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A black ring is an asymptotically flat vacuum solution of the n-dimensional Einstein equations with an
event horizon of topology S1 × Sn−3. In this study, a connection between the black ring entropy and
the Weyl tensor Cµνλρ is explored by interpreting the Weyl scalar invariant CµνλρC

µνλρ as the entropy
density in five-dimensional space-time. It is shown that the proper volume integral of CµνλρC

µνλρ for
a neutral black ring is proportional to the black ring entropy in the thin-ring limit. Similar calculations
are extended to more general cases: a black string, a black ring with two angular momenta, and a
black ring with a cosmological constant. The proportionality is also found to be valid for these complex
black objects at the leading order.
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1 Introduction

Several decades ago, Penrose conjectured [1] that there
could be some latent relationship between the Weyl ten-
sor and the entropy of the gravitational field. This con-
jecture arose in cosmology on the basis of the fact that
the universe evolves from an almost homogeneous and
isotropic space-time to a phase with large-scale struc-
tures, during which the Weyl tensor, owing to its con-
formal symmetry, grows monotonically relative to the
Ricci tensor. This monotonically increasing behavior re-
minds us of the second law of thermodynamics, and some
scalar invariant constructed from the Weyl tensor could
thus be identified with the entropy of the gravitational
field. However, to our knowledge, the Penrose conjecture
has not been physically interpreted or mathematically
formulated in a rigorous way. It is not difficult to com-
prehend the obstacle, as entropy itself is essentially not
a scalar, so a precise definition or even a specified notion
of gravitational entropy via a scalar invariant seems im-
possible. Some early works on the dynamic and thermo-
dynamic aspects of the Penrose conjecture can be found
in Refs. [2–24], and were summarized and reviewed in
Ref. [25].

However, it is still very plausible that the Weyl tensor
could be related to the thermodynamics of the gravita-

*arXiv: 1708.01742.

tional field and that some entropy measure could be con-
structed therefrom. This idea can be understood as fol-
lows. In mathematics, the curvature of an n-dimensional
pseudo-Riemann manifold is described by the Riemann
tensor Rµνλρ, which can be decomposed into the Ricci
and Weyl sectors,

Rµνλρ =
2

n− 2
(gµ[λRρ]ν − gν[λRρ]µ)

− 2

(n− 1)(n− 2)
gµ[ρgλ]νR+ Cµνλρ, (1)

where Rµν is the Ricci tensor, R is the Ricci scalar, and
Cµνλρ is the Weyl tensor. However, in physics, the Ein-
stein equations link the Ricci tensor only to the energy–
momentum tensor of the gravitational field. As a result,
the Weyl tensor is absent in classical general relativity;
in other words, it is locally independent of the energy–
momentum tensor. Therefore, we may infer that the
information encoded in the Weyl tensor is associated not
with the dynamic but with the thermodynamic aspects of
gravitation. This observation provides a new and purely
geometrical perspective on the thermodynamics of the
gravitational field and can serve as a physical realization
of the Penrose conjecture in a first step. Because the
Weyl tensor is traceless and shares the same symmetries
as the Riemann tensor, the Weyl scalar invariant (i.e.,
its complete contraction),

W := CµνλρC
µνλρ,
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is the principal scalar invariant that we can construct.
Actually, W satisfies the requirements for defining the
entropy from the Weyl tensor, as claimed in Ref. [25]:
measure the local anisotropy of the free gravitational
field, increase monotonically in the universe, and repro-
duce the black hole entropy formula. In Ref. [26], the
Weyl scalar invariant was even consulted to justify the
cosmic censorship hypothesis. In this paper, we will fo-
cus on the relationship between the Weyl scalar invariant
and the black ring entropy.

Below, we explain our idea more quantitatively. We
first show how the Weyl tensor can be related to the black
hole entropy. The metric of the Schwarzschild black hole
is ds2 = −(1− RS/r)dt2 + (1− RS/r)

−1 dr2 + r2 dθ2 +
r2 sin2 θ dϕ2, where the event horizon is located at the
Schwarzschild radius RS = 2GM , and M is the black
hole mass. The Weyl scalar invariant is obtained directly
as

W =
12R2

S
r6

.

On the other hand, the Bekenstein–Hawking formula [27,
28] indicates that the entropy of the Schwarzschild black
hole is

S =
A

4G
=
πR2

S
G

,

where A = 4πR2
S is the event horizon area. Comparing

these two results, we immediately observe the propor-
tionality between W and S. This proportionality in-
spires us to go further. Because the Weyl scalar invari-
ant depends on the radial coordinate r and does not de-
crease inside the event horizon, if it is evaluated along the
world-lines of physical observers, we may make an edu-
cated interpretation that the Weyl scalar invariant W is,
or at least is proportional to, the entropy density of the
gravitational field of the Schwarzschild black hole, and
the Bekenstein–Hawking entropy could thus be obtained
by taking its proper volume integral.

However, a dimensional analysis invalidates this sim-
ple attempt. In four-dimensional space-time, the dimen-
sion of the Weyl scalar invariant, [W ], is +4 in the natu-
ral system of units, but the dimension of the proper vol-
ume element, [dV3], is −3. Therefore, the volume integral∫
W dV3 has the dimension +1, but entropy is dimen-

sionless. Consequently, we may regard the Weyl scalar
invariant as the entropy density only in five-dimensional
space-time, in which [dV4] = −4, so the proper volume
integral,∫

W dV4, (2)

is dimensionless and could lead to the correct entropy
formula. We may generally consider this problem in an

n-dimensional space-time, in which [dVn−1] = −(n− 1),
whereas [W ] remains +4. Hence, dimension 5 is the
unique possibility that W could be interpreted as the
entropy density of the gravitational field.

In [29], this idea was first explored for the five-
dimensional Schwarzschild and Schwarzschild–anti-de
Sitter black holes. It was found that the integral in
Eq. (2) does lead to the Bekenstein–Hawking formula,

S ∝
∫
W dV4,

where the coefficient of proportionality is 1/96 for the
Schwarzschild black hole and is Λ-dependent for the
Schwarzschild–anti-de Sitter black hole, with Λ being the
cosmological constant.

The present study is a successor to the work of [29],
as dimension 5 is indeed very special in high-dimensional
general relativity and hence deserves more careful study.
For instance, it is the only possibility, other than dimen-
sion 4, that allows globally asymptotically flat solutions
of the Einstein equations. Therefore, in addition to the
five-dimensional black holes with an ordinary spherical
horizon topology studied in Ref. [29], we proceed in this
study to consider another important and interesting fam-
ily of black holes with nonspherical horizon topologies:
the five-dimensional black ring (with one or two angular
momenta) and black string. Detailed calculations show
that the proper volume integral of the Weyl scalar in-
variant is also proportional to the entropy of the black
ring or black string. In general, the coefficient of propor-
tionality depends on the shape of the black ring, and in
the limit of a thin black ring, the proportionality can be
greatly simplified.

This paper is organized as follows. In Section 2, a
five-dimensional ring coordinate system is introduced, in
which the black ring metric can be expressed more conve-
niently. Next, we explore the possibility of obtaining the
black ring entropy by integrating the Weyl scalar invari-
ant in Section 3. In Section 4, we further discuss this cal-
culation for a black string, a black ring with two angular
momenta, and a black ring with a cosmological constant.
We present our conclusions in Section 5. We work in the
natural system of units and set c = ℏ = kB = 1, but we
still keep the five-dimensional gravitational constant G5,
for a reason that will become clear later.

2 Black ring

In this section, we briefly list the relevant properties of
a black ring to provide necessary background for the
following calculations. A five-dimensional black ring is
an asymptotically flat black hole solution with a regular
event horizon of topology S1×S2 [30–38] and is thus dif-
ferent from other five-dimensional black holes with spher-

130401-2
Ze-Wei Zhao, Chun-Kai Yu, and Nan Li, Front. Phys. 13(5), 130401 (2018)



Research article

ical event horizons (e.g., the Myers–Perry black hole
[39]). Therefore, the black ring is of great importance
and interest in general relativity, as it serves as explicit
evidence indicating the invalidity of the uniqueness theo-
rems in high-dimensional space-times (see Refs. [33, 36–
38] for excellent reviews). Unlike a black string or black
brane, a black ring is curled, and its total length is finite.
This makes the black ring more stable [34] under small
perturbations [40, 41]. To avoid gravitational collapse, a
black ring must rotate or be charged in order to coun-
teract the contraction. In five-dimensional space-time, a
black ring may rotate in two mutually orthogonal planes
and thus have two independent angular momenta. In the
following, we investigate neutral black rings with one an-
gular momentum (Section 3) and with two (Section 4.2).

We start from a so-called ring coordinate system [33],
which makes it easier to comprehend the geometry of
the black ring. To see it clearly, let us first consider a
four-dimensional Euclidean space and choose polar coor-
dinates for two orthogonal planes, so the metric is

ds24 = dr21 + r21 dϕ2 + dr22 + r22 dψ2, (3)
where r1, ϕ and r2, ψ denote the radial and angular
coordinates, respectively, in the two planes. Now, in the

ring coordinate system, the coordinate transformation
and inverse transformation are

x = −r
2
1 + r22 −R2

Σ
, y = −r

2
1 + r22 +R2

Σ
(4)

and

r1 =

√
1− x2

x− y
R, r2 =

√
y2 − 1

x− y
R, (5)

respectively, where Σ =
√

(r21 + r22 +R2)2 − 4r22R
2, and

R characterizes the scale of the black ring (ϕ and ψ are
unchanged). From (5), it is easy to find the coordinate
ranges −1 ≤ x ≤ 1 and −∞ ≤ y ≤ −1. Therefore, the
coordinate r1 = 0 or r2 = R corresponds to y = −∞, and
asymptotic infinity is redefined as x→ −1 and y → −1.
A visualization in Ref. [33] explains the geometric mean-
ing of the ring coordinate system. In particular, the y
coordinate represents the distance from the black ring
to the ring-shaped constant-y hypersurface. With these
transformations, the four-dimensional Euclidean metric
in Eq. (3) can be expressed in terms of the ring coordi-
nates:

ds24 =
R2

(x− y)2

[
dx2

1− x2
+ (1− x2)dϕ2 − dy2

1− y2
− (1− y2)dψ2

]
. (6)

We now place a circular neutral black ring at r1 = 0 and r2 = R, and let it rotate only along the ψ direction. The
metric of the five-dimensional black ring preserves most of the properties in Eq. (6) and reads [30, 38]

ds2 = −F (y)
F (x)

(
dt−

√
λ(λ− ν)(1 + λ)

1− λ

1 + y

F (y)
R dψ

)2

+
R2F (x)

(x− y)2

[
dx2
G(x)

+
G(x)

F (x)
dϕ2 − dy2

G(y)
− G(y)

F (y)
dψ2

]
, (7)

where F (ξ) = 1 + λξ, and G(ξ) = (1− ξ2)(1 + νξ). Two
dimensionless parameters, λ and ν, reflect the rotation
velocity and shape of the black ring (smaller values of ν
correspond to thinner rings), and they vary within the
range 0 < ν ≤ λ < 1. Naturally, we can recover the
four-dimensional Euclidean metric in Eq. (6) in the limit
λ = ν → 0. Moreover, to avoid the conical singularities
at x = −1 and y = −1, ϕ and ψ must be identified with
the periods

∆ϕ = ∆ψ = 2π

√
1− λ

1− ν
. (8)

Furthermore, to avoid another conical singularity at
x = 1, we must also set ∆ϕ = 2π

√
1 + λ/(1 + ν), so

the relation between λ and ν is

λ =
2ν

1 + ν2
. (9)

This relation is termed the equilibrium condition. With

this restriction, (8) can finally be reduced to

∆ϕ = ∆ψ =
2π√
1 + ν2

.

Altogether, there remain only two independent parame-
ters in Eq. (7), R and ν, which represent the scale and
shape of the black ring, respectively. The angular mo-
mentum must be tuned to balance the gravitational self-
attraction, so there is no longer a free parameter.

3 Black ring entropy from the Weyl scalar
invariant

In the following, we calculate in detail the proper volume
integral of the Weyl scalar invariant for a black ring and
show that it is proportional to the black ring entropy.

From Eq. (1), the explicit form of the Weyl tensor in
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five-dimensional space-time reads

Cµνλρ = Rµνλρ +
1

3
(gνλRµρ + gµρRνλ − gµλRνρ

− gνρRµλ) +
1

12
(gνρgµλ − gνλgµρ)R. (10)

Hence, from (7) and (10), it is straightforward to ob-
tain the Weyl scalar invariant W for the black ring. The
complete expression (a polynomial with respect to the y
coordinate) is mathematically rather tedious, but fortu-
nately, only its leading-order term is physically relevant,
because the dominant contribution of W to the integral
in (2) comes from the region around the black ring, where
y tends to −∞. Even far from this region, the absolute
value of y is still much larger than 1 in the ring coordi-
nate system, so we are always allowed to consider only
the leading order term of W . Thus,

W =
12(1 + ν2)2ν2y6

(1 + 2xν + ν2)2R4
. (11)

Furthermore, the leading-order term (with respect to y)
of the four-dimensional proper volume element is

dV4 =
(1 + ν)3/2

√
1 + 2xν + ν2R4

(1 + ν2)
√
1− νy4

dxdϕdydψ. (12)

The horizon-crossing problem will be carefully discussed
at the end of this section.

From (11) and (12), the proper volume integral of the
Weyl scalar invariant is∫

W dV4 =

∫
12(1 + ν2)(1 + ν)3/2ν2y2√
1− ν(1 + 2xν + ν2)3/2

dxdϕdydψ.

We may first safely perform the integrals for the x, ϕ,
and ψ coordinates, where the integral intervals are −1 ≤
x ≤ 1, 0 ≤ ϕ ≤ 2π/

√
1 + ν2, and 0 ≤ ψ ≤ 2π/

√
1 + ν2,

respectively. As a result,∫
W dV4 =

∫
96π2

√
1 + νν2y2

(1− ν)3/2
dy.

However, for the y coordinate, we cannot directly set the
integral interval to −∞ ≤ y ≤ −1, as the lower limit −∞
will blow up the integral. Consequently, we first integrate
y from a lower limit, −y0 (y0 ≫ 1), to −1 (i.e., from
the region just slightly off the black ring to asymptotic
infinity) and then discuss the physical interpretation of
y0, so as to obtain a meaningful result. Thus,∫

W dV4 =

∫ −1

−y0

96π2
√
1 + νν2y2

(1− ν)3/2
dy

=
32π2

√
1 + νν2y30

(1− ν)3/2
, (13)

where the fact that y0 ≫ 1 has been taken into account.
We now discuss the physical meaning of the lower limit

−y0. From (4), setting r1 = 0 yields

y = − r22 +R2

|r22 −R2|
,

and y = −∞ corresponds to r2 = R. However, it is
generally acknowledged that classical general relativity is
invalid at very small scales (e.g., several Planck lengths),
where significant quantum gravity effects emerge. Hence,
we may choose the lower limit −y0 in such a way that
the corresponding ring coordinate r2 satisfies

r2 = R± l5, (14)

where l5 = 3
√
G5 is the five-dimensional Planck length.

Therefore,

−y0 = − (R± l5)
2 +R2

|(R± l5)2 −R2|
≈ −R

l5
,

where we have used the fact that R ≫ l5, as the scale
of the black ring should certainly be much larger than
the Planck length. If we instead set r2 = R initially and
choose the lower limit −y0 such that r1 = ±l5, we will
arrive at the same result that −y0 ≈ −R/l5.

With this choice, Eq. (13) becomes∫
W dV4 =

32π2
√
1 + νν2R3

(1− ν)3/2l35
. (15)

This is the final result for the proper volume integral
of the Weyl scalar invariant. Here, we should point out
that our strategy to obtain (15) is still semiclassical. The
choice in (14) is equivalent to introducing a cutoff for the
y coordinate to avoid the intrinsic singularity at the black
ring, and in this way, we eventually arrive at a physically
meaningful result in Eq. (15).

Further, the Bekenstein–Hawking entropy of the black
ring can be obtained by evaluating its event horizon area.
From (7), the black ring has a regular event horizon at
yh = −1/ν, so an easy integral over the x, ϕ, and ψ
coordinates yields its area,

A =
8
√
2π2ν2R3

(1− ν)(1 + ν2)3/2
.

Thus, the black ring entropy is simply written as

S =
A

4G5
=

A

4l35
=

2
√
2π2ν2R3

(1− ν)(1 + ν2)3/2l35
. (16)

So far, from Eqs. (15) and (16), we can clearly observe
the proportionality between the black ring entropy and
the proper volume integral of the Weyl scalar invariant
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(both of which are proportional to R3/l35). The coeffi-
cient of proportionality generally depends on the shape
parameter ν of the black ring. This complexity may be
largely eliminated if we focus on thin black rings with
ν ≪ 1. In other words, if we consider only the leading-
order terms (with respect to ν) in Eqs. (15) and (16),∫

W dV4 =
32π2ν2R3

l35
, (17)

and

S =
2
√
2π2ν2R3

l35
, (18)

we immediately arrive at

S =

√
2

16

∫
W dV4. (19)

The above result supports our idea that the Weyl scalar
invariant can be regarded as the entropy density of the
gravitational field in five-dimensional space-time, and its
proper volume integral thus leads to the black ring en-
tropy. This idea was first explored in Ref. [29] for the
five-dimensional Schwarzschild and Schwarzschild–anti-
de Sitter black holes with a simple spherical horizon
topology and is now investigated again for the more com-
plex five-dimensional black ring with a nonspherical hori-
zon topology. Actually, it will also be applied to other
more general black ring solutions in the subsequent sec-
tion.

Here, we should admit that the coefficient of propor-
tionality for thin black rings,

√
2/16, seems different from

that for the Schwarzschild black hole, 1/96 [29]. This is
because the choice of the ring coordinate r2 in Eq. (14)
is just a preliminary estimate. We may set r2 = R± al5
for generality, where a is some number in O(1), and ad-
justing a may make things look better. However, the
explicit value of a is not highly relevant, and what we
are really concerned with is the proportionality between
the volume integral and the entropy.

Finally, we should discuss the horizon-crossing prob-
lem more carefully when integrating the y coordinate.
Strictly speaking, the leading-order term of the four-
dimensional proper volume element should be

dV4 =
(1 + ν)3/2

√
(1 + 2xν + ν2)ν|y|R4

(1 + ν2)
√
(1− ν)|1 + νy|y4

dxdϕdydψ.

Naturally, this result reduces to that in Eq. (12) if y ≪
−1. However, when y crosses the event horizon at yh =
−1/ν, the term 1 + νy in the denominator will change
sign. Therefore, strictly speaking, the proper volume
integral of the Weyl scalar invariant should be

∫
W dV4 =

96π2
√

(1 + ν)ν5

(1− ν2)3/2
×(∫ yh

−y0

√
y5

1 + νy
dy +

∫ −1

yh

√
−y5

1 + νy
dy
)
.

The first integral will give exactly the same result as (13)
in the limit y0 ≫ 1, meaning that only the region around
the black ring dominates the integral. The second inte-
gral (i.e., the contribution outside the event horizon) is a
trivial number independent of y0 and can thus be safely
disregarded. These observations validate our assessment
that there is effectively no horizon-crossing problem in
the volume integral.

4 Discussion

In this section, we discuss some more complicated types
of black rings: a black string, a black ring with two an-
gular momenta, and a black ring with a cosmological
constant. The corresponding calculations support our
result in the simplest case of a black ring with one angu-
lar momentum in Section 3.

4.1 Black string

A black string can be viewed as an extreme black ring
with an infinite scale R. Therefore, we may obtain the
metric of a boosted black string directly from Eq. (7) in
the limit R → ∞. First, it is convenient to transform
the coordinates from x, y, and ψ in Eq. (7) to r, θ, and
z,

r = −R
y
, cos θ = x, z = Rψ,

and extend the string along the z direction (ϕ is un-
changed). The parameters λ and ν in Eq. (7) may also
be reparameterized in terms of r0 and σ:

λ =
r0 cosh2 σ

R
, ν =

r0
R
. (20)

If we take the limit R→ ∞ while keeping the coordinates
r, θ, and z and the parameters r0 and σ finite, Eq. (7)
becomes

ds2 = −f̂
(

dt+ r0

rf̂
sinhσ coshσ dz

)2

+
f

f̂
dz2

+
dr2
f

+ r2 dθ2 + r2 sin2 θ dϕ2, (21)

where f = 1 − r0/r, and f̂ = 1 − r0 cosh2 σ/r. From
Eq. (21), it is easy to see that the event horizon of
the black string is located at r = r0. The equilibrium
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condition in Eq. (9) is now expressed as cosh2 σ =
2R2/(R2 + r20), and when R→ ∞,

cosh2 σ → 2. (22)

This is the limiting condition for maintaining the equi-
librium of a boosted black string of very large scale R.

From (10) and (21), we obtain the Weyl scalar invari-
ant for the black string,

W =
12r20
r6

,

and the four-dimensional proper volume element is

dV4 = r2 sin θ

√∣∣∣∣2r − r0 + r0 cosh 2σ

2r − 2r0

∣∣∣∣dθdϕdrdz.

Before performing the integration, we should clarify
the integral intervals for the four coordinates. First, from
cos θ = x ∈ [−1, 1], we have 0 ≤ θ ≤ π. Second, in the
limit R→ ∞, the period of ϕ is simplified to 0 ≤ ϕ ≤ 2π.
Third, from r = −R/y, −R/l5 ≤ y ≤ −1 corresponds to
l5 ≤ r ≤ R (R→ ∞). Finally, we should set 0 ≤ z ≤ ∆z,
meaning that we integrate over only a section of the black
string. Following the same procedure as in Section 3, we
arrive at the proper volume integral of the Weyl scalar
invariant for the boosted black string,∫

W dV4 =
16πr20∆z

l35
, (23)

where we have taken into account the equilibrium con-
dition in Eq. (22) and the fact that the integral is dom-
inated only by the region where r ≪ r0, which greatly
simplifies the calculation.

Furthermore, the event horizon area of the section
of the black string is obtained by integrating the area
element at the horizon, where r = r0. From Eqs. (21) and

(22), we have

A =

∫ √
2r20 sin θ dθdϕdz = 4

√
2πr20∆z.

Therefore, the black string entropy is

S =
A

4G5
=

√
2πr20∆z

l35
. (24)

From Eqs. (23) and (24), we again obtain the propor-
tionality between the proper volume integral of the Weyl
scalar invariant and the black string entropy, with the
same coefficient of proportionality as the black ring,

S =

√
2

16

∫
W dV4.

This result is expected. Because the boosted black string,
by its nature (R→ ∞ and ν = r0/R→ 0), can be viewed
as an extremely thin black ring, they should share the
same result. Moreover, if we take the length of the sec-
tion of the black string as ∆z = 2πR, with the parameter
transformation ν = r0/R in Eq. (20), we find that the
black string entropy in Eq. (24) becomes the black ring
entropy in Eq. (18).

4.2 Black ring with two angular momenta

We move on to the entropy of a black ring with two in-
dependent angular momenta (i.e., a black ring with ro-
tation not only along the ψ direction of topology S1 but
also along the ϕ direction of topology S2). The metric of
such a black ring is a generalization of Eq. (7) physically
but is much more complicated mathematically. It was
first obtained in Ref. [42] by using the complete integra-
bility of the system via the inverse scattering method.
The following expression is adopted from Eq. [38]:

ds2 = −F (y, x)
F (x, y)

(dt+ ω)2 +
R̃2F (x, y)

(x− y)2(1− α)2

[
dx2
G(x)

− dy2
G(y)

]
+
H(y, x)

F (y, x)
dϕ̃2 − H(x, y)

F (y, x)
dψ̃2 − 2

J(x, y)

F (y, x)
dϕ̃dψ̃,

(25)

where the coordinates x and y maintain essentially the same meanings as those in Eq. (7), the canonical periods of
the angles ϕ̃ and ψ̃ have been rescaled to 2π, and the parameter R̃ is related to R in Eq. (7) as R̃2 = R2/(1 + ν2).
If the black ring is in equilibrium (i.e., without conical singularities), the 1-form ω describing the rotations is

ω = −
√
2R̃ν

√
(1 + α)2 − ν2

F (y, x)

{
(1− x2)y

√
α dϕ̃+

1 + y

1− ν + α

[
1 + ν − α+ x2yα(1− ν − α) + 2αx(1− y)

]
dψ̃
}
,

and

G(x) = (1− x2)(1 + νx+ αx2),

F (x, y) = 1 + ν2 − α2 + 2να(1− x2)y + 2xν(1− y2α2) + x2y2α(1− ν2 − α2),
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J(x, y) =
R̃2(1− x2)(1− y2)ν

√
α

(x− y)(1− α)2
[
1 + ν2 − α2 + 2(x+ y)να− xyα(1− ν2 − α2)

]
,

H(x, y) =
R̃2

(x− y)2(1− α)2
(
G(x)(1− y2)

{
[(1− α)2 − ν2](1 + α) + yν(1− ν2 + 2α− 3α2)

}
+G(y)

{
2ν2 + xν[(1− α)2 + ν2] + x2[(1− α)2 − ν2](1 + α)

+x3ν(1− ν2 − 3α2 + 2α3)− x4(1− α)α(−1 + ν2 + α2)
})
.

The second angular momentum is characterized by a
new parameter, α, the range of which is restricted to
0 ≤ α < 1 and 2

√
α ≤ ν < 1 + α. Obviously, by setting

α = 0, we recover the metric in Eq. (7). The location
of the event horizon is the solution for vanishing G(y) in
Eq. (25):

yh =
−ν +

√
ν2 − 4α

2α
. (26)

Requiring that the root should be real yields the upper
bound for α, α ≤ ν2/4. Furthermore, the event horizon
area is

A =
8
√
2π2(1 + ν + α)νR̃3

(y−1
h − yh)(1− α)2

. (27)

The following calculations are totally parallel to those
in Section 3. However, the complete results are extremely
tedious and irrelevant, so we focus on two special cases:
(i) α ≪ ν2/4, such that the second angular momentum
has a much smaller effect than the first one; (ii) α = ν2/4,
such that the two angular momenta are comparable, and
the event horizon is thus degenerate.

In the first case, the contribution of α is considered
to be a small perturbation to the black ring with one
angular momentum. Because α≪ ν2, we set α ∼ O(ν3),
and all the perturbative calculations are performed up
to the orders of α and ν3. Under these conditions, the
leading-order terms of the proper volume integral of the
Weyl scalar invariant and the black ring entropy remain
the same as in Eqs. (17) and (18),∫

W dV4 =
32π2ν2R3

l35
, S =

2
√
2π2ν2R3

l35
,

and so does the proportionality between them. These re-
sults are natural, as the contribution of α should be ab-
sent at the leading order in the perturbative approach.
We will not show the complicated higher-order correc-
tions, as detailed calculations indicate that these contri-
butions appear from at least the order of α2 (i.e., ν6),
and thus the effects of the second angular momentum
are negligible at not only the leading order but also the
next-to-leading order.

In the second case, with a degenerate event horizon,
all the calculations are greatly simplified. At the leading

order, we obtain∫
W dV4 =

40π2ν2R3

l35
. (28)

Moreover, from (26) and the degeneracy condition, α =
ν2/4, we have yh = −2/ν, and the leading-order term
of the event horizon area in Eq. (27) reduces to A =
4
√
2π2ν2R3. Hence, the black ring entropy is

S =
A

4G5
=

√
2π2ν2R3

l35
. (29)

Finally, from Eqs. (28) and (29), we have

S =

√
2

40

∫
W dV4.

One may wonder why the coefficient of proportionality,√
2/40, is not the same as that of a black ring or black

string,
√
2/16. This is understandable, as it is the shape

parameter ν that has physical significance, and the coef-
ficient of proportionality does not encode much informa-
tion. In this way, we confirm our interpretation of the
Weyl scalar invariant as the entropy density of a black
ring with two angular momenta. In addition, we should
keep in mind that what we study are still thin black
rings.

4.3 Black ring with a cosmological constant

Last, we briefly discuss a black ring with a cosmological
constant. Unfortunately, the existence of such a black
ring solution is still an unsolved problem. It is acknowl-
edged that an asymptotically flat black ring solution is
always obtained owing to the integrability of the Ein-
stein equations. However, it is still unclear whether the
cosmological constant destroys the integrability [43]. If
it does, the black ring solution with a cosmological con-
stant is not supposed to exist. As a result, there are only
some numerical black ring solutions in the literature [44].
Note that the black ring studied in [44] by approximate
methods is also thin and is consistent with our result.
It was shown in [44] that in five-dimensional anti-de Sit-
ter space-time with negative Λ, the event horizon area
of the black ring is A = 8π2ν2R3

√
2 + 3R2/L2, where
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L ∼ 1/
√
−Λ is the characteristic cosmological radius.

Thus, the black ring entropy becomes

S =
A

4G5
=

2π2ν2R3

l35

√
2 +

3R2

L2
. (30)

This result is identical to the leading-order term of the
entropy in Eq. (18) in the limit Λ → 0 or L→ ∞.

Because the exact black ring metric with a cosmologi-
cal constant is unavailable, we cannot calculate the Weyl
scalar invariant directly. However, as shown in Ref. [29],
the volume integral

∫
W dV4 is not likely to be influenced

significantly by Λ because the contribution of Λ to the in-
tegral appears only at large distances, where it is strongly
suppressed by the Weyl scalar invariant, which decays
even faster. This comparison also indicates that it is the
Weyl scalar invariant CµνλρC

µνλρ, not the Kretschmann
scalar invariant RµνλρR

µνλρ, that can be interpreted as
the entropy density. Although these two scalar invari-
ants coincide in the absence of Λ, the Kretschmann scalar
invariant is significantly modified by Λ at large distances
and thus diverges the integral.

Comparing Eqs. (17) and (30), we have

S =

√
2 + 3R2/L2

16

∫
W dV4.

In this way, the proper volume integral of the Weyl scalar
invariant is still proportional to the black ring entropy,
but the coefficient of proportionality is Λ-dependent.

Finally, we should also state that the thermodynamics
of a black ring with a positive cosmological constant (i.e.,
in de Sitter space-time) is still a controversial and poorly
defined issue [45–59], and we omit the corresponding dis-
cussion here.

5 Conclusion

The latent relationship between gravitation and thermo-
dynamics is a hot topic in modern theoretical physics.
Penrose’s conjecture of the Weyl curvature is one of the
explorations of the role of the Weyl tensor Cµνλρ in black
hole thermodynamics and cosmology. It was prelimi-
narily investigated in Ref. [29] by looking at the rela-
tion between the Weyl scalar invariant CµνλρC

µνλρ and
the entropy of five-dimensional black holes. It was found
that the Weyl scalar invariant can be interpreted as the
entropy density, and its proper volume integrals can
correctly lead to the Bekenstein–Hawking entropies of
the Schwarzschild and Schwarzschild–anti-de Sitter black
holes.

In this study, we generalize the basic idea in Ref. [29]
to another important and interesting asymptotically flat
vacuum solution of the five-dimensional Einstein equa-
tions: the black ring solution. We perform the proper

volume integral of the Weyl scalar invariant for a neu-
tral black ring in the ring coordinate system and show
that it is proportional to the black ring entropy. Al-
though for the Bekenstein–Hawking formula, S ∝ R3/l35
can be understood as a consequence of dimensional anal-
ysis,

∫
W dV4 ∝ R3/l35 is a new insight. Furthermore, we

extend our calculation to three more complicated cases.
(i) For a black string, the proportionality is the same
as that of a black ring, as it can be viewed as a limit-
ing case of a black ring with an infinite scale. (ii) For a
black ring with two angular momenta, two special cases
are studied: i) the second angular momentum is much
smaller than the first one, and the proportionality still
holds at the leading order in the perturbative approach;
ii) the two angular momenta are comparable, and the
coefficient of proportionality is modified by the second
angular momentum. (iii) The black ring with a cosmo-
logical constant is not extensively discussed, as the black
ring solution is not thought to exist owing to the lack
of an integrability condition. However, the proportion-
ality is still expected, as the calculation in Ref. [29] indi-
cated that the cosmological constant would not influence
the proper volume integral significantly. In conclusion,
these various calculations support our interpretation of
the Weyl scalar invariant as the entropy density of the
gravitational field.

Finally, we should also discuss some shortcomings of
our work. First, we did not discuss the five-dimensional
Myers–Perry black hole [39], which is a natural gener-
alization of the Kerr solution with a spherical horizon
topology. For the Myers–Perry solution, there is a region
where the value of its Weyl scalar invariant is negative,
and our attempt to interpret it as the entropy density
will thus be invalid. Although the volume integral can
still be formally performed regardless of the sign of W ,
its physical meaning will be unclear. Therefore, we are
concerned with only the black hole solutions whose Weyl
scalar invariants are always positive. Second, the proper
volume integral of the Weyl scalar invariant is divergent
if it is performed in the entire four-dimensional space.
This divergence is generally unavoidable owing to the
intrinsic singularity at the black ring; in this study, we
introduce an effective cutoff in the integration of the ring
coordinate, as was done in Ref. [29]. This means that we
integrate only over the region where classical general rel-
ativity can safely be trusted, so our approach in calculat-
ing the black ring entropy is geometrical, not quantum.
Third, the coefficient of proportionality between S and∫
W dV4 varies for different black objects (i.e., it depends

on the shape parameter ν or the cosmological constant
Λ). This limits the ability to calculate S from

∫
W dV4,

except under some limiting circumstances. For instance,
for thin black rings, both S and

∫
W dV4 are proportional

to ν2, so their ratio is merely a number. Our approach

130401-8
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should still be considered as a first qualitative step to
understanding the Penrose conjecture, but this result is
nontrivial and deserves further study. Finally, all our
calculations for black holes and black rings are valid in
five-dimensional space-time, but not the ordinary four-
dimensional one. The next step is naturally to obtain the
Bekenstein–Hawking formula for four-dimensional black
holes from the Weyl tensor. This can be realized by
imagining that the mass of a five-dimensional black ring
is distributed along a compact extra dimension, and if
this dimension is wrapped to an extremely small scale,
the black ring may be effectively viewed as a black hole
from a four-dimensional perspective. Some of our related
calculations have supported this attempt, and it will be
our next topic of research.
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