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After briefly reviewing the theoretical concepts and numerical methods in lattice QCD, recent sim-
ulation results of the hadron masses and hadron interactions with nearly physical quark masses are
presented. Special emphasis is placed on the baryon-baryon interactions on the basis of the HAL QCD
method where the integro-differential equation for the equal-time Nambu–Bethe–Salpeter amplitude
plays a key role to bridge a gap between the multi-baryon correlation and the scattering observable
such as the phase shift.
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1 Introduction

Lattice quantum chromodynamics (LQCD) allows first-
principle, gauge invariant and non-perturbative calcula-
tions of strongly interacting quarks and gluons [1]. In
the past 40 years, LQCD simulations have been exten-
sively applied to study heavy quark potentials, hadron
masses, hadronic matrix elements, QCD phase transi-
tion at finite temperature, and so on [2]. In recent years,
there are also progresses in deriving the baryon-baryon
interactions [3], which are particularly relevant to nuclear
physics and astrophysics.

*Special Topic: Simplicity, Symmetry, and Beauty of Atomic
Nuclei (Eds. Jie Meng, Takaharu Otsuka & Yu-Min Zhao).

The functional integral representation of the the Eu-
clidean QCD partition function Z on a finite spatial
box L3 and the temperature T is given by Z(T, V, J) =∫
[dAdq̄dq] exp(−

∫ 1/T

0
dτ

∫
L3 d3x (LE

QCD+JΞ) where the
Euclidean QCD Lagrangian in terms of quarks qα and
gluons Abµ is given by

LE
QCD = q̄α(ΓµD

αβ
µ +mδαβ)qβ +

1

4
GbµνG

b
µν , (1)

The quark mass matrix in the flavor space (u, d, s, · · · )
is denoted by m with the flavor indices suppressed.
The color covariant derivative is defined by Dαβ

µ =

∂µδ
αβ + igAαβµ , with xµ = (τ,x), ∂µ = (∂τ ,∇) and

the 3 × 3 matrix field, Aµ = Abµt
b. The field strength

tensor is Gµν = Gbµνt
b with Gbµν = ∂µA

b
ν − ∂νA

b
µ −

gfbcdA
c
µA

d
ν . The arbitrary external fields (such as the

external source of the quarks and gluons, external elec-
troweak fields etc) are denoted by J , with the corre-
sponding dynamical operators Ξ(A, q̄, q). The functional
integration measure for gluons and quarks is defined by
[dAdq̄dq] ≡

∏
x,color,spin,flavor dAbµ(x)dq̄α(x)dqβ(x). The

temporal boundary condition of the gluon (quark) field is
periodic (anti-periodic); Abµ(τ = 0,x) = Abµ(τ = 1/T,x),
q̄α(τ = 0,x) = −q̄α(τ = 1/T,x), and qβ(τ = 0,x) =
−qβ(τ = 1/T,x). The spatial boundary conditions are
not constrained and can be taken to be either periodic
or anti-periodic; the difference should disappear in the
thermodynamic limit, L → ∞. To calculate low-energy
hadron properties below 1 GeV, we need to evaluate the
functional integral with full quantum fluctuations. The

© Higher Education Press and Springer-Verlag GmbH Germany, part of Springer Nature 2018



Review article

lattice QCD provides a way to carry out such task nu-
merically in a gauge invariant manner.

In this article, we first review the theoretical concepts
and numerical methods of lattice QCD in Chap. 2, 3 and
4 on the basis of Ref. [4]. Then, we will discuss some of
the recent results of baryon-baryon interactions on the
lattice at nearly physical point (the pion mass is about
146 MeV) with large spacetime volume (8.1 fm)4 on the
basis of Refs. [5, 6].

2 Lattice QCD: Theoretical concepts

Let us first start with the Wilson line which is de-
fined on a path P connecting the point y and x in
the continuous Euclidean spacetime. By parametrizing
the path in terms of a coordinate z(s) with z(s =
0) = y and z(s = 1) = x, the Wilson line reads
UP (x, y;A) = P exp

(
ig
∫ 1

0
dsλµAµ

)
with λµ = dzµ/ds.

The path ordered symbol P is introduced, since Aµ =
Abµt

b is a matrix in the color space. The Wilson
line has the following properties: (i) UP (x, y;A) =
UP2

(x, z(s);A)UP1
(z(s), y;A), (ii) d

dsUP (z(s), y;A) =
[igλ(s) ·A(z(s))]UP (z(s), y;A), and (iii) UP (x, y;A) →
UP (x, y;A

V ) = V (x)UP (x, y;A)V
†(y) under local

gauge transformation. The gauge-invariant quark bilin-
ear q̄(x)UP (x, y;A)q(y), and the gauge-invariant Wilson
loop tr UP (x, x;A) turn out to be important building
blocks to define the QCD on the lattice.

Consider a four dimensional hyper-cubic lattice with
a lattice spacing a and the four dimensional volume
L4. Each lattice site is specified by nµ corresponding
to the Euclidean coordinates through xµ = anµ. The
link variable is a special unitary matrix connecting the
neighboring sites n and n + µ̂, Uµ(n) = exp (igaAµ(n)).
Here µ̂ implies a vector pointing the direction of µ
with a length a. Also, any non-minimal Wilson line on
the lattice is represented by a product of link-variables.
For later purpose, we introduce a link variable point-
ing the opposite direction as U−µ(n + µ̂) = [Uµ(n)]

†.
The smallest closed loop can be defined as Uµν(n) =
U†
ν (n)U

†
µ(n+ ν̂)Uν(n+µ̂)Uµ(n). Under local gauge trans-

formation, Uµ(n) → V (n)Uµ(n)V
†(n+ µ̂), it transforms

as Uµν(n) → UVµν(n) = V (n)Uµν(n)V
†(n).

In the continuum limit (a → 0), we have tr(Uµν(n) −
1) = − 1

4g
2a4(Gbµν(n))

2 + O(a5). Therefore, a gluon ac-
tion on the lattice, which reduces to the Yang-Mills ac-
tion in the leading order, reads

SG = β
∑
Pl

[
1− 1

Nc
Re tr Uµν(n)

]
=

1

g2

∑
n

∑
µ̸=ν

tr [1−Uµν(n)]
a→0−−−→ 1

4

∫
d4xGbµν(x)

2,

(2)

where
∑

Pl is a sum over all non-oriented plaquettes
(minimum square tile on the lattice with the area a2).
Note that β ≡ 2Nc/g

2 with Nc being the number of
colors (Nc = 3 for QCD). The lattice gluon action is
not unique in the sense that one may add arbitrary non-
minimal terms which vanish in the continuum limit.

There exist three types of gauge invariant objects
made of nearest neighbor fermions, q̄(n)q(n), q̄(n +
µ̂)Uµ(n)q(n), and q̄(n − µ̂)U−µ(n)q(n). Here one may
put any γ-matrices between q̄ and q without spoiling
the color gauge invariance. A special combination of the
above terms is called the Wilson’s fermion action

SF ≡ a4
∑
n′,n

q̄(n′)(mδn′,n +DW(n′, n;U))q(n)

−−−→
a→0

∫
d4xq̄(x)

(
ΓµDµ +m− ar

2
D2
µ

)
q(x), (3)

where the Wilson’s Dirac operator with the Wilson’s pa-
rameter r reads

DW(n′, n;U)=− 1

2a

∑
±µ

[δn′,n+µ̂(r+Γµ)Uµ(n)−rδn′,n] .

(4)

Here the Euclidean Dirac matrices are defined as Γµ ≡
(γ4 = γ0,−iγ), Γ−µ ≡ −Γµ, and Γ5 ≡ γ5, so that
they satisfy the relations, {Γµ,Γν} = 2δµν and Γ†

µ = Γµ
with µ = 1, 2, 3, 4, 5. One of the important properties of
DW(n′, n;U) is its Γ5 Hermiticity, Γ5DWΓ5 = D†

W.
The dispersion relation for free fermion can be ob-

tained from Eq. (3) by taking Uµ = 1 (or equiva-
lently g = 0) and substituting the Fourier transform,
q(n) =

∫ π/a
−π/a

d4p
(2π)4 eipµnµq(p). This leads to S

(free)
F =∫ d4p

(2π)4 q̄(−p)G
−1
F q(p) with the free fermion propagator,

GF(p) = (−i
∑
µ p̄µΓµ +m(p))/(

∑
µ p̄

2
µ +m2(p)), where

p̄µ = 1
a sin(pµa), m(p) = m(0) + r

a

∑
µ(1 − cos(pµa)).

Since sin(pµa) becomes zero for pµa = (0, 0, 0, 0),
(π, 0, 0, 0), (0, π, π, π), (π, π, π, π), there arise 24 = 16
degenerate fermions if we take r = 0. This is called
the fermion doubling problem on the lattice. In fact,
there is a no-go theorem by Nielsen and Ninomiya [7]:
The fermion doubling always exists, if the free fermion
action on the lattice has (i) bilinearity in quark field,
(ii) translational invariance, (iii) hermiticity (in the
Minkowski spacetime), (iv) locality in spacetime, and
(v) exact chiral symmetry. Indeed, (i)–(v) are all sat-
isfied for r = 0. In general, r ̸= 0 leads to a mass
splitting of 16 fermions: m(p) ≃ m(0) (∀pµ → 0) and
m(p) = m(0)+ 2r

a Nπ (∃pµ → π/a), where Nπ(= 1, 2, 3, 4)
being the number of π’s in pµa. This implies that we can
select only one light fermion by choosing m(0) ≃ 0 and
all the other 15 fermions have masses of O(1/a) for posi-
tive r. A price to pay is that the non-vanishing r breaks
chiral symmetry explicitly for finite a, i.e., {γ5, DW} ̸= 0
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even for m(0) = 0. Namely, the Nielsen-Ninomiya’s no-
go theorem is evaded by breaking the condition (v).

Better way to evade the no-go theorem is to break
the condition (v) in a way that the definition of chi-
ral symmetry is modified. Suppose we consider a mod-
ified chiral rotation in the flavor space, q → e−iθAΓ̂5q,
q̄ → q̄e−iθAΓ5 with Γ̂5 = Γ5(1− 2aDGW), which reduces
to the standard axial rotation for a → 0. Here DGW
is a generalized Dirac operator which is constructed so
that q̄DGWq is invariant under the above transforma-
tion even for finite a; Γ5DGW + DGWΓ̂5 = 0, or equiv-
alently {Γ5, DGW} = 2aDGWΓ5DGW. This is called the
Ginsparg-Wilson relation [8]. An explicit form of DGW
may be constructed as DGW = 1

2a (1 +X/
√
X†X) with

X ≡ D
(r=1)
W − m0, where m0a being a dimensionless

parameter of O(1). Unlike the case of m in the Wil-
son fermion, m0 is not directly related to the physi-
cal fermion mass. Nevertheless, if we choose the region
0 < m0a < 2, there exists an exact massless mode for
Nπ = 0 for finite a, and other 15 modes have a large
mass (2/a)(2Nπ −m0a) > 0.

The Wilson’s fermion action, Eq. (3), can be conve-
niently rewritten as

SF =
∑
n′,n

ψ̄(n′)F (n′, n;U)ψ(n),

with
F (n′, n;U) = δn′n − κ

∑
±µ

δn′,n+µ̂(r + Γµ)Uµ(n), (5)

where we have redefined the quark field as ψ=a3/2q/
√
2κ

with κ = [2(ma+4r)]−1 being the hopping parameter. If
the quark mass m is large, κ is small and the “hopping”
to the neighboring lattice site is suppressed.

The functional integration over quarks and gluons in
continuum QCD is now transformed to the integration
over quarks on each site and gluons on each link in lattice
QCD. With Eq. (2) and Eq. (5), the partition function
reads

Z =

∫
[dUdψ̄dψ]e−SG(U)−SF(ψ̄,ψ,U)

=

∫
[dU ]Det F (U)e−SG(U) =

∫
[dU ]e−Seff(U), (6)

where Seff(U) ≡ SG(U) − lnDetF (U). The integration
over the group element [dU ] =

∏
µ,n dUµ(n) can be de-

fined through the Haar measure dU which has the prop-
erty, d(VLUV

†
R) = dU with VL,R being arbitrary group

elements. Such a measure is unique for compact groups
such as SU(N).

Similar to the statistical systems such as the Ising
model, observables are obtained by averaging over the
statistical weight as ⟨O⟩ = 1

Z
∫
[dU ]O(U)e−Seff(U). Some

useful observables are shown in Fig. 1: (a) and (b) cor-
respond to the mesic and baryonic correlations, respec-
tively, while (c) is a correlation related to the baryon-
baryon interactions. The filled circles are the spacetime
points where the quarks and anti-quarks are created or
absorbed. Each line with arrow indicates the quark prop-
agator F−1(n, n′;U) connecting two spacetime points n
and n′. Thus, the explicit forms of the mesic and bary-
onic correlations are

CM(n, n′) =
1

Z

∫
[dU ]F−1

αβ (n, n
′;U)F−1

βα (n
′, n;U)e−Seff(U), (7)

CB(n, n
′) =

1

Z

∫
[dU ]ϵαβγϵα′β′γ′F−1

αα′(n, n
′;U)F−1

ββ′(n, n
′;U)F−1

γγ′(n, n
′;U)e−Seff(U), (8)

Fig. 1 (a) Single meson correlation representing the prop-
agation of a meson created at point n′ and absorbed at point
n. (b) Single baryonic correlation representing the propaga-
tion of a baryon created at point n′ and absorbed at point n.
(c) Two baryon correlation which contains the information
on baryon-baryon interaction. Reproduced from Ref. [4].

where all the color indices are contracted so that CM and
CB are gauge invariant. Spacetime, spin and flavor de-
pendences of CM(n, n′) in (a) and CB(n, n

′) in (b) have
all the information on the hadronic states in various dif-

ferent channels, while CBB(n,m, n
′,m′) in (c) has the

information on baryon-baryon interactions.

3 Lattice QCD: Numerical methods

Suppose we have a lattice having Ns (Nτ ) number of sites
in each spatial (temporal) direction. Then the total num-
ber of links is N3

s ×Nτ × 4, so that the total number of
gluon integrations

∫
[dU ] for a lattice size Ns = Nτ = 96

becomes (N3
s × Nτ × 4)links × 8color ∼ 3 × 109. This is

hopelessly a large number for standard methods of nu-
merical integration. In this case, the Monte Carlo (MC)
integration supplemented by the importance sampling,
which is a statistical way to evaluate the integral, plays
a powerful role. Most widely used method for generat-

Tetsuo Hatsuda, Front. Phys. 13(6), 132105 (2018)
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ing configurations in LQCD is the hybrid Monte Carlo
(HMC) method [9] and its variations.

The basic procedure of the HMC can be summarized
as follows: First, we rewrite the partition function by
introducing a conjugate momentum field π, so that Z is
transformed to a phase space functional integral,

Z =

∫
[dϕ]e−S(ϕ) =

∫
[dΦ]e−H(Φ),

H(Φ) =
1

2
π2 + S(ϕ), (9)

where Φ ≡ (ϕ, π) and [dΦ] ≡ [dϕdπ]. Then we follow the
steps below:

1) Start with arbitrary chosen initial configuration, ϕ.
2) Generate π with the Gaussian distribution,

PG(π) ∝ exp(−π2/2).
3) Evolve Φ under PH with the reversibility condition,

PH(Φ → Φ′) = PH(Φ
′
r → Φr) with Φr ≡ (ϕ,−π).

4) Accept the configuration Φ′ with the probability,
PA(Φ → Φ′) = min{1, e−∆H}, where ∆H = H(Φ′) −
H(Φ). This is called the Metropolis test [10].

5) If the new configuration Φ′ is accepted, go to Step
2 with ϕ′. Otherwise, keep the original ϕ and go to Step
2.

The above procedure satisfies the detail balance in
phase space, e−H(Φ)PA(Φ → Φ′) = e−H(Φ′)PA(Φ

′ → Φ),
which leads to the correct weight factor, Weq(Φ) =
e−H(Φ). In practice, the deterministic procedure based
on the Molecular Dynamics (MD) evolution along the
“computer” time s is useful:

d
ds

(
ϕ
π

)
=

(
0 1
−1 0

)(
δH(ϕ, π)/δϕ
δH(ϕ, π)/δπ

)
=

(
π

−δS(ϕ)/δϕ

)
.

(10)

This leads to PH(Φ → Φ′) = δ(Φ′ − Φ(s)), on the phase
space trajectories, Φ = Φ(0) → Φ(s). MD is a nice way
to evolve the whole variables on the lattice at once. The
computer time s needs to be discretized with a step size ε,
which brings inevitable numerical error in MD. However,
the Metropolis test in Step 4 eliminates such error so that
no extrapolation to ε = 0 is required in HMC. There are
numerical algorithms in MD to satisfy the reversibility
and preserve the phase space area exactly for finite ε.
The leapfrog integrator is one of such algorithms widely
used in LQCD. Since it conserves the Hamiltonian with
0(ε2) accuracy, the acceptance rate in Step 4 can be kept
high.

In LQCD simulations, we need to treat the special
unitary matrices Uµ(n) as dynamical variables, i.e., the
MD should be performed on the SU(Nc) group mani-
fold. The appropriate choice of the conjugate momen-
tum would be the element of the Lie algebra, Pl =
Ral t

a = −i(dUl/ds)U−1
l where we have abbreviated the

link index n and site index µ as l for simplicity. This

leads to the equation of motion for Ul, i.e., dUl/ds =
iPlUl. The effective Hamiltonian is naturally written as
H = tr

∑
l P

2
l + Seff(U). Then the time-parameter inde-

pendence dH/ds = 0 leads to the equation of motion,
dPl/ds = −i

∑
i,j t

a(taUl)ij∂Seff(U)/∂(Ul)ij . In the ac-
tual simulations, the ln Det F (U) part of the effective
action is treated by introducing a set of bosonic vari-
ables (pseudofermions) through the identity, Det F =
(Det F−1)−1 =

∫
[dχ∗dχ] exp

(
−
∑
IJ χ

∗
IF

−1
IJ χJ

)
, where

I and J stand for all possible internal and spacetime in-
dices carried by F . For further details of HMC (and its
variations) with pseudofermions, see the review [11].

There are two kinds of errors in the data obtained from
LQCD simulations. (i) Systematic errors: They are re-
lated to the lattice spacing a, the lattice volume L3, and
the quark masses m. During the continuum extrapo-
lation (a → 0) and the thermodynamic extrapolation
(L → ∞) under the guidance of the asymptotic scaling
for small a and the finite size scaling for large L, some
systematic errors are brought in. (ii) Statistical error:
It originates from the importance sampling. A very use-
ful procedure to estimate the statistical error commonly
used in LQCD is the jackknife resampling method. For
example, consider the mean and the unbiased variance
of a certain quantity O,

⟨O⟩ = 1

N

N∑
n=1

O(n) ±
√
σ2(O)

N
,

σ2(O) =

(
N

N − 1

)
1

N

N∑
n=1

(O(n) − ⟨O⟩)2, (11)

where the factor N
N−1 is called the Bessel’s correc-

tion. The jackknife samples are obtained by O(n)
J =

1
N−1

∑
n′ ̸=nO(n′) with n = 1, · · · , N. If we need to make

a quick estimate of the mean and the variance of a func-
tion f(O), we have

⟨f(OJ)⟩ =
1

N

N∑
n=1

f(O(n)
J )±

√
σ2
J(f)

N
,

σ2
J(f) = (N − 1)

N∑
n=1

(f(O(n)
J )− ⟨f(OJ)⟩)2. (12)

For f(O) = O, we recover the original mean and vari-
ance; ⟨OJ⟩ = ⟨O⟩ and σ2

J(O) = σ2(O). One can gener-
alize this procedure by dividing N into Nb = N/nb with
the bin-size nb and create the Nb jackknife samples.

4 Light hadron masses

Meson and baryon masses can be calculated with high
accuracy by LQCD simulations with dynamical quarks.

132105-4
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The starting point is the hadronic correlation functions
CH=M,B(n, n

′) in Eqs. (7) and (8) integrated over the
spatial coordinates, n and n′,

CH(τ) =
∑
n,n′

CH(n, n
′) −−−−→

τ→∞
|ZH|2e−MHτ , (13)

where τ = (n4 − n′4)a is the temporal distance be-
tween the source at n′ and the sink at n, and MH (ZH)
corresponds to the mass (the pole residue) of a light-
est bound state in each channel. If the temporal ex-
tent of the lattice is infinite, one can extract the hadron
mass from the formula, MH = −(1/τ) lnCH(τ)|τ→∞. In
practice, the effective mass defined below is more use-
ful, aM eff

H (τ) = ln(CH(τ)/CH(τ + a)). The asymptotic
plateau of the effective mass at large τ corresponds to
the hadron mass. In actual simulations, the temporal
extent is limited (0 ≤ τ/a ≤ Nτ ), so that the ex-
ponential damping of Eq. (13) is replaced by CH →
exp[−MHτ ] ± exp[−MH(Nτa − τ)] where +(−) for the
periodic (anti-periodic) boundary condition.

Shown in the left panel of Fig. 2 is the M2
π-dependence

of the N and Ω masses for three different values of a [12].
The crosses are the values extrapolated to the continuum
limit and to the physical pion mass. The N and Ω masses
predicted from LQCD and corresponding experimental
numbers are

MLQCD
N = 0.936(25)(22) GeV,

MLQCD
Ω = 1.676(20)(15) GeV, (14)

M exp.
N = 0.939 GeV,

M exp.
Ω = 1.672 GeV. (15)

Note that the numbers in the first (second) parenthesis
in Eq. (14) represent the statistical (systematic) errors
on the last digits. Shown in the right panel of Fig. 2 is
the high precision numerical results of the hadron mass
splittings obtained by the QCD+QED lattice simula-

tions with dynamical u, d, s, c quarks [13]. The horizon-
tal lines are the experimental values and the grey shaded
regions represent the experimental errors. Red dots are
the lattice results with their uncertainties denoted by
the vertical error bars. The neutron-proton mass differ-
ences from numerical simulations and the corresponding
experimental numbers are

(Mn −Mp)
LQCD+QED=∆N = 1.51(16)(23) MeV, (16)

(Mn −Mp)
exp. = 1.29 MeV. (17)

Since all hadrons are composite particles of quarks and
gluons, there are numerous excited states [14]. To extract
the properties of the excited hadrons from LQCD, the
asymptotic form as shown in Eq. (13) is not sufficient,
and more sophisticated methods such as the maximal
entropy method (MEM) (reviewed in [15]) and the vari-
ational method (reviewed in [16]) are necessary.

5 Baryon-baryon interactions

Understanding of the nuclear force from QCD is one of
the most challenging problems in nuclear physics. Sev-
eral high precision phenomenological NN forces have
been constructed to reproduce the neutron-proton and
proton-proton scattering data (about 4500 data points)
with a χ2/dof ∼ 1. However, they have typically 20–40
fitting parameters: e.g. the CD Bonn potential, AV18
potential and N3LO chiral effective field theory have 38,
40, and 24 parameters, respectively [17]. If one tries to
extend these to hyperon-nucleon and hyperon-hyperon
interactions, the task becomes extremely tough since the
number of parameters increases and the scattering data
are scarce. Under this situation, it is highly desirable
to study baryon-baryon interactions from first princi-
ple LQCD simulations, where all the hadronic interac-
tions are controlled only by the QCD coupling g and the

Fig. 2 (a) Hadron masses under the changes of the M2
π as well as the lattice spacing a [12]. (b) Mass splittings in channels

that are stable under the strong and electromagnetic interactions. ∆N = Mn −Mp, ∆Σ = MΣ− −MΣ+ , ∆Ξ = MΞ− −MΞ+ ,
∆D = MD± −MD0 , ∆Ξcc = ∆Ξ++

cc −∆Ξ+
cc, ∆CG = ∆N −∆Σ+∆Ξ [13].

Tetsuo Hatsuda, Front. Phys. 13(6), 132105 (2018)
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quark mass m whose values are pretty well determined
at present by the precision QCD simulations [18].

The finite volume method (FVM), a theoretical frame-
work to study hadron-hadron interactions from LQCD,
was first proposed by Lüscher [19]: For two hadrons in
a finite box with a spatial size L3, an exact relation
between the energy spectra in the box and the elas-
tic scattering phase shift can be derived. If the range
of the hadronic interaction RQCD is sufficiently smaller
than the size of the box RQCD < L/2, behavior of the
equal-time Bethe–Salpeter amplitude (or more precisely
the Nambu–Bethe–Salpeter (NBS) amplitude) ψ(r) in
the interval RQCD < |r| < L/2 has sufficient infor-
mation to relate the phase shift and the energy shift
∆E =MHH − 2MH.

The HAL QCD method was proposed as another the-
oretical framework to study the hadron-hadron interac-
tions from LQCD by Ishii, Aoki and Hatsuda [3] and
was further developed by HAL QCD Collaboration [20].
The starting point is the same equal-time NBS amplitude
ψ(r): Instead of looking at the amplitude outside the
range of the interaction, the internal region |r| < RQCD
is considered and an energy-independent non-local po-
tential U(r, r′) is deduced from ψ(r). Since U(r, r′) in
QCD is spatially localized due to the confinement of
quarks and gluons, it is affected only weakly by the finite
lattice volume. Physical quantities such as the scattering
phase shifts, bound state spectra, and resonance energies
can be calculated by solving the integro-differential dif-
ferential equation satisfied by ψ(r) with U(r, r′).

Recently, a detailed comparison between the FVM
and the HAL QCD method has been carried out: Al-
though they agree with each other quite accurately for
non-resonant pion-pion scattering, large signal to noise
ratio inherent in the effective mass ∆Eeff(τ) for baryon-
baryon systems [21] turns out to be a fatal blow for FVM
to extract scattering observables [22–24].

5.1 Master equation in HAL QCD method

Let us consider the baryon-baryon correlation in Fig. 1(c)
and define the equal-time NBS amplitude ψℓ(r, τ) from
its large τ behavior:

CBB(r, τ) =
∑

n′,m′

CBB(n,m, n
′,m′)|n4=m4,n′

4=m
′
4

→
∑
ℓ

aℓψℓ(r, τ)e−Eℓτ , (18)

where r = (n−m)a, τ = (n4 −n′4)a, and ψℓ(r, τ) being
the NBS wave function for ℓ-th scattering state on the
lattice. For large lattice size, Eℓ is very dense, so that
it is impossible to identify each level. This causes a fa-
tal problem in FVM as mentioned above. On the other
hand, if we define CBB(r; τ) = R(r, τ)e−2MBτ , the fol-

lowing integro-differential equation can be derived below
the inelastic threshold (τ > M−1

π ),{
1

4MB

∂2

∂τ2
− ∂

∂τ
−H0

}
R(r, τ)=

∫
d3r′U(r, r′)R(r′, τ),

(19)

with H0 = −∇2/MB. This is the master equation which
has the correct information of the S-matrix and hence
the scattering phase shift for elastic BB scatterings [20].

If we further focus on the energies much below the in-
elastic threshold, the velocity expansion of U(r, r′) in
terms of its non-locality can be adopted. In fact, the
potential with hermiticity, rotational invariance, par-
ity symmetry, and time-reversal invariance may be ex-
panded as [25]

U(r, r′) = V (r,v)δ(r − r′)

with

V (r,v)=VC(r) + VT(r)S12︸ ︷︷ ︸
LO

+VLS(r)L · S︸ ︷︷ ︸
NLO

+O(v2)︸ ︷︷ ︸
N2LO

+ · · · ,

(20)

where v = p/(MB/2), L = r × p, p = −i∇ and
S12 = 3(σ1 ·r)(σ2 ·r)/r2−σ1 ·σ2. The central potential
VC and the tensor potential VT are classified as the lead-
ing order (LO) potentials since they are of O(v0). The
next-to-leading (NLO) potential of O(v) is the spin-orbit
potential VLS(r).

5.2 Nearly physical point simulations

By using the 11 PFlops supercomputer K at RIKEN
Center for Computational Science, (2 + 1)-flavor gauge
configurations on the 964 lattice are generated with the
Iwasaki gauge action at β = 1.82 and nonperturba-
tively O(a)-improved Wilson quark action with stout
smearing [27, 28]. The lattice spacing is a ≃ 0.0846 fm
(a−1 ≃ 2.333 GeV) and the pion mass, the kaon mass and
the nucleon masses are mπ ≃ 146 MeV, mK ≃ 525 MeV
and mN ≃ 964 MeV, respectively. (These masses are
higher than the physical values by about 8%, 6% and 3%,
respectively, due to slightly larger quark masses at the
simulation point.) The lattice size, La ≃ 8.1 fm, is suffi-
ciently large to accommodate two baryons in a box. We
employ the wall quark source with the Coulomb gauge
fixing, and the periodic (Dirichlet) boundary condition
is used for spatial (temporal) directions.

5.3 Two-body potentials in irreducible flavor basis

Shown in Fig. 3 are the S-wave interaction between octet
baryons in the flavor irreducible basis:

8⊗8 = (27⊕8s⊕1)sym.⊕(10∗⊕10⊕8a)anti−sym., (21)
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Fig. 3 Potential of baryon-baryon S-wave interactions in the irreducible flavor basis, which are obtained by rotating data
of hyperon interaction potentials in strangeness S = −2 sector [5].

where “sym.” and “anti-sym.” stand for the flavor sym-
metry under the exchange of two baryons. For orbital
S-wave, the Pauli principle between two baryons imposes
27, 8s and 1 to be spin singlet (1S0) while 10∗, 10 and
8a to be spin triplet (3S1). Then one may define the
potential in each channel as

1S0 : V (27)(r), V (8s)(r), V (1)(r),

3S1 : V (10∗)(r), V (10)(r), V (8a)(r). (22)

• The upper left panel of Fig. 3 is the central poten-
tial V (27)(r) to which the 1S0 nucleon-nucleon potential
belongs. It has a repulsive core at short distance and an
attractive pocket at intermediate distance.

• As shown in the upper right panel of Fig. 3, the struc-
ture of the potential is quite different for V (1)(r) to which
the flavor singlet H dibaryon (composed of uuddss) be-
longs. There is no repulsive core and the attraction in-
creases as the pion mass decreases.

• The middle left and lower left panels of Fig. 3
are the central potential and the tensor potential of
V (10∗)(r), respectively. The 3S1 nucleon-nucleon poten-

tial belongs to this channel. The central part has a simi-
lar structure as the 1S0 channel, while the tensor part has
rather strong attraction with the longest range. The lat-
ter aspect is qualitatively consistent with the one-pion-
exchange picture.

5.4 Di-omega: The most strange dibaryon

So far, only one stable dibaryon, the deuteron, has been
observed experimentally. It is a loosely bound system of
the proton and the neutron in spin-triplet and isospin-
singlet channel. In recent years, there are renewed exper-
imental interests in the dibaryons due to exclusive mea-
surements in hadron reactions [29] as well as the direct
measurement in relativistic heavy-ion collisions [30].

All the members of 8 are stable under strong decay.
This is why the forces between octet baryons in 8 ⊗ 8
are most relevant in the physics of hypernuclei and of
neutron stars. Also, the elusive H-dibaryon (a combina-
tion of ΛΛ, NΞ and ΣΣ) is in this representation [31]
and does not suffer from the Pauli exclusion principle in
the flavor-SU(3) limit. On the other hand, only Ω in 10

Tetsuo Hatsuda, Front. Phys. 13(6), 132105 (2018)
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Fig. 4 (a) The ΩΩ potential V (r) in the 1S0 channel at Euclidean time t/a = 16, 17, and 18 [6]. (b) The ΩΩ phase shift
δ(k) in the 1S0 channel as a function of the center of mass kinetic energy ECM = 2

√
k2 +m2

Ω − 2mΩ [6].

Fig. 5 (a) The dimensionless ratio of the effective range reff and the scattering length a0 as a function of reff for di-Omega
in the 1S0 channel as well as for the spin-triplet NN system (the deuteron channel) and for the spin-singlet NN system (the
neutron-neutron channel). (b) Bound state energy of the di-Omega and the root-mean-square distance between Ωs obtained
from the potential. Filled diamond (triangle) corresponds to the result at t/a = 17 without (with) the Coulomb repulsion.
The statistical errors are shown by the solid lines, while the systematic errors estimated from the difference between the data
at t/a = 17 and those at t/a = 16, 18 are shown by the dashed lines. Reproduced from Ref. [6].

is stable under strong decay. Therefore, in the 8 ⊗ 10
representation, the most promising candidate of stable
dibaryon is NΩ [32]. The Pauli exclusion principle does
not work in this case too, so that there is a possibil-
ity to have a bound state in the S-wave and total-spin 2
channel [33]. Such a system is indeed studied by the two-
particle momentum correlation in high-energy heavy-ion
collisions both theoretically and experimentally [34].

In the decuplet-decuplet channnel, we have

10 ⊗ 10 = (28 ⊕ 27)sym. ⊕ (35 ⊕ 10∗)anti-sym.. (23)

Only possible stable state under strong decay is the ΩΩ
system in the symmetric 28 representation. Again, the
quark Pauli principle does not operate in this channel
[35]. Note that the celebrated ABC resonance (∆∆ in the
spin-3 and isospin-0 channel) [29, 36] belongs to the anti-
symmetric 10∗ representation, while ∆∆ in the spin-0
and isospin-3 channel is in the same multiplet with ΩΩ.
The ΩΩ interaction at low energies has been investigated
so far by using phenomenological quark models [37–40].

Under this situation, the di-omega (the ΩΩ system) in
the 1S0 channel (the most strange dibaryon) has been
studied on the basis of the (2+1)-flavor lattice QCD

simulations with a large volume (8.1 fm)3 and nearly
physical pion mass mπ ≃ 146 MeV at a lattice spac-
ing a ≃ 0.0846 fm [6]. The 1S0 potential V (r) obtained
from Eq. (19) with the lattice measurement of R(r, t) is
shown in Fig. 4(a) for t/a = 16, 17, and 18. The sta-
tistical errors for V (r) at each r are estimated by the
jackknife method with the bin size of 40 configurations.
We observe that the potentials at t/a = 16, 17, and 18
are nearly identical within statistical errors as expected
from the time-dependent HAL QCD method [20]. The
di-omega potential V (r) has qualitative features simi-
lar to the central potential of the nucleon-nucleon (NN)
interaction, i.e., the short range repulsion and the inter-
mediate range attraction. There are, however, two quan-
titative differences: (i) the short range repulsion is much
weaker in the di-omega case possibly due to the absence
of quark Pauli exclusion effect, and (ii) the attractive
part is much short-ranged due to the absence of pion
exchanges.

We fit V (r) in Fig. 4(a) in the range r = 0 − 6 fm by
three Gaussians, and calculate the ΩΩ scattering phase
shifts δ(k) in the 1S0 channel as shown in Fig. 4(b) as a
function of the kinetic energy in the center of mass frame,
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ECM = 2
√
k2 +m2

Ω − 2mΩ. The error bands reflect the
statistical uncertainty of the potential in Fig. 4. All three
cases show that δ(0) starts from 180◦, which indicates the
existence of a bound ΩΩ system.

The scattering length a0 and the effective range reff in
the 1S0 channel is extracted from δ(k) through the effec-
tive range expansion, k cot δ(k) = − 1

a0
+ 1

2reffk
2 + · · · ,

with the sign convention of nuclear and atomic physics:

a
(ΩΩ)
0 = 4.6(6)(+1.2

−0.5) fm, r
(ΩΩ)
eff = 1.27(3)(+0.06

−0.03) fm.
(24)

In Fig. 5(a), the dimensionless ratios, reff/a0 as a func-
tion of reff are plotted for the ΩΩ system in the 1S0

channel as well as those for the spin-triplet NN system
(the deuteron channel) and for the spin-singlet NN sys-
tem (the neutron-neutron channel). Shown in Fig. 5(b)
is the bound state energy and the root-mean-square dis-
tance (

√
⟨r2⟩) of the ΩΩ bound state obtained from the

potential. The binding energy without Coulomb repul-
sion shown by the blue diamond in Fig. 5(b), B(QCD)

ΩΩ =
1.6(6)(+0.7

−0.6) MeV, is consistent with the value obtained
from the general formula for loosely bound states [41];
BΩΩ = 1

mΩr2eff

(
1−

√
1− 2reff

a0

)2

≃ 1.5 MeV. Associated
with this small binding energy,

√
⟨r2⟩ is as large as 3–4

fm which is consistent with the expectation,
√
⟨r2⟩ ∼ a0,

for loosely bound states. The Coulomb repulsion can be
evaluated by adding α/r with α = e2/(4π) to the poten-
tial obtained from lattice QCD, i.e., V (QCD+Coulomb) ≡
V (QCD) + α/r. This reduces the above binding energy
by a factor of two, B(QCD+Coulomb)

ΩΩ = 0.7(5)(5) MeV as
shown in Fig. 5(b) by the red triangle.

The small binding energy BΩΩ as well as the large
scattering length a

(ΩΩ)
0 are the natural consequence of

the large cancellation between the long-range attraction
and the short-range repulsion of V (r), a situation com-
mon in nuclear and atomic physics. Although V (r) is not
a direct observable, it provides an important intermedi-
ate step to link the QCD scale (GeV) to nuclear physics
scale (MeV), since it is hopeless to measure the bind-
ing energy directly from lattice QCD using the FVM for
large lattice volumes and physical quark masses [24].

From the phenomenological point of view, such a sys-
tem can be best searched by the measurement of pair-
momentum correlation C(Q) with Q being the rela-
tive momentum between two baryons produced in rel-
ativistic heavy-ion collisions [30]. Experimentally, each
Ω can be identified through a successive weak decay,
Ω− → Λ+K− → p+ π− +K−. Note that a large scat-
tering length is the important element for C(Q) to have
characteristic enhancement at small relative momentum
Q. Moreover, the effect of the Coulomb interaction can
be effectively eliminated by taking a ratio of C(Q) be-
tween small and large collision systems [34].

6 Summary

Lattice QCD for single-hadron has reached the level of
precision science with an accuracy of O(1%). Moreover,
the multi-hadron, in particular the two-baryon systems,
can be studied with nearly physical quark masses on a
large lattice box. This enables us to make a solid connec-
tion between the fundamental laws of strong interaction
(QCD) and the many-baryon systems (atomic nuclei and
neutron stars). Simultaneous developments of theoreti-
cal frameworks, fast numerical algorithms and the fast
supercomputers turn out to be crucial for such progress.
Lattice QCD is now used to make theoretical predictions
for future experiments in nuclear physics: Weakly bound
di-Omega predicted by HAL QCD Collaboration is a first
example of such prediction.
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