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We address the case in which querying the oracle in Grover’s algorithm is exposed to noise including
phase distortions. The oracle-box wires can be altered by an opposing party that tries to prevent
reception of correct data from the oracle. This situation reflects an experienced truth that any access
to prophetic knowledge cannot be common and direct. To study this problem, we introduce a simple
model of collective phase distortions on the basis of a phase-damping channel. In the model, the
probability of success is not altered via the oracle-box wires per se. Phase distortions of the considered
type can hardly be detected via any one-time query to the oracle. However, the probability of success is
significantly changed when such errors are introduced as an intermediate step in the Grover iteration.
We investigate the probability of success with respect to variations of the parameter that characterizes
the amount of phase errors. It turns out that the probability of success decreases significantly even
if the error is not very high. Moreover, this probability quickly reduces to the value of one half,
which corresponds to the completely mixed state. We also study trade-off relations between quantum

coherence and the probability of success in the presence of noise of the considered type.

Keywords Grover’s algorithm, phase noise, relative entropy of coherence
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1 Introduction

In the last few decades, quantum effects have found a
new field of applications for information processing [1].
Shor’s discovery [2] famously led to numerous quantum
algorithms for algebraic problems [3-5]. Grover’s search
algorithm [6-8] is another fundamental result. The am-
plitude amplification technique that it inspired is widely
used as one of the primary tools in building quantum
algorithms [9]. The Shor’s and Grover’s algorithms may
be more closely related than they initially seem [10]. The
study of quantum algorithms is a part of recent efforts
to realize emerging technologies in quantum informa-
tion processing. The Grover algorithm is optimal for
searching by means of queries to the oracle [11, 12]. The
user invokes the oracle to process any item, whereas the
database itself is not represented explicitly. The original
formulation has been modified with particular blocks of
a more general kind. In addition, the amplification pro-
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cess may start with an arbitrary initial distribution of
amplitudes. Generalized versions of Grover’s algorithm
have been analyzed thoroughly [13-16].

Algorithms of amplitude amplification are related to
the case when users access the so-called oracle. The ora-
cle denotes some black box that is able to calculate val-
ues of the desired Boolean function. Users query the box
by inputting concrete values of the argument. In real-
ity, access to the oracle may be impeded and unreliable.
Because of the wide applicability of amplitude amplifi-
cation techniques, this problem merits detailed investi-
gation. The oracle-box wires are inevitably exposed to
noise, even if the amount is low. In addition, the wires
may be affected due to activity of an opposing party.
There are many possible scenarios in which the above
questions could be examined. In this work, we address
one such scenario. In spite of its simplicity, we disclose
some unexpected corollaries of the collective phase flips
in the oracle-box wires. In the model considered, queries
to the oracle are exposed to phase flips described simi-
larly to the phase damping of a qubit. We also discuss
the relative entropy of coherence from the viewpoint of
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its trade-off with the probability of success.

The paper is organized as follows. The preliminary
material is given in Section 2. In Section 3, we introduce
the model of collective flips that occurs in the oracle-box
wires. The used model leads to the recursion equation
in terms of the effective Bloch vector. From the view-
point of noise amount, two certain cases should be distin-
guished. In Section 4, we examine changes of the proba-
bility of success after repeated Grover’s iterations under
collective phase flips. It was found that the Grover search
algorithm is very sensitive to distortions of the consid-
ered type. Using the relative entropy of coherence, we
further study the trade-off relations with the probabil-
ity of success. In Section 5, we conclude the paper with
a summary of our results. Appendix A is devoted to
solutions of the derived recursion equation.

2 Preliminaries

In this section, the required material will be reviewed.
We begin with linear algebra. Some aspects of the Grover
search algorithm, quantum noise, and coherence mea-
sures will also be presented. The singular values of a
rectangular m x n matrix Z, s;(Z), are defined as the
square roots of the eigenvalues of the positive semidefi-
nite matrix Z'Z [17]. The number of non-zero singular
values is equal to rank(Z) < min{m,n}. The matrices
Z'Z and ZZ' have the same non-zero eigenvalues. For
q € [1; 00], the Schatten g-norm is defined as [17]

rank(Z) /4

S s . (1)

j=1

1Zllg =

In the following, we will use the Frobenius norm ||Z||5 :=
Vtr(ZtZ) and the spectral norm ||Z||oo := maxs;(Z).
One of the important properties of the Schatten norm is
expressed by the inequality (see, e.g., formula (1.175) in
[17])

IXYZ][q < [ Xlloc Y llql|Z]loo- (2)

Let us recall the original formulation of Grover’s search
algorithm. The search space contains N = 2" items
denoted by binary n-string z = (z1---x,) with z; €
{0,1} such that = € {0,1,..., N —1}. The problem is to
find one of the marked items that form some set M. By
M°C, we mean the complement of this set. Without loss
of generality, we can assume 1 < [M| < N/2.

Checking items, the algorithm appeals to the so-called
“oracle.” For the each given x, the oracle returns the
value of Boolean function x — F(z) such that F(z) =1
for # € M and F(z) = 0 for x € MC®. The algo-
rithm initializes the n-qubit register to |0). Applying the
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Hadamard transform, one obtains the distribution with
equal amplitudes, namely

HO) = = 3 [o) Q

Such superpositions are used to realize the quantum par-
allelism [18]. Furthermore, we repeat the Grover itera-
tion involving two steps. The first step of querying the
oracle can be represented by the rotation operator

N-1

1= (1) a)al. 4)

=0

By (4), the amplitudes of marked states are all multi-
plied by the phase factor exp(im) = —1. This step has
been generalized to other values of the phase [13, 15].
Because we shall focus on the influence of noise, such
generalizations are not considered in the following. The
second step of the Grover iteration realizes the inversion
about the mean [19]. Tt is described by the operator

K = 2H[0)(0|H — 1, (5)

where 1 is the identity operator of the corresponding
size. We can sometimes replace (5) with a more general
block. Such algorithms were analyzed in [13, 15]. Thus,
the standard Grover iteration is written as

G = KJ. (6)

In the standard formulation, the initial distribution of
the amplitudes is taken in the form (3). Then, the evo-
lution of amplitudes can be described within the two-
dimensional picture. Let us define the normalized super-
positions of the unmarked and marked states as

1
T IUN=M Z |), (7)

1
m) = —— x). 8
m) = = 3 Ja 0
We will also use the parameter 6§ € (0;7/2) such that
cosf =1—2M /N, whence

0 M 0 M
in2 _ = — 2 - = _—
sin” 5 , cos” g 1 . (9)

Writing operators as matrices in the basis {|w), |m)}, we
have J = diag(+1, —1) = o, and

K — (cosa sin @ ) (10)

sinf —cos@

Hence, the operator (6) is simply represented as [19]
cosf —sinf
= (sin@ cos 6 ) (11)
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Thus, each Grover iteration rotates the register state by
0 towards the superposition |m). We wish to address the
case when querying the oracle is exposed to noise. To
obtain explicit results, we restrict the consideration to
sufficiently simple models of errors.

Entanglement is a key resource in quantum computa-
tions. Due to findings of the papers [20, 21], quantum
speed-up without entanglement is hardly possible. To
analyze the nature of quantum algorithms, we should
think about correlations in the context of prescribed
bases. This question is related to changes of quantum co-
herence of the register during computational processes.
The framework for studies of coherence as purely quan-
tum feature was developed recently [22, 23]. Concern-
ing amplitude amplification, trade-off relations between
quantum coherence and the probability of success is an
important questions. We shall address this question in
the case, when queries to the oracle are exposed to phase
flips of certain type. To do so, the relative entropy of co-
herence will be utilized.

In general, various approaches to measure quantum
correlations were discussed [23-26]. The authors of [22]
developed a list of axioms that should be satisfied by any
proper quantifier of coherence. As a rule, each candidate
to quantify the amount of coherence is associated with
some distinguishability measure. Let us take the set Z
of all diagonal density matrices such that

N-1 N-1
6= Z b(x)|z) (x|, Z b(x) = 1. (12)
=0 =0

We question how far the given state is from the states
that are completely incoherent in the computational ba-
sis. Using the quantum relative entropy as a measure of
distinguishability leads to the relative entropy of coher-
ence. The quantum relative entropy of p with respect to
w is defined as [17, 27]

if ran(p) C ran(w),

_ Jtr(plnp— plhw),
Di(pllw) := { otherwise.

+00,
(13)
By ran(p), we mean here the range of p. Based on the

quantity (13), the corresponding coherence measure is
introduced as [22]

Ci(p) := min Dy (p||6). (14)

The minimization has led to the expression [22]

Ci(p) = S1(paiag) — S1(p), (15)
where S1(p) = —tr(plnp) is the von Neumann entropy
of p, and

N-1

paing = Y _ p(@)lz){z], plx) = (z|plz).

=0
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The entropy S(pdiag) is equal to the Shannon entropy
calculated with the probabilities p(x). The basic proper-
ties of (14) are considered in [22, 23]. The generalized en-
tropic functions have found use in quantum information
theory. It is for this reason that we designate the above
quantities by the subscript 1. Coherence quantifiers in-
duced by quantum divergences of the Tsallis type were
addressed in [28]. In contrast to (15), such quantifiers
do not allow a simple additive expression. Coherence
monotones based on Rényi divergences were considered
in [29-31]. Other candidates to quantify the amount of
coherence were also examined [32, 33]. The geometric
coherence is an interesting quantifier of different charac-
ters [23]. Two-sided estimates on the geometric coherence
were obtained in [34].

Complementarity relations for quantum coherence can
be formulated in several ways [35-39]. Duality relations
between the coherence and path information were ana-
lyzed in [40-42]. From the viewpoint of quantum com-
putations, the concept of quantum coherence was stud-
ied in [43-45]. In particular, the authors of [44] reported
on coherence depletion in the original Grover algorithm.
In [46], we studied relations between the coherence and
probability of success in generalized amplitude amplifi-
cation. Some of these results will be used in studies of
Grover’s search in the presence of phase flips.

3 Collective flips introduced by phase
damping

There are infinitely many scenarios of interaction with
the environment. We will consider a model with phase
damping. Such processes describe the loss of quantum
information without losses of energy [19]. Phase damp-
ing provides the grounds for understanding the physical
effects in quantum systems, similar to the Schrodinger
cat—atom system. Let us focus on those density matrices
that are effectively two-dimensional with respect to the
basis {|w), |m) }. In other words, they can be represented
via the usual Bloch vector r = (14, ry,7.), namely

_1( 147, m—iry) (16)

2\ ry +iry, 1-—r,

With positive parameter n < 1, we introduce the follow-
ing Kraus operators:

o ) ()

These operators prescribe the action of phase damping
®g on density matrices of the above type. It is well known
that this action reads as [19]

(ra,Ty,72) LN (\/ﬁrz,ﬁry,rz). (18)
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Initializing yields the density matrix p(0) = H|0)(O|H
with the Bloch vector r(0) = (sin#,0,cosf). After ¢
iterations, the probability of success is written as

1—r.(t)

PSHC(t) = <m|p(t)|m> = B

(19)
It must be stressed that the channel ®g itself cannot al-
ter the probability of success. We immediately see this
fact from (18). Nevertheless, the probability of success
will be changed in the case where this channel acts as an
intermediate point in the amplitude amplification pro-
cess.

We will investigate the following scheme. Each itera-
tion transforms the density matrices of the register ac-
cording to the formula

p(t) = p(t+1) =Tk o Peo T o Pe(p(t)), (20)
where the two unitary channels are defined as

Ty(e) = JoJ, Tk(e) = KoK (21)

For n = 1, the map ®g reduces to the identical one, such
that the right-hand side of (20) takes the form

p(t+1) =Tk o Ys(p(t)) = Gp(t)G. (22)

If the initialized state is pure, then the register will re-
main in the pure state under the action of the map (22).
This is not the case for the altered map (20).

The above model deals with collective phase distor-
tions that are simply expressed in the computational ba-
sis. It allows us to formulate results in a closed analytical
form. Under some circumstances, the considered picture
concerns the case when phase flips occur solely in a single
qubit. The phase flip channel has Kraus operators /a1
and /1 — ao, [19]. This channel is actually equivalent
to the phase damping channel whenever

20 =1+ /7. (23)

If only one qubit is affected, we can split the total Hilbert
space into two subspaces Hy and H;. These subspaces are
spanned by canonical states that have in their binary no-
tation either 0 or 1 in the position of the noised qubit,
respectively. Any density matrix p can then be written
as a block 2 x 2-matrix [[p;;]]. Due to phase flips in the
noised qubit, we have p;; — /1 pi; for ¢ # j. The diag-
onal submatrices pgg and p1; are not changed. Suppose
that errors occur in each query to the oracle. In general, a
complete analysis is complicated [47]. However, the sit-
uation can sometimes be reduced to our model. When
one subspace consists of only marked states, we really
deal with the channel ®g, per (18). Our scenario does
not mean that phase distortions act in all qubits simul-
taneously. Dephasing noise may be treated as a result of
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the existence of “damaged” vertices in a quantum-walk
search [47]. Because of the interferometric picture of
quantum walks [48], one can therefore provide an exam-
ple of phase errors in realistic systems.

Interpreting (20) as a matrix relation, we will solve it
via diagonalization. This approach is somewhat similar
to the treatment of [15]. On the other hand, we deal
with the recursion equation for components of the actual
Bloch vector. The authors of [15] used the recursion
equation for components of the wave function. In our
case, only two of the components of the Bloch vector are
non-zero. Hence, we will further treat r(¢) as a column
with two entries, namely r,.(¢) and r.(¢). In terms of the
Bloch vector components, the action of operation ®g is
represented by the matrix diag(,/7, +1). We also have

2JpJJr =o,(ly+r,o, +r.0,)0,
=1y —r,o, +71,0,, (24)

whence the operation T acts on the Bloch vectors as the
matrix diag(—1,41). Using (10), we obtain K1y Kt = 15,

Ko, K" = — cos 200, + sin 200,
KoK = sin 200, + cos 200,

such that r, — — cos 20r, +sin 20r, and r, > sin 20r, +
cos 20r, due to the operation Yk. Hence, this operation
acts on the Bloch vectors as the matrix

—cos260 sin 260
< sin20  cos 26 ) ’ (25)

Finally, the recursion equation is written in terms of the
effective Bloch vector as

r(t+1) = Lr(t), (26)

where the matrix L reads as

[ mcos20 sin20
L_<—nsin20 cos260 |- (27)

Thus, we obtain the equation r(¢) = L'r(0), which is
solved explicitly in Appendix A. The singular values of
L are equal to 1 and 7, whence ||L||c = 1. Combining
the latter with (2) implies that the 2-norm of the Bloch
vector cannot increase, i.e., ||[r(t)|2 < ||r(0)||2-

It will be convenient to apply three positive parame-
ters, viz.

1

Ay = incos29, (28)
\n— A2, ifn> A%

B:=<¢0, if n =A%, (29)

VAL =, ifn < A2

Alezey E. Rastegin, Front. Phys. 13(5), 130318 (2018)
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The characteristic equation is written as
A — 24, A +n=0. (30)

We will further assume that Ai —n # 0. Then, the
eigenvalues A and A_ differ such that the matrix L is
certainly diagonalizable. The following two cases should
be mentioned: (i) n > A2, (ii) n < A2. In Appendix A,
we examine them separately. In the first case,

r(t)=— (—77 sin ot sin 26 sin 6
+ (Bcosgt + A_singt) cos 0) , (31)
1
Py (t)= 2B (B + 771+t/2 sin t sin 26 sin 6
— n*?(B cos ot + A_ sin ¢t) cos 9). (32)

In the second case,

nt/?
r.(t)= 5 (—77 sinh ¢t sin 26 sin 6
+ (B cosh ¢t + A_ sinh ¢t) cos 9) , (33)
1
P (t)= 3B (B + 771+t/2 sinh ¢t sin 26 sin 0

_ nt/z(B cosh ¢t+ A _ sinh ¢t) cos 9) . (34)

4 Dynamics of the probability of success and
quantum coherence

In this section, we will use the solutions of (32) and (34)
to study a vulnerability of Grover’s search with respect to
phase flips in the oracle-box wires. In principle, they may
be inspired by an opposing party that tries to prevent
correct querying to the oracle. To input collective phase
flips, the opponent should be aware of the details of the
Boolean function = — F(x).

To study the significance of collective phase flips, we
visualize Py, (t) versus t for several values of the param-
eter 7. We begin with case (i), when n > A% . As was
mentioned above, this case includes the standard situa-
tion n = 1. In Fig. 1, we take N = 64, M = 1, and show
the lines for the four values of 1. Although ¢ takes inte-
ger values, lines may be drawn continuously for the sake
of visibility. Even if the amount of errors is low, values
of the probability of success are still reduced. Without
distortions, when n = 1, the dependence of Py, (t) on t
is almost periodic. A noticeable decrease in Py, (t) due
to n < 1 is observed, even in the first cycle of ampli-
tude amplification. After several cycles, the curve Py, ()
asymptotically degenerates to a constant equal to 1/2.
The same result was later reported for a particular case
of decoupling noise in [47].

Alexey E. Rastegin, Front. Phys. 13(5), 130318 (2018)
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Fig. 1 In case (i), Psuc(t) is shown for N = 64, M = 1,
and the four values of 7.
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Fig. 2 In case (ii), Psuc(t) is shown for N = 64, M = 1,

and the four values of 7.

For completeness, we also show an example of Py (t)
for case (ii), when 7 < Af_. In Fig. 2, we set N = 64,
M =1, and show the lines for the four low values of 7.
Here, the dependence Ps,c(t) is of a completely different
character. Instead of decaying cycles with some peaks, we
observe that the lines smoothly and quickly saturate the
constant equal to 1/2. This behavior cannot be treated
as amplitude amplification of any kind. When the oracle-
box wires are exposed to the channel Yk with such low
values of 7, legitimate users are able to detect this fact.
Therefore, we further return to case (i) and address the
trade-off relations between the quantum coherence and
probability of success.

The relative entropy of coherence satisfies [46]

hl(PsuC) < Cl(p) + Sl(p)

M N-—-M
< Psucln + (1= Psye)ln | ——— ], (35)
suc 1- Psuc

where hq(Psyc) is the binary Shannon entropy. In calcu-
lating C1 (p(t)), we examine it from the viewpoint of (35).
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To do so, we recall the complete form of p(¢), namely

(1) =220 ol 74 (o) 4 )
L . (36)

In the computational basis, the diagonal part of p(t)
can be written as a diagonal matrix that has the value
(1= Paye(t))/(N — M) with multiplicity N — M and the
value Py (t)/M with multiplicity M. For ¢t > 0, the non-
zero eigenvalues of p(t) are obtained as

1+ v
#7 [r(@)ll2 = Vra(t)? + (1) <1 (37)
Of course, with the initial distribution (3), we have
[r(0)|]2 = 1. Due to (A10), we have ||r(t)|2 o 7*/2. In
the considered case of amplitude amplification, we have

the equality

C1(p(1)) = Pane(t) In (PM(t)>

+ (1= Pae(®) In (%) — S1(pt).

That is, the upper bound of the right-hand side of (35)
is saturated here. For the given Py, this upper bound
approves the maximal possible value of C;(p). We see
that trade-offs between C; (p(t)) and Py (t) follow the
mentioned line. Let us exemplify the dependence of the
relative entropy of coherence on the step number t. In
Fig. 3, we take N = 64, M = 1, and show C} (p(t)) for
the four values of 7. Except for when 1 = 1.0, the curves
asymptotically lie on the constant line. This constant is
generally written as (1/2)In(MN — M?). Substituting
N =64 and M = 1, we have the value In63/2 ~ 2.072,
which is also seen in Fig. 3. For the value n = 1, we

&
to

w
N

g
o

NG
~

Relative entropy of coherence

0.6

0.0 — %
12 16 20 24 28 32 36
t

0 4 8

Fig. 3 In case (i), C1(p(t)) is shown for N =64, M =1,
and the four values of 7.
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may compare the two curves in Figs. 1 and 3. One ob-
serves that the peaks of Pyyu.(t) correspond to valleys of
C1 (p(t)), and wvice versa. In detail, this property was
discussed in [44]. We also observe that the curves for
n < 1 reveal a similar behavior, but now with decay.
Even if the amount of phase noise is low, oscillations
in the relative entropy are reduced sufficiently quickly.
These results additionally maintain the conclusions pre-
viously reported in [46]. Namely, even a tight trade-off
relation between coherence and the probability of success
does not imply a high quality of amplitude amplification.
This question merits further investigation.

5 Conclusions

We have examined the case in which queries to the or-
acle in Grover’s search algorithm are exposed to phase
distortions of a specific type. Another possibility is that
the oracle-box wires are altered due to intrusion of an
opposing party. The model of collective phase flips is
similar to the phase damping channel. Despite its sim-
plicity, this model allows us to observe some genuine fea-
tures of the amplitude amplification processes. We have
concluded that Grover’s search algorithm is actually sen-
sitive to collective phase flips occurring in the oracle-box
wires. This feature also provides an opposing party with
chances to prevent proper queries of legitimate users to
the oracle. At the same time, phase flips are such that
the probability of success is not changed during transfer
via these wires. Even if the user has been ensured with
testing states, he is hardly able to detect such distortions
by means of one-time queries to the oracle. We also in-
vestigated the trade-off relation between the coherence
and probability of success under noise of the considered
type. Our findings further support the conclusions ob-
tained previously.

Appendix A Solutions of the recursion
equation

To solve (26), we calculate the eigenvalues and the corre-
sponding eigenvectors. We begin with the case (i), when
n> Aﬁ_. By calculations, one has

8M  8M?
20=1— — + —. Al
cos N + e (A1)
The most interesting case occurs, when M < N and the
term cos 26 is sufficiently close to 1. The condition of the
case (i),

2
2/ > cos 26, (A2)
1+n

Alezey E. Rastegin, Front. Phys. 13(5), 130318 (2018)
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will be fulfilled for nmin, < 7 < 1 with

1 —sin 260
cos 20

vV lmin =

The value 7y, does not approach 1 with necessity,
whence the above range may be wide enough. Say, for
M =1 and N = 64 we get cos20 ~ 0.877 and Nyin ~
0.351. Due to B2 =7 — A%r, the eigenvalues are written
in the form

Ay =A, +iB. (A3)
Using Ai + B? = 1), put positive angle ¢ such that
B

Ay
— =cosp, — =singp, A4
Vi Vi (A
B
Y= arctan(AJr> . (A5)

The eigenvalues are rewritten as Ay = /nexp(Eiyp).
Calculating the corresponding eigenvectors, we further
obtain

X~1LX =D, (A6)

where D = diag(A4, A_) and

X — sin 20 sin 26 (AT)
~\A_+iB A_—iB)’
1 iB—A_ sin20
X1=___- . A
21 B sin 260 (iB +A_  —sin 29) (A8)

Calculations of the matrix Lt = XD!X~! finally give

nt/? (Bcos ot — A_ sin ot
B

sin @t sin 20
—n sin pt sin 260 Beospt + A_singt |
Due to 7,(0) = sinf and r,(0) = cosf, the above
formulas result in (31) and (32). For n = 1, we have
Ay =cos20, A_ =0, B=sin20, and ¢ = 20. Then the
expression (32) is reduced to

1 —cos(20t +0)

Psuc (t) 9

=sin®[0(t+1/2)].  (A9)
The latter is well known for the original Grover algo-
rithm. It is seen from the formula for L? that compo-
nents of the Bloch vector are proportional to the factor
nt/2, namely

ro(t) o2, e (t) o pt/2, (A10)
Except for the value n = 1, these components asymptot-
ically tends to zero. Hence, the probability Py, (t) goes
to 1/2.

Alexey E. Rastegin, Front. Phys. 13(5), 130318 (2018)

Let us proceed to the case (ii), when < A3. Due to
B? = A3 — 1), the eigenvalues are expressed as
A=A, +B. (A11)
For n > 0, the eigenvalues are both strictly positive and
Ao <Ay <AL 4+ A = cos20 < 1. So, the matrix L

describes a contracting map. Due to Ai — B? =1, we
can write

A B
=t —cosh¢p, — =sinho, (A12)
Vi V1
where positive parameter ¢ reads as
1 Ay +B
=—In|——). Al
i Gver) (A13)

Hence, we can write A+ = /nexp(£¢). Similarly to the
case (i), we diagonalize L according to (A6). Now, the
matrix of column eigenvectors and its inverse are repre-
sented as

sin 260 sin 260
1 B—A_ sin260
-+
X " 2Bsin20 <B+A_ —sin29>' (A15)

Calculating the matrix L = XD!X~!, we have

nt/? (B cosh ¢t — A_ sinh ¢t

sinh ¢t sin 26
—n sinh ¢t sin 260 ’

B B cosh ¢t+ A_ sinh ¢t
since A2 — B? = nsin?20. Due to 7,(0) = sin6 and
r,(0) = cosf, we finally get (33) and (34). The original
Grover search is beyond the case (ii). Indeed, for 1 <
M < N/2 we have cos20 < 1, so that the condition
2,/m < (14 1) cos 26 is certainly violated with n = 1.
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