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We propose a method to entangle two vibrating microsize mirrors (i.e., mechanical oscillators) in
a cavity optomechanical system. In this scheme, we discuss both the resonant and large-detuning
conditions, and show that the entanglement of two mechanical oscillators can be achieved with the
assistance of a two-level atom and cavity-radiation pressure. In the resonant case, the operation time is
relatively short, which is desirable to minimize the effects of decoherence. While in the large-detuning
case, the cavity is only virtually excited during the interaction. Therefore, the decay of the cavity is
effectively suppressed, which makes the efficient decoherence time of the cavity to be greatly prolonged.
Thus, we observe that this virtual-photon process of microscopic objects may induce the entanglement
of macroscopic objects. Moreover, in both cases, the generation of entanglement is deterministic and no
measurements on the atom and the cavity are required. These are experimentally important. Finally,
the decoherence effect and the experimental feasibility of the proposal are briefly discussed.
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1 Introduction

Quantum entanglement is one of the most intriguing
phenomena in the quantum world. The investigation of
entanglement is of interest both for fundamental tasks
in quantum mechanics and for various applications in
quantum-information processing (QIP) [1-6]. An excit-
ing topic is the possibility of coherent manipulation (i.e.,
entanglement generation, quantum state transfer, and
the construction of phase gates, etc.) of distinct macro-
scopic objects. This is still a great experimental chal-
lenge, because of the unavoidable decoherence and dis-
sipation associated with such systems. The quest for en-
tanglement generation of such macroscopic objects is not
only motivated by their applications in testing the fun-
damentals of quantum mechanics and for the clarifica-
tion of quantum-to-classical transition (i.e., the bound-
ary between classical and quantum worlds), but also mo-

tivated by potential applications of quantum technolo-
gies, such as quantum metrology [7-9], high-precision
measurements [10-12], as well as quantum interfaces
[13, 14] for architectures of quantum information and
quantum computing. Thus, much attention has been
paid to the generation of this type of entanglement in
the past decades [3, 15-25].

A promising venue to realize entanglement of macro-
scopic objects is provided by cavity-optomechanical sys-
tems, where a cavity field couples to a mechanical oscilla-
tor via the radiation-pressure force interaction [3]. Based
on such systems, the entanglement between a mechanical
oscillator and cavity modes [26-28], as well as between
different mechanical oscillators [29-37] or different cavity
modes [38-41], and a superposition state (a Schrodinger
cat-like state) of a mirror [42] have been demonstrated
or, at least, predicted in recent years.

In the above schemes, the generation of entanglement
is typically achieved with the assistance of an extra
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driving laser field. However, the atomic medium plays
an important role in the interaction of cavity-quantum-
electrodynamic (QED) system. Interesting phenomena
should be revealed if an atom is trapped in a cavity-
optomechanical system. Fortunately, many encouraging
results, e.g., strong coupling between a single trapped
atom and a mechanical oscillator [43-47], tripartite en-
tanglement among an atom, a mechanical oscillator, and
a cavity field [48], or long-distance coupling of an atomic
ensemble to a micromechanical membrane [49-51] have
recently been explored.

On the other hand, ground-state cooling [52-65]
of mechanical oscillators has also been studied theo-
retically and demonstrated experimentally in cavity-
optomechanical systems. As a result, many recent the-
oretical investigations focus on the single-photon strong-
coupling regime [34, 66-73], in which the radiation pres-
sure of a single photon can produce observable effects.
In this regime, a strong photon nonlinearity at the few-
photon level (resulting in, e.g., photon blockade) can be
induced by the radiation-pressure coupling [73-77].

In this paper, we propose a scheme to entangle two
mechanical oscillators with the assistance of a two-level
atom and radiation pressure in a cavity-optomechanical
system. Our proposal focuses on the single-photon
strong-coupling regime. We show that, in a resonant
regime, the radiation pressure induced by a photon cre-
ated by the atom-cavity interaction can lead to the en-
tanglement of two mechanical oscillators. In this case,
the operation time is relatively short, which is desir-
able, to minimize the effects of decoherence. In the large-
detuning regime, we show that a direct and effective cou-
pling can be realized between two mechanical oscillators
induced by the cavity mode and the atom. In this case,
the cavity field is only virtually excited during the opera-
tion. Therefore, the decay of the cavity is effectively sup-
pressed, which makes our proposal very robust against
cavity decoherence, as we show by applying the master-
equation approach. Moreover, in these two cases, the
generation of entanglement is deterministic and no mea-
surements on the atom and cavity are required. These
are important advantages from the experimental point
of view. As we show below, although the target entan-
gled state of these two cases is similar, there are still two
main differences between them. First, there are different
physical mechanics leading to this entanglement. Sec-
ondly, the initial conditions of the system are different.

It is worth comparing our model with that reported
in Ref. [29], where the entanglement of mechanical res-
onators was predicted in an optomechanical system with
a classical drive without an atom. Note that in our pro-
posal, we predict the entanglement of mechanical res-
onators in a hybrid optomechanical system with a two-
level atom and without a classical drive. One can inter-

pret the interaction between the atom and a cavity field,
which is described by the Jaynes-Cummings model, as
a kind of a quantum drive. In our proposal, we will
show how to generate entanglement not only in resonant
case but also in the large-detuning case. Moreover, in this
large-detuning regime, we show, in contrast to the model
of Ref. [29], that a direct effective coupling between the
two mechanical resonators can be obtained.

2 Theoretical model and numerically
simulation

Our proposal is based on a single-mode cavity with two
movable perfectly-reflecting microsize mirrors (treated
as mechanical oscillators), as sketched in Fig. 1(a). A
two-level atom (with levels denoted as |e) and |g)) is
trapped in the cavity. The atomic transition |€) «— |g)
couples the atom to the cavity mode. Also, the cavity
mode couples to the mechanical oscillators through the
radiation-pressure interaction. The total Hamiltonian of
this system can be expressed in the form

H = Hy+ Howm + Hjc, (1)
where
Hy = hwea'a + wele)(e] + hwm Y blb; (2)
j=1,2
(a)
le)
Atol
b, b,
lg)
Cavity

A le) == A le)
(27 T We W T [w" lg)
0) ¢ ‘aé)” 10) !

Fig. 1 (a) Schematic diagram of a cavity-optomechanical
system. The cavity is formed by two moving micro- or nano-
size mirrors, and contains a two-level atom with levels labeled
as |g) and |e). The atomic transition |e) <> |g) couples the
atom to the cavity field and, simultaneously, the field couples
to the mechanical oscillators through the radiation-pressure
interaction. Energy levels for (b) the resonant (6 = 0) and
(c) with large-detuning (§ > 0) interactions, where § = w. —
wWe — Ao + W
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is the free Hamiltonian (assuming w, = 0),

Howm = hgoa'a Z (b;r +b;) (3)
j=1,2

is the standard optomechanical Hamiltonian, and

Hjc = hy(ale){g| + a'lg)(e]) (4)

is the standard Jaynes-Cummings model under the
rotating-wave approximation. Here a (af) is the anni-
hilation (creation) operator for the cavity, and b; (b;)
is the annihilation (creation) operator for the jth me-
chanical oscillator (j = 1,2). The parameter w,. is the
frequency of the cavity, w,, is the frequency of the me-
chanical oscillators (for simplicity, we here assume the
two mechanical oscillators have the same frequency).
Here w, is the atomic transition frequency (|g) is as-
sumed to be the null-energy level), g; is the atom-cavity
coupling strength. In addition, g9 = wcx,pe/L is the
single-photon optomechanical coupling strength, where
Tapt = \/1/(2Mw,y,) is the zero-point fluctuation of the
moving mirror with mass M, and L is the length of the
cavity.

We first apply a wunitary transformation V; =
expliwe(a’a + |e){e|)t] to the above Hamiltonian by us-
ing the standard formula H, = V1 H VIT —ihl 68—‘?, which
results in

H, = hAata + hwp, Z b;[bj‘i‘HOM‘f'HJCy (5)
j=1,2

where A = w, — we is the detuning between the
cavity frequency w. and the atomic-transition fre-
quency w.. We now introduce another unitary operator

Vo =exp {(go/wm)cﬁa ijm(b; - bj)] to transform the
= VoH,V,}. Thus, we obtain
Hy = WA — Agata)a’a + hw,, Z b;bj

j=1,2

+hg (aT|g><e|e" Timra(b)=b) H.c.) 7 (6)

Hamiltonian H; to Ha

where Ag = 2¢2/w,, characterizes the nonlinearity of
the cavity field induced by mechanical oscillators. The
parameter 1 = go/wm, can be treated as the Lamb-Dicke
parameter similar to that used in the analysis of trapped
ions [78]. Let us now define a total excitation number
operator of this system N = (aa + |e)(e]). As pointed
out by Pirkkalainen et al. [45], the strong optomechanical
coupling guarantees a big nonlinear parameter such that
the photon blockade can occur. In this case, the cavity
field is reduced to the two lowest-energy levels, |0) and
|1). Then we can rewrite the creation operator of the
cavity field as af = [1)(0] = o, and further introduce a
new operator o, = |1)(1| —|0)(0|. Thus, the Hamiltonian
Hs can be rewritten as

where
wo

j=1,2
and
Hi=hgo|g){e|exp [77 Z b —b;)| + H.c.

j=1,2

n 12 (i1+i2) .
Tll 7
=hgo|g)(e Z Z 21'12 b b+ H .

J=1,241,ip=1
(9)

Here, wg = A—Ay. Considering the Lamb-Dicke approx-
imation condition, n = go/wm, < 1, up to first order in
7, the Hamiltonian in Eq. (9) becomes

147> (bF—b))

j=1,2

= hgo|g)(e + H.c. (10)

In the interaction picture, with H; = eiHét/hH}e’iHét/h,

we have a new Hamiltonian, which reads

Hy = hgcf+|g><6l{ expli(A — Ao)t]

b Y Ot -

j=1,2

bjeiAt)} + H.c., (11)

where Ay = wy, £ (A —Ap). In the following discussion,
we will show how to utilize the Hamiltonian H; to en-
tangle two mechanical oscillator modes in two cases: the
resonant and large-detuning regimes.

2.1 Resonant case

We begin our analysis by considering the resonant in-
teraction. In this case, we set § = A — Ay + w,, = 0,
and the corresponding level transitions are described in
Fig. 1(b). If wy, > g, and thus 2w, > gn, we have a new
Hamiltonian under the rotating-wave approximation,

HY = hXoy|g)(e| (b +bl) + H.c. (12)

Here A = gn is the effective coupling coefficient. The
above Hamiltonian shows that the |e) <— |g) transi-
tion of the atom will simultaneously create (annihilate)
a photon and a phonon in two oscillators. According to
this Hamiltonian, if the system is initially prepared in
the state |®g) = |€)]0)¢|0)p1|0)p2, i.e., the atom is in
the excited state, while the cavity field and the two me-
chanical oscillators are all in the vacuum state, the sys-
tem will evolve within a subspace spanned by the states

{120),[21) = |9)[De[D)e1[0)s2, [P2) = [9)[1)e]0)pr[1)p2}-
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With the initial state |¥(t = 0)) = |®o), the time evolu-
tion of the system is described by
/(1)) = cos(vIA)|Bo) — isin(V2NL)g)[1)e D),
(13)

where [U,) = (1/vV2)(|1)p1|0)s2 + [0)p1]1)p2) is the
“triplet” Bell state. Reversing the unitary transforma-

tion V| on the state |¥’(£)), we obtain the final state

|W(t)) = cos(V2At)|®g) — isin(v/2\t) Dy, (8) Dy, (B)

X|g)1)e[¥4), (14)
where Dy, () = exp(ﬁb} — B*b;) is the displacement op-
erator with the parameter 8 = —goa'a/w,,. If the inter-

action time is chosen as \/i)\tl = /2, the system evolves
into

(W (t1)) = Dy, (B) Db, (B)[g) 1) e[ W) (15)

Where the minus sign and the imaginary part are ab-
sorbed in the common phase factor which has been dis-
carded in the above equation. As seen from Eq. (15), the
two mechanical oscillators are in maximally-entangled
states, while the atom remains in its ground state and
the cavity is in the one-photon state.

To confirm the validity of all our above derivations,
we numerically simulate the dynamics governed by the
effective model in Eq. (12) and compare it to the dynam-
ics governed by the full Hamiltonian in Eq. (1). Defin-
ing the Lindblad-Kossakowski superoperator Do]p =
(1/2)(20po" — ofop — poto), the master equation for the
system is given by

p = —i[H', p| + kDla]p +~vDl[s]p

11> {(un + D)DIblo + nn DIl (16)

j=1

where s = |g)(e| is the atomic-transition opera-
tor, H = H and H' = Hj correspond to the
numerically-calculated full Hamiltonian in Eq. (1) and
effective Hamiltonian in Eq. (12), respectively. Here
we assume that the mechanical modes are coupled
with a thermal reservoir with temperature T, and
the corresponding thermal phonon number is ngy, =
[exp(fiwm /kpT) — 1] . The parameters «, v, and 7, are
the cavity-decay rate, atomic spontaneous-emission rate,
and the phonon-decay rate, respectively. Note that the
numerical computation was performed using the Python
package Qutip [79, 80]. We set the parameters as: A =
10g, wy, = 10.2g, gog = 0.2g, and k = v = 71 = 0.0005g.
The validity of the effective model is numerically sim-
ulated by taking the evolution of the population P =
[ (4ho]h(t))]? of the state |1ho) = |€)]0)¢|0)51]0)p2 as an ex-
ample, assuming the atom is initially in the excited state,

the cavity mode and the two mechanical oscillators are
all in the vacuum states.

Hereafter, we use the following compact notation
for the states |gec(momimsz)) = |€)|mo)e|mi)pr|ma)ee,
where dec denotes the decimal representation of a num-
ber (momims), e.g., |[t2) = |€}|0)c|1)p1|0)p2. In Fig. 2,
the red-dashed and blue-solid curves describe the time
evolution of the population of state |¢) governed by the
effective and full Hamiltonians, respectively. It is obvi-
ous that the approximations, adopted when deriving the
effective Hamiltonian, are valid, since the two curves de-
scribed by the full and effective Hamiltonians nearly co-
incide.

The fidelity of the prepared entanglement is de-
fined as F = (U(t1)|p(t) |¥(t1)), where p(t) is
the density operator of the system, and |U(t;)) =
Dy, (B) Dy, (8)|g)11)c|P4) is the target maximally-
entangled state for the two mechanical oscillators. For
simplify, we first do not take the thermal phonons in the
environment. The initial state of the system and the pa-
rameters are chosen to be the same as those in Fig. 2.
In Fig. 3(a), the red-dashed and blue-solid curves de-
scribe the time evolution of the fidelity governed by the
effective and full Hamiltonians, respectively. Figure 3(a)
shows that the maximally-entangled state between the
two mechanical oscillators with its fidelity higher than
0.94 (for the full Hamiltonian) and 0.96 (for the effective
Hamiltonian) can be obtained at time ¢; ~ 55.8/g. (The
theoretical value is calculated based on v2\t; = w/2,
thus ¢; ~ 55.56/g.) Thus, we can draw the following
conclusion: that it is possible to significantly entangle
two mechanical oscillators with the assistance of a two-
level atom. Note that the generation of entanglement
is deterministic and no measurements on the atom and

0.9

110 120

Population P
(=)
ik

0 T T T
40 80 120 160

Rescaled time gt

Fig. 2 ime evolution of the population P = |(to|t(t))|?
governed respectively by the effective Hamiltonian (red-
dashed curve) and the full Hamiltonian (blue-solid curve).
We assume that the system is initially in the state |1o) =
|€)|0c)|0p1)|0b2). The corresponding parameters are set to
be: A = 109, wm = 10.2¢9, go = 0.2g, nyn = 0, and
k=7 =7 = 0.0005g.
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Fig. 3 (a) Time evolution of the fidelity F' of the state
|¥(t1)), given by Eq. (15), governed by the effective Hamil-
tonian (red-dashed curve) and the full Hamiltonian (blue-
solid curve), respectively, the system is initially in the state
[o) = |€)]0)¢|0)p1|0)p2. The maximally-entangled state be-
tween the two mechanical oscillators with fidelity higher than
0.94 (the full Hamiltonian) and 0.96 (the effective Hamilto-
nian) can be obtained at time ¢; ~ 55.8/¢ (our theoretical
analysis predicts t1 ~ 55.56/g). (b) The time evolution of
the entanglement of the mechanical oscillators, measured by
the logarithmic negativity and governed by the full Hamilto-
nian. The entanglement can reach the value of 0.94 at time
t1 ~ 55.8/g. The related parameters are set the same as those
in Fig. 2.

cavity are required. These make the experimental setup
simple, which is very important from the experimental
point of view.

The entanglement of a mixed bipartite state p can be
quantified by the so-called negativity [81],

Al -1

N(p) 5

(17)
where ||p"||1 is the trace norm of the partially-transposed
operator p''. This definition of the negativity N can be
rewritten in another equivalent form, as the absolute
value of the sum of all the negative eigenvalues of p''.
Note that for two qubits, there might be at most one
negative value.

Another closely-related entanglement measure is the
logarithmic negativity, defined as [81]

En(p) =10g,12N(p) + 1] = [|p" |1, (18)

which is applied in our numerical calculations. We note
that En(p) = 1 for two-qubit Bell states. Both negativ-
ity and logarithmic negativity determine the degree of
the nonpositivity of p' and, thus, can be considered a
quantitative version of the Peres-Horodecki separability
criterion. More importantly, these measures are entan-
glement monotones and, thus, are useful in quantifying
a degree of bipartite entanglement. We note that, al-
though these measures are applicable to a bipartite state
p of any dimension, these cannot detect nondistillable en-
tanglement (i.e., bound entanglement) of systems more

complex than two qubits, or a qubit and a qutrit [81].
The time evolution of this entanglement governed by the
full Hamiltonian is plotted in Fig. 3(b), the parameters
are set the same as those in Fig. 3(a). One can see from
Fig. 3(b) that the entanglement between the two me-
chanical oscillators can reach the value of 0.94 at time
In order to obtain more insight into the decoherence ef-
fect caused by the thermal noise, we now discuss the evo-
lutions of master equation with different ny,. In Fig. 4(a),
the green-solid, red-dashed, blue-dotted, and orange-
dashed curves describe the time evolution of the fidelity
governed by the full Hamiltonian under the condition
that ny, = ny, = 0.01, ny, = np, = 0.1, ny, = np, = 1,
and ny, = ny, = 5, respectively. Where ny, (i = 1,2)
describe the initial thermal phonon. The system is ini-
tially in the state |¢g) = |€}]|0)c]|0)51|0)p2, and the other
parameters are set the same as those in Fig. (3). As we
can see in Fig. (4)(a), when the initial thermal phonon is
less than 1, the thermal phonon has less influence on the
fidelity. But when the initial thermal phonon is more
than 1. Moreover we show the highest fidelity changes
with ngp, in Fig. 4(b). It can be clearly found that the
fidelity decreases rapidly when increasing of the thermal
phonons. When ny;, = 2, the highest fidelity decease to
0.84. Therefore, this proposal is more suitable for the
case of low temperatures, i.e., near zero-temperature.

2.2 Large-detuning case

In this section, we consider the large-detuning regime,
when § = A — Ag + wy, > 0 in the Hamiltonian given
in Eq. (11). The corresponding level transitions are de-
scribed in Fig. 1(c). If the parameters are set to fulfill
the conditions A —Ag > max(d, g1) and wy, —A+ Ay >

@ 1 — == (1) 0.96
N M =n3=0.01
Y R np=ny=1 *
R == *
, AL —nmﬂlhr().l/ Iz, **‘
2 4 2 *s
= 0.5 5 0.9 "
*
= = *
= = *'t
*x
*'
0 T 0.84 T
0 80 160 1 2
Rescard time gt (M)

Fig. 4 (a) Time evolution of the fidelity F of the
state |U(t1)) governed by the full Hamiltonian in a finite-
temperature bath; the system is initially in the state |¢o) =
|€)]0)¢]0)51|0)p2. The green-solid, red-dashed, blue-dotted and
orange-dashed curves describe the time evolution of the fi-
delity governed by the full Hamiltonian under the condition
that ny, = np, = 0.01, ny, = mp, = 0.1, Ny, = M, = 1,
and ny, = np, = 5, respectively. (b) The highest fidelity F
with different n.,. The highest fidelity decease to 0.84 when
Nth = 2.
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max(d, g1n), under the rotating-wave approximation, the
Hamiltonian in Eq. (11) can be rewritten as

H! = hAo|g)(ele ¢ (bl +bl) + H.c., (19)

where A = gn. In the case § > A, there is no energy ex-
change between the atomic system and the cavity. Then
the effective Hamiltonian is given by

H. = hy[a'alg)(g|(b]by + biba) —aalle) (e|(b]by + blbo)
+(a'alg) (g — aa®le)(e|) (blbs + biby)], (20)

where xy = \2/§ is the effective coupling coefficient. In
Eq. (20), the first and second terms describe the Stark
shifts induced by the atom, cavity, and mechanical oscil-
lators, while the third term describes the effective cou-
pling between the two mechanical oscillators induced by
the cavity mode and the atom. By considering a single-
phonon condition, the interaction between the two me-
chanical oscillators is similar to the dipole interaction in
atomic systems. Moreover, in this interaction, the cav-
ity and atom act just as a medium, e.g., the cavity is
only virtually excited and does not exchange energy with
the atom during the operation, which is similar to the
virtual-photon process in cavity-QED systems [82]. This
is an interesting phenomenon, where the virtual-photon
process of microscopic objects may induce the entangle-
ment of macroscopic objects. This will help us to deeply
look inside the clarification of quantum to classical tran-
sition [83]. If we assume the cavity field is initially in
the vacuum state and the atom in the excited state, the
Hamiltonian reduces to

H, = —hxle)(e|[(b1b1 + bibo) + (b]bo + b3b1)].  (21)

The above Hamiltonian describes the effective coupling
between the two mechanical oscillators. Although the
Hamiltonian is similar to that reported by Buchmann et
al. [84], the difference between them is obvious. Firstly,
in our proposal, the effective coupling between the two
mechanical oscillators is induced by the cavity mode
and the atom, while the scheme in Ref. [84] is induced
by a time-dependent cavity field. Moreover, our sys-
tem works in the strong-coupling regime, while another
scheme works in weak-coupling regime. Assume the sys-
tem is initially in the state |¢2) = [€)]|0)c|1)p1|0)p2, i-e.,
the atom is in the excited state, the cavity is in the vac-
uum state, and one of the mechanical oscillator modes is
in one phonon state and the other in the vacuum state.
Then, the state evolution of the system is given by

|th2) — exp (—2ixt) [cos (xt)[¢2) —isin(xt)|¢n)]. (22)
With the choice xt' = 7/4, the system evolves to
[T(t)) = le)|0c)|vn), (23)

where [¢5) = (1/v/2)(|1)51|0)p2—14]0)p1|1)52) is a Bell-like
state, and we have discarded the common phase factor.

In this situation, the two mechanical oscillators are in
the maximally-entangled state, while the atom remains
in the excited state and the cavity is in the vacuum state.
Similar to the resonant case, the generation of entangle-
ment is also deterministic and any measurements on the
atom and cavity are not required. Notice that this idea
can also be used to realize other quantum-information
processing, e.g. quantum teleportation [85], construction
of phase gates [1], or quantum-state transfer [86], etc.
The validity of all our above derivations is confirmed
by comparing the numerically simulation of the dynam-
ics governed by the effective model in Eq. (21) with the
dynamics governed by the full Hamiltonian in Eq. (1).
In this case, the master equation for the density ma-
trix operator is also described in Eq. (16). The corre-
sponding parameters are set as A = 10g, w,, = 10.6g,
go = 0.8g, ngp, =0, and Kk = v =y, = 0.0001g. In Fig. 5,
the red-dash (magenta-dash) and blue-solid (green-solid)
curves describe the time evolution of the population of
the state [12) = [€)[0)c[1)e1[0)e2 (|11) = [€}]0)c|0)s1]1)s2)
governed by the effective and full Hamiltonians, respec-
tively. The system is initially in the state |¢)2). We can
see from Fig. 5 that the effective model is valid, since the
numerical results governed by the effective Hamiltonian
agree well with those for the full Hamiltonian. The black-
solid (cyan-solid) curves in Fig. 5 describe the time evolu-
tion of the population of the state |1)3) = [g)|1)c|1)51]0)p2
governed by the full Hamiltonian (the effective Hamilto-
nian). One can also see from Fig. 5 that the population
of |¢3) is zero under the effective Hamiltonian and is less
than 0.1 under the full Hamiltonian. This indicates that
the cavity mode is hardly excited during the interaction.

1 (3=
« ; ¢ .
\J y N

. . of .
=) g
.2 \
£0.5-
= *
5 i :
~ ¢ g N

0 FINVVYY YV VVYVIENY YV LY VY VVVYYY

0 100 200 300

Rescaled time gt

Fig. 5 The time evolution of the populations. The red-
dash (magenta-dash) and the blue-solid (green-solid) curves
describe the time evolution of the population P = | (1]t (t))|?
of the state [2) = |€)[0)c[1)e1|0)p2 (|t1) = [€)[0)c]0)p1[1)b2)
governed by the effective and full Hamiltonians, respectively.
The black-solid (cyan-solid) curves describe the time evolu-
tion of the population of the state |13) = |g)|1c)|1s1)|0b2)
governed by the full Hamiltonian (effective Hamiltonian).
The system is initially in the state [¢p2) = |€)]0)c|1)p1|0)p2
and the corresponding parameters are set to be: A = 10g,
wm = 10.69, go = 0.8g, n, = 0, and kK = v =1 = 0.0001g.
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This is due to the fact that the effective atom-cavity in-
teraction is nonresonant. As seen from the parameters
used in the simulation, the detuning between w. and we
is much larger than the effective coupling constant .

In Fig. 6(a), the optimal fidelity of the target state
|T) = |e)|0)c|tvp) is plotted versus time with the same
initial state and parameters as those used in Fig. 5. The
corresponding fidelity is defined as F = (¥|p(t) |¥),
where p(t) is the density operator of the system. One
can see from Fig. 6(a) that the maximum fidelity of
the entangled state between the two mechanical oscil-
lators is 0.95 (for the full Hamiltonian) and 0.98 (for
the effective Hamiltonian) can be obtained at the time
t’ ~ 80.1/g. The time evolutions of the entanglement
governed by the full Hamiltonian is plotted in Fig. 6(b).
As shown in Fig. 6(b), the entanglement between the
two mechanical oscillators can reach the value of 0.95
at time t; ~ 80.1/g. Thus, we conclude that the entan-
glement of the two mechanical oscillators is obtained by
a virtual photon process. Moreover, during the opera-
tion, the cavity is hardly populated, and, thus the effec-
tive decoherence time of the cavity is greatly prolonged.
However, due to the weak coupling, with a longer Rabi
oscillation period, the decoherence effectively caused by
the atomic spontaneous emission and phonon decay has
a great influence on the fidelity of the target entangled
state in the large-detuning case.

We also find that if ¢ = 0 and the cavity is initially
in the vacuum state then the entanglement between the
mechanical modes b; and by is always zero. But if g =0
and the cavity is initially in the single-photon state |1),

(@ 14 (b) 1
. &
:
S 075 5 0.751
3 g
[£3 =
<
=
m
0.5 0.5 :
0 80 160 0 30 160

Rescaled time g7 Rescaled time gt

Fig. 6 (a) The time evolution of the fidelity of the tar-
get state |U) = |e)|0c.)|¢vB) governed, respectively, by the
effective Hamiltonian (red-dashed curve) and full Hamilto-
nian (blue-solid curve), when the system is initially in the
state [2) = |€)|0)c|1)51]|0)p2. The maximally-entangled state
between the two mechanical oscillators with fidelity higher
than 0.95 (0.98) can be obtained at time #' ~ 80.1/g under
the full Hamiltonian (effective Hamiltonian). (b) The time
evolution of the entanglement of the mechanical oscillators
as measured by the logarithmic negativity and governed by
the full Hamiltonian. The entanglement can reach the value
of 0.95 at time t1 ~ 80.1/g. The parameters are set the same
as those in Fig. 5.

then the entanglement between the mechanical modes is
nonzero, but still very small for short evolution times and
increases very slowly with time. For these initial condi-
tions, for example, the logarithmic negativity is equal to
Exy ~ 1.8 x 107 for t = 160/g and Ey ~ 2.4 x 10~*
for t = 400/g. This example shows the main advantage
of our model with a two-level atom coupled to the cav-
ity field (i.e., with g # 0) for the effective generation of
highly-entangled states even for short evolution times.
In order to obtain more insight into the decoherence
effect caused by the cavity, atom, and mechanical oscilla-
tors, we discuss the fidelity of the entanglement state |¥)
versus the cavity-decay rate k, the atomic spontaneous-
emission rate 7, and the phonon-decay rate v, governed
by the full Hamiltonian. In Fig. 7(a), we discuss the
fidelity of the entangled state |¥) versus the cavity-
decay rate and the atomic spontaneous-emission rate
when assuming that the system is initially in the state
[tb2) = |€}|0)¢|1)p1|0)p2. The parameters we use here are
A = 109, wy, = 10.6g, go = 0.8g, ny, = 0, and 1 = 0.
As seen from Fig. 7(a), the fidelity decreases when in-
creasing the parameters 7 and k. In addition, one can
see from Fig. 7(a) that the atomic spontaneous emission
has stronger influence on the fidelity than the cavity de-
cay. This is due to the fact that the cavity is hardly ex-
cited during the operation; thus, the decoherence caused
by the cavity can be effectively suppressed. The atom
is still in the excited state during the operation; thus,
the atomic spontaneous emission has greater influence
on the fidelity than that caused by the cavity decay. In
Fig. 7(b), we show the fidelity of the target entangled
state |¥) versus the phonon-decay rate v; and the atomic
spontaneous-emission rate v with the same initial state
used in Fig. 7(a). The others parameters used here are:
A = 10g, w,, = 10.6g, go = 0.8g, ng, = 0, and kK = 0.
As seen from Fig. 7(b), the decay of the phonon and
the spontaneous emission of the atom both have great
influence on the fidelity. The fidelity decreases quickly

(a) (b)

~1 1 ’r 0.9

T &

Z2 2 I

> > 0.7

<3 =3

2 )

<4 &4 03
5 5

1
Rate y/g (1073)

1 2 3 4 5 2 3 45

Rate y/g (1073)

Fig. 7 The fidelity FF = (U|p(t) |¥) of the state |¥) =
le)|0)c|9B) governed by the full Hamiltonian, versus the cav-
ity decay rate k, atomic spontaneous emission rate v, and
phonon decay rate «;. The system is initially in the state
[2) = |e)|0)c|1)p1]0)p2. We set A = 10g, wm = 10.6g,
go = 0.8g, nyn, =0, 71 =0 [Fig. 7(a)], and k = 0 [Fig. 7(b)].
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when increasing v and ;. This is due to the fact that
the phonon and atom are effectively populated during
the operation.

3 Discussion and conclusions

It is useful to present a brief discussion of the exper-
imental feasibility of the proposed model. (i) In order
to achieve the target entangled state, the system should
work in the single-photon strong-coupling regime, which
requires that the single-photon coupling strength go is
much lager than the decay rates of the cavity field, the
atomic spontaneous emission rate, and the phonon de-
cay rate, i.e., go > max(k,7,v1). (ii) The system should
work in the deep-resolved sideband regime, which re-
quires the frequency of the vibrational mode of the me-
chanical oscillators to be much lager than the decay
rate of the cavity field, i.e., w,, > k. As reported by
Chan et al.[61], the frequency w,, of a mechanical res-
onator formed in a silicon microchip can reach w, =
27 x 3.9 x 10° Hz, the corresponding coupling coefficient
is g, = 2m x 9 x 10° Hz, and the decay rate of the cavity
field is k = 27 x 10® Hz. Thus, the proposed proposal may
be realized in optomechanical devices form by photonic
crystal Nano beam. (iii) Noted that the target entangle-
ment states are rely in the initial state of the system.
Thus, it is necessary to discuss how to prepare the ini-
tial state of the system. In resonant condition, the initial
state of the system is in the state |®g) = |€)|0)¢|0)p1|0)p2,
which requires the two mechanical mirrors should be
cooled to their ground states, this can be realized by
the ground-state cooling method. While the initial state
of the atom and the cavity can be prepared by the cavity
QED method. In Large-detuning case, the system is ini-
tially in the state |12) = |€)]0)¢|1)p1]|0)p2, which requires
one of the mechanical mirrors should be cooled to the
ground state, and the other is in the one phonon state.
Similarly to the resonant case, the initial state of the
atom and the cavity can be prepared by the cavity QED
method, and the ground state of the mechanical mirrors
can be obtained by ground-state cooling method. While
the one phonon of mechanical mirrors can be obtained
by some theoretical schemes [34-36].

The difference between these two cases should be men-
tioned again. As we have seen, although the target en-
tangled state for these two cases is similar, there are still
two differences between them.

(i) The physical mechanism and the results induced by
them are different. In our proposal, we discuss the reso-
nant and large-detuning cases. For the resonant case, the
operation time is relatively short, which is very desirable
to minimize decoherence effects. However, in this case,
the cavity mode is effectively populated during the oper-

ation, which reduces the decoherence time of the cavity.
While in the large-detuning case, the cavity is hardly
populated and, thus, the efficient decoherence time of
the cavity is greatly prolonged. However, due to the
weak coupling, the operation time is longer than the res-
onant case; thus, the decoherence effectively caused by
the atomic spontaneou emission and phonon decay have
considerable influence on the fidelity of the target entan-
gled state in this case.

(ii) The initial states of the system are different. In the
resonant case, the initial state is |t)g) = |€)|0)¢|0)51]0)p2,
i.e., the atom is in the excited state, while the cavity
mode and the mechanical oscillator modes are all in the
vacuum state. While in the large-detuning case, the ini-
tial state is |¢2) = [€)|0)c|1)p1]0)p2, which requires the
atom to be in the excited state, the cavity to be in
the vacuum state, while one of the mechanical oscillator
modes must be in the one-phonon state and the other in
the vacuum state.

A possible measurement for the verification of entan-
glement should be considered. For resonant case, the
measurement of the entanglement of mechanical oscil-
lators can be achieved by the measurement the cavity
field. The measurement of the cavity-field states can
be realized using atom. Assuming that an atom in the
ground state is flying through the cavity. If the atom
is measured in the excited state, then the cavity is in
a single-photon state and two mechanical oscillators are
in the entanglement state. Similarly, for large-detuning
case, the measurement of the entanglement of mechani-
cal oscillators can also be achieved by the measurement
the cavity field and the atom.

In conclusion, we have proposed a scheme to gener-
ate the entanglement of two vibrating micro-size mirrors
(treated as mechanical oscillators) with the assistance
of a two-level atom and radiation pressure in a cavity-
optomechanical system. In the single-photon strong-
coupling regime, the entanglement of the two mechanical
oscillators is obtained through the radiation pressure in-
duced by a photon which is emitted from the atom. We
show that in a resonant case, the generation of entangle-
ment is relatively rapid, which is significant in view of
decoherence. While in the large-detuning case, the cav-
ity is only virtually excited during the operation. This
is an interesting phenomenon where the virtual photon
process of microscopic objects may induce the entangle-
ment of macroscopic objects. Therefore, the decay of the
cavity is effectively suppressed, which makes the case ro-
bust against the cavity decoherence. Moreover, in the
proposal, the entanglement generation is deterministic
and any measurement on the system is unnecessary. This
makes the proposed scheme simple and feasible. In addi-
tion, the decoherence effect and experimental feasibility
of the proposal are briefly discussed. With the rapid im-
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provement of the experimental techniques, this proposal
may be realized in the near future.
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