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In this work, we apply a principal component analysis (PCA) method with a kernel trick to study the
classification of phases and phase transitions in classical XY models of frustrated lattices. Compared
to our previous work with the linear PCA method, the kernel PCA can capture nonlinear functions.
In this case, the Z5 chiral order of the classical spins in these lattices is indeed a nonlinear function
of the input spin configurations. In addition to the principal component revealed by the linear PCA,
the kernel PCA can find two more principal components using the data generated by Monte Carlo
simulation for various temperatures as the input. One of them is related to the strength of the U(1)
order parameter, and the other directly manifests the chiral order parameter that characterizes the Z,
symmetry breaking. For a temperature-resolved study, the temperature dependence of the principal
eigenvalue associated with the Z; symmetry breaking clearly shows second-order phase transition

behavior.
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1 Introduction

Recently, there has been increasing interest in the appli-
cation of machine learning to the classification of phases
of matter [1-18], including both quantum and classical
phases with different order parameters [1-15] as well as
topological phases [16-18]. The schemes involved include
both supervised learning [3, 4, 7, 11-13, 16-18] and un-
supervised learning [1, 2, 5, 6, 8-10, 14, 15]. For example,
previous works have applied unsupervised learning tech-
niques such as a principal component analysis (PCA) to
analyze the data generalized by classical Monte Carlo
simulation for both Ising and XY models at different
temperatures [1, 2, 8], and they have shown that the
PCA method can clearly distinguish between a high-
temperature disordered phase and the low-temperature
ordered phase.

In the first paper of this series [1], we have applied the
PCA method to frustrated classical spin models [19-25]
such as the XY model for triangular and Union Jack
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lattices [26, 27]. Unlike the XY model for the square
lattice [28-30], the low-temperature phase in these frus-
trated models displays both U(1) and Z5 order parame-
ters, and as the temperature increases, two phase transi-
tions occur, across which the U(1) and Z3 order param-
eters disappear separately. For instance, for the Union
Jack lattice, the low-temperature phase contains both
orders, the intermediate phase only has the U(1) or-
der, the Z5 order vanishes, and the high-temperature
phase has no order. We show that the PCA method
applied to the data generated at all temperatures can
clearly distinguish all three phases. By applying a PCA
to temperature-resolved data, the principal values as a
function of the temperature can also reveal the location
and nature of the phase transitions. More importantly,
we also design a simple toy model to understand why the
PCA method can work in this application of recognizing
the phase of matter.

Nevertheless, at the end of this paper, we mention
the limitations of the PCA method. One limitation is
that it does not allow a direct readout of the order pa-
rameter. However, we remark that in some cases, the
PCA method does allow a direct readout of the order
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parameter, and the simplest example is the Ising model.
In this case, the input data are a set of spin configu-
rations z,, as {s;,{¢ = 1,...,L}}, where s; is the Ising
spin at each site and is equal to either +1 or —1. The
PCA will find one principle component with the eigen-
vector (1/L){1,1,...,1}. The projection of each x,, onto
this principle component is simply (1/L) >, s;, and this
is nothing but the total magnetization and is the order
parameter for the Ising model, which captures the Zs
symmetry breaking.

Taking this Zs symmetry breaking as an example, let
us be more concrete about the mathematical description
of the symmetry breaking for a general situation. Con-
sidering a function f(z) with a spin configuration z as
the input and a single number y = f(x) as the output
and for a set of data {x,}, we consider the probability
P(f(z) =y), where x runs over all data within the data
set. P(y) is also known as the histogram. If {z,} is a
high-temperature data set, P(y) will behave as in Fig. 1,
which is a symmetric function peaked at y = 0; however,
for a low-temperature data set {z,}, P(y) should be a
double-peak symmetric function, as shown in Fig. 1. In
the case of the Ising model, f(z) can be simply chosen
as the average total magnetization (1/L) )", s;.

However, in the case of the triangular and Union Jack
lattices, the Z5 degree of freedom is the chirality order,
which describes the clockwise or anticlockwise spin ro-
tation around each triangle. The PCA method can dis-
tinguish phases with different chirality, but it fails to
directly characterize the Z5 symmetry breaking, as men-
tioned above, simply because the chirality order of this
case is a nonlinear function of the input. Consequently,
f should also be a nonlinear function.
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Fig. 1 Schematic of mathematical description of Z> sym-
metry breaking: Histogram P(y) for (a) high temperature
data set without a Z» symmetry breaking and (b) low tem-
perature data with a Z> symmetry breaking.
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In machine learning, a so-called kernel trick is often
used to capture the nonlinear characteristics of the order
parameter. In this paper, we will apply the kernel PCA
method to the XY model for different lattices, and we
will show that the kernel PCA method can capture the
strength of the U(1) order and allow a direct readout
of the Z, chirality order. We also design a similar toy
model to understand how the kernel PCA method works
here.

2 Model and method

Here, we will first briefly review the model we consider
and the kernel PCA method [31]. The Hamiltonian of
the classical XY model is given by

H:JZSi'3j7 (1)
(ig)

where s; = (cosf;,sinf;) is a classical planar spin de-
fined at each site and 6; € (0,27], (ij) denotes all the
nearest-neighbor bonds. Since they are classical models,
the data we use are generated by classical Monte Carlo
simulation. Such an algorithm can produce equilibrium
spin configurations at different temperatures, denoted by
{z,} (n=1,...,N). Each z,, is a vector with a dimen-
sion of 2L, organized as

Xy = (cosby,...,cos0r,sinby, ..., sinfr), (2)

where L is the total number of lattice sites and N is
the total number of data points in the data set. {z,}
(n=1,...,N) will be the data and the only input that
we feed to a computer. In our analysis below, we will use
the data generated at different temperatures as the input
in most cases. In some cases specified as a temperature-
resolved analysis, we use data with a given temperature
as the input.

The kernel PCA method first maps the original data
x with a dimension of 2L to M-dimensional data ¢(x)
with M > 2L by a mapping ¢(x). The PCA for this new
data set {¢(z,)} is called the kernel PCA. We define
¢ = (1/N) 25:1 ¢(xy,) as the average of all data and
organize all data into a N x M-dimensional matrix X,
where X,,,,, denotes the m-th component of ¢(z,) — ¢.
Now, we define an N x N-dimensional matrix I = X X7,
It is easy to show that the matrix I has the same set of
eigenvalues as an M x M-dimensional matrix S = X7 X.
The linear PCA used in the previous paper can be viewed
as a special case, where we diagonalize the matrix S with
¢(x) = x. Tt is straightforward to show that

1 1 1
K=K—- —EynK - —KF — EnynNKE
N NN N N,N + N2 NN N,N,
(3)
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where I, p, is an a x b matrix whose elements are all set
to unity and K;; = ¢(z;)¢(z;)T is denoted by k(zi,z;).
Here, k(z,y) is called the kernel function. In practice,
instead of designing the mapping function ¢(z), we usu-
ally directly design the kernel function k(x,y), and it
can be proved that each choice of k(x,y) corresponds to
a choice of ¢(x).

Since the matrices IC and S have the same set of eigen-
values, for instance, for the same eigenvalue A, the cor-
responding eigenvector for the matrix K is denoted by
v and the corresponding eigenvector for the matrix S is
denoted by wu, it can be shown that v and v are related
by

1
(\)1/2

u =

XTw. (4)

Suppose that v; is the eigenvector of I corresponding to
the ith largest eigenvalue. Following Eq. (4), the projec-
tion of the general data ¢(x) — ¢ onto v; is

N
1 _

Pi(z) = 2 ]; viklp(x) — dl[¢(ar) — 9], (5)
where v;;, is the kth component of v;. A consequence of
Eq. (5) is that

Pi(x;) o< vij. (6)

Below, we will apply this kernel PCA algorithm with the
quadratic kernel k(z,y) = (zyT)? to the XY model for
several different lattices.

3 Square lattice model

We first apply this method to the square lattice. The
input data are generated at temperature ranging from
well above the transition temperature to well below the
transition temperature. The results obtained using a
quadratic kernel are shown in Fig. 2(a), in which we find
three eigenvalues that are much larger than all of the
rest. Their corresponding eigenvalues are denoted by v1—
v3, and the projection of the data z,, into the subspace
spanned by these three vectors forms a three-dimensional
vector 1, = {P1(xy), P2(xy), Ps(zn)}. These vectors are
shown in Fig. 2(b), and they look like a cone.

In the previous work, we have developed a toy model
to understand the outcome of the linear PCA. The toy
model assumes that p% of the data are completely or-
dered; that is, all of the spins at different sites point
in the direction 6. The other (1 — p)% of the data are
completely disordered, that is, the spins between any
two sites are not correlated at all. Here, we show that
the same toy model can also be used to understand the
meaning of this outcome from the kernel PCA.
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Fig. 2 (a) Eigenvalues of the kernel PCA applied to the
XY model on L = 36 x 36 square lattice. The temperature of
the data set ranges from 0.2J to 1.8J, with AT = 0.2J. At
each temperature, 1000 samples are collected. There are three
eigenvalues much larger than the others. (b) The projection
of the data into the subspace spanned by the first three largest
eigenvectors. The blue data points are low-temperature data
and the purple data points are high-temperature data.

With this simplification of the input data, it is easy to
show that the K matrix can be constructed as

c2Epn, (1-p)N )

e K10W+Cl EpN,pN
KMt e3 B pyN,(1-p)N

c2B_p)NpN

where
L? 4m(i — j)
low _ ~
K™ = 5 [l—l—cos( N ) (8)
K8 = L%, ()

1 = L?(p® — 2p)/2, c2 —L?p(1 — p)/2, and c3 =
L?p? /2. Similarly, the eigenvectors corresponding to the
largest two eigenvalues of K are of the form

4 4
'ulo<<cos<p]7\rf> ,...,cos(ﬂ) ,...,cos(47r),0,...,0>,

(10)

4 4
vgo<<sin<p§7> ,...,sin(p?\?) 7...,si1r1(47r)70,...,0>.

(11)
It can be shown that the corresponding projections onto
vy and vy are

L
Pr(x) Z cos(Om + On), (12)

n,m=1
L

Po(x) o Y sin(0pm + 0n). (13)

n,m=1
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For fully correlated data, because 6, = 6, = 0,
{P1(z),Pa(z)} o {cos(20),sin(26)}, which forms a cir-
cle. For fully uncorrelated data, averaging over all sites
gives rise to vanishingly small numbers. This part con-
tains the information of the U(1) order parameter, and
it is nearly the same as the projection onto the first two
principal components in the linear PCA case.

Now, we come to the projection onto wz. It can be
shown that, within this toy model,

vsx (l—p,1—p,.....;.1—p,—p,—p,...,—p). (14)
Therefore,
L
Ps(z) o Z cos(0p, — 6p,) +C, (15)
n,m=1

where C is a constant. It is straightforward to show that

Pi(x) = A% - B2, (16)
Po(z) = 2AB, (17)
Ps(z) = A® + B +C, (18)

where A o anzl cos(fy,) and B Z#Zl sin(6,,).
Thus, one reaches the relation

Pi(x) + Pi(x) = Pi(x) +C. (19)

It results in a cone, and this explains the projections
shown in Fig. 2(b).

This relation also shows that Ps has a clear physical
meaning; that is, up to a constant, it gives rise to the
strength of the U(1) order parameter. Since the PCA
is designed to capture the largest variance in the data
set, the appearance of this third eigenvalue is therefore
due to the fact that the data are generated at differ-
ent temperatures and the strength of the U(1) order
varies between different temperatures. In other words,
for a temperature-resolved kernel PCA in which all data
are generated at the same temperature, there is nearly
no variation in the U(1) order parameter; therefore, this
eigenvalue is no longer significantly larger than the oth-
ers, and there will be only two prominent components,
as in the linear PCA case.

4 Triangular lattice

Now, we move to the XY model with antiferromagnetic
coupling J > 0 on a triangular lattice. For this lattice,
at the temperature T,; = 0.504J [26, 27|, a Kosterlitz—
Thouless transition takes place, below which there exists
an algebraic U(1) spin order. Below another transition
temperature To = 0.512J [26, 27|, a discrete Zs chiral
order forms, and the planar spins around each triangle
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rotate either clockwise or anticlockwise. For the triangu-
lar lattice, since these two transitions are very close, we
do not have enough data between these two transition
points, and they are regarded as a single transition in
practice.

We apply the kernel PCA with the same quadratic
kernel to the data of this model generated at nine dif-
ferent temperatures ranging from 0.3J to 0.7J with
AT = 0.05J. As shown in Fig. 3, we find that there
are a total of six eigenvalues that are significantly larger
than the others, among which four (labeled A, ..., A5)
are nearly degenerate. The projections of all data {z,}
into the subspace spanned by these four eigenvector are
shown in Fig. 4. It looks nearly the same as Fig. 6 of
our previous papers, which show the projections of the
data into the subspace spanned by all four significantly
large eigenvectors found by the linear PCA. In fact, these
four eigenvectors have more or less the same meaning as
that found by linear PCA. We will not repeatedly discuss
them here.

Here, we will mainly focus on the largest eigenvalue
and its corresponding eigenvector. As we show in Fig. 5,
for high-temperature data, P; is mainly concentrated at
zero, and for low-temperature data, it exhibits a symmet-
ric double-peak structure. According to what we stated
for Fig. 1 in Section 1, it serves the purpose of directly
characterizing the Zs symmetry breaking.

This principal component can also be understood by
a similar “toy model”. In this simple “toy model”, let us
only consider three sites (labeled A, B, and C) in one unit
cell. We assume that p% of the data are ordered, among
which half have a clockwise chirality order and the other
half have an anticlockwise chirality order, and the rest
(1 — p)% of the data are completely disordered. In this
case, it is straightforward to show that IC has the same
structure as Eq. (7). Because the inner product between
data with different chiral orders is zero, K'°V takes the

%108
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Fig. 3 The eigenvalues of kernel PCA for XY model on
L = 36 x 36 triangular lattice. The temperature of the data
set ranges from 0.3J to 0.7J, with AT = 0.05J. At each
temperature, 1000 samples are collected.
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Fig. 4 The projections of kernel PCA onto the 2nd, 3rd,
4th and 5th components for XY model on triangular lattice.
The temperature of the data set ranges from 0.3J to 0.7J,
with AT = 0.05J. At each temperature, 1000 samples are
collected.

form of

Klow _ (IET I&) 7 (20)
where

Kl =K} = L; {1 + cos (%)] (21)

and L = 3. Hence, it is straightforward to show that the
largest eigenvector is

vy =(1,1,...,1,-1,-1,...,—-1,0,0,...0), (22)
where 41 correspond to the ordered data with different
chirality orders and 0 is for the disordered data. Accord-
ing to Eq. (5), the projection of each datum onto this
principal component is

(-1 Z) o 0-3)
6
+coS(9c—0)]2— [cos <9A_9+2?7r>

2m 2
+ cos <03—0—?> —|—cos(00—9)} }

xsin(@a — 0p) +sin(fp — 0¢) +sin(fc — 04),
(23)

which is exactly the chiral order proposed for the
triangular-lattice XY model [26, 27].

Here, the sixth eigenvalue for the triangular-lattice
XY model is similar to the third eigenvalue for the
square-lattice XY model, which represents the strength
of the U(1) order parameter. In Fig. 5, we show the pro-
jection of all data into the subspace spanned by the first

Ce Wang and Hui Zhai, Front. Phys. 13(5), 130507 (2018)

and sixth eigenvectors. Because the U(1) and Zs transi-
tions are nearly coincident with each other in this model,
Fig. 5 clearly shows that, for data with P; =~ 0, the
U (1) strength takes the minimum value. When the U(1)
strength characterized by Ps increases toward the maxi-
mum, P; also shows a feature of Zs symmetry breaking.

We also consider a temperature-resolved kernel PCA
and focus on the largest eigenvalue associated with this
Zo chiral symmetry. At each given temperature, we con-
sider several systems with different sizes; then, we per-
form finite size scaling of this eigenvalue to the infinite
size limit. We then plot the eigenvalue at the infinite
size limit versus the temperature. The results are shown
in Fig. 6, which very clearly displays second-order phase
transition behavior. This is consistent with what one ex-
pects because this Zs transition falls into the Ising uni-
versality class and is characterized by a typical second-
order Landau transition.

400 0.7
300 X 0.65
200 - 0.6
o>
Pe 01 045
~1004 0.4
=200 A 0.35
-300 T 0.3

T T T T
-600 -400 -200 0 200 400 600
P

Fig. 5 The projections of kernel PCA onto 1st and 6th
components for XY model on triangular lattice. The tem-
perature of the data set ranges from 0.3J to 0.7J, with
AT = 0.05J. At each temperature, 1000 samples are col-
lected.
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Fig. 6 The largest eigenvalue for temperature resolved ker-
nel PCA. The temperature of the data set ranges from 0.3.J
to 0.7J, with AT = 0.025J. At each temperature, 1000 sam-
ples are collected. We perform a finite size scaling to get the
result for L = oo.
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5 Discussion

We can also apply the same kernel PCA scheme to the
Union Jack lattice. The results are quite similar to those
for the triangular lattice, and we will not repeat them
here. In both cases, we find two more principal com-
ponents, one of which directly reveals the Zs symmetry
breaking and the other is associated with the strength
of the U(1) order parameter. We could also apply this
method to the temperature-resolved case, and the prin-
cipal component associated with the Zs symmetry break-
ing exhibits the clear signature of a second-order phase
transition. Thus, we have satisfactorily addressed the Z,
order and Z5 phase transition in these frustrated classical
spin models.

However, a common problem for both the nonfrus-
trated and frustrated classical spin models in two dimen-
sions still remains. Specifically, the U(1) transition is a
Kosterlitz—Thouless phase transition and can hardly be
captured by these unsupervised learning methods. The
reason is because the Kosterlitz—Thouless transition is
described by vortex deconfinement and is characterized
by a jump in the superfluid density [28-30]. Both vortex
deconfinement and the superfluid-density jump are re-
lated to the reorganization of the vortex, which is a non-
local topological object. Progress has been made if the
vorticity or velocity fields are used as the input [8, 14, 15],
but so far the superfluid-density jump has not been found
by machine learning methods using the local spin config-
uration as the input. On the other hand, a related devel-
opment has been made in learning topological invariants
using neural networks, where the winding number can
be accurately predicted using the local Hamiltonian as
the input [18]. Therefore, it is conceivable that, by using
a supervised learning method to train a neural network,
one can capture the Kosterlitz—Thouless transition. We
leave this for future studies.

Acknowledgements This work was supported by MOST under
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