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Quantifying quantum correlation via quantum coherence
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Resource theory is applied to quantify the quantum correlation of a bipartite state and a computable
measure is proposed. Since this measure is based on quantum coherence, we present another possible
physical meaning for quantum correlation, i.e., the minimum quantum coherence achieved under local
unitary transformations. This measure satisfies the basic requirements for quantifying quantum cor-
relation and coincides with concurrence for pure states. Since no optimization is involved in the final
definition, this measure is easy to compute irrespective of the Hilbert space dimension of the bipartite
state.
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1 Introduction

A quantum system may exhibit many interesting proper-
ties, such as nonlocality, which has no analogue in classi-
cal systems. In the last two decades, quantum correlation
of a bipartite or multipartite system has attracted much
attention owing to its potential applications in quantum
information processing such as the model of deterministic
quantum computation with one qubit for quantum simu-
lations [1–3]. In 2001, Ollivier and Zurek proposed a mea-
sure for the quantum correlation of a quantum bipartite
state through two classically equivalent expressions of
mutual information and called it quantum discord. They
found that a separable state may have nonzero quantum
correlation [4]. From the viewpoint of resource theory
[5–7], the quantum correlation measured by quantum
discord could be understood in the following manner:
all the quantum states with zero quantum discord are
free and all the rest are the resource. In accordance with
this, all bipartite local operations, where one subsystem
undergoes a unitary transformation and the other is al-
lowed to undergo a unitary transformation together with
an ancilla, are considered as free operations.

As a fundamental feather of quantum mechanics,
quantum coherence is an easily achievable resource in
an experiment, and has become a topic of considerable
interest in the recent times. [8–16]. According to the re-
source theory, two basic requirements have to be satis-
fied by a good measure of a quantum resource: (i) The

measure should present a zero result for a free state and
a positive value for a resource; (ii) Any free operation
should not create or increase the resource. By impos-
ing two other constraints, monotonicity and convexity,
on the measure of quantum coherence, Baumgratz et al.
proposed a framework for quantifying coherence [17, 18].
In the following years, a number of coherence measures
were proposed, such as the relative entropy of coherence,
the l1 norm of coherence, and the coherence of forma-
tion [19, 20]. Various properties of quantum coherence,
such as the relationship between quantum coherence and
quantum correlations [21–24], the freezing phenomenon
of coherence [25, 26], and the distillation of coherence
[20, 27] were investigated. In these works, a basis is fixed
for the quantum states and the operations under consid-
eration. In a recent work, a measure of quantum coher-
ence, called basis-free quantum coherence, was proposed
that used the quantum relative entropy as the distance
measure between the resource state and the set of free
states. It was found that this basis-free quantum coher-
ence is exactly equivalent to quantum discord, even in
multipartite systems [21]. In this work, we investigate the
quantification of quantum correlation from the viewpoint
of resource theory and a computable measure is proposed
irrespective of the dimension of the bipartite state. It is
found that quantum correlation could be interpreted as
the minimum quantum coherence achieved under local
unitary transformations. This measure satisfies the basic
requirements for quantifying quantum correlation and
coincides with concurrence of pure state. Furthermore,

© Higher Education Press and Springer-Verlag GmbH Germany, part of Springer Nature 2018



Research article

it is easy to compute because the optimization involved
in the initial definition is finally removed.

2 Concept and definition

From the viewpoint of resource theory, the local opera-
tions and classical communications classify the quantum
states into two categories, separable states as free states
and entangled states as resource. Just as we mentioned
above, if the free operations are composed of all bipartite
local operations with one subsystem undergoing a uni-
tary transformation and the other undergoing a unitary
transformation together with an ancilla optionally, the
bipartite states are divided into classical states with zero
quantum discord and quantum states with positive quan-
tum discord. Both, quantum entanglement and quantum
discord, are used to quantify the quantum correlation
of bipartite states. They are based on different physical
contexts and the former is stronger than the latter. Al-
though these definitions of quantum entanglement and
quantum discord have clear physical meaning, they are
not easy to compute, especially in case of mixed quan-
tum states in high dimensional systems; an optimization
is usually required in their definitions.

In this work, we study the quantum correlation of bi-
partite states with respect to the local operations in the
form of UA⊗UB , where UA and UB are unitary transfor-
mations imposed on the two subsystems A andB, respec-
tively. This consideration is based on the basic fact that
if two states, ρA and ρB , in the two subsystems A and B,
are completely independent of each other, then the whole
state of the composite system could be described by the
tensor product of the two states, i.e., ρAB = ρA⊗ρB , and
any local unitary operation imposed on the subsystems A
and B cannot change the independence of the two states.
On the contrary, if the two subsystems are correlated to
each other, the whole state of the composite system can-
not be described by a tensor product. ρAB ̸= ρA ⊗ ρB ,
irrespective of the basis chosen for the subsystem A or
B. In other words, by defining the local operations in
the simple form of UA ⊗ UB as the free operations, all
bipartite tensor product states are free states, and the
rest are resource states.

We start the discussion on the measure of quantum
correlation with the distance between the state ρAB un-
der consideration and the set of tensor product states,
denoted as T hereafter,

d(ρAB) ≡ min
δ⊂T

∥ρAB − δ∥F , (1)

here we choose Frobenius norm [28], ∥X∥F ≡√∑
ij |Xij |2, to measure the distance between the two

density matrices ρ and δ.

In the following, we assume that the tensor product
state σAB = σA ⊗ σB is the state closest to the state
ρAB , so the distance mentioned above is simplified to

d(ρAB) = ∥ρAB − σAB∥F . (2)

Now we consider a free operation UAB = UA⊗UB , which
turns the above free state σAB to a diagonal density ma-
trix, UABσABU

†
AB = ΛAB . Since the Frobenius norm is

unitarily invariant, we can rewrite the above equation as

d(ρAB) = ∥ρ′AB − ΛAB∥F , (3)

with ρ′AB = UABρABU
†
AB . Since the Frobenius norm is

given by the squareroot of the sum of the squares of the
absolute values of all elements, every diagonal element
of the matrix ΛAB has to be equal to the corresponding
diagonal element of the density matrix ρ′AB , so that the
above result is minimized for the measure of the quantum
correlation of ρAB . In other words, the quantity in the
above Eq. (3) can in fact be regarded as a measure of the
quantum coherence of the density matrix ρ′AB because it
is determined by the off-diagonal elements only and is
independent of the diagonal ones.

In order to work out the explicit expression of the local
operation UAB = UA ⊗ UB , which minimizes the above
distance of ρAB , we rewrite the above equation as

d(ρAB) =

√
∥ρ′AB∥2F −

∑
i

|(ΛAB)ii|2

= min
UAB=UA⊗UB

√
∥ρAB∥2F −

∑
i

|(ρ′AB)ii|2.

(4)

Here, the Frobenius norm ∥ρ′AB∥F = ∥ρAB∥F is not af-
fected by any unitary operation. Since local unitary oper-
ations imposed on the subsystem A (or B) do not change
the reduced density matrix of the other subsystem B (or
A), the squared sum of the diagonal elements of ρ′AB

reaches its maximum value when both the reduced den-
sity matrices ρ′A(B) = TrB(A){ρ′AB} become diagonal ma-
trices after the local operation UAB = UA⊗UB , because∑

i

|(ρ′AB)ii|2 ≤ ∥ρ′A∥2F · ∥ρ′B∥2F . (5)

Since the Frobenius norm of the two reduced density
matrices, ρ′j (j = A,B), remains invariant under the
above local operation, ∥ρ′j∥F = ∥ρj∥F , the distance of
the state ρAB from the set of tensor product states T
could be finally expressed as

d(ρAB) =
√

∥ρAB∥2F − ∥ρA∥2F · ∥ρB∥2F . (6)
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Now, we introduce a monotonically increasing function of
the distance d(ρAB) to measure the quantum correlation
of a given bipartite state ρAB , which is

C(ρAB) =

√
2− 2

√
1− d2(ρAB). (7)

We have two reasons to choose such a function. First,
as a monotonically increasing function of the distance
d(ρAB), it is confined to the range [0, 1], and has a one-
to-one correspondence with distance. The above process
for optimizing the distance between the state ρAB and
the set of tensor product states is also valid for optimiz-
ing the current measure of quantum correlation. It will be
shown that the quantum correlation defined in this way is
equivalent to the basis-free quantum coherence, i.e., the
minimum quantum coherence achieved under local uni-
tary transformations. Second, the quantum correlation
defined in this way satisfies all the requirements for a
good measure of quantum correlation and coincides with
quantum entanglement for pure states. More details are
presented in the next section.

As an alternative, we can use the eigenvalues of the
density matrix of ρAB , referred as λi, and the eigenval-
ues of the two reduced density matrices of ρA and ρB ,
referred as µm and νn, respectively, to express the above
quantum correlation, which is represented as below.

C(ρAB) =

√√√√2− 2

√
1−

∑
i

λ2i +
∑
m

µ2
m

∑
n

ν2n. (8)

3 Properties of the current measure of
quantum correlation

It is obvious that the quantum correlation defined above
could be easily computed based on Eq. (7) or (8), where
we only need to work out the Frobenius norms of the
quantum state ρAB and its two reduced density matrices,
or their eigenvalues; besides, no optimization is involved
in the calculation. In this section, we will discuss some
properties of the current quantum correlation.

3.1 As a measure of quantum correlation

In general, three basic conditions have to be satisfied for
A good measure of bipartite quantum correlation [29]:
(A1) It should generate a zero result for tensor product
states, and a positive result for entangled states; (A2)
The measuring result should be invariant under local uni-
tary transformations on each one of the two subsystems;
(A3) Quantum correlation should coincide with quan-
tum entanglement for pure states. It is obvious that the
first condition, (A1), is satisfied by the current measure,
because all the tensor product states are free in this case,

and the entangled states belong to the resource. Since
the current measure of quantum correlation could be con-
sidered as the basis-free quantum coherence, the second
basic condition, (A2), is also satisfied. We prove the
third condition, (A3), in the following part of this sub-
section.

For a given arbitrary bipartite pure state |ψ⟩AB =∑
ij αij |iAjB⟩, we first work out its Schmidt decomposi-

tion |ψ⟩AB =
∑

m

√
µm|mAmB⟩, with µm As the eigen-

values of the two reduced density matrices of |ψ⟩AB . Ac-
cording to the measure in Eq. (8), the quantum correla-
tion of the pure state |ψ⟩AB is

C(|ψ⟩AB) =

√
2− 2

∑
m

µ2
m. (9)

At the same time, the quantum entanglement of the
above pure state, measured by Wootters concurrence [30]
and its generalized version, I-concurrence [31], is

E(|ψ⟩AB) =

√
2− 2

∑
m

µ2
m. (10)

We observe that the quantum correlation defined here is
in accord with the quantum entanglement for the bipar-
tite pure states, measured by I-concurrence, and hence
the third condition, (A3), is satisfied.

3.2 As a measure of quantum coherence

For the basis where both the reduced density matrices
of ρAB are diagonal matrices, the distance defined in
Eq. (1), as well as the quantum correlation defined in
Eq. (7), could both be considered as a measure of quan-
tum coherence in this quantum state because they are
determined by the off-diagonal elements of the density
matrix in this particular basis, and are independent of
the diagonal ones. It provides another possible physi-
cal meaning to quantum correlation, i.e., the minimum
quantum coherence achieved under local unitary trans-
formations. In fact, the first condition, (A1), mentioned
above for the measure of quantum correlation is also
required to be fulfilled by the measure of quantum co-
herence. As the second requirement for the measure of
quantum coherence, free operation can neither create re-
source from a free state, nor increase the resource con-
tained in a quantum state. In the current case, the free
operations are composed of local operations formulated
as the tensor product of the two local unitary transforma-
tions implying that this requirement is satisfied directly.
The convexity, i.e., the property of nonincreasing under
mixing of quantum states, is satisfied by the measures
of quantum coherence proposed in the recent work [17].
However, it is violated by the measure proposed here
because the set of free states is not convex and hence
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the mixture of the two free states might contain a re-
source. Furthermore, the current basis-free measure is
equal to the minimum quantum coherence achieved un-
der local unitary transformations, which is different from
the measures proposed in some of the previous studies
[17, 19, 20], where a fixed basis is required. We affirm
that it is a reasonable result because the operation of
mixing is not free according to the current definition of
free operation where it can be interpreted as “rotation”
of the basis, rather than the mixture of two or more
states.

3.3 Relationship between quantum coherence, quantum
discord, and quantum entanglement

Although quantum entanglement, quantum discord, and
quantum coherence could be considered as different
types of quantum resources, some connections are found
between them. For example, Chitambar and Hsieh uni-
fied the resource theories of entanglement and coherence
by studying their combined behavior in the framework of
local incoherent operations and classical communication
(LIOCC) and concluded that entanglement and coher-
ence are indeed closely linked to each other [32]. The
quantum coherence contained in a system could be con-
verted to (distillable) entanglement between the system
and an initially incoherent ancilla by means of incoherent
operations, which makes it possible to quantify coherence
in terms of entanglement [33]. In recent past, it was found
that the quantum discord created under multipartite in-
coherent operations is bound by the amount of quantum
coherence consumed in the process [34]. By definition,
quantum entanglement is more robust than quantum
discord. However, many separable bipartite states with
zero quantum entanglement could still not be regarded
as “classical”, because they have nonvanishing quantum
discord [35, 36]. At the same time, the density matrix of
a “classical” state with vanishing quantum discord is a
block diagonal matrix in a particular basis. However, for
a bipartite state with zero quantum coherence, based on
the current measure discussed above, its whole density
matrix has to be a diagonal matrix in a particular basis,
which could also be considered as a special type of block
diagonal matrix. If we call the states with vanishing
quantum discord “type-I classical”, and the states with
vanishing quantum coherence, based on the current mea-
sure, “type-II classical”, we have the following conclu-
sion: a “type-I classical” state does not need to be “type-
II classical”; however, a “type-II classical” state has to
be “type-I classical”. For example, a two-qubit mixed
state ρAS = 1

2 |0⟩A⟨0| ⊗ |0⟩S⟨0| + 1
2 |1⟩A⟨1| ⊗ |+⟩S⟨+|,

with |+⟩ = 1√
2
(|0⟩ + |1⟩), is a “type-I classical” state,

but not “type-II classical”, with C(ρAS) =
1
2 , measured

in the aforementioned method. All the bipartite tensor

product states are both “type-I classical” and “type-II
classical”. In other words, the quantum correlation de-
fined here is weaker than quantum discord and quantum
entanglement is the strongest among these three.

3.4 Other properties

According to the definition proposed by Ollivier and
Zurek [4], which one plays the role of the “apparatus”
and which one plays the role of the “system”, between
the two subsystems A and B, has to be determined be-
fore evaluating the quantum discord of a bipartite state.
In other words, the evaluation of the quantum discord of
a bipartite state is asymmetric with respect to the two
subsystems. We can even find many examples where a
“type-I classical” quantum state with subsystem A cho-
sen as the “apparatus” might contain nonzero quantum
discord on choosing subsystem B as the “apparatus”. On
the contrary, the evaluation of quantum entanglement
is symmetric with respect to the permutation among the
subsystems and this property is also satisfied by the mea-
sure proposed here. In other words, the permutation be-
tween the two parties of a bipartite system would not
change its quantum correlation or quantum coherence,
if the current measure is applied. Another merit of the
current measure is that it is easily computable. Since
no optimization is involved in the current measure of
quantum correlation [Refer to Eqs. (7) and (8)] and the
quantum correlation of a given bipartite quantum state
relies only on the Frobenius norm of its density matrix
and the two reduced density matrices, it can be easily
calculated irrespective of the Hilbert space dimension of
the quantum state.

4 conclusions

In a bipartite system, if we regard local unitary oper-
ations as free, then all tensor produced states are free
states and all the rest are resource. From this viewpoint,
we connected the two concepts, quantum correlation and
quantum coherence. It is found that quantum correlation
could be interpreted as the minimum quantum coherence
achieved under local unitary transformations. Based on
this idea, we propose a measure of quantum bipartite
correlation via quantum coherence. We confirmed that
the quantum correlation contained in a bipartite state is
equal to the quantum coherence of this state in the basis
where both of its reduced density matrices are diagonal.
Mathematically, the current measure of quantum corre-
lation depends only on the Frobenius norms of the den-
sity matrix of the state and its two reduced density ma-
trices, or alternatively, their eigenvalues. This measure
satisfies the basic requirements for quantifying quantum
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correlation and quantum coherence, and coincides with
concurrence for pure states. Since no optimization is in-
volved in the definition, this measure is easy to com-
pute, irrespective of the Hilbert space dimension of the
bipartite state. As is well known, the concepts of quan-
tum entanglement, quantum correlation, and quantum
coherence have been generalized from the bipartite sys-
tems to multipartite systems [21, 37–41], and it will be
an interesting topic to quantify quantum correlation via
quantum coherence in multipartite quantum systems.
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