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We discuss cluster phenomena in light nuclei. As examples of typical cluster structures, we first review
cluster structures of 12C, 16O, and 20Ne, and then introduce some topics of cluster phenomena in light
neutron-rich nuclei such as Be and C isotopes. A particular attention is paid on coexistence of cluster
and shell-model aspects.
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1 Cluster and shell-model aspects

A nucleus is a finite quantum many-body system consist-
ing of protons and neutrons. It is a self-bound system,
in which nucleons are attracted between each other by
nuclear forces and bound without external potentials.
It is a clear difference from an electron system, where
electrons are bound in the external Coulomb potential
from a nucleus located at the center. Nevertheless, the
mean-field picture works at the leading order at least in
low-lying states, namely, nucleons behave as independent
particles in the mean-field resulting in shell structures.
However, correlations between nucleons are, of course,
rather strong because of the attractive nuclear forces.
A typical example of the multi-nucleon correlations is
“cluster”, which is a subunit formed by spatially corre-
lated nucleons. In other words, two different natures, the
independent-particle (mean-field) feature and the cluster
feature coexist in nuclear systems. As a result of the co-
existence, rich phenomena appear depending on proton
and neutron numbers, energy, and density of the system.

If there is no correlation between nucleons, all nucle-
ons behave as independent particles in the mean-field and
form a clear Fermi surface, i.e., the shell structure. How-
ever, in reality, correlations between nucleons are rather

© Higher Education Press and Springer-Verlag GmbH Germany, part of Springer Nature 2018



Review article

strong due to the attractive nuclear forces. As a result
of the multi-nucleon correlations, clusters often emerge
at the nuclear surface as a kind of the ground state cor-
relation because of the residual interactions from the at-
tractive nuclear forces. This is nothing but the cluster
formation, which is often found, in particular, in low-
lying states of light nuclei. At this stage of the cluster
formation in low-lying states, clusters are still largely
overlapping with each other and the system is a compact
state with the normal density. Once clusters are formed
in the system, inter-cluster motion can be easily acti-
vated with only small amount of energy. Then, spatially
developed cluster structures appear in excited states be-
cause of excitation of the inter-cluster motion, and the
system goes to a low-density state. It means that, there
are two stages of clustering in nuclei; one is the cluster
formation phase and the other is the cluster excitation
phase. The former, cluster formation, is caused by many-
nucleon correlations at the nuclear surface and smoothly
connected to the independent-particle (mean-field) fea-
ture through the cluster melting or breaking. However,
the latter, cluster excitation, is a unique feature beyond
the mean-field picture, which is characterized by large
amplitude mode of the inter-cluster motion decoupled
from single-particle modes.

12C is a typical example of the cluster and mean-
field coexisting systems. The ground state of 12C is
the mean-field (shell-model-like) state dominated by the
p3/2-subshell closed configuration with significant mix-
ing of the 3α-cluster component. It means that α clus-
ters are partially formed even in the ground state of 12C.
At approximately 100 MeV excitation energy, all twelve
nucleons in 12C can dissociate, and the system goes to a
free nucleon gas state in a low density limit. At approxi-
mately 10 MeV, much lower energy than the free nucleon
gas, three α clusters develop spatially in excited states of
12C. This energy for 3α-cluster excitation is much smaller
than that of the free nucleon gas state, meaning that the
mean-field and cluster states coexist in low-energy lev-
els of 12C. As the excitation energy increases from the
ground to cluster excited states, density of the system
changes from normal density to low density, meaning
that, in a sense, one can control the density of the sys-
tem by changing the excitation energy. Generally, cluster
features are enhanced at a relatively low density region,
typically (1/3)ρ0 ∼ (1/5)ρ0 as can be seen from remark-
able cluster structures at nuclear surface, in light-mass
nuclei as well as excited states.
α cluster is known to be one of the most important

and fundamental cluster units. 4He is the most smallest
shell closed state with saturated spin and isospin, and
a robust object against the internal excitation as known
from the extremely high excitation energy Ex ∼ 20 MeV
for the first excited state. Therefore, the α cluster can be

a building block of cluster structures in heavier systems
such as nα cluster structures in Z = N = even nuclei.
For instance, the ground state of 8Be is understood as a
quasi-bound 2α state, in which two α clusters are rather
weakly interacting. Also in A ≳ 12, developed 3α- and
12C+α-cluster structures in 12C∗ and 16O∗ have been
considered to describe energy spectra.

In the mean-field picture, the formation of α clusters
is not obvious. In 1950s–1970s, the cluster formation has
been discussed from the point of view of multi-nucleon
correlations in the shell model to understand structures
of p-shell and sd-shell nuclei. In particular, a central issue
is to describe α cluster states with four-nucleon correla-
tion in a shell. In discussing the formation of clusters
in the shell-model picture, the duality character of the
harmonic oscillator shell model wave function was recog-
nized already in 1950s among people who studied micro-
scopic cluster model. For example, Perring and Skyrme
discussed in their paper [1], that it is possible to write
down alpha-particle wave functions for the ground states
of 8Be, 12C, and 16O, which become identical with shell-
model wave functions when they are antisymmetrized.
According to the Bayman-Bohr theorem [2] which de-
scribes the duality character of the shell model wave
function, the 20Ne ground state having the spatial sym-
metry [4] and the SU(3) symmetry (λ, µ) = (8, 0) for
the valence 2 neutrons and 2 protons in sd-shell outside
of the 16O core has the clustering structure of 16O+α.
This shows the spatial and SU(3) symmetry of the four-
nucleon correlation has the alpha-clustering nature. In
relation to this, the core-excited states of 16O ∼ 19F
(19Ne) with the configurations having four nucleons in
sd-shell were discussed to be related to the cluster states
of 12C+α ∼ 15N+α (15O+α) [3, 4].

Since 1960s, theoretical researches with microscopic
cluster models have been made progress to investigate
details of cluster phenomena mainly in stable nuclei. In
the early stage, scattering between very light nuclei has
been studied with the resonating group method (RGM)
[5–8]. Since 1970’s, thanks to application of the generator
coordinate method (GCM) [9, 10] with the Bloch–Brink
cluster wave function [11], microscopic studies of cluster
phenomena has been extended to heavier systems such
as p-shell and sd-shell nuclei.

In these decades, further advances of the cluster
physics have been made owing to experimental and the-
oretical progresses in physics of unstable nuclei. A va-
riety of cluster structures have been discovered also
in neutron-rich nuclei. Microscopic cluster models have
been extended to deal with the cluster structures with
excess neutrons. Moreover, more flexible methods such
as antisymmetrized molecular dynamics (AMD) [12–17]
and fermionic molecular dynamces (FMD) [18–22] have
been developed since 1990s.
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The AMD and FMD wave functions are based not on
cluster degrees of freedom but on nucleon degrees of free-
dom. In this sense, these models are not cluster models.
Nevertheless, the AMD (FMD) model contains various
cluster states in its model space, and therefore, it enables
us to investigate cluster phenomena in general nuclei
including exotic nuclei. Another advantage is that the
model contains also mean-field states and can describe
the coexistence of mean-field and cluster aspects without
relying on a priori assumption of clusters. It is a great
merit of the AMD to investigate cluster formation and
breaking in the ground and excited states. In systematic
studies of p-shell and sd-shell nuclei with the AMD, it
has been revealed that the interplay between cluster and
mean-field features plays an key role in both low-energy
states and excitation modes. The cluster formation in
the mean-field picture (or cluster breaking in the cluster
picture) occurs in low-lying states as one can see the clus-
ter correlation even in the ground states as the ground
state correlations. In excitation modes, large amplitude
inter-cluster dynamics gives significant contribution to
low-energy monopole and dipole modes, whereas coher-
ent 1p-1h excitations describe the high-energy giant res-
onance modes. In order to figure out the fundamental
physics behind rich exotic phenomena discovered in un-
stable nuclei, it is essential to clarify the two stages of
clustering, the cluster formation and the large amplitude
inter-cluster motion.

In this paper, we discuss cluster phenomena in 12C,
16O, and 20N focusing on the interplay between clus-
ter and shell-model aspects. Some topics of light unsta-
ble nuclei are also discussed. Major parts of the discus-
sions in the present paper are based on theoretical works
done with the AMD method. For the details of the AMD
frameworks, the reader is referred to recent review arti-
cles [17, 23] and references therein.

This article is organized as follows. In the next sec-
tion, we briefly review the microscopic cluster models
and the AMD model. Sections 3, 4, and 5 discuss cluster
structures in 12C, 16O, and 20Ne, respectively. Section 6
covers some topics of cluster structures in neutron-rich
nuclei. Finally, a summary is given in Section 7.

2 Microscopic frameworks for cluster
structures

2.1 Cluster models

Microscopic cluster models have been developed and ap-
plied to investigate various cluster phenomena. Micro-
scopic studies started from the RGM [5–8], which has
been intensively applied for scattering between light nu-
clei in 1960s and 1970s. Since 1970s, microscopic studies

of cluster phenomena in heavy mass and many-cluster
systems [24] have been performed with the GCM [9, 10]
using the Bloch–Brink cluster wave function [11].

In the RGM for a single-channel case of two clusters
C1 and C2, the model wave function is expressed as

ΨRGM = A{ϕ(C1)ϕ(C2)χ(ξ)} , (1)

where A is the nucleon antisymmetrizer, ϕ(Ci) is the
internal wave function of the Ci-cluster, and ξ is the
relative coordinate between the centers of mass of the
clusters. The inter-cluster wave function χ(ξ) is de-
termined by solving the RGM equation. In the RGM
for coupled-channel problems, distortion of clusters and
multi-channel systems can be taken into account.

In the GCM approach, the Bloch–Brink cluster wave
function is adopted as a basis wave function [11],

ΦBB(S1, · · ·,Sk) = n0A{ψ(C1;S1)· · ·ψ(Ck;Sk)} , (2)

where the ith cluster (Ci) is localized around Si. The
wave function ψ(Ci;Si) for the ith cluster is written in
terms of the harmonic oscillator shell-model wave func-
tion placed at Si. In the case that cluster is located far
from each other, the parameter Si indicates the mean
center position of the cluster. In the short distance (small
|Si|) case that clusters largely overlap with each other,
the Bloch–Brink cluster wave function becomes the spe-
cific shell-model configuration (the SU(3) shell model
wave function) because of antisymmetrization of nucle-
ons between clusters. Thus, a spatially developed cluster
state can be smoothly connected to the shell-model limit
by the position parameters {S1, · · ·,Sk}.

For detailed description of the inter-cluster motion, the
Bloch–Brink wave functions are superposed in the GCM
by treating the cluster center parameters {S1, · · ·,Sk} as
generator coordinates,

ΨGCM =

∫
dS1, · · ·,dSkf(S1, · · ·,Sk)

×P Jπ
MKΦBB(S1, · · ·,Sk), (3)

where P Jπ
MK is the total-angular momentum and parity

projection operator, and coefficients f(S1, · · ·,Sk) are de-
termined by solving the Hill–Wheeler equation [9], in
practical, diagonalization of Hamiltonian and norm ma-
trices.

2.2 Antisymmetrized molecular dynamics

The AMD method is an approach which treats nucleon
degrees of freedom independently without assuming any
clusters. Nevertheless, the AMD can describe various
cluster structures because the Bloch–Brink cluster wave
functions for any cluster channels are included in the
AMD model space.
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An AMD wave function is given by a Slater determi-
nant of single-nucleon Gaussian wave functions,

ΦAMD(Z) =
1√
A!

A{φ1, φ2, · · ·, φA}, (4)

where the ith single-particle wave function φi is written
by a product of spatial, spin, and isospin wave functions
as

φi = ϕXiχiτi, (5)

ϕXi(r) =

(
2ν

π

)4/3

exp{−ν(r −Xi)
2}, (6)

χi =

(
1

2
+ ξi

)
χ↑ +

(
1

2
− ξi

)
χ↓. (7)

ϕXi
and χi are the spatial and spin functions, respec-

tively, and τi is the isospin function fixed to be proton or
neutron. The width parameter ν is taken to be a common
value for all nucleons and optimized for each nucleus.

In the AMD wave function, the ith single-particle wave
function is expressed by the Gaussian wave packet local-
ized around the position Xi. The Gaussian center po-
sitions {Xi} and the intrinsic-spin orientations {ξi} for
all nucleons are independently treated as variational pa-
rameters which are determined by energy variation.

In the AMD wave function, the Brink–Bloch cluster
wave functions can be described by the corresponding
configuration of Gaussian center positions. Or, if Gaus-
sian centers are located at short distances between each
other, the AMD wave function is equivalent to a har-
monic oscillator shell-model wave function. Moreover, it
can continuously connect remarkable cluster and mean-
field structures through cluster dissolution/formation.
This is a great advantage superior to cluster models and
mean-field approaches. Because of this flexibility of the
model wave function, the AMD is an useful approach for
cluster and mean-field aspects in the ground and excited
states and applicable to general nuclei.

It should be commented that, a similar wave function
is used in the fermionic molecular dynamics (FMD) de-
veloped by Feldmeier and Neff, and their collaborators
[18–21].

In the AMD framework for structure study, energy
variation (energy optimization) after the parity projec-
tion is performed within the AMD model space to ob-
tain the ground state wave function. With regard to the
angular-momentum projection, the variational method
before the projection (VBP) is usually applied in the sim-
ple AMD [15], whereas the variation after the projection
(VAP) is performed in the AMD+VAP method [25]. For
the description of excited states, the AMD wave func-
tions obtained by the energy variation are superposed.
To efficiently choose basis AMD wave functions for the
superposition, constraint versions of the AMD are of-

ten combined with the GCM (AMD+GCM). In the β-
constraint (βγ-constraint) AMD [26, 27], the energy vari-
ation is done under constraints on deformation parame-
ters β (and γ), respectively. After the energy variation
with the constraints, the obtained AMD wave functions
are superposed with the GCM treatment. The framework
AMD+GCM can microscopically treat large amplitude
dynamics along the generator coordinates.

Although the AMD+GCM is useful for large ampli-
tude collective motion, it is not sufficient for single-
particle excitations on top of a mean-field state be-
cause basis wave functions for the superposition are
usually prepared by the energy variation and only the
modes along adopted generated coordinates can be de-
scribed. To overcome this problem, the shifted basis
AMD (sAMD) [28–30] has been proposed, which is useful
to describe small amplitude modes on the ground state.
In the sAMD, small shift of Gaussian center position of
each single-particle wave function from the ground state
AMD wave function is considered, and all the shifted
basis wave functions are superposed to describe linear
combinations of one-particle and one-hole (1p-1h) exci-
tations. The method combined with the cluster GCM
has been applied to monopole and dipole excitations in
light nuclei and proved to be able to describe coexistence
of low-energy cluster modes and high-energy giant reso-
nances.

3 Clustering in 12C

3.1 Overview of cluster aspects in 12C
12C is a fascinating nuclei, which has been intensively
studied in experimental and theoretical researches for
a long time. As mentioned previously, its ground state
shows both the p3/2-closure feature (shell-model aspect)
and 3α correlation (cluster aspect). In its excited states,
various 3α cluster structures emerge from the large am-
plitude inter-cluster motion as they have been discov-
ered in theoretical and experimental works (for example,
Refs. [24, 31] and references therein). Indeed, remarkable
3α cluster states, for instance, 12C(0+2 ) and 12C(3−1 ),
have been obtained with (semi) microscopic and non-
microscopic 3α-cluster models [32–44]. The former is a
weakly bound 3α state, in which α clusters are moving
freely like a gas. The latter is understood as the band-
head state of the Kπ = 3− band constructed by a regular
triangle 3α configuration of the intrinsic state.

In spite of success of 3α-cluster models in describing
many excited states of 12C, the cluster models are not
sufficient to quantitatively reproduce properties of low-
lying states such as large level spacing between the 0+1
and 2+1 states and significant β transitions from 12B, be-
cause the α-cluster breaking is not taken into account
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in the models. Moreover, since clusters are a priori as-
sumed in the models, it is not able to check the α cluster
formation in 12-body dynamics.

These problems have been overcome by the AMD and
FMD models. In AMD and FMD studies of 12C, it has
been shown that [22, 25, 45, 46], 3α-cluster structures are
actually formed without assuming existence of α clusters.
To describe details of 3α dynamics in excited states, hy-
brid models of the AMD and FMD models combined
with the 3α GCM have been also applied. Recently,
study of cluster structures of 12C with ab initio calcu-
lations are being developing [47–49].

3.2 Hybridization of shell model and 3α cluster model

The coexistence and coupling of shell-model and cluster
structures in 12C were first studied in detail by Taki-
gawa and Arima [50] by adopting the hybridization of
wave functions of shell model and 3α cluster model. For
describing α clustering, they used 3α Bloch–Brink wave
functions with regular triangle and linear chain configu-
rations of α clusters with parity and angular momentum
projection. These cluster wave functions are linearly com-
bined with intermediate-coupling 0p-shell model wave
functions like |p8[431]13P0⟩. The ground-band states have
non-zero inter-cluster distance although they are much
smaller than those in other excited states like 3−1 and
0+2 . It was found that in the ground band the coupling to
0p-shell model wave functions with broken spatial sym-
metry which is caused by the spin-orbit interaction is
very important for raising the excitation energies of 2+1
and 4+1 states which are too small with only 3α cluster
wave functions with good spatial symmetry [444].

The B(E2) transition value B(E2, 0+2 → 2+1 ) and
monopole transition value M(0+2 → 0+1 ) are the transi-
tion strengths between clustering excited states and the
ground band states. These values were reproduced well
in Ref. [50]. As for the inelastic electron scattering form
factor for 0+1 → 0+2 , the reproduction of the data is good
for low transfer momentum q because the M(0+2 → 0+1 )
is reproduced well, but for high q beyond the peak of the
form factor the calculation underestimates the data. On
the other hand, microscopic cluster models which adopt
3α RGM wave function [33] and 3α THSR (Tohsaki–
Horiuchi–Schuck–Roepke) wave function [51] reproduce
the inelastic form factor well up to high transfer mo-
mentum q although the reproduction in the very low
momentum region is slightly overestimated as seen in
slightly overestimated M(0+2 → 0+1 ). Since these clus-
ter model wave functions have totally symmetric spatial
symmetry [444] even for the ground state, we wonder
how the improved wave functions containing non-[444]
symmetry components obtained by including the effects
of spin-orbit and tensor forces can give again the good

reproduction of the form factor. In this respect it is very
instructive that the recent ab initio calculation of the
ground and the Hoyle state (0+2 ) by the quantum Monte
Carlo method gives fairly good reproduction of the in-
elastic form factor [49].

3.3 Cluster structures in 12C studied with AMD

The AMD with the variation after spin-parity projec-
tions (AMD+VAP) was applied to 12C [25, 45]. The cal-
culated energy levels of 12C are shown in Fig. 1. The
intrinsic density distribution of the dominant compo-
nent for each state is also shown. The calculation re-
produces well the experimental spectra of the Kπ = 0+1 ,
Kπ = 0+2 , and Jπ = 1+ states as well as negative-parity
bands Kπ = 3−1 , and Kπ = 1−1 . The intrinsic state of
the Kπ = 0+1 band shows a compact 3α cluster struc-
ture. The band head, 12C(0+1 ), contains the significant
cluster breaking component, which is necessary to obtain
extra energy gain of the spin-orbit force. In other words,
the cluster breaking is essential to reproduce the large
0+-2+ level spacing. 12C(0+2 ) is described by superpo-
sition of various 3α configurations showing the cluster
gas nature that 3α clusters are weakly interacting in a
dilute density like a gas. This is consistent with other
microscopic 3α cluster model calculations. The experi-
mental 2+2 and 4+1 states observed recently are assigned
to the Kπ = 0+2 band starting from 12C(0+2 ). However,
the strong E2 transitions from 2+2 to the 0+2 and 0+3 states
obtained in the AMD+VAP calculation indicate signifi-

Fig. 1 Positive-parity energy levels of 12C. The energies
obtained by the AMD+VAP using the MV1 force [45] to-
gether with the experimental positive-parity energy spectra
[52–56]. Matter density distribution of dominant intrinsic
wave functions is shown with percentages in the final wave
function. Reproduced from Ref. [57].
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cant state mixing (or structure change) between the two
0+ states (0+2 and 0+3 ). It suggests that the 0+2 state may
be a fragile object against rotation of the system.

It it instructive to consider the shell model basis ex-
pansion of cluster states. An α cluster is the strongly cor-
related object composed of four nucleons. If one finds a
nucleon in the α cluster at a certain position, one should
find other three nucleons in its vicinity. In the harmonic
oscillator basis expansion for such the highly correlated
subsystem, a huge number of basis wave functions with
high angular momenta are contained in the wave function
as easily understood by the Heisenberg uncertainty prin-
ciple. In other words, spatially developed cluster states
are highly correlated states beyond mean-field approxi-
mations, and therefore, such the states are usually miss-
ing in calculated low-energy spectra obtained by tradi-
tional shell-model calculations.

To demonstrate how the cluster states in 12C contain
high-shell components, we show the occupation proba-
bility of harmonic oscillator quanta N in the shell-model
basis expansion in Fig. 2. Here, the size parameter of the
harmonic oscillator is fixed to be b = 1/

√
2ν. The 0+1

is dominantly described by the 0ℏω configuration but it
contains 20% mixing of higher shell configurations cor-
responding to the ground state correlation due to mix-
ing of the cluster component. It indicates that higher
shell components are significantly contained even in the
ground state. In contrast to the dominant 0ℏω configu-
ration in the ground state, the occupation probability of
the 0+2 is distributed broadly in the high shell region
because of the spatial developed 3α-cluster structure.
In particular, tiny percents are fragmented in the ex-
tremely high N region, which are far from the mean-field

Fig. 2 Occupation probability of harmonic oscillator
quanta N in the shell-model basis expansion of the 0+1,2 and
1−1,2 states obtained by the sAMD+3αGCM. The horizontal
axis indicates the difference ∆N from the minimum quanta
Nmin = 8. Reproduced from Ref. [58].

model space. Similarly to the 0+2 state, the 1−1 state also
shows very broad distribution of the occupation proba-
bility because of the developed cluster structure with a
open triangle configuration. More details of structures of
1− states are discussed later.

3.4 Cluster breaking effect in 12C

3α-cluster breaking component plays an important role
to reproduce the large 0+1 -2+1 level spacing. Moreover, the
cluster-breaking component contained in the 0+1 affects
the 3α cluster structures in excited 0+ states through the
orthogonality to the ground state and somewhat changes
energy spectra and band structures of 3α-cluster states.

The cluster breaking component in the 12C(0+1 ) is
mainly contributed by the p3/2-shell closed configuration.
Both the SU(3)-limit 3α and p3/2 configurations are in-
cluded in the 0ℏω configurations of the 12C system. On
the other hand, the spatial development of the 3α cluster
structure involved mixing of high-shell components. In
order to smoothly connect the spatially developed 3α,
SU(3)-limit 3α, and p3/2 states, the antisymmetrized
quasi cluster model (AQCM) has been proposed [59, 62].
In this model, the 12C wave function is parametrized by
the distance D between α clusters and the cluster break-
ing parameter Λ. We show, in Fig. 3, the 0+ energy sur-
face on the Λ-D plane calculated with the AQCM wave
function. On the Λ-D plane, the SU(3)-limit 3α configu-
ration can be smoothly connected to the p3/2 configura-
tion by controlling the cluster breaking parameter Λ on
the D ∼ 0 line, whereas it is connected to the spatially
developed 3α state by changing the distance parameter

Fig. 3 0+-projected energy of 12C calculated by the
AQCM. The energy surface on the Λ-D plane is shown.
The interaction and width parameters are same as those in
Ref. [59]. Reproduced from Ref. [57].
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D. The energy surface shows the energy minimum for
12C(0+1 ) at finite D and Λ values, which correspond to
the ground state correlation beyond 0ℏω configuration
(D ̸= 0) and significant mixing of the cluster breaking
(Λ ̸= 0).

The cluster breaking component in the 12C(0+1 ) does
not give drastic effects to excited 3α cluster states. How-
ever, it affects more or less the structures of excited 0+

states through the orthogonality to the ground state.
Therefore, one can see quantitative differences between
model calculations with and without inclusion of the
cluster breaking. For example, the AMD and FMD cal-
culations show trend of a larger 0+2 -2+2 level spacing than
that obtained by 3α calculations without the cluster
breaking, because the cluster breaking in the 12C(0+1 )
causes energy shift of excited 0+ states.

Suhara and Y. K-E. investigated the cluster break-
ing effects on 3α cluster structures in 12C by explicitly
adding the p3/2 closed-shell configuration (cluster break-
ing component) into the 3α GCM calculation [60]. Figure
4 shows the comparison of the calculated energy spectra
with and without the p3/2 configuration. In the calcula-
tion with the p3/2 configuration, 12C(0+1 ) gains the extra
energy of the spin-orbit attraction. It should be pointed
out that inclusion of the p3/2 configuration also lowers
the energy of the 0+2 and 0+3 states. As a result of the
global energy shift of the ground and excited 0+ states,
the 2+1 and 2+2 energies are raised up relatively to the 0+1 ,
0+2 , and 0+3 ones.

The cluster breaking also affects to the E2 transitions.
B(E2) values calculated by microscopic models are sum-
marized in Table 1. For the E2 transition from the 2+2 ,
the 3α cluster models give the largest B(E2) of 2+2 → 0+2
and relatively weaker E2 transition of 2+2 → 0+3 . How-
ever, the calculations with the cluster breaking such as

Fig. 4 12C energy spectra for 0+ and 2+ states. The re-
sults obtained by the 3α-cluster GCM calculations with and
without inclusion of the p3/2 configuration are compared.
The experimental spectra are also shown. Reproduced from
Ref. [60].

Table 1 The comparison of E2 transition strengths
(e2fm4) between 0+ and 2+ states calculated with microscopic
3α cluster models (THSR [61], GCM [34], RGM [32, 33], and
3αGCM [60]) and models with 3α breaking (3α+p3/2 [60],
FMD [46], and AMD [45]). The experimental data are also
shown. The table is from Ref. [60].

ModelTransition
THSR GCM RGM 3α 3α+p3/2 FMD AMD

Exp.

2+1 → 0+1 9.5 8.0 9.3 10.8 7.4 8.69 8.5 7.6± 0.4

2+1 → 0+2 0.97 0.7 1.1 1.4 5.1 3.83 5.1 2.6± 0.4

2+1 → 0+3 0.4 0.2
2+2 → 0+1 2.4 2.5 4.0 1.1 0.4 1.57+0.14

−0.11

2+2 → 0+2 295 210 183.3 76.5 102
2+2 → 0+3 104 64.4 165.5 311

the AMD, FMD, and 3α+p3/2 show the opposite results.
They show the larger E2 strength for 2+2 → 0+3 than that
for 2+2 → 0+2 . This result indicates that the E2 strengths
between excited cluster states are sensitive to the cluster
breaking component. The band assignment for the 2+2
has not been experimentally confirmed yet.

3.5 Monopole and dipole excitations in 12C

Isoscalar monopole (ISM) and dipole (ISD) transitions
are good probes for cluster states [28, 51, 65–67]. As
pointed out by Yamada et al., two different modes of
ISM excitations coexist in light nuclei [66]. One is the
isoscalar giant monopole resonance (ISGMR), and the
other is the cluster mode in relatively lower energy than
the ISGMR. The former is associated with the collec-
tive vibration, the so-called breathing mode, which is
described by coherent 1p-1h excitations. The latter cor-
responds to the large amplitude mode of inter-cluster
motion, which can be directly excited by the ISM op-
erator. It means that the coexistence of mean-field and
cluster aspects can be seen also in the ISM excitation
phenomena.

The low-energy ISM strengths have been experimen-
tally observed in 12C [63, 68]. In order to clarify the ori-
gin of the low-energy ISM strengths separating from the
high-energy ISGMR, a hybrid model of the shifted basis
AMD (sAMD) combined with the 3α-GCM was applied
to 12C [69]. The sAMD is designed to describe coher-
ent 1p-1h excitations on top of the ground state and can
describe giant resonances [70]. However it is difficult to
describe the large amplitude inter-cluster motion within
the sAMD, because the method is based on a small am-
plitude approximation. To take into account the large
amplitude inter-cluster motion, the 3αGCM is combined
with the sAMD by explicitly superposing 3α cluster con-
figurations.
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The ISM strength functions calculated with
the sAMD+3αGCM are shown in Fig. 5. The
sAMD+3αGCM calculation including full 3α con-
figurations shows the separation of the low-energy and
high-energy parts of the ISM strengths, and is quali-
tatively consistent with the experimental data. To see
contributions of the large amplitude cluster motion to

Fig. 5 Energy weighted ISM strength distributions ob-
tained by the sAMD+3αGCM and those measured by (α, α′)
scattering [63]. The experimental E0 strength for the 0+2 mea-
sured by electron scattering [64] is also shown in panel (b).
Panels (c) and (d) are strengths calculated with truncated
model space of 3α configurations: (c) calculation using 3α
configurations with the fixed angle θ = π/2 in addition to
the sAMD bases. (d) same as (c) but only compact 3α con-
figurations with |Si| < 2 fm. (e) ISM strengths obtained by
only sAMD bases without 3α configurations. Figures (a), (b)
(e) are reproduced from Ref. [28].

the ISM strengths, we also calculate the ISM strengths
within truncated model spaces. Figures 5(e), (d), and
(c) show the calculations with only the sAMD bases
(without 3α configurations), the vertical 3α configura-
tions (θ = π/2) at small distances in addition to the
sAMD bases, the vertical 3α configurations (θ = π/2)
at various distances, respectively. The sAMD describes
only the high-energy ISM strengths for the ISGMR but
fails to describe the significant low-energy ISM strengths
[Fig. 5(e)]. As the 3α configurations added to the sAMD
bases are increased, a peak grows up and comes down
to the low-energy region [Figs. 5(d) and (c)]. Figure
5(c) for the vertical configurations shows a single peak
in the low-energy region but no splitting. Finally, in
the full sAMD+3αGCM calculation, where the angular
motion of the third α cluster is taken into account, the
low-energy strength is split into two peaks for the 0+2 and
0+3 states because of coupling of distance and rotational
motion of cluster positions. The analysis indicates that
the large amplitude cluster motion (distance mode) is
essential for sum of the low-energy ISM strengths, and
then the strength is fragmented by the coupling with
the rotational motion of α clusters.

Let us turn to the ISD excitations in 12C. Signifi-
cant low-energy ISD strengths have been observed in
Ex = 10–15 MeV region by α inelastic scattering exper-
iments [63, 68]. The ISD strength functions obtained by
the sAMD+3αGCM calculation are shown in Fig. 6. Sim-
ilarly to the ISM excitations, the calculation shows the
low-energy strengths and its decoupling from the high-
energy strengths for the ISGDR. In the low-energy re-
gion, there are two peaks for the 1−1 and 1−2 states. The
predicted low-energy strengths are likely to be assigned
to the experimentally observed low-energy ISD strengths
in this energy region.

The 1−1 state for the lower peak has a spatially de-
veloped 3α cluster structure, whereas the 1−2 state is
dominantly described by a compact structure with no
spatial development of clusters. The ISD strengths cal-
culated using truncated model spaces are also shown in
Fig. 6. The sAMD calculation without 3α configurations
shows only one 1− state in E < 20 MeV, which ap-
proximately corresponds to the 1−2 strength obtained in
the full sAMD+GCM calculation. No low-lying cluster
state was obtained in the sAMD. When short-distance
3α-cluster configurations are added to the sAMD model
space, the ISD strength for the 3α-cluster state appears
around 20 MeV [Fig. 6(c)]. In the full sAMD+GCM cal-
culation, the strength for the cluster mode comes down
lower than the compact 1−2 state because of inclusion of
large distance cluster configurations. One can see again
that the large amplitude inter-cluster motion play a key
role in lowering of the cluster modes also in the ISD ex-
citations.
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Fig. 6 Energy weighted ISD strength functions calculated
with (a) the full sAMD+GCM and (b, c) calculations using
truncated model spaces of configurations: (b) the sAMD with
|Sk| ≤ 4 fm 3α configurations and (c) the sAMD without 3α
configurations. Matter density distribution for the dominant
configurations of 1−1 and 1−2 states is also shown. Reproduced
from Ref. [58].

4 Clustering in 16O

4.1 First excited state of the doubly-closed-shell
nucleus 16O

16O is the doubly-closed-shell nucleus which is the
most fundamental nucleus where the mean-field dynam-
ics should firmly work and we expect the lowest ex-
cited states should be one-particle one-hole states with
the structure (0p)−1(0d1s)1. These one-particle one-hole
states should have negative parity. However, the ob-

served first excited state is of positive parity. It has zero
spin Jπ = 0+ and is located at Ex = 6.05 MeV. In the
vicinity of the first excited 0+2 state we have a negative-
parity state with Jπ = 3− at 7.13 MeV. This Jπ = 3−

state is known to have dominantly one-particle one-hole
structure and shell-model calculations since early time
have all succeeded to reproduce this 3−1 state [71]. How-
ever, as for the 0+2 state at 6.05 MeV, no shell model
calculation has ever succeeded to reproduce it. In order
to have positive-parity states, one has to make at least
2ℏω excitation from the closed-shell configuration such as
(0s)−1(1s)1, (0p)−1(1p)1, (0p)−2(1s0d)2. Since the mag-
nitude of ℏω around 16O is about 15 MeV, the 2ℏω exci-
tation means that the excitation energy is about 30 MeV,
which is very large compared with the observed excita-
tion energy, 6.05 MeV. At present, according to shell-
model studies and other mean-field-model studies, the
0+2 state is considered to have not only 2ℏω excited con-
figurations but also 4ℏω and even higher excited configu-
rations. These shell-model and mean-field studies there-
fore admit that even in the doubly-closed-shell nucleus,
the mean field is not firmly formed and the first excited
0+2 state has a very exotic structure which is largely de-
viated from the orthodox shell-model picture.

In order to explain the very low excitation energy
of the first excited 0+2 state, the idea was introduced
that the doubly-closed-shell structure of the ground state
makes a very large change into a strongly deformed struc-
ture of the first excited 0+2 state. At first the deformed
structure due to two-particle two-hole excitation was
studied and then it was extended to the deformed struc-
ture due to four-particle four-hole excitation [72]. While
the deformed four-particle four-hole structure of Ref. [72]
was based on the strong coupling of four-particle config-
uration with the four-hole configuration so as to form a
single deformed mean field of the total nucleus as in the
usual deformed-mean-field model, Arima, Horiuchi, and
Sebe proposed the weak coupling model of four-particle
configuration with the four-hole configuration [3]. When
the coupling between particles and holes is weak, the
4 0p-holes take the configuration similar to the ground
state of 12C and the 4 1s0d-particles take the configura-
tion similar to the ground rotational band of 20Ne:

Ψ(Kπ=0+1 , J)= |(0p)−4(12C, 0+), (1s0d)4(20Ne, J+)⟩.
(8)

The configuration of 4 1s0d-particles of ground rotational
band states of 20Ne is well approximated by the SU(3)
configuration with the symmetry (λ, µ) = (8, 0). Accord-
ing to the Bayman-Bohr theorem [2], this SU(3) state is
just equivalent to the cluster state of 16O+α structure:

|(0s)4, (0p)12, (1s, 0d)4; (8, 0)J⟩
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= CJA{R8,J

(
rO−α,

16

5
ν

)
YJ(r̂O−α)ϕ(α)ϕ(

16O)}

× g(X⃗G, 20ν). (9)

Thus the weak-coupling model wave function has a re-
lation to the 12C+α cluster wave function. The energy
of the state Ψ(Kπ = 0+1 , J = 0) was estimated by us-
ing the observed excitation energy of the low-lying 1/2−

state of 19F which was regarded to have the structure
|p−1

1/2 (1s0d)
4(20Ne, 0+) : J = 1/2⟩. The estimated excita-

tion energy of Ψ(Kπ = 0+1 , J = 0) is about 6 MeV which
is very close to the observed excitation energy Ex = 6.05
MeV.

4.2 Clustering in 16O with cluster approaches: 12C+α
and 4α structures

In order to understand low-lying energy spectra of 16O,
the tetrahedral 4α-cluster structure has been discussed
for a long time in relation with the Td symmetry [5, 6, 79–
82]. The tetrahedral 4α configuration constructs a rota-
tional band of 0+, 3−, 4+, · · · states. The ground and 3−1
(6.13 MeV) states have been assigned to the Td-invariant
4α band, but the assignment of the 4+ state in the tetra-
hedral 4α band has not been confirmed yet.

In addition to the tetrahedral 4α structure, 12C + α
cluster states have been suggested [38]. The excited
states assigned for the 12C + α cluster states are clas-
sified into the parity doublet Kπ = 0+ and Kπ = 0−

bands: the 0+2 (6.06 MeV), 2+1 (6.92 MeV), 4+1 (10.36
MeV), and 6+2 (16.23 MeV) in the Kπ = 0+ band, and
the 1−2 (9.59 MeV), 3−2 (11.60 MeV), and 5−1 (14.66 MeV)
in the Kπ = 0− band. These assignments are consistent
with the observed α-transfer and α-decay properties and
also theoretical calculations with cluster models (see for
example, Refs. [75, 84] and references therein).

In order to investigate cluster structures of 16O, mi-
croscopic and semi-microscopic cluster models have been
applied since 1970s [24, 66, 70, 74, 75, 79, 80, 85–91].
More recently, the semi-microscopic 4α calculation by
Funaki et al. predicted a 4α cluster gas state near the
4α threshold energy [74, 90]. The semi-microscopic 4α
calculation describes not only the 4α cluster gas but also
12C+α states below the gas state. Experimental search
for the 4α cluster gas state in excited states of 16O has
been performed [77].

The 12C(0+1 ) + α band in 16O was obtained also by
microscopic 12C(0+2 )+α cluster models, but its excitation
energy was much overestimated by a factor 2 of 3 in
the calculation with the microscopic cluster model. In
addition, another problem is left: how α clusters are
formed in 16-nucleon dynamics?

The AMD+VAP method has been applied to 16O
[15, 17, 92, 93]. In the result, the tetrahedral 4α-cluster

and 12C+α-cluster structures are obtained in a fully mi-
croscopic way based on nucleon degrees of freedom with-
out assuming existence of clusters [73]. Detailed cluster
structures in highly excited states have been investigated
by the 12C(AMD)+αGCM calculation [78] and that com-
bined with the AMD+VAP [73].

Figure 7 shows the energy spectra obtained by the
AMD+VAP combined with the 12C(AMD)+αGCM.
Matter density distributions in the dominant compo-
nents are also shown. The calculation reasonably repro-
duces the experimental energy spectra. For the ground
band, the 0+1 , 3−1 , and 4+2 states are assigned as mem-
bers of the tetrahedral band consistently with the dis-
cussion of α-transfer properties in Ref. [82]. The 12C+α
cluster structure can be seen in the 0+2 , 2+1 , 4+1 , 1−2 , 3−2 ,
and 5−1 states, which construct the parity-doublet bands,
Kπ = 0+ and Kπ = 0+ as suggested in Ref. [83]. It
should be noted that the ordering of two 4+ states for
the 12C + α and tetrahedral 4+ states is opposite be-
tween the AMD+VAP calculation with and without the
12C + α cluster configurations. It turns out that the de-
tailed cluster dynamics such as the 12C-α relative motion
and rotation of the deformed 12C-cluster are essential to
lower the 12C + α band.

The occupation probability of oscillator quanta N
shells in the harmonic oscillator basis expansion is shown
in Fig. 8. One can see that the occupation probability
for the 12C + α cluster states is distributed widely in
the higher oscillator region because of the spatially de-
veloped 12C+α cluster structure. The 0+1 and 3−1 states
in the tetrahedral band contain significant N = 12 and
N = 13 shell components corresponding to 0p0h and
1p1h configurations, respectively. It indicates that these
two states can be roughly interpreted, at least at the
leading order, as the lowest shell configurations on the
doubly closed p shell. However, one can see that these
tetrahedral band states also contain significant compo-
nents of higher shell configurations because of the clus-
ter correlation originating in finite size 4α configurations.
The result shows the importance of the cluster aspects
in 16O: the cluster correlations in the ground band and
the 12C + α cluster structure in the excited band.

In highly excited states above the 0+2 state, vari-
ous kinds of cluster structures have been predicted by
semi-microscopic 12C + αOCM and 4αOCM calcula-
tions [66, 74, 75, 89, 90]. The microscopic calculation
of the 12C(VAP) + αGCM obtained the higher nodal
12C(0+1 )+α, the 12C(2+1 )+α, and the 12C(0+2 )+α struc-
tures in the 0+3 , 0+4 , and 0+5 states. In Fig. 9, the 0+ spec-
tra calculated with the 12C(VAP)+αGCM are shown in
comparison with the 12C+αOCM and 4αOCM calcula-
tions. The microscopic calculation (12C(VAP)+αGCM)
supports the cluster structures predicted by the semi-
microscopic calculations, though the detailed ordering of
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Fig. 7 Top: Energy levels of 16O calculated by the VAP+αGCM (a) and the experimental data (b). Positive- and negative-
parity levels are shown by circles and triangles, respectively. The ground and 12C + α bands are connected by dashed and
solid lines, respectively. Bottom: Density distributions in the intrinsic states obtained by the VAP. (In the VAP+αGCM
calculation, the 4+2 state obtained in the VAP comes down lower than the 4+1 of the VAP.) The densities integrated along
the Y , X, and Z axes are plotted on the (left) X–Z, (middle) Y –Z, and (right) X–Y planes, respectively. Reproduced from
Ref. [73].

Fig. 8 Occupation probability of N shells in the harmonic oscillator shell-model expansion for 16O obtained by the
VAP+αGCM. Reproduced from Ref. [73].

Yoshiko Kanada-En’yo and Hisashi Horiuchi, Front. Phys. 13(6), 132108 (2018)
132108-11



Review article

Fig. 9 Excitation energies of 0+ states in 16O calculated
with the present 12C(AMD)+αGCM (AMD+αGCM) and
those of the 4α-OCM and 12C+α-OCM from Refs. [74, 75].
Experimental energy levels of 0+ states are taken from
Refs. [76, 77]. 12C(0+1 )+α and 12C(0+2 )+α threshold energies
are plotted by solid and dashed arrows, respectively. Repro-
duced from Ref. [78].

the cluster states are not consistent between two calcu-
lations, 12C(VAP) + αGCM and 4αOCM calculations.

4.3 Monopole excitations in 16O

As discussed in the previous section, the ISM excitation
is a good probe for cluster states. Indeed, the low-energy
ISM strengths are described well by the 4αOCM calcu-
lation [66]. But such the cluster model is not enough to
describe the high-energy ISM strengths for the ISGMR.
The 12C(AMD)+αGCM combined with the sAMD de-
scribes the low-energy ISM strengths for cluster states
and also the high-energy strengths for the ISGMR (see
Fig. 10). The success in describing two different ISM
modes, the low-energy cluster mode and high-energy IS-
GMR mode, owes to the large model space containing
cluster structures in the 12C(AMD)+α basis wave func-
tions and 1p-1h excitations in the sAMD basis wave func-
tions. The ISM strengths obtained by the sAMD calcula-
tion without the cluster configurations are also shown in
Fig. 10. In the sAMD calculation, there is no low-energy
ISM strengths because the sAMD model space contains
only small amplitude modes but not the large amplitude
cluster motion. On the other hand, the full calculation of
the 12C(AMD)+αGCM combined with the sAMD shows
the significant low-energy ISM strengths for the cluster
states in Ex ≲ 15 MeV, which are decoupled from the
ISGMR strengths in the higher-energy region. The re-
sult clearly shows that the large amplitude cluster mo-
tion gives essential contributions to the low-energy ISM
strengths in 16O. This situation is similar to the case of
12C. It is worth to mention that, this calculation is the

Fig. 10 ISM transition strength functions. The theoretical
B(ISM) calculated with (a) the 16O (shifted AMD), (b) full
calculation of the 12C (AMD)+αGCM combined with 16O
(shifted AMD), and (c) the experimental data measured by
(α, α′) scattering. The experimental B(ISM) (fm4) converted
from B(E0) measured by (e, e′) scattering for the 0+ states
at 6.05, 12.05, and 14.01 MeV are also shown by stars in the
middle panel. The data from Ref. [94] are multiplied by a
factor 2 in the bottom panel. Reproduced from Ref. [78].

first microscopic calculation that describes the coexis-
tence of two different ISM modes (the low-energy cluster
and high-energy GMR modes) in a unified manner.

5 Clustering in 20Ne

5.1 Four-body correlation at surface on 16O

As mentioned previously, the shell model studies
of 20Ne showed that the main configuration of the
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ground band states is given by the SU(3) states
|(0s)4, (0p)12, (1s0d)4; (8, 0)J⟩ [95, 96]. Since these SU(3)
states are equivalent to the 16O+α cluster states, the
ground band satates of 20Ne are typical example of the
ground state and its rotational member states which
possess strong α-clustering character. Except very light
nuclei like 8Be, the strong clustering feature is not ex-
pected to show up in the ground state and its rota-
tional member states. Therefore the study of the clus-
tering feature of the ground band of 20Ne is very impor-
tant. Tomoda and Arima [97] made an extensive study of
this problem. They performed the study by hybridizing
the (1s0d)4 shell model and microscopic 16O+α cluster
model. They adopted a microscopic Hamiltonian which
involves a two-body effective interaction consisting of
central, L-S and Coulomb potentials. The states below
the α-decay threshold were obtained by diagonalizing the
Hamiltonian, while for those above the threshold, the
α–16O scattering phase shifts were calculated by solving
a coupled scattering equation variationally under an ap-
propriate boundary condition. Energy levels, reduced α-
widths, and B(E2) values were calculated and compared
with experimental values. Three Kπ = 0+ bands built
on 0+1 (g.s.), 0+2 (6.72 MeV) and 0+4 (8.6 MeV) states
and the first Kπ = 0− band on the 1−1 state at 5.79
MeV were successfully described by the model. It was
found that the wave functions of the ground band mem-
bers consist mainly of the (80) components. However, it
was found that small admixtures of cluster components
(λ, 0) with λ larger than eight, which do not affect the
α-spectroscopic factors very much, are necessary to re-
produce the observed α-widths of the 6+ and 8+ mem-
bers and also the B(E2) strengths between the ground
band members and the quadrupole moment of the 2+
state with an effective charge δe = 0.15e, which is much
smaller than that required in the ordinary shell model

5.2 Cluster structures in 20Ne studied with AMD

5.2.1 Nucleon spin alignment

As was explained, the AMD method is suited for study-
ing the coexistence and interplay of the shell-model fea-
ture and cluster-model feature. The first study of 20Ne
with AMD was reported in Ref. [98] in which structure
of the yrast line states of 20Ne was studied with AMD by
constructing the rotating intrinsic states. The construc-
tion was made by the frictional cooling method under
the constraint that the expectation value of the angular
momentum vector takes the given value in its magnitude
while its direction is determined variationally. Namely
when the expectation values of angular momentum op-
erators Jop

k , (k = x ∼ z) by AMD wave function are de-
noted as ⟨Jop

k ⟩, the magnitude of
∑

k⟨J
op
k ⟩⟨Jop

k ⟩ is con-
strained to take given values. Unlike the ordinary ap-

proach with the cranking method, angular momentum
projection was applied to these rotating intrinsic states
in order to get good angular momentum states. Two-
body spin-orbit force was adopted and nucleon spin ori-
entations were determined by energy variation, which
enabled us to describe the dissolution of clusters more
satisfactorily. It was found that for both positive and
negative parity low spin states, the two-cluster structure
of 16O+α resulted as a predominant configuration, and
that the 16O+α clustering becomes weaker as the spin
goes up and mixes with the spin-aligned oblate structure
when going from 6+ to 8+.

5.2.2 Dissolution and formation of α clustering

In Ref. [83], it was proposed that the ground rotational
band and the Kπ = 0− rotational band upon Jπ = 1−

level at 5.78 MeV constitute an inversion doublet which
comes from the parity-violating 16O+α intrinsic struc-
ture. However it was also discussed that the α clustering
in the ground band is weaker than that in the Kπ = 0−

band whose clustering is quite prominent. The quan-
titative study about how much weak the α clustering
in the ground band is important for our understand-
ing of the coexistence and interplay of the shell-model
(mean-field) dynamics and cluster dynamics. The dis-
cussion of this problem can be made much clearer by
comparing it with the same problem of 40Ca+α clus-
tering in 44Ti. In 44Ti, we have the Kπ = 0− rota-
tional band (upon Jπ = 1− level at 7.0 MeV) which
is discovered by α-transfer reaction (Ref. [99] and refer-
ences therein) and is regarded as constituting an inver-
sion doublet together with the ground band that comes
from the parity-violating 40Ca+α intrinsic structure. We
compare the results of the AMD calculation of 20Ne [26]
with those of the AMD calculation of 44Ti [44] both
of which are obtained by the use of the Gogny D1S
interaction as the effective nuclear force. The intrinsic
wave function of the ground state obtained by AMD
does not show density distribution of 16O+α clustering
for 20Ne and also the AMD intrinsic wave function of
the ground state does not show density distribution of
40Ca+α clustering for 44Ti. On the other hand, the den-
sity distribution of the AMD intrinsic wave function of
the Jπ = 1− state of the Kπ = 0− band shows clearly
density distribution of prominent 16O+α clustering in
20Ne and also that of 40Ca+α clustering in 44Ti. Al-
though the density distribution of the ground state does
not show 16O+α clustering, the component of 16O+α
cluster wave function contained in the ground state wave
function has the squared amplitude of 70%, which is due
to the duality property of the shell-model wavefunction,
|(0s)4(0p)12(1s0d)4; [44444](λ, µ) = (8; 0); J = 0⟩.

Table 2 shows the results of the AMD calculation of
Ref. [26] where we see the properties of the calculated lev-
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Table 2 Squared amplitude of the 16O+α component W J

and the expectation value of the two-body spin-orbit inter-
action ⟨V̂ls⟩ (in MeV) for each state of the inversion-doublet
rotational bands of 20Ne obtained by AMD calculation [26].

Kπ = 0+ Jπ WJ ⟨V̂ls⟩ Kπ = 0− Jπ WJ ⟨V̂ls⟩

0+ 0.70 −5.2 1− 0.95 −0.8

2+ 0.68 −5.3 3− 0.93 −0.8

4+ 0.54 −5.9 5− 0.88 −0.7

6+ 0.34 −8.4 7− 0.71 −0.9

8+ 0.28 −10.9 9− 0.70 −1.3

els of the inversion-doublet bands of 20Ne. The squared
amplitude of the 16O+α clustering component W J in the
ground band decreases rather rapidly as the spin value
J increases from 70% of the 0+ state to 28% of the 8+

state. This decrease of the cluster character is reflected
in the increase of the nucleon-spin alignment for larger
J [98] discussed above. It can be seen in the increase of
the expectation value of the two-body spin-orbit interac-
tion ⟨V̂ls⟩ for larger J . This feature of the spin-alignment
well reflects the mean-field-type character of the ground
bend of 20Ne. On the other hand, in the Kπ = 0− band,
the W J value of the 1− state is as large as 95% and the
smallest value of W J for the 9− state is still as large
as 70%. This result means that the Kπ = 0− band has
prominent clustering character of 16O+α. It is supported
by the small expectation values ⟨V̂ls⟩ for all the states of
the Kπ = 0− band.

In the case of 44Ti, just like the 20Ne case, there ex-
ists inversion-doublet bands composed of the ground ro-
tational band and the Kπ = 0− band built upon the
Jπ = 1− at 7.0 MeV. The negative-parity band levels
were found by the α-transfer reaction [99]. In Table 3,
we show the squared amplitude of the 40Ca+α compo-
nent W J of each level of the inversion-doublet bands of
44Ti obtained by the AMD study of Ref. [100]. We see
that the 40Ca+α clustering component is very small in
the ground band. Even the largest clustering percentage
for the ground 0+ state is 40%, which means that non-
clustering component is 60% for the ground state. The
10+ and 12+ states have almost no clustering component.
As for the Kπ = 0− band, the largest clustering percent-

Table 3 Squared amplitude of the 40Ca+α component
W J for each state of the inversion-doublet rotational bands
of 44Ti obtained by AMD calculation [100].

Kπ = 0+ Jπ 0+ 2+ 4+ 6+ 8+ 10+ 12+

WJ 0.39 0.34 0.32 0.25 0.21 0.06 0.06
Kπ = 0− Jπ 1− 3− 5− 7− 9−

WJ 0.56 0.50 0.43 0.38 0.32

age is 56% for the 1− state, which is fairly smaller than
95% of the 1− state of 20Ne. The small clustering com-
ponent in the inversion doublet bands is considered to
be due to the strong spin-orbit potential and also to the
strong attraction from the 40Ca core nucleus. Although
the 40Ca+α percentage of the ground band is not larger
than 40%, the AMD calculation does not show the exis-
tence of Jπ = 0+ excited state whose 40Ca+α component
is larger than 40% and has relative-motion nodal num-
ber nr = 6. Here the relative-motion nodal number nr

means the nodal number of the reduced width amplitude
Y(r) defined as

Y(r)=r⟨δ(rrel−r)
r2

Y0.0(r̂rel)ϕ(
40Ca)ϕ(α)|ΦAMD⟩. (10)

The relative-motion nodal number nr = 6 is the small-
est nodal number of Y(r) which is allowed by the inter-
cluster Pauli principle. The value of nr of the Jπ = 1−

of the Kπ = 0− band is also nr = 6. The fact that the
percentage of 40Ca+α component of the ground state is
40% means that the percentage of the SU(3) shell-model
component Φ(12,0) = |40Ca-core, (1p0f)4; [410](λ, µ) =
(12, 0)⟩ is less than 40% because Φ(12,0) has the dual-
ity property that it is equivalent the cluster-model wave
function of 40Ca+α. The decrease of the shell-model
component with good spatial and SU(3) symmetry seen
in the 44Ti ground state is considered to be more pro-
nounced in the ground states of heavier nuclei.

6 Clustering in neutron-rich nuclei

6.1 Overview

In experimental and theoretical studies of unstable nu-
clei in the past decades, a variety of cluster states have
been discovered also in unstable nuclei as well as sta-
ble nuclei. In neutron-rich nuclei, it has been revealed
that excess neutrons play important roles in the cluster
states such as cluster weakening and enhancement. A
question is what happens when additional neutrons are
appended to the prominent cluster structures of stable
nuclei. For instance, evolution of the 2α, 3α, and 16O+α
cluster structures in Be, C, and Ne isotopes in the pres-
ence of surrounding valence neutrons has been discussed
by many groups (Ref. [106] and references therein).

Fascinating cluster aspects of neutron-rich nuclei can
be seen even in the ground states because of the valence
neutrons. Structures of the ground states vary depend-
ing on proton and neutron numbers. Figure 11 shows
a sketch of the structure variation with the increase of
the neutron number N in light nuclei. Stable nuclei with
Z = N = 2n show nα cluster structures such as the 2α
and 3α clustering in 8Be and 12C. In Be isotopes, the
cluster structure in the ground states rapidly changes
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Fig. 11 Schematic figures for structure changes in the
ground states of neutron-rich Li, Be, B, and C isotopes. Re-
produced from Ref. [101].

along the isotope chain. The ground state of 8Be is a
quasi-bound state of two α particles. As extra neutrons
are added, the remarkable 2α structure weakens in 10Be,
and it develops again in 12Be. Consequently, the 12Be
ground state is a largely deformed state with the dom-
inant intruder configuration even though it is a N = 8
nucleus. This phenomenon is known to be breaking of
the neutron magic number in neutron-rich Be. By con-
trast, the ground states in neutron-rich C isotopes do not
show cluster development, but generally have weak clus-
ter structures with an oblately deformed proton struc-
ture distributed in a compact region. It means that 3α
cluster structure formed in 12C is quenched by excess
neutrons around the 3α cluster.

In excited states of neutron-rich nuclei, further re-
markable cluster aspects can be seen. An example is
molecular orbital structures in Be isotopes. In 10Be(0+2 ),
two valence neutrons occupy the longitudinal molecular
orbital (MO) called the σ-orbital around the 2α. The
σ-orbital neutrons bond two α clusters at a certain in-
terval between two αs. The largely deformed intrinsic
structure is stabilized by this bonding mechanism of the
valence neutrons, and constructs the rotational Kπ = 0+2
band in 10Be spectra (see Fig. 12). In addition to the
MO σ-bond structure, dinuclear cluster resonances com-
posed of 6He and α clusters have been recently suggested
in highly excited states above the 10Be(0+2 ) state. An
important difference between the MO σ-bond structure
and the dinuclear cluster resonances is the valence neu-
tron configuration. In the MO σ-bond structure, valence
neutrons are moving in the molecular orbital around in
the whole system bonding two α clusters. However, in
the cluster resonances, a 6He cluster is formed by valence
neutrons moving in the atomic-like orbital around one of
α clusters. Also in neutron-rich sd-shell nuclei such as
22Ne, similar cluster structures, the MO σ-bond struc-
ture and dinuclear resonances, have been predicted. In in

Fig. 12 Energy spectra for positive-parity states of 10Be
obtained by the AMD+VAP using the MV1 force are shown
together with experimental data. Matter density and valence
neutron density in 10Be(0+1,2) are shown by contour and color
mapping, respectively. Reproduced from Ref. [102].

22Ne, the 16O+α core is formed in excited states. There,
MO σ-bond structures with σ-orbital neutrons around
the 16O+α core and also 18O+α dinuclear resonances
have been proposed [106–108].

One can expect further fascinating cluster phenom-
ena in neutron-rich nuclei such as nα cluster structures
with valence neutrons. For instance, in excited states
of neutron-rich C, a linear-chain 3α-cluster structure
with valence neutrons has been predicted theoretically
[109]. Very recently, candidate states for this prediction
of the linear-chain state have been observed experimen-
tally [110, 111]. These facts indicate appearance of vari-
ous types of cluster structures in the ground and excited
states of neutron-rich nuclei. Searching for new cluster
structures is being performed extensively in experimental
studies for various unstable nuclei as well as theoretical
studies.

6.2 Cluster structures in Be isotopes

6.2.1 Molecular orbital structures and cluster
resonances

Cluster structures of neutron-rich Be isotopes have been
intensively investigated from both the theoretical and
experimental sides [17, 106]. In the observed spectra of
10Be, positive-parity states are classified into the ground,
side (Kπ = 2+), and excited (Kπ = 0+2 ) bands (see
Fig. 12). Spectra of 10Be are described well by the
AMD+VAP calculation [102]. It should be stressed that
formation of two α clusters in 10-nucleon dynamics of
10Be can be seen in the ground and excited states with
the AMD framework, which does not rely on the as-
sumption of the α cluster formation but treats all nucle-
ons independently as localized Gaussian wave packets.
Distributions of matter and valence neutron densities in
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the Kπ = 0+1 and Kπ = 0+2 bands are shown together
with the experimental and calculated energy spectra in
Fig. 12. In excited states, the remarkable 2α+2n cluster
structure is obtained and forms the Kπ = 0+2 band start-
ing from the 0+2 state. The density distribution of valence
neutrons in the 0+2 state shows the two-node structure
along the 2α direction corresponding to the MO σ or-
bital. In the experimental spectra, the 2+ state at 7.54
MeV and 4+ state at 10.2 MeV are tentatively assigned
as the Kπ = 0+2 band members [112, 113].

In order to understand the cluster structures of low-
lying states of neutron-rich Be isotopes, the molecular or-
bit (MO) structure, which has been originally proposed
for 9Be [114], has been extended to neutron-rich Be iso-
topes [106, 115–117]. (See Figs. 13 and 14 for sketch of
cluster structures in neutron-rich Be.) In the MO pic-
ture, valence neutrons in a 2α+Xn system occupy molec-
ular orbitals around the 2α, which are described by linear
combination of (atomic-like) p-orbits around α clusters
in analogy to covalent bonding orbitals. Schematic fig-
ures of molecular orbitals are shown in Fig. 14. The low-
est nodal MOs are negative-parity orbitals called “π3/2-
orbital” and “π1/2-orbital”. They are ls-favored and ls-
unfavored orbitals correspond to the p3/2 and p1/2 orbits
in the spherical shell model limit, respectively. The low-
est positive-parity MO denoted by “σ1/2-orbital” is the
longitudinal orbital having two nodes along the α-α di-
rection. It has the nodal structure in the α-α direction
direction and therefore it gains the kinetic energy when
the α-α distance is stretched. As a result, valence neu-
trons in the σ1/2-orbital enhance the cluster structure.
However, those in the π3/2,1/2-orbitals suppress the clus-
ter structure of neutron-rich Be to gain the potential
energy. Moreover, the cluster development even changes
ordering of single-particle energies of the MOs because
of the kinetic energy gain of the σ1/2-orbital. Namely,
the σ1/2-orbital comes down to the energy lower than the
ls-unfavored π1/2 orbital in the stretched 2α system.

Fig. 13 Schematic figures for cluster structures in 10Be,
11Be, and 12Be. For the molecular-orbital states, the 2α core
with the σ-orbital neutrons are illustrated. Experimental val-
ues of excitation energies are also shown. Reproduced from
Ref. [17].

As a result of the inversion between the π1/2- and σ1/2-
orbitals in the developed cluster system, the intruder
states with large deformation become the ground states
of 11Be and 12Be. The assignment of MO configurations
to observed band-head states of 10Be, 11Be, and 12Be are
illustrated in Fig. 13. Cluster-model and AMD calcula-
tions obtain remarkable cluster structures, in particular,
for the states having σ-orbital neutrons. The momentum
inertia deduced from the observed level spacing between
band members supports the theoretical prediction of the
developed cluster structures. An example is the energy
spectra of the Kπ = 0+2 band assigned to the σ2 config-
uration in 10Be (see Fig. 12).

6.2.2 N dependence of proton radii

In the ground states of Be isotopes, the weakening and
enhancement of cluster structures occur depending on
the neutron number as discussed previously. The cluster
structure change is induced by change of neutron struc-
ture. Namely, the neutron deformation is smallest at
N = 6 for 10Be, whereas it increases in 11Be and 12Be.

Fig. 14 Left: (a, b, c) Sketches of
molecular orbitals around the 2α core
in neutron-rich Be. (d) Sketch of single-
particle spectra for valence neutrons of
spherical shell-model orbitals and those of
molecular orbitals. Right: Radius (Rp) and
deformation parameter (βp) of proton dis-
tribution in Be isotopes. The theoretical
values calculated by the AMD+VAP using
the MV1 force are shown together with the
experimental data [103, 104] and the FMD
results [104]. Reproduced from Ref. [105].
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Reflecting this neutron deformation, the proton defor-
mation βp shows the similar N dependence; the proton
deformation is smallest not at N = 8 but at N = 6 for
10Be. The deformation change is nothing but the change
of cluster structure caused by added neutrons, and can
be easily understood by the MO configuration. The clus-
ter structure is weakest in 10Be because of the attractive
role of p3/2-orbital neutrons, where as it is enhanced in
12Be by the bonding mechanism of σ-orbital neutrons.

How one can experimentally observe the cluster struc-
ture change with increase of N in a series of isotopes?
N dependence of charge radii can be a good probe to
figure out the clustering, because it reflects the change
of clustering through the change of proton density dis-
tribution. Recently, systematic data of charge radii for
unstable nuclei became available. For neutron-rich Be
isotopes, charge radii up to 12Be have been precisely
measured by means of isotope shift [103, 104]. Figure
14 shows the calculated proton radii of Be obtained by
the AMD+VAP calculation and experimental values re-
duced from the observed charge radii. The proton ra-
dius of 9Be is relatively large in Be isotopes because of
the remarkably enhanced cluster structure, whereas it
decreases at N = 6 for 10Be and increases again in the
N > 6 region for 11Be and 12Be. The systematics of the
proton radii reflect the reduction and enhancement of the
cluster structure rather directly. The N dependence of
the calculated proton radii is consistent with the exper-
imental data. The increase of the proton radius in 12Be
is an indirect evidence of the N = 8 shell breaking as
pointed out in Ref. [104]. The minimum of proton radii
at N = 6 instead of N = 8 can be interpreted as appear-
ance of a new magic number at N = 6. The migration of
the neutron magic number from N = 8 to N = 6 can be
understood by the change from the single-particle spec-
tra of the spherical shell model to those of the MO in
the deformed cluster state as shown in the left panels of
Fig. 14.

The systematics of point-proton radii provides useful
information for cluster structure change of the ground
states along a series of isotopes. Nowadays, systematic
data of proton radii for neutron-rich nuclei are available
by means of charge changing reactions based on Glauber
analysis. The AMD prediction of enhanced cluster struc-
tures in neutron-rich B and weak clustering in neutron-
rich C will be tested by such experimental measurements
of proton radii by charge changing reactions in near fu-
ture.

6.2.3 Isovector dipole excitations in 9,10Be

Isovector (IV) low-energy dipole (LED) excitations is one
of the current issues concerning exotic excitation modes
in neutron-rich nuclei. In neutron-rich nuclei, the mode
of valence neutron oscillation against a core nucleus is

expected to contribute to the IVLED strengths. On the
other hand, the normal collective mode of the opposite
oscillation between protons and neutrons produces the
IV giant dipole resonance (IVGDR). In neutron-rich Be,
a variety of dipole excitations may be possible because
of excess neutron motions on top of the ground states
with the cluster structures. Questions to be answered
are whether LED resonances appear and how the GDR
is affected in the presence of excess neutrons.

The IV and IS dipole excitations in 9Be and 10Be
have been investigated using the sAMD+GCM [29].
The IV dipole (E1) strengths for 8Be(0+1 ) → 8Be(1−),
9Be(3/2−1 ) → 9Be(1/2+, 3/2+, 5/2+), and 10Be(0+1 ) →
10Be(1−) calculated by the sAMD are shown in
Figs. 15(a)–(c). The comparison of the calculation with
the experimental photonuclear cross sections for 9Be is
shown in Fig. 15(d).

The calculated IVGDR in 8Be shows a two peak struc-
ture as expected from the 2α cluster structure with a
prolate deformation. The lower peak at E = 20–25 MeV
is contributed by the longitudinal mode, whereas the
higher peak around E = 30 MeV is attributed by the
transverse mode of the 2α cluster. In 9Be and 10Be,
the strengths in the E > 20 MeV region correspond
to the IVGDR strengths, which are contributed by the
IV dipole strengths in the 2α core part. Roughly speak-
ing, the strengths in this energy region of 9Be and 10Be
also show two peak structures because of the prolately
deformed core. However, compared with the IVGDR
strengths in 8Be, the higher peak somewhat broadens
in 9Be and it is highly fragmented in 10Be because the
transverse mode of the core is strongly influenced by ex-
cess neutrons sitting in the transverse direction of the

Fig. 15 Energy-weighted E1 strengths in (a) 8Be, (b) 9Be,
and (c) 10Be obtained by the sAMD calculations. (d) Com-
parison of the calculated E1 strengths with experimental pho-
tonuclear cross sections for 9Be [118–120]. The calculated E1
strengths are smeared with the width γ = 2 MeV. Repro-
duced from Ref. [29].
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2α core. In contrast, the shape of the lower peak in 9Be
and 10Be is similar to that of 8Be, meaning that the lon-
gitudinal oscillation mod is not affected by the excess
neutrons.

Let us look at the E < 20 MeV region below the
IVGDR energy. The IVLED strengths appear in 9Be and
10Be because of the valence neutron motion against the
2α core. In 9Be, the IVLED strengths are well separated
from the IVGDR strengths and exhaust about 10% of
the energy weighted sum of the calculated E1 strengths
(20% of the Thomas–Reiche–Kuhn sum rule). This frac-
tion for the LED is consistent with the experimental LED
strengths [Fig. 15(d)]. However, the calculation under-
estimates the width of the IVGDR, maybe, because the
model space of the sAMD may not be sufficient to repro-
duce details of single-particle excitations. In 10Be, the
large E1 strengths obtained in E ∼ 15 MeV region cor-
respond to the coherent motion of two neutrons at the
surface of the 2α core. The LED modes in 10Be and their
isospin characters are discussed in the next section.

6.2.4 Isoscalar monopole and dipole excitations in 10Be

Also in unstable nuclei, IS monopole (ISM) and dipole
(ISD) excitations can be good probes for cluster states
[30, 69]. In 10Be, the cluster model and AMD calculations
predicted the dinuclear cluster resonances of 6He+α in
highly excited states above the the MO σ-bond (0+2 )
state (see the upper panel of Fig. 17 and references in
the caption). ISM excitations from the ground state in
10Be have been investigated by a 6He+α-cluster model
calculation [127]. In the calculation, the 6He+α GCM
calculation for the inter-cluster distance R between 6He
and α is performed, while taking into account p-shell
configurations of the 6He cluster. Details of the calcula-
tion are described in Refs. [122, 127]. The calculated ISM
strengths are shown in the lower panel of Fig. 17. The
6He+α cluster resonances above the α-decay threshold
(10.1 MeV in the calculation) are fragmented into sev-
eral states because of coupling with discretized contin-
uum states as well as channel coupling. Nevertheless, the

Fig. 16 Energy-weighted dipole strengths, EB(E1),
EB̃(CD), and EB̃(TD), for E1, CD, and TD modes of
10Be calculated with the sAMD+αGCM. The strengths
are smeared by the width γ = 1 MeV. Reproduced from
Ref. [121].

Fig. 17 Top: 0+ spectra of 10Be. Theoretical energies
are those obtained by the AMD+VAP [102], the 6He+α-
cluster GCM [122], the βγ-constraint AMD [27], the dineu-
tron condensation(DC)+AMD model [123], the stochastic
variational method of 2α+2n by Arai et al. [124], the gener-
alized two-center cluster model by Ito et al. [125], and the
6He+α-cluster GCM by Descouvemont et al. [126]. Bot-
tom: ISM strengths of 10Be obtained by the 6He+α-cluster
model calculation [122, 127]. Energy weighted strengths are
shown by dashed lines, and those smeared by Gaussian with
γ = 1/

√
π MeV are shown by solid lines. Reproduced from

Refs. [23, 127].

ISM strengths are still concentrated around E ∼ 15 MeV.
The peak in the ISM strengths is dominantly contributed
by the 6He(0+)+α resonance, whereas the broad distri-
bution in E = 12–20 MeV contains contributions from
both 6He(0+)+α and 6He(2+)+α cluster resonances. In
contrast to the significant ISM strengths for the cluster
resonances in this energy region, the ISM strength of the
0+2 state for the MO σ-bond state is small, because the
state dominantly contains the ISM transition from the
π2
3/2 configuration in the ground state to the σ2

1/2 con-
figuration in the 0+2 state is hard to occur.

For the dipole excitations, the significant ISLED
strengths have been reported in 1980s [128–130]. More
detailed strength functions of the ISD excitation have
been measured for various stable nuclei in 1990s and
2000s. The separation of the ISLED strengths from the
high-energy ISGDR strengths indicates possible appear-
ance of a new type ISD mode different from the com-
pressive dipole (CD) mode for the ISGDR. To under-
stand the origin of the ISLED strengths, a torus mode
(or a toroidal dipole (TD) mode) has been proposed by
hydro-dynamical models at the early stage [131, 132] and
discussed in this decade by microscopic approaches [133–
139]. In light nuclei, also cluster states may contribute
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to the ISLED strengths because the IS dipole operator
excites not only the compressive GRs but also the inter-
cluster motion [67]. To clarify natures of dipole excita-
tions in neutron-rich nuclei, the IS and IV characters of
the LED strengths have been investigated in experimen-
tal and theoretical studies.

We here discuss the E1, compressive, and toroidal
natures of the dipole excitations in 10Be based on the
sAMD+αGCM calculation [121]. Figure 16 shows the
calculated CD and TD strengths together with the E1
strengths. In the low-energy region, two kinds of dipole
excitations are obtained. One is the the 1−1 around 8
MeV and the other is the 1−2 around 15 MeV. The latter
has the remarkable E1 strength corresponding to the va-
lence neutron oscillation mode against the 2α core as dis-
cussed previously. The former has very weak E1 strength
and is almost invisible in the E1 strength function. In-
stead, the 1−1 state has significant IS CD strengths. More
interestingly, the 1−1 state is remarkably excited by the
TD operator indicating that this state has the TD char-
acter and is regarded as the TD mode. It means that two
different dipole modes exist in the low-energy region, the
toroidal dominant 1−1 and the E1 dominant 1−2 states.

To discuss properties of the two LED modes in 10Be,
we show the transition current densities for these two 1−

states in Fig. 18. The TD mode is characterized by the

Fig. 18 Vector plots of transition current densities for the
toroidal mode (0+1 → 1−1 ) and the E1 mode (0+1 → 1−2 ) in
10Be obtained with the sAMD+αGCM. The isoscalar and
isovector contributions of the current densities are plotted on
the X–Z plane at Y = 0 (scaled by a factor of 103). Schematic
figures in a cluster picture are also shown. Reproduced from
Ref. [121].

vortical nature in the nuclear current, which can be seen
in the 0+1 → 1−1 transition current density. The neutron
toroidal current gives significant contribution to the TD
strength but it gives almost no contribution to the E1
strength because it does not contain the translational
current. On the other hand, the transition current den-
sity for 0+1 → 1−2 shows the translational neutron current
at the surface corresponding to the opposite motion of
valence neutrons against the 2α core. In this transition,
the surface neutron current contributes to the remark-
able E1 strength, but the internal current from the 2α
core motion gives no contribution to the IV strength.

It is interesting to give an interpretation for these two
LED modes, the toroidal and E1 modes, in the cluster
picture of 2α+2n because the 0+1 , 1−1 , and 1−2 states have
such the cluster structures (see the top panel of Fig. 18).
The 0+1 → 1−1 excitation is interpreted as a rotational
mode of the deformed 6He cluster. The toroidal neutron
flow is caused by the surface neutron current around an
α cluster induced by the 6He-cluster rotation. On the
other hand, in the 0+1 → 1−2 excitation, the translational
neutron current is attributed by the surface neutron os-
cillation along the longitudinal direction of the 2α core.
In the 6He + α cluster picture, this mode can be inter-
preted as the L = 1 excitation of the relative motion
between 6He and α clusters. Moreover, both modes, the
6He-cluster rotation and the valence neutron oscillation,
couple with the inter-cluster motion. As a result of the
coupling, the significant CD strengths are obtained for
the 1−1 and 1−2 states as already shown in Fig. 16. To
test the theoretical prediction, experimental observation
of the CD (the normal ISD) strengths by inelastic α scat-
tering on 10Be is requested.

6.3 Linear chain states in neutron-rich C

Possibility of linear-chain nα structure is a long stand-
ing problem in theoretical and experimental studies. Ap-
pearance of the linear-chain 3α structure in 12C system
has been discussed for a long time. In the early stage, the
linear-chain 3α structure was proposed to assign 12C(0+2 )
by Morinaga et al. [140, 144], but this assignment con-
tradicts the α-decay width [142]. Later, it was found, in
3α-cluster model calculations for 12C, that the 12C(0+2 )
is not the linear-chain 3α state but a weakly bound 3α
state like a gas [32–44]. Possibility of the linear-chain
3α structure for higher excited states above the 12C(0+2 )
has been discussed with the cluster models, but such
the configuration was found to be unstable against the
bending motion [34, 143]. The results of cluster mod-
els are supported by the AMD and FMD calculations
[22, 25, 45, 46], in which only a bending chain-like struc-
ture was predicted in the 0+3 state.

Alternatively, the linear-chain 3α structure are ex-

Yoshiko Kanada-En’yo and Hisashi Horiuchi, Front. Phys. 13(6), 132108 (2018)
132108-19



Review article

pected in neutron-rich C because it can be stabilized by
excess neutrons. In these two decades, intensive studies
to search for the linear-chain 3α structure in 14C and
16C have been performed in both the experimental and
theoretical sides [109, 110, 143–151].

The βγ-constraint AMD combined with the GCM was
applied to 14C and predicted a linear-chain 3α config-
uration in excited states [109]. The calculated and ex-
perimental energy spectra of 14C are shown in Fig. 19.
The proton and neutron density distributions of the
linear-chain 3α state are also shown in the figure. The
linear-chain structure is stabilized by two excess neutrons
and constructs a Kπ = 0+ rotational band just above
the 10Be+α threshold energy. The obtained linear-chain
states show a 2α+2n correlation and can be interpreted
as the 10Be+α structure. As shown in the proton and
neutron density distributions, the 10Be cluster is a pro-
lately deformed state containing the 2α core. Another α
cluster is located at the head-on position of the deformed
10Be cluster resulting in the aligned 3α configuration in a
straight line. In the stabilization mechanism of the linear-
chain structure, the excess neutrons contribute to the
potential energy gain of the linear-chain structure. In
addition, the orthogonal condition to lower states also
plays an important role as blocking effect against the
bending motion in the linear-chain configuration.

Because of the large prolate deformation, the linear
chain structure produces the Kπ = 0+ band with the
small level spacing in the rotational spectra. Recently,
candidate states, 0+, 2+, and 4+, for the linear-chain
band have been reported by 10Be scattering experiments
on α [110, 111]. Also in 16C, a linear chain structure was

Fig. 19 Energy levels of 14C. The theoretical data
are those in Ref. [109] calculated with βγ-constraint
AMD+GCM. Proton and neutron density distributions for
the linear-chain Kπ = 0+ band are also shown. The dotted
lines are the experimental and theoretical 10Be+α threshold
energies. Reproduced from Ref. [109].

predicted with a constraint AMD calculation by Baba et
al. [151].

It should be commented that formation of 3α clusters
in 14C is not obvious. Indeed, it is indicated, in the βγ-
constraint AMD calculation, that the 3α clustering is
weak and even breaking (dissociated) in low-lying states
of 14,16C because of the excess neutrons, even though 3α
clusters are obtained in the excited states of neutron-rich
C.

7 Summary

We discussed cluster phenomena in light nuclei. As ex-
amples of typical cluster structures, cluster structures of
light stable nuclei such as 12C, 16O, and 20Ne were ex-
plained. Then, some topics of cluster phenomena in light
neutron-rich nuclei were introduced. We paid a partic-
ular attention on coexistence of cluster and shell-model
aspects while focusing on dissolution and formation of α
clustering.

As pointed out in the early stage of cluster physics,
the cluster formation at the nuclear surface can be un-
derstood as the four-nucleons correlation in the major
shell and particle-hole excitations. On the other hand,
spacial development of clustering is the large amplitude
phenomenon of inter-cluster motion beyond the mean-
field picture. The continuous description between shell-
model and cluster structures became able in microscopic
cluster models. In these decades, more flexible models
such as the AMD have been developed and enable us to
study cluster phenomena in general nuclei including un-
stable nuclei. These models are also useful to investigate
dissolution and formation of α clustering in sd-shell and
heavier systems, in which the α clustering is more or less
dissolved by the spin-orbit mean-potential.

One of the messages is that the cluster aspect is an
essential feature of nuclear systems as well as mean-field
(shell-model) aspect. This coexistence of two kinds of na-
tures, cluster and shell-model aspects, plays important
roles in the ground and excited states, and brings rich
phenomena in a wide region of nuclear chart. Moreover,
it should be commented that, in the progress of study
of cluster phenomena, the concept of nuclear clustering
itself has been extended to various phenomena related
to many-nucleon correlations beyond the mean-field pic-
ture. It is expected that further rich cluster phenomena
will be discovered in excited states and heavy-mass nu-
clei in future experimental and theoretical studies.
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