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Three types of vortex-pair are identified in two-component Bose-Einstein condensates (BEC) of dif-
ferent kinds of spin-orbit coupling. One type holds the two vortices in one component of the two-
component condensates. Both the other two types hold a vortex in each component of the two-
component condensates, and exhibit meron-pair textures that have either null or unit topological
charge, respectively. The cores of the two vortices are connected by a string of the relative phase jump.
These vortex pairs can be generated from a vortex-free wave packet by incorporating different non-
Abelian gauge field into the BEC. When a Rabi coupling is introduced, the distance between the two
cores is effectively controlled by the Rabi coupling strength and a transition of vortex configurations

is observed.
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1 Introduction

Spin-orbit coupling (SOC) which characterizes the cou-
pling between the spin and the motion degrees of free-
dom of a particle, plays a key role in many novel quan-
tum phenomena, including quantum anomalous Hall ef-
fect, topological insulators, topological superconductors
and topological semimetal [1-6]. Unlike electrons in solid
state materials, the ultracold atoms do not have intrinsic
SO coupling. Synthetic SOC can be generated for ultra-
cold atoms by utilizing atom-light interactions [7]. Multi-
component BEC with SOC is highly tunable and provide
an ideal platform for quantum simulation and exploring
novel quantum phenomena [8, 9]. An important progress
was made in the recent experimental realization of two-
dimensional (2D) SOC for BEC [10-12].

Many theoretical works on 2D spin-orbit coupled BEC
have been extensively studied in cold atom physics [13—
17]. The interplay of the SO coupling and the mean-field
BEC nonlinearity gives rise to a rich phase diagram in
a trapped BEC. The phase diagram is characterized by
four different phases [13]. Through increasing interac-
tion, the ground state supports the 1/2-vortex state, the

3/2-vortex state, vortex-lattice state as well as vortex-
stripe state. Considering the effect of spin-dependent in-
teractions [14, 15], the ground state falls into two classes
of quantum phases, I and II, which respectively preserv-
ing the parity (P) and parity-time-reversal (PT) symme-
tries. Half-quantum vortex state in the phase I is the
ground state if the intra-species interaction is weaker
than the inter-species interaction and if the interaction
strength is below a threshold. Otherwise, it becomes
energetically unstable towards a superposition state of
two degenerate half-quantum vortex state (the phase
ITA), or a state involving higher-order angular momen-
tum (the phase IIB) [15]. With the appropriate SO cou-
pling strength, the half-quantum vortex state forms a
skyrmion texture provided appropriate boundary con-
dition is satisfied [15, 17]. However, the study of spin
vector and topological property of superposition state of
two degenerate half-quantum vortex states is missing.
2D topological structure is a subject of interest in BEC
studies for the protection that arises from their topolog-
ical nontriviality. The topological excitations in spinor
condensates are classified by the homotopy class of the
order parameter (OP) space [18]. This examination can
be carried out with the homotopy group theory [19]. For
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example, the 2D skyrmion is classified by the second
homotopy group mo(M), where M is the OP manifold
[20]. 2D skyrmions have been studied in a wide variety
of systems [21-24]. In particular, the spinor condensates
have provided an ideal platform to explore the various
types of the skyrmions, such as the 2D skyrmion, the
half-skyrmion and meron-pair [25-27]. Experimental in-
terests in topological defects and textures are currently
accelerating.

In this work, we explore various vortex-pair states in
two-component BECs with different kinds of spin-orbit
coupling by numerically solving the mean-field Gross-
Pitaevskii equation (GPE). There are already various
proposals to achieve a nonabelian gauge field. The pre-
vious studies are focused on either the Rashba-type or
the Dresselhaus-type SOC. Other forms of SOC such as
D0y +DpyG, are also proposed in Refs. [28-31]. The struc-
tures differing in the density distribution and/or phase
distribution exhibit different spin texture. We reveal that
for the Rashba SOC in weakly interacting spin-1/2 Bose
gas, superposition state of two degenerate half-quantum
vortex states has a meron-pair spin-texture, i.e., a half-
skyrmion and an anti-half-skyrmion, but with null topo-
logical charge. It is different from the usual 2D bimeron
which was first studied in rotating two-component Bose—
Einstein condensates with Rabi coupling [26, 27]. We
also study the states in other forms of SO coupling, 2D
bimeron with a unit topological charge is created. This
supports another way to create 2D bimeron in BEC. We
also find a structure that two vortices are created in one
component of the BECs. The stability of the three types
of vortex-pair is investigated by incorporating a Rabi
coupling. It provides a perspective to study the meron-
pair and observe the dynamics in BECs.

The paper is organized as follows. In Section 2, the
model Hamiltonian is introduced. In Section 3, we study
the phase distribution and spin texture in different forms
of SO coupled BEC. Three types of vortex-pair with ei-
ther null or unit topological charge are created. In Sec-
tion 4, an analysis about the different spin texture is
introduced with the concept of the helical modulation.
In Section 5, the effect of Rabi coupling is considered and
a relation for the structures is revealed. A brief summary
is included in Section 6.

2 Model

We consider a 2D pseudo-spin-1/2 boson system confined
in a harmonic potential. The condensates are subjected
to the different forms of SOC and Rabi coupling. We
employ the mean-field approximation and the state of the
system is described by the spinor order parameter (1) =
(W1 (r), Ya(m)T = (/pr(r)e® ™), \/pa(r)ei®2()T [32]

The Hamiltonian is written as

130316-2

H = /d2r¢T(7‘) [WJr;mwgrz — wro, | Y(r)

+ 9171 (1) + 9215 (1) + 29127 (1) 2 (7), (1)

where m is the mass of the atoms and w is the frequency
of the trapping potential. 7;(r) = !(r)¢y(r) and
(1) = ¥l (r)a(r) are the density operators for spin-
up and spin-down atoms, respectively. g; = 4mwa;h*/m
(j = 1,2) and g1 = 2mai2h?/m represent the intra-
and inter-component coupling strengths [33]. wg is the
Rabi frequency and A is a non-Abelian gauge field. The
Rashba SOC term is given by A = k(0,2 — 0,y). We
intend to systematically explore the phase distribution
and spin texture for the non-trivial half-integer angular
momentum state for the Rashba type and other forms of
SOC as well. We display different kinds of vortex struc-
ture related to the forms of SO coupling. An equivalence
of these couplings with the usual Rashba and Dressel-
haus couplings can be shown by a rotation in the spin
space. One may transform both SOCs into each other by
a mirror symmetry y <> —y [13]. However, if we consider
A = k(0. + 0,7), the coupling is completely different.
The single particle spectrum of this type of SOC and its
properties are introduced in Ref. [30].

We obtain the dimensionless coupled Gross-Pitaevskii
(GP) equations for the dynamics of the system in terms
of the variational principle. The condensate wave func-
tions are represented by a normalized complex-valued
spinor as [32]

(- ().

X2 7“)

with |x1(7)|? + |x2(7)|? = 1. The total density is p(r) =
p1(r) + p2(r) and the overall and relative phase are
O(r) = (61 (r) + 02(r)) /2, B(r) = bs(r) — b1 (r).
The pseudospin density is defined by S(r)
xT(r)6x(r). The explicit expressions of S = (S, Sy, S
are given by S, = xix2 + x3x1 = sinfcos¢, 9,

~

—i(xixz — x3x1) = sinfsing, and 5. = |x1|> — |x2|* =
cosf, where 0 = (0,,0y4,0.) are the Pauli matrices
and cosf = (p2 — p1)/p. The superfluid velocity is
Umass = %VW, and the flux flow of the spinor is

Vspin = 2 cos 0V 4522 [32]. The vortex winding number
is defined by the superfluid velocity integrating along a
closed path enclosing all the vortices. If the vortex has a
fountain texture in S(r), it corresponds to 2D topologi-
cal structure, e.g, 2D skyrmion. In order to describe the
distribution of the 2D topological structure, a topologi-
cal charge defined in a 2D system as Q = ﬁ J q(r)dzdy,
with charge density ¢(r) = S(r)- (0, S(r) x 9,S(r)). We
numerically solve the dimensionless coupled GP equa-
tions by using the imaginary-time propagation method
based on the pseudo-spectral method [34, 35].
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3 Vortex-pairs in different forms of SOC

Different kinds of couplings between the spin and linear
momentum may have different consequence on the distri-
bution of the condensate wave functions both in density
and phase, which result in different spin textures. The
situations are more complex when the interactions are
taken into account. We consider p,&, +pyd, as the form
of spin-orbit coupling in the two-component BECs. The
numerical simulations confirm that two types of vortex-
pair are indeed created(Type II and Type III), which is
different from the vortex-pair in the Rashba SOC(Type

I).
3.1 Typel

First we review the condensate with the 2D Rashba
SOC. The phase diagram of a Rashba spin-orbit cou-
pled spinor BEC have been investigated by using mean-
field theory for (gi12 = g) [13] and (g12 # g) [14]. For a
weakly interacting, the half-vortex solution corresponds
to two states, namely, IA and ITA, which differ in the
density distribution. The critical interaction strength
g. increases rapidly with decrease of the SO coupling
strength. With the appropriate SO coupling strengths,
the half-quantum vortex state IA forms a skyrmion-type
texture so far as the boundary condition is satisfied [15].
The increase of the SO coupling leads to more oscillations
in the radial direction [17].

In the present work, we first investigate the half-vortex
solution ITA which is a superposition state of two de-
generate half-quantum vortex states in the Rashba SOC
[15]. However, in Ref. [15], the discussion about the phase
and the topological property is missing. Figure 1 shows
the density distributions [(a)—(c)] and the phase distri-
butions [(d)—(f)]. We observe that the density distribu-
tion of the ITA state is the same as the 2D bimeron in
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Fig. 1 The density profiles for (a) ¥ and (b) %2. (c) The
cross sections of |¢1|? and |¢2|* along the x axis at y = 0. The
phase distribution for (d) 1 and for (e) 2. (f) The plot of
the relative phase. g1 = g2 = 79, gi12 = 70 and x = 0.9.
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rotating two-component Bose—Einstein condensates with
Rabi coupling. Each component has one off-axis vortex
and the density peak of one component is locked at the
vortex core of the other component. The profile of the
relative phase plays an important role in optimizing the
vortex structure, as shown in Fig. 1(f). The pair of vor-
tices has circulation of opposite sign in each individual
phase space [Figs. 1(d), (e)] and the total relative phase
accumulated along a loop encircling the two vortices is
47 [Fig. 1(f)], which is different from the 2D bimeron
situation (Type III).

In the absence of SOC. the 2D bimeron is usually sta-
bilized by the coherent Rabi coupling [26, 27]. The cores
of the two vortices are connected by a domain wall of
the relative phase to form a vortex-molecule. Essentially,
the coherent Rabi coupling plays the role of a transverse
magnetic field that aligns the spin along the z-axis, lead-
ing to x' — (1,1) at distances far from the core region.
To gain more insights of the superposition state, it is use-
ful to study the spin texture and the topological charge
density, which is shown in Figs. 4(a) and (b). It is readily
seen that the spin vector twists in space and forms a half-
skyrmion and anti-half-skyrmion texture. The distribu-
tion is odd with respect to the z-axis [Fig. 4(b)], which
emphasizes the creation of a meron-antimeron pair with
a vanishing total topological charge. In our calculations,

Q= [aq(r)dedy = 5 +(=3) = 0.

3.2 Type Il

Next, we study p,6, + p,0y as the form of SOC in
two-component BECs with spinor (1,0)T as the initial
state. We denote the positions of the vortices in spin-
up component as (—T,, ;). In Fig. 2, it is shown
that |¢1(7)|? vanishes at two off-centered location, at
which the [t)5(7)|? reaches its maximum. The two points
of vanishing density are located at symmetric positions
x = *x,,. The central and the outermost region is filled
by the 9. In addition, the phase of ¢ (r) exhibits two
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Fig. 2 The same as in Fig. 1 for 2D configuration of Type
II. g1 = g2 = g12 = 79 and k = 1.05. A vortex-free Gaussian
wave packet with uniform spinor (1,0)T as the initial state.
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clear 27 phase winding around the core. They form a
vortex-antivortex pair. The total phase winding along a
loop encircling the two vortices (the total vortex winding
number) is zero. It is notable that the density and phase
profile are the same as the conventional 2D skyrmion for
each half plane, where one component is located at the
vortex core of the other component. It is just like two
conventional 2D skyrmion put together. As the phase of
1_1 jumps from 0 to 7, the 1_; shows a dark soliton
state. The spin texture is shown in Fig. 4(c).

The topological charge density is odd with respect to
the z-coordinate like type I which reveals the creation of
a meron-antimeron pair with vanishing total topological
charge Q = [q(r)dady = £ 4+ (—1) =0.

3.3 Type III

After sufficiently long imaginary-time propagation with
spinor (1/v/2,—1/4/2)T as the initial state, we obtain
the stable bimeron state, as shown in Fig. 3. In contrast
to Type I and Type II, this pair of vortices has circu-
lation of the same sign in each individual phase space,
but has the opposite sign in the relative phase space.
The profile of the relative phase plays an important role
in optimizing the structure, which is shown in Fig. 3(f).
The pseudospin S orientations depend on the relative
phase, which can be represented by an azimuthal angle
arctan(Sy/S;) = 62(r) — 61(r) [26, 27]. The two vor-
tices are connected by a topological sine-Gordon soliton
which is also called as a magnetic domain wall. The do-
main wall has the relative phase with the 27 difference.
Then the vortex in one component and that in the other
component can be bound by the domain wall, forming
a vortex molecule. The total 2D topological charge is
Q = [q(r)dzdy = % + % = 1 and the spin texture is
shown in Fig. 4(d).

We have verified that the obtained solution is the true
ground state from a variety of initial conditions. We com-
pare the energy of Type II and Type III and we find the
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Fig. 3 The same as in Fig. 1 for 2D configuration of Type
III. g1 = g2 = g12 = 79 and k = 0.9. A vortex-free Gaussian
wave packet with uniform spinor (1//2,—1/v/2)" as the ini-
tial state.
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Fig. 4 The spin-textures for (a) Type I (¢) Type II and
(d) Type III. The corresponding topological charge density
for (b) Type L

two solutions are degenerated for g1 = go = g12. Type 11
structure is the ground state if the intra-species interac-
tion is smaller than the inter-species interaction and if
the interaction strength is below a threshold. Type III
structure is the ground state if the intra-species interac-
tion is larger than the inter-species interaction and if the
interaction strength is below a threshold.

4 Theoretical analysis

The emerged vortex-pair are physically understandable
with the concept of the helical OP modulation. For the
SO-coupled BEC, the Hamiltonian # is invariant under
the simultaneous SO(2) global spin-space rotations. The
concept of the helical modulation of the OP [36, 37] pro-
vides a good method to understand the structure under
the non-Abelian gauge field. Based on the theory, the
OP under a non-Abelian gauge field can be written with
the rotation matrix V = exp (—igmn - o) acts on an ar-
bitrary ¢ (rg) around the unit vector n by the angle ¢.
The non-Abelian gauge field favors the situation where
the rotation axis n corresponds to the modulation vector
h [37].

For the non-Abelian gauge field, the rotation ma-
trix Vi = exp(—iplozng +oyn,]) for the Rashba-
Dresselhaus type SOC and the rotation matrix Vo =
exp (—ip[o,ny + oyny]) for the other form of SOC. From
the analysis of single particle spectrum Ej of an ideal

Bose gas, Eo has a minimum line along , /k2Z + k2 as pre-

sented in Ref. [36]. Therefore, it turns out that the pos-
sible stable texture is the helical spin modulation with

Yong-Kai Liu, et al., Front. Phys. 13(5), 130316 (2018)
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the vector h//(ky,ky,0) in the z—y plane. This results
in the different texture with the appropriate ¢ ~ k- to
fulfill the OP manifold according to the different wave
functions [36-38]. For the Rashba type of SO coupling,
the appropriate ¢ ~ k - r can result in the rotation ma-
trix V1 becoming U;. The corresponding 2D skyrmion
and meron-pair (Type I) are created, when U; acts on
the representative spinor (1,0)" and (1/v/2,—1/v/2)T.
In order to better understand this theory, we can
approximately consider the OP of a two-component
BEC for a rotationally symmetric configuration of a
2D skyrmion (representative spinor (1,0)T) and Type I
meron-pair with representative spinor (1/v/2, —1/v/2)7,

() () = (k). o
where Ui () = exp [—iA(r)(0zns + oyny)]. U(r) defines
a mapping from the compactified 2D physical region to
the order parameter space. The map falls into the homo-
topy class which is characterized by the homotopy group
m(S?) = Z. It is illustrative to study the topological
structure with the radial symmetric ansatz by assum-
ing A(0) = 7 and A(o0) = 0 with n = (nz,n,,0) =
(cosd,sin®,0). And we can get the 2D winding number
Q2p = 1 for 2D skyrmion and Q@ = 3 + (—3) = 0 for
Type I meron-pair.

For the type of SO coupling (p,6, + pydy), the ap-
propriate ¢ ~ k- r can result in the rotation matrix V5
becoming Us;. The corresponding vortex-pair in one com-
ponent (Type IT) and in two component (the 2D bimeron
Type III) are created, when U, acts on the representa-
tive spinor (1,0)" and (1/v/2, —1/4/2)". For this case, we
can approximately consider the OP of a two-component

BEC as
() -vamman () o (%) o

where Us(r) = exp [—i\(r)(0.n, + oyny)]. A rotation-
ally symmetric configuration can also be given as before.

We find that all the ansatz wave functions indeed give
the same distribution of the density, phase and spin tex-
ture as our work in SOC. It verifies the correctness of
our previous results for the structural analysis.

5 Effects of Rabi coupling

Coherent Rabi coupling between the two component
BECs is experimentally achieved by the JILA group [39].
The coherent coupling term with the Rabi frequency acts
as a transverse magnetic field that aligns the spin along
the z-axis. This interaction couples the atoms of the two
components via the relative phase of the order parame-
ters. Since the two-component BECs are coupled by the

Yong-Kai Liu, et al., Front. Phys. 13(5), 130316 (2018)

uniform coherent Rabi coupling, one cannot make a vor-
tex in one of the components without affecting the phase
in the other component. The relative phase between the
two components prefers to be uniform to reduce the cou-
pling energy.

We study the interplay between the Rabi interaction
and SOC interaction on the vortex-pair structure. For
meron-pair (Type I and Type III), the increase of the
Rabi frequency wpg induces the decrease of the size of
the meron pair (the separation distance of the vortex
core). This indicates that the binding of the meron-pair
becomes stronger. We also note that the magnitude of
decreasing in the size of the meron pair with increase of
the SOC is small and may bring in new vortices. Con-
sequently, the size of the meron pair are effectively con-
trolled by the strength of the Rabi coupling.

While 2D skyrmion can be created in rotating two-
component Bose-Einstein condensates, 2D bimeron is
created by switching on the Rabi term. It is equiva-
lent to the effect that rotates the spinor as w"iimeron =

ﬁ( skyrmion:l:qpskyrmion)
2 \¥1 2 :
In our model, 2D skyrmion (@ = 1) is created in the

Rashba SOC. As the Rabi coupling is implemented, the
meron-pair (Type I, Q = 0) instead of 2D bimeron (Type
ITI, @ = 1) is created. The vortex-pair (Type II, @ = 0)
can be created in other form of SOC and 2D bimeron
(Type III, @ = 1) is created when the Rabi coupling is
considered. We can see that the Rabi interaction indeed
couple the two component. However, the form of combi-
nation is also effected by the forms of the SOC, differ-
ing to the case in rotating two-component Bose-Einstein
condensates. Notably, if we choose the skyrmion (Q = 1)
as the initial state in forms of SOC (p,6. + pyd,) with
Rabi coupling, 2D bimeron (Type III, @ = 1) is created.
If we choose the vortex-pair (Type II, @ = 0) as the ini-
tial state in Rashba SOC with Rabi coupling, meron-pair
(Type I, @ = 0) is created. It provides us an ideal model
to study the dynamics of the transition of the different
structure with the same topological charge.

6 Summary

We have studied and proposed methods for creating
three types of vortex-pair in two-component BEC. The
first one (Type I) with total topological charge 0, has
circulation of the opposite sign in each individual phase
space, which can be created by incorporating a Rashba
type spin-orbit coupling into BEC. The second one (Type
IT) has total topological charge 0 and holds a pair of a
vortex and an antivortex in the same component, which
can be created by incorporating a non-Abelian gauge po-
tential (py6.+pydy) into BEC. The third one (Type IIT)
is a 2D bimeron with the one topological charge, which

130316-5
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can be created by incorporating a non-Abelian gauge po-
tential (py6. + pyd,) into BEC. We also examine the
effect of the Rabi coupling on the vortex-pair, and a re-
lation between them is revealed.
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