 0.6 it turned
to be a collinear state (AF2). The quantum phase transi-
tion from the AF1 to the spin liquid state at J2/J1 = 0.4
was of the second order, while the transition from the spin
liquid state to AF2 at J2/J1 = 0.6 was of the first order
one.

Recently various methods have been used to explore
the critical properties of the three-dimensional J1-J2 frus-
trated model on a simple cubic lattice. These methods in-
cluded the linear spin wave theory (LSW) [23], the nonlin-
ear spin wave theory (NLSW) [23], a spherically symmet-
ric Green function [24], the couple-cluster method (CCM)
[25], the effective field approach [26] and the Monte Carlo
simulations (MCS) [27]. These investigations showed that
there were two possible states, i.e., the AF1 and AF2, see
Figs. 1(a) and (b). When the next-next-nearest-neighbor
(NNNN) exchange J3 was induced, i.e., J1-J2-J3 frus-
trated model, the competition between J2/J1 and J3/J1
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leads to the emergence of AF3, see Fig. 1(c) [28, 29].
It indicated that the role of J3 was important for the
phase transition of this system. Generally speaking, quan-
tum fluctuation of a simple lattice is weaker in contrast
to the two-dimensional square lattice. The results based
on a function renormalization prompted that a nonmag-
netic phase might emerge in this model at zero tempera-
ture within a certain parameter region [28]. In the present
work, we will use different theoretical methods to proceed
a comprehensive investigation and try to explore possible
phase transition of the spin-1/2 J1-J2-J3 frustrated model
on a simple cubic lattice.

2 Model and method

The Hamiltonian of the spin-1/2 J1-J2-J3 Heisenberg frus-
trated model on a simple cubic lattice reads

H = J1
∑
⟨i,j⟩

Si · Sj+J2
∑

≪i,j≫
Si · Sj+J3

∑
[i,j]

Si · Sj . (1)

where the three summations are over the pairs of each spin
with its first-, second-, and third-nearest neighbors in the
cubic lattice, respectively, and the Si is quantum spin-1/2
operator. The J1, J2 and J3 are exchange parameters, and
all of them are assumed to be positive (antiferromagnetic).
We set J1 = 1, which also sets an energy scale.

The three possible phases or states are sketched in
Fig. 1, and can be labeled by their ordering vectors
(π, π, π), (0, π, π) and (0, 0, π), respectively. In each phase,
the lattice is divided into two sublattices, and since we do
not consider external magnetic field, the absolute values
of the two sublattice magnetizations, denoted as m, are
the same. In the AF1 phase, the J2 interaction is frustrat-
ing while the J3 interaction strengthens the order. In the
other phases the J1 and J2 are partially frustrating, while
J3 strengthens the frustration in the AF2, but does not so
in the AF3.

The motivation for the present work is to investigate the
zero and finite temperature phases of this model by differ-
ent theoretical techniques and to explore the effect of the
interplay of neighboring couplings on the possible phase
transition of this model. For the case of zero temperature,
we use the LSW [30], NLSW [31] and double-time Green’s

Fig. 1 Illustration of the three magnetic orders. Their or-
dering vectors are (π, π, π), (0, π, π) and (0, 0, π) which are de-
noted as AF1, AF2 and AF3 states, respectively. Solid and
open symbols represent “up” and “down” spins.

Table 1 The energy E0 and sublattice magnetization m in
the case of J2 = J3 = 0 computed by various methods.

−E0 m

CCM (Ref. [25]) 0.9024 0.4203
SE (Ref. [29, 33]) 0.9021 0.424
TOSW (Ref. [33]) 0.9025 0.4227

ED (Ref. [25]) 0.9314
LSW (This work, Ref. [23]) 0.8957 0.4216

NLSW (This work, Ref. [23]) 0.9028 0.4216
GF (This work) 0.8675 0.4158

function (GF) method [32]. The results obtained from dif-
ferent methods will be compared to each other. For finite
temperature, only the GF is adopted [32]. The formalisms
of these three theoretical methods are lengthy. We intro-
duce them with some details in the appendix, taking the
AF1 configuration as an example.

3 Results and discussion

3.1 Zero temperature

3.1.1 Magnetic properties

In this section, the LSW, NLSW and GF methods are
used to calculate the magnetic properties of the system,
and the results will be compared to other methods, mainly
series expansion (SE).

First of all, let us see the simplest case where J2 = J3 =
0. Recently, some theoretical methods gave the values of
ground state energy E0 and sublattice magnetization m
in this case. These values are listed in Table 1 for compar-
ison. Generally, the result of the SE up to the 12th order
was believed reliable. It is seen that the E0 by the NLSW
is in good agreement with those by the SE, CCM and
third-order spin-wave (TOSW) theory. The result of ex-
act diagonalization (ED) deviates slightly from the above
four methods. The reason may be that the size of the lat-
tice treated is relatively small in the ED calculation [25].
Comparison of the LSW with NLSW and TOSW results
indicates that the high-order corrections are significant.
It is easily understood that the NLSW considers the in-
teractions between the spin waves, so that brings some
corrections to the LSW which only considers the nonin-
teracting spin waves. Nevertheless, the magnetization m
evaluated by different methods agrees with each other. At
zero temperature, the value obtained by the GF method
is not so good as those by other methods.

Figure 2 plots the ground state energies E0 and sub-
lattice magnetizations m of the AF1 and AF3 as func-
tions of J2 for J3 = 0.3 and 0.6. Hereafter in all the fol-
lowing figures the results from the LSW, NLSW and GF
methods are respectively plotted by dash-dotted, solid and
dashed lines. The E′

0s are plotted in Figs. 2(a) and (b).

13605-2 Ai-Yuan Hu and Huai-Yu Wang, Front. Phys. 14(1), 13605 (2019)



Research article

Fig. 2 Ground-state energies and sublattice magnetizations
of the AF1 and AF3 as a function of J2. (a) Ground-state en-
ergies at J3 = 0.3. (b) Ground-state energies at J3 = 0.6. (c)
Magnetizations at J3 = 0.3. (d) Magnetizations at J3 = 0.6.
The open circles are the SE results, and the dashed-dotted,
solid and dashed lines represent the LSW, NLSW and GF re-
sults, respectively.

At J3 = 0.3, the results calculated by the LSW, NLSW
and SE methods are quite in agreement with each other.
The GR method gives a slightly higher energy values. At
J3 = 0.6, the results calculated by all the four methods are
almost identical. This demonstrates that the LSW, NLSW
and SE methods are reliable. At T = 0, the GR method
is not so good as the other three methods, but at certain
parameters gives correct results.

The sublattice magnetization m′s are plotted in
Figs. 2(c) and (d). When the J2 value is small, the sub-
lattice magnetizations evaluated by the four methods are
coincide with each other, similar to the case in Table 1.
While for large J2 values, the results obtained by the LSW
agree with those by the SE [29]. According to the GF and
LSW, J2 = 0.5 is the parameter boundary between the
AF1 and AF3 phases, as J3 ≥ 0.25. That is to say, when
J2 ≤ 0.5 and J2 ≥ 0.5, it is the AF1 and AF3, respectively,
as long as J3 ≥ 0.25. For the NLSW, when J3 ≥ 0.3, it is
the AF1 and AF3 for J2 ≤ J2c

2 and J2 ≥ J1c
2 , respectively.

In the region J1c
2 ≤ J2 ≤ J2c

2 , either state is possible to
exist. By contrast, near J2 = 0.5 the SE method gave
a narrow paramagnetic intermediate phase without long-
range magnetic order [29].

Figure 3 shows the E0 and m of AF1 and AF2 as a
function of J2 for J3 = 0 and 0.15. The ground state
energies are plotted in Figs. 3(a) and (b). A conclusion
similar to Fig. 2 is drawn, i.e., the results calculated by
the LSW, NLSW and SE methods are quite in agreement
with each other, and the GR method gives energy values
slightly lifted up. The parameter boundary between the
AF1 and AF2 depends on the J3 value. When J3 = 0,
the LSW reveals a nonmagnetic intermediate phase as

0.241 < J2 < 0.251. In contrast, the CCM method
gave the nonmagnetic intermediate phase within the range
0.2745 < J2 < 0.2795 [25]. But the GF method tells that
the J2 = 0.25 is the clear boundary. As J3 = 0.15, the
parameter boundary is at J2 = 0.4.

Figure 4 shows the E0 and m of the AF2 and AF3 as
a function of J3 for J2 = 0.6 and 0.8. The parameter
boundary determined by the GF and LSW methods is at
J3 = 0.25 when J2 ≥ 0.5. In this case, the results of the
GF method are satisfactorily coincide with those of the
other three methods [29]. Other features in Fig.4 are the
same as those in Figs. 2 and 3.

3.1.2 Possible phase transition

At zero temperature, when we say phase transition, we
mean the quantum phase transition driven by parameters.

Fig. 3 Ground-state energies and magnetizations of the AF1
and AF2 as functions of J2. (a) Ground-state energies at J3 =
0. (b) Ground-state energies at J3 = 0.15. (c) Magnetizations
at J3 = 0. (d) Magnetizations at J3 = 0.15.

Fig. 4 Ground-state energies and magnetizations of the AF2
and AF3 as a function of J3. (a) Ground-state energies at J2 =
0.6. (b) Ground-state energies at J2 = 0.8. (c) Magnetizations
at J2 = 0.6. (d) Magnetizations at J2 = 0.8.
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Fig. 5 Ground-state phase diagram in the (J2, J3) plane. (a)
The diagram computed by the NLSW is drawn by black lines.
There are seven regions. The regions I, II and III represent
AF1, AF2 and AF3, respectively. IV, V and VI represent the
overlap regions of AF1-AF2, AF1-AF3 and AF2-AF3, respec-
tively. The region VII is the overlap of all the three phases, the
(J2, J3) values of the three vertices of which are A(0.524, 0.287),
B(0.659, 0.376) and C(0.594, 0.284), respectively. The classical
diagram is drawn by red lines. The three straight lines distin-
guish the AF1, AF2 and AF3 phases. The four end points are
A(0.25, 0), B(0.5, 1), C(1, 0.25) and D(0.5, 0.25), respectively.
(b) The diagram computed by the LSW. It contains four re-
gions, i.e., AF1, AF2, AF3 and a region with no long-range
magnetic order.

The black lines in Fig. 5(a) are the phase diagram of
the ground state computed by the NLSW method. The
diagram is divided into seven regions. The regions I, II
and III represent AF1, AF2 and AF3, respectively. The
regions IV, V and VI respectively represent the overlap
of AF1-AF2, AF1-AF3 and AF2-AF3. In each overlap re-
gion, two or more phases are possible. For example, in
region IV in Fig. 5(a), with the same exchange param-
eters, both the AF1 and AF2 phases can be calculated,
but there is no AF3 long-range order. The region VII is
overlap of the AF1, AF2 and AF3, i.e., the system may
be any of the three phases. Figure 5(b) is the phase dia-
gram obtained from the LSW. It is divided into four re-
gions. They are respectively the AF1, AF2, AF3 and a
region with no long-rang magnetic order which is proba-
bly a spin liquid state. The GF method gives the phase
diagram merely containing AF1, AF2 and AF3, which is
the same as the classical one and is represented by the red
lines in Fig. 5(a). Since in the overlap regions and along
the parameter boundaries, more than one state with the
same parameters are possible, there brings a question that
which one of them is stabler. In the following, we manage
to answer this question.

The specific steps are as follows. In the overlap re-
gion and along the parameter boundaries, we evaluate the
ground energies of the possible phases for all possible pa-
rameters. The energies of the states AF1, AF2 and AF3
are denoted by EAF1, EAF2 and EAF3, respectively. At

zero temperature, the state with a lower energy is more
stable.

Figure 6 plots the energies of the three states as func-
tions of J2 for different J3 values in region VII in Fig. 5(a).
With the J2 increasing, the EAF1 decreases and the EAF2
and EAF3 increase. Roughly speaking, as J3 increases from
0.284 to 0.376, all the three energy curves shift downward,
among which the EAF3 curve shifts most obviously.

Figure 6(a) shows that at J3 = 0.29, the whole EAF3
curve is above the EAF2 curve. The EAF1 curve inter-
sects with both the EAF2 and EAF3 curves. The J2 values
at which the EAF1 and EAF2 curves cross is denoted as
J1
2 , and that at which the EAF1 and EAF2 curves cross

is denoted as J2
2 . At J3 = 0.29, J1

2 < J2
2 . As J2 < J1

2 ,
EAF1 < EAF2 < EAF3, so that the AF1 state is the
most stable. As J1

2 < J2, the AF2 state is the most
stable. At the point J1

2 , an AF1-AF2 phase transforma-
tion may occur. Numerical calculation shows that as long
as J3 < 0.29 and in the region VII, the features are the
same as Fig. 6(a). As the J2 value increases from 0.29,
the J1

2 and J2
2 values close to each other, see Fig. 6(b).

When the J2 value increases to 0.315, the J1
2 and J2

2 val-
ues are the same. In this case, as J2 < J1

2 , the AF1 is
the most stable, and as J2 > J1

2 , the AF2 is the most
stable. Therefore, in this case, a phase transition be-
tween the AF1 and AF2 states may occur. As the J3
increases from 0.315, the J1

2 and J2
2 values gradually sep-

arate, and J1
2 > J2

2 . At J3 = 0.33, the whole EAF3 curve
becomes below the EAF2 curve, see Fig. 6(c). At J2 < J2

2 ,
EAF1 < EAF3 < EAF2, i.e., the AF1 is still the most sta-
ble. As J2

2 < J2, EAF3 < EAF1 < EAF2, i.e., the AF3 is
the most stable. At the cross point J2

2 , an AF1-AF3 phase
transformation may occur. As the J3 value increases fur-
ther, say to about J3 = 0.35, the EAF3 curve is totally
below the other two curves. In this case, the AF3 is the
most stable. When the J3 > 0.35, the features are the
same as in Fig. 6(d).

Fig. 6 Ground-state energies of the three states when the
J2 and J3 take values in region VII of Fig. 5(a). (a) J3 =0.29.
(b) J3 =0.31. (c) J3 =0.33 and (d) J3 =0.35.
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The energies of both states in each of the regions IV, V
and VI in Fig. 5(a) are also computed. We do not depict
the energy curves as functions of parameters, but simply
give the conclusions.

In region IV, the EAF1 and EAF2 as a function of J2 for
different J3 values are calculated. They always cross. The
J2 value at the cross point is denoted as Jc

2 . As J2 < Jc
2 ,

the EAF1 < EAF2, which means that the AF1 is more
stable. As J2 > Jc

2 , the EAF1 > EAF2, i.e., the AF2 is
more stable. At the Jc

2 , an AF1-AF2 phase transformation
can occur.

In region V, the EAF1 and EAF3 as a function of J2 for
different J3 values are calculated. When the J3 value is in
the vicinity of 0.3, EAF1 < EAF3, i.e., the AF1 is more
stable. As the J3 value increases, the two energy curves
cross. The J2 value at the cross point is again denoted as
Jc
2 . As J2 < Jc

2 , EAF1 < EAF3, AF1 is more stable. As
J2 > Jc

2 , EAF1 > EAF3, so that the AF3 is more stable.
At the cross point, a phase transition between AF1 and
AF3 states may occur.

In region VI, the EAF2 and EAF3 as a function of J2
for different J3 values are calculated. When the J3 value
is well above 0.29, the EAF3 is well below the EAF2, so
that the AF3 state is always more stable. As the J3 value
lowers, the EAF2 and EAF3 curves shift downward and
upward, respectively. When the J3 closes to 0.29, the two
curves intersect as the J2 closes to 0.6. At the cross point,
a phase transition between AF2 and AF3 states can occur.

Now we turn to the diagram in Fig. 5(b). Numerical
computation leads to the following conclusions. Along the
boundary line between the AF1 and AF3, the AF1 is al-
ways more stable. Along the boundary line between the
AF2 and AF3, the AF2 is always more stable.

3.2 Finite temperature

3.2.1 Phase diagram

Figure 7 depicts the Néel temperature TN as a function of
J2 at fixed J3 value. Figure 7(a) shows the two cases of
J3 = 0 and J3 ̸= 0. Let us first see the case of J3 = 0. As
J2 increases from 0, the competition between the J1 and
J2 emerges and becomes stronger. It leads to the drop of
the TN . When J2 = 0.25, the competition between the J1
and J2 is the strongest, so that the Néel temperature is
zero. As the J2 rises from 0.25, the competition becomes
comparatively weaker, which leads to rise of the TN .

When J3 ̸= 0, the competition between J2 and J3
emerges. Note that we have fixed J1 = 1. For the AF1
state, as the J3 increases from 0, the competition between
the J2 and J3 becomes weaker, and either is the frustra-
tion of the system. It leads to rise of the TN . The AF2
state is just a contrary case, i.e., the competition between
the J2 and J3 becomes stronger with increasing J3. The
frustration of the system also becomes stronger, which re-
sults in the drop of the TN . Due to these two reasons, the
cross point of the TN curves of the two states shifts right-

Fig. 7 The Néel temperatures TN of the three states as a
function of J2 at different J3 values. (a) J3 = 0, 0.01, 0.1 and
0.2. (b) J3 = 0.23, 0.25 and 0.27. (c) J3 = 0.25. (d) J3 = 0,
0.15, 0.3 and 0.45. The solid curves and solid squares represent
the GF and PFFRG results. For J3 = 0.25, the two curves are
identical.

wards with increasing J2, see the dashed lines in Fig. 7(a).
When J3 increases to 0.25, the AF3 emerges, and the crit-
ical temperature curves of the AF2 and AF3 are exactly
coincident, see Figs. 7(b) and (c). When J3 increases from
0.25, the AF2 disappears and the TN of the AF3 increases
with the increase of J3, see Figs. 7(b). It shows that the
AF2 and AF3 phases begin to separate at J3 = 0.25.

In Fig. 7(d), we compare the results evaluated by the
GF method in this work with those by the pseudofermion
functional renormalization group (PFFRG) method [28].
We discuss two cases of J2 ̸= 0 and J2 = 0. For J2 ̸= 0, we
plot the critical temperature as a function J2 for different
J3 values. By the GF method, at (J2, J3) = (0.25, 0) there
can occur phase transitions between the AF1 and AF2,
and at (J2, J3) = (0.5, 0.45) there can occur phase transi-
tions between the AF1 and AF3. By contrast, according to
the PEERG method, the parameters for these two phases
transitions to happen are (J2, J3) = (0.3, 0) and (0.55, 0),
respectively. In light of the PFFRG method, there are pa-
rameter regions where the system has no ordered phase at
nonzero temperature. These regions are 0.45 ≤ J2 ≤ 0.6
at J3 = 0.15 and 0.55 ≤ J2 ≤ 0.85 at J3 = 0.3, respec-
tively [28]. While by the GF method, there is no such
nonmagnetic area.

For J2 = 0, we calculate the critical temperature at
several J3 values. The results are listed in Table 2. At
J2 = 0, the J1 and J3 interactions are nonfrustrating in
AF1. Therefore, there is no sign problem for MCS. In
this case, the result based on MCS is reliable. It is seen
from Table 2 that our results are closer to MCS [34] than
those of the PFFRG. And this trend is more pronounced
as J3 increases. It is worth noting that the mean-field Néel
temperature TN = 1.5 at J2 = J3 = 0 is too large.
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Table 2 The Néel point evaluated by three methods when
J2 = 0.

J3 0 0.2 0.4 0.6 0.8
PFFRG (Ref. [28]) 1.05(5) 1.43(7) 1.67(8) 1.94(9) 2.36(10)
MCS (Ref. [34]) 0.946(1) 1.371(1) 1.7675(10) 2.143(1) 2.5039(5)
GF (This work) 0.9893 1.4373 1.8413 2.2231 2.5914

The diagram at finite temperature calculated by the
GF method is depicted by the red lines in Fig. 5(a). It is
identical to the classical one. The straight line DA is the
border line between the AF1 and AF2, the line DB is that
between the AF1 and AF3, and the line DC between the
AF2 and AF3.

Figure 8 plots the Néel points along these three red
boundary lines in Fig. 5(a). Along each boundary line,
the two phases have exactly the same TN values under
the same parameters. Figure 8(a) shows the Néel point
along the DA line. The Néel temperatures are rather low
but not zero. The curve is straight, and can be expressed
by TN = 0.00408 − 0.00816J2. Figures 8(b) and (c) show
the Néel points along the DB and DC lines, respectively.
All the three curve vary monotonically, and at point D,
the Néel point is zero.

3.2.2 Possible phase transition

Under finite temperature, when we say phase transition,
we mean the phase transition driven by temperature under
fixed parameters.

On each red boundary line, i.e., DA, DB and DC lines
in Fig. 5(a), the two neighboring phases are possible since
their Néel points are identical, as shown in Fig. 8. There-
fore, there is also an issue about which phase is more
stable. The three configurations are different from each
other, and their entropies at a fixed temperature are dif-
ferent. Therefore, the internal energy cannot be used to

Fig. 8 The Néel temperature along the red lines (a) DA,
(b) DB and (c) DC in Fig. 5(a). At point D, the Néel point
is zero.

determine which one is more stable at finite temperature.
Under the same volume and temperature, the state with
lower free energy is more stable.

The free energy F (T ) can be evaluated numerically by
means of the internal energy E(T ) via F (T ) = E(0) −
T
∫ T

0
E(T ′)−E(0)

T ′2 dT ′, where E(T ) is defined as the ther-
mostatistical average of Hamiltonian, E = ⟨H⟩

N [32]. Com-
puting the internal energy involves the calculation of the
transverse (

∑
i,j⟨S

+
i S−

j ⟩) and longitudinal (
∑

i,j⟨Sz
i S

z
j ⟩)

correlation functions. We do not present the lengthy
derivation. Please refer to Ref. [35].

In this section, we will discuss the possible phase tran-
sition of the system at finite temperature when the pa-
rameters are along the red boundary lines in Fig. 5(a).
The internal and free energies as functions of temperature
for the three phases are denoted by EAF1(T ), EAF2(T ),
EAF3(T ), FAF1(T ), FAF2(T ) and FAF3(T ), respectively.

Figure 9 shows the internal energies E(T ) and free en-
ergies F (T ) of the AF1 and AF2 when the J2 and J3
take values along the AD line in Fig. 5(a). In Fig. 9(a),
the curves are for J2 = 0.25 and J3 = 0, i.e., point A in
Fig. 5(a). The FAF1(T ) and FAF2(T ) cross at a nonzero
temperature T1. Below the T1, FAF1(T ) < FAF2(T ). It
means that the AF1 is more stable. Above the T1,
EAF1(T ) > EAF2(T ), i.e., the AF2 is stabler until the
Néel point TN . There can occur an AF1-AF2 phase tran-
sition at the cross point. Because their internal energies
are different at the cross point, it is a first-order transition.
Figures 9(b) and (c) demonstrate the cases of J3 > 0. Nu-
merical calculations further show that as the J2 value on
the AD line is less than 0.2655, a first-order phase tran-
sition between AF1 and AF2 states may also occur. How-
ever, for J2 > 0.2655, the difference between the FAF1(T )
and FAF2(T ) becomes larger with increasing J2, and the
FAF2(T ) is always less than FAF1(T ), see Figs. 9(b) and
(c). In this case, the AF2 is stabler.

Fig. 9 The internal energies E (ascending curves) and free
energies F (descending curves) of AF1 and AF2 as a functions
of the temperature T when the J2 and J3 values are on the
AD line in Fig. 5(a). (a) J2 = 0.25 and J3 = 0. (b) J2 = 0.3
and J3 = 0.05. (c) J2 = 0.35 and J3 = 0.1.
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The FAF1(T ) and FAF3(T ) along the DB line in
Fig. 5(a) and the FAF2(T ) and FAF3(T ) along the DC
line in Fig. 5(a) are also calculated. We do not draw the
curves but merely narrate the conclusions.

Along the DB line in Fig. 5(a) where J2 = 0.5, the
difference between the FAF1(T ) and FAF3(T ) gradually
decreases as J3 value rises. The FAF1(T ) is always less
than FAF3(T ). In this case, the AF1 is always more sta-
ble. Meanwhile, the FAF3(T ) with the increase of tempera-
ture drop faster than FAF1(T ). The FAF1(T ) and FAF3(T )
curves never cross along the whole DB line in Fig. 5(a),
since the former is always entirely below the latter.

Along the DC line in Fig. 5(a) where J3=0.25. The
F (T ) difference between the FAF2(T ) and FAF3(T ) grad-
ually decreases as J2 value rises. Along the whole DC line,
i.e., when J2 increases from 0.5 to 1, the FAF2(T ) is al-
ways less than FAF3(T ), and they never cross. Thus, the
AF2 phase is more stable.

4 Concluding remarks

In this paper, we have studied comprehensively the J1-J2-
J3 Heisenberg model on a simple cubic lattice. The effects
of the interplay of neighboring couplings on the magnetic
properties are discussed.

At zero temperature, the LSW, NLSW and GF meth-
ods are employed to investigate the ground states, and the
results are compared to the SE method. The results ob-
tained by the LSW and NLSW methods are always close to
those by the SE method. The ground state phase diagrams
obtained by NLSW and LSW methods are presented. The
former is divided into seven regions and the latter is di-
vided into four. The parameter boundary lines in the LSW
phase diagram expand to be coexistence regions in the
NLSW phase diagram. In the overlap regions and along
the boundary lines, more than one phase are possible,
and under appropriate parameter rations, phase trans-
formations driven by the parameters may occur. All the
mentioned possible phase transitions are first-order one
because different configurations have different entropies.

In the LSW phase diagram, along the boundary line
between the AF1 and AF3, the AF1 phase is always
more stable, and along that between the AF2 and AF3,
the AF2 is always more stable. Therefore, along the
boundary lines, there is no parameter-driving phase tran-
sition. In this phase diagram, there is a region where
there is no long-range magnetic order. This region may
still be short-range magnetically ordered such as a spin
liquid.

At finite temperature, only GF method is used to in-
vestigate the magnetic properties. The phase diagram ob-
tained is the same as the classical one. In the phase
diagram, there are three regions, labeled by the AF1,
AF2 and AF3, respectively. On each boundary line, both
phases are possible, and their Néel points are always the

same as long as the parameters are the same. Along the
AF1-AF3 boundary line, the AF1 phase is always more
stable, and along AF2-AF3 boundary line, the AF2 is al-
ways more stable. These features seem similar to those in
the LSW ground state phase diagram. On the AF1-AF2
boundary line, as 0.2655 < J2 < 0.5, the AF2 is more
stable, and as 0.25 ≤ J2 ≤ 0.2655, a phase transformation
between the AF1 and AF2 driven by temperature may
occur.
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Appendix

In the appendix, we will present the formalisms of the
LSW, NLSW and GF methods for the AF1 state. As hav-
ing been mentioned in Section 2, the lattice is divided into
two sublattices which are labeled by c and d, respectively,
and the absolute values of the two sublattice magnetiza-
tions, denoted as m, are the same.

Appendix A Spin wave theory

We firstly make the Dyson–Maleev transformation [37]
which gives

S+
ci =

√
2S

(
aci −

1

2S
a+ciaciaci

)
,

S−
ci =

√
2Sa+ci, Sz

ci = S − a+ciaci,

S+
dj =

√
2S

(
b+dj −

1

2S
b+djb

+
djbdj

)
,

S−
dj =

√
2Sb+dj , Sz

dj = b+djbdj − S. (A1)

Inserting equation (A1) into Eq. (1), we obtain a non-
diagonal Hamiltonian, i.e.,

H = (−J1z1 + J2z2 − J3z3)NS2

+J1
∑
⟨i,j⟩

[
S(a+ciaci + b+djbdj + acibdj + a+cib

+
dj)

−1

2
(a+ciaciacibdj + a+cib

+
djb

+
djbdj)− a+cib

+
djacibdj

]
+
J2
2

∑
⟨⟨i,j⟩⟩

[
S(a+cjaci + a+ciacj − a+ciaci − a+cjacj)

−1

2
(a+cja

+
ciaciaci + a+cia

+
cjacjacj) + a+cia

+
cjaciacj

]
+
J2
2

∑
⟨⟨i,j⟩⟩

[
S(b+djbdi + b+dibdj − b+dibdi − b+djbdj)
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−1

2
(b+dib

+
dibdibdj + b+djb

+
djbdjbdi) + b+dib

+
djbdibdj

]
+J3

∑
[i,j]

[
S(a+ciaci + b+djbdj + acibdj + a+cib

+
dj)

−1

2
(a+ciaciacibdj + a+cib

+
djb

+
djbdj)− a+cib

+
djacibdj

]
.

(A2)

When all the quartic terms in Eq. (A2) are discarded, it
is the LSW approximation, while when they are retained,
it is the NLSW approximation. In the latter case, the
quartic terms should be decoupled into quardratic forms
in the following way [23]:

a+i aiaibj≃2⟨a+i ai⟩aibj + 2⟨aibj⟩a+i ai − 2⟨aibj⟩⟨a+i ai⟩,
a+i b

+
j b

+
j bj≃2⟨a+i b

+
j ⟩b

+
j bj+2⟨b

+
j bj⟩a

+
i b

+
j −2⟨a

+
i b

+
j ⟩⟨b

+
j bj⟩,

a+i b
+
j aibj≃⟨a+i b

+
j ⟩aibj + ⟨aibj⟩a+i b

+
j + ⟨a+i ai⟩b

+
j bj

+ ⟨b+j bj⟩a
+
i ai − ⟨a+i b

+
j ⟩⟨aibj⟩ − ⟨a+i ai⟩⟨b

+
j bj⟩,

a+j a
+
i aiai≃2⟨a+i ai⟩a

+
j ai+2⟨a+j ai⟩a

+
i ai−2⟨a+i ai⟩⟨a

+
j ai⟩.

(A3)

After Fourier transformation, the Hamiltonian can be
diagonalized using standard Bogoliubov transformation

ak=cosh θkαk+sinh θkβ
+
k , a+k =cosh θkα

+
k +sinh θkβk,

bk=cosh θkβk+sinh θkα
+
k , b

+
k =cosh θkβ

+
k +sinh θkαk,

(A4)

where αk and βk are the bosonic operators. After the
diagonalization, the Hamiltonian is expressed by

H=H0−
∑
k

Ak +
∑
k

ωk+
∑
k

ωk(α
+
k αk+β+

k βk), (A5)

where

ωk =
√
A2

k −B2
k,

Ak = S[J1z1 − J2z2(1− γ2k) + J3z3],

Bk = S(J1z1γ1k + J3z3γ3k),

γ1k =
1

3
(cos kx + cos ky + cos kz),

γ2k =
1

3
(cos kx cos ky + cos kx cos kz + cos ky cos kz),

γ3k = cos kx cos ky cos kz. (A6)

z1, z2 and z3 represent the number of NN , NNN and
NNNN sites, respectively. γ1k, γ2k and γ3k are the struc-
ture factors of the lattice. N is the number of lattice sites.

According to the Bose statistics, the sublattice magne-
tization can be expressed as

m = S − 1

N

∑
k

(
Ak

ωk
− 1

2

)
. (A7)

Under the LSW approximation, the ground state energy
E0 is expressed by

E0 =
1

2
(−J1z1 + J2z2 − J3z3)NS2

−1

2

∑
k

Ak +
1

2

∑
k

ωk. (A8)

For the NLSW approximation, we obtain

E0 =
1

2
(−J1z1+J2z2−J3z3)NS2+

1

2
J1z1N(u+v1)

2

−1

2
J2z2N(u− w)2 +

1

2
J3z3N(u+ v3)

−1

2

∑
k

Ak +
1

2

∑
k

ωk, (A9)

Ak = S

[
J1z1

(
1− u+v1

S

)
−J2z2

(
1− u−w

S

)
(1−γ2k)

+J3z3

(
1− u+ v3

S

)]
,

Bk = S

[
J1z1

(
1− u+v1

S

)
γ1k+J3z3

(
1− u+v3

S

)
γ3k

]
,

(A10)

where

u =
1

2

[
2

N

∑
k

Ak

ωk
− 1

]
,

w =
1

2

[
2

N

∑
k

γ2kAk

ωk

]
,

v1 = −1

2

[
2

N

∑
k

γ1kBk

ωk

]
,

v3 = −1

2

[
2

N

∑
k

γ3kBk

ωk

]
. (A11)

When J3=0, our results will degrade to Eqs. (16), (17),
(A.2), (A.3) and (A.4) of Ref. [23].

Appendix B The double-time Green’s
function method

The formalism follows the standard procedure in Refs. [32,
36]. The retarded GF’s are constructed by

Gij = ⟨⟨S+
i ; euS

z
j S−

j ⟩⟩. (B1)

Here, u is a parameter. After solving the Green’s func-
tion by means of the method of equation of motion, u will
be ultimately set as zero to give the expression of mag-
netization. In the course of derivation, the higher order
Green functions appearing in the equation of motion have
to be decoupled. In this paper, we apply random phase
approximation to decouple the higher order GFs,

⟨⟨Sz
l S

+
i ; euS

z
j S−

j ⟩⟩ = ⟨Sz
l ⟩⟨⟨S+

i ; euS
z
j S−

j ⟩⟩; l ̸= i. (B2)
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After the decoupling, we obtain

2

N

∑
k

⟨euS
z
i S−

i S+
i ⟩(k) = θ(u)ϕ. (B3)

where the summation of wave vector k runs over the first
Brillouin zone and

θ(u) = ⟨[S+
i , euS

z
i S−

i ]⟩. (B4)

For u=0, θ(0) = 2m. Using Eqs. (B3) and (B4), we
obtain

ϕF =
2

N

∑
k

E1

2
√

E2
1 − E2

2

coth
√
E2

1 − E2
2

2kBT
− 1

2
, (B5)

where

E1 = m[J1z1 + J2z2(γ2k − 1) + J3z3],

E2 = m(J1z1γ1k + J3z3γ3k). (B6)

Using Eqs. (B3), (B4), (B5) and the identity ⟨S−
i S+

i ⟩ =
S(S +1)− ⟨Sz

i ⟩ − ⟨(Sz
i )

2⟩, the sublattice magnetization is
expressed by

m =
(ϕ+ 1 + S)ϕ2S+1 − (ϕ− S)(ϕ+ 1)2S+1

(ϕ+ 1)2S+1 − ϕ2S+1
. (B7)

The Néel point is expressed by

kBTN

S(S + 1)
=

m

3

(
2

N

∑
k

E1

E2
1 − E2

2

)−1

, (B8)
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