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We theoretically study the temperature dependence of the excitonic spectra of monolayer transition
metal dichalcogenides using the O′Donnell equation, Eg(T ) = Eg(0) − S⟨ℏω⟩[coth( ⟨ℏω⟩

2kBT − 1)]. We
develop a theoretical model for the quantitative estimation of the Huang–Rhys factor S and average
phonon energy ⟨ℏω⟩ based on exciton coupling with longitudinal optical and acoustic phonons in the
Fröhlich and deformation potential mechanisms, respectively. We present reasonable explanations for
the fitted values of the Huang–Rhys factor and average phonon energy adopted in experiments. Com-
parison with experimental results reveals that the temperature dependence of the peak position in the
excitonic spectra can be well reproduced by modulating the polarization parameter and deformation
potential constant.
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1 Introduction

Reduced dimensionality and decreased dielectric screen-
ing result in the remarkable exciton effect in monolayer
transition metal dichalcogenides (TMDs), which has re-
cently attracted increasing attention [1, 2]. Excitons are
elementary quasiparticles representing the electronic re-
sponse to optical excitation; they play a dominant role
in determining the optical properties of these materi-
als. Many optical properties, such as the coherence time,
population decay, and many-body effects, are reflected
in the excitonic spectra. Therefore, an understanding of
the excitonic spectra is crucial for using these monolayer
materials in potential electronic and optoelectronic ap-
plications.

There have been several experimental measurements
of the excitonic spectra [3–9]. In particular, the temper-
ature dependence of the spectra has been studied widely
by different experimental methods, revealing that the
peak positions of the spectra are red-shifted with in-
creasing temperature. To explain this phenomenon, the
O′Donnell equation, Eg(T ) = Eg(0)−S⟨ℏω⟩[coth( ⟨ℏω⟩

2kBT −
1)], is extensively employed [10], where Eg(0) denotes
the zero temperature exciton energy, ⟨ℏω⟩ represents

the average phonon energy (APE) contributing to the
temperature change of the exciton energy, and S is
the Huang–Rhys factor (HRF), which describes the ef-
fective strength of electron-phonon coupling. The best-
fitting values of these parameters are deduced for dif-
ferent monolayer TMDs materials. The temperature de-
pendence of the excitonic spectra is well fitted in exper-
iments. However, the detailed processes for calculating
these fitting parameters and the conditions that yield
these best-fitting values in theory have not been pre-
sented.

Using the Huang–Rhys model, we develop theoretical
processes for estimating the HRF and APE based on ex-
citon coupling with both longitudinal acoustic (LA) and
longitudinal optical (LO) phonons in monolayer TMDs
materials via the deformation potential and Fröhlich
mechanisms, respectively. We discuss the dependence of
the HRF and APE on the cutoff wave number (COWN)
of the phonon modes, the deformation potential con-
stant, and the polarization parameter. The best-fitting
values for the HRF and APE adopted in experiments
can be obtained by modulating the deformation potential
constant and polarization parameter. We present theo-
retical simulations of the temperature dependence of the
excitonic spectra of monolayer MoS2 and MoSe2. The
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dominant features of the experimentally observed tem-
perature dependence are well reproduced. The devel-
oped theoretical model not only provides a reasonable
explanation for the excitonic spectra, but also may be
widely applied to study the spectral properties of mono-
layer structures.

2 Theoretical model

We assume that the optical transitions start from the ex-
citon ground state in the emission spectrum of monolayer
TMDs, where the exciton states are generally described
by the standard two-dimensional Wannier–Mott model.
The charge density of the exciton ground state, which
consists of a localized hole and an electron, can be ex-
pressed as [11–13]

ρ(r) = ρh(r)− ρe(r), (1)

with

ρh(r) = δ(r),

ρe(r) =
4

a0
· exp

(
−2a0

r

)
,

where r is the coordinate of the relative electron-hole
motion, and a0 = εraB/µ is the effective exciton Bohr
radius, which is related to the relative static dielectric
constant (εr) and reduced exciton mass (µ). The Hamil-
tonian of exciton coupling with phonons can be given as

Hex−ph =
∑

λ=LO,LA

∑
k

Mλ(k)(ak + a†−k)e
ik·r, (2)

with the coupling element

MLO(k) =

√
(e2η0LmℏωLO)

(2Aε0)
erfc

(
kσ

2

)
,

for the LO phonon mode in the Fröhlich mechanism [14,
15] and as

MLA(k) = i

√
D2ℏk

2AϱωLA
erfc

(
kσ

2

)

for the LA phonon mode in the deformation potential
mechanism [14, 15]. Here ak (a†k) is annihilation (cre-
ation) a phonon with wave number k; e is the carrier
charge; η0 is the polarization parameter, which is de-
termined by the polarization properties of monolayer
TMDs; Lm is the monolayer thickness; A is the quan-
tization area in the monolayer plane; and ε0 is the per-
mittivity of vacuum. erfc is the complementary error
function, σ is the effective width of the electronic Bloch
states on the basis of the constrained interaction of the
phonon with charge carriers in monolayer materials, D is
the deformation potential constant for the LA phonon,
and ϱ is the mass density. ωLO and ωLA are the frequency
of the LO and LA phonons, respectively. In this paper,
we assume that the LO phonon mode has a single fre-
quency and the LA phonon follows the linear dispersion
ωLA = cLAk (cLA is the sound velocity). These parame-
ters used in the theoretical calculation are listed in Table
1 [16–18].

Following the Huang–Rhys model [19], the amplitude
of the HRF due to exciton-phonon coupling can be ex-
pressed as

Vλ(k) = Mλ(k)

∫
eik·rρ(r)dr, (3)

which makes it possible to calculate the HRF as

Sλ =
∑

λ=LO,LA

∑
k

1

(ℏωλ)2
|Vλ(k)|2. (4)

In polar coordinates, Vλ(k) is expressed as

Vλ(k) = Mλ(k)

∫
J0(kr)ρ(r)dr. (5)

By performing the integral in Eq. (5) and converting the
summation of the wave number (k) into the integral in
Eq. (4), the HRFs of the LO and LA phonon modes can
be given as

SLO =

∫ kc

0

e2η0Lm

4πε0ℏωLO

∣∣∣∣erfc(kσ

2

)∣∣∣∣2 F̃ (a0, k)kdk, (6)

SLA =

∫ kc

0

D2

4πℏϱc3LA

∣∣∣∣erfc(kσ

2

)∣∣∣∣2 F̃ (a0, k)dk, (7)

Table 1 Parameters adopted for the theoretical calculation of the HRF and average phonon energy in monolayer MoS2

and MoSe2. The effective width of the electronic Bloch states, σ = 0.44 nm, and the monolayer thickness, Lm = 0.6 nm, are
those adopted for monolayer MoS2 and MoSe2 in the calculation process. In addition, the spectra of the A-type exciton is
selected as an example in this paper. Parameters were taken from Refs. [16, 17], and [18].

Quantity Eg(0) ℏωLO (phonon energy) µ (reduce mass) εr (dielectric constant) ϱ (mass density) cLA (sound velocity)

MoS2 1.95 (eV) 48 (meV) 0.27(m0) 4.26(ε0) 1.56× 10−7 (g/cm2) 6.7× 103 (m/s)

MoSe2 1.67 (eV) 34 (meV) 0.34(m0) 4.74(ε0) 2.01× 10−7 (g/cm2) 4.1× 103 (m/s)
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with

F̃ (a0, k) =
5 + 4k2/a20 − 4

√
1 + 4k2/a20

1 + 4k2/a20
,

where kc is the COWN of the phonon mode.

3 Results and discussion

Figure 1 shows the dependence of the HRFs of the
LO (SLO) and LA (SLA) phonon modes in monolayer
MoS2 on the COWN. The HRFs increase with increas-
ing COWN. However, they increase very little after the
COWN reaches 6×109 m−1 and 2×109 m−1 for the LO
and LA phonon modes, respectively, indicating that the
long-wavelength phonon modes make the predominant
contributions to the HRF. (In the following calculation,
we choose 6 × 109 m−1 as the effective COWN for the
two phonon modes.) From Fig. 1(a), one can also see
that SLO obviously increases with increasing polariza-
tion parameter (η0). The polarization parameter gener-
ally describes the coupling strength between charge car-
riers and LO phonons, which is determined by the dielec-
tric constants of the material in the Fröhlich mechanism
and has been chosen as a fixed value in previous stud-
ies [14, 15, 17, 18]. We define it as a variable because
it is related to many parameters in monolayer materi-
als, such as the dielectric environment, dimensional con-
finement, and screening effects, increasing the challenge
of estimating its value accurately. Recently, Sohier et
al. theoretically studied a similar coupling strength in
monolayer TMDs using a density functional perturba-
tion calculation and concluded that the two-dimensional
Fröhlich coupling is much stronger than was assumed in
previous ab initio studies [20]. Moreover, the new pa-
rameter gFr was defined as the coupling strength and

Fig. 1 (a) HRF of LO phonon mode (SLO) as a function
of the COWN (kc) at different polarization parameters; (b)
HRF of LA phonon mode (SLA) as a function of the COWN
at different deformation potential parameters.

can also be varied on a very large scale. Nevertheless,
quantitative comparisons of η0 and gFr are not given in
this paper and need to be explored further. The effect
of the deformation potential constant on SLA is plot-
ted in Fig. 1(b); the deformation potential constant (D)
strongly affects the value of SLA, which reflects the fact
that the coupling strength between charge carriers and
LA phonons modes is greatly modified by this constant.
Several fixed values have been adopted in previous stud-
ies [14, 15]. In fact, determining its value accurately is
also a difficult task in experiments.

To fit the temperature dependence of the peak posi-
tions in the excitonic spectra via the O′Donnell equa-
tion, the effective HRF (S) and APE (⟨ℏω⟩) have been
adopted in experiments, for example, S = 1.82, 2.29, 2.2
and S = 1.93, 1.96, 2.24, as well as ⟨ℏω⟩ = 22.5, 24.25,
23 meV and ⟨ℏω⟩ = 11.6, 15 meV for monolayer MoS2

and MoSe2, respectively [3–9]. However, how and under
what conditions these fitting parameters were obtained
were not given. We determine the average contributions
of the LO and LA phonon modes in the Huang–Rhys
model and redefine these two fitting parameters as

Saverage =
SLOℏωLO + SLA⟨ℏωar

LA⟩
ℏωLO + ⟨ℏωar

LA⟩
, (8)

⟨ℏω⟩ = SLOℏωLO + SLA⟨ℏωar
LA⟩

SLO + SLA
, (9)

where ⟨ℏωar
LA⟩ is the average energy of the LA phonon

mode and is obtained via

⟨ℏωar
LA⟩ =

∑
k SLAℏωLA∑

k SLA
. (10)

The dependence of ⟨ℏωar
LA⟩ on the COWN (kc) is shown

in Fig. 2(a). The value of ⟨ℏωar
LA⟩ reaches 3.8 meV and

then changes little as kc > 6 × 109 m−1. Moreover, the
value of ⟨ℏωar

LA⟩ is independent of the deformation po-
tential constant inferred from Eq. (10). In Ref. [3], av-
erage phonon energies of tens of milli-electron volts were
adopted to fit the experimental results. Such large values
for ⟨ℏωar

LA⟩ are rarely obtained if only the contribution
of the LA phonon mode is considered, even if the trans-
verse acoustic phonon modes are included. Therefore,
the contributions of optical phonon modes need to be
taken into account. The numerical results for the HRF
and APE obtained by averaging the contributions of the
LO and LA phonon modes in Eqs. (8) and (9) are plot-
ted in Figs. 2(b) and (c), respectively. These best-fitting
values of the HRF and APE in experiments can be ob-
tained by choosing appropriate values of the polarization
parameter and deformation potential constant. Hence,
the summations of the exciton coupling with LO and
LA phonons can give reasonable values of the fitting pa-
rameters in the O′Donnell equation in experiments ex-
pected. In addition, these theoretical results also pro-
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Fig. 2 (a) Average energy of LA phonon mode as a function of the COWN; (b) HRF as functions of the polarization
parameter and deformation potential constant; (c) average phonon energy as functions of the polarization parameter and
deformation potential constant.

vide a quantitative comparison with first-principle cal-
culations of the HRF and APE.

Substituting these fitting parameters obtained from
Eqs. (8) and (9) into the O′Donnell equation, we present
theoretical simulations of the temperature dependence of
the peak position in monolayer MoS2 in Figs. 3(a) and
(b). Experimental excitonic spectra often exhibit two
remarkable features. One is that the shift in the peak
position is not pronounced when the temperature is 0–
100 K. From Figs. 3(a) and (b), we can see that this
feature is well reproduced and can be modulated appro-
priately by the deformation potential constant and po-
larization parameter. Another feature is that the peak
position varies by several tens of milli-electron volts in
experiments, which can also be well fitted by control-

Fig. 3 Peak position as a function of temperature for (a),
(c) different deformation potential constants at η0 = 0.3 and
(b), (d) different polarization parameters at D = 10 eV in
(a), (b) monolayer MoS2 and (c), (d) monolayer MoSe2.

ling the deformation potential constant and polarization
parameter. Figures 3(c) and (d) show the theoretical
temperature dependence of the peak positions in mono-
layer MoSe2, in which the two features are also well re-
produced. Therefore, both these fitting parameters and
the temperature dependence of the excitonic spectra of
monolayer TMDs are more reasonably explained by the
proposed model. This model could be suitable for study-
ing the excitonic spectra of other two-dimensional ma-
terials. In this paper, we take into account mainly the
LO and LA phonon modes, which couple much more
strongly with excitons than other phonon modes do. In
fact, the coupling between excitons in monolayer TMDs
and the surface optical phonon modes induced by polar
substrates are strongly enhanced [21, 22]. The influence
of these phonon modes on the temperature dependence
of the excitonic spectra should be considered in future
work.

4 Conclusion

In conclusion, we develop the Huang–Rhys model to cal-
culate the effective HRF and APE in the O′Donnell equa-
tion based on coupling between excitons and LO and LA
phonons. We find that these long-wavelength phonons
make the dominant contribution to the HRF and APE.
The values of the HRF and APE adopted in experiments
on monolayer TMDs are obtained reasonably well by
averaging the contributions of the LO and LA phonon
modes. Two remarkable features of the temperature de-
pendence of the peak position are well reproduced by
modulating the polarization parameter and deformation
potential constant. The theoretical results provide un-
derstanding of the exciton state and its optical properties
in these monolayer materials.
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