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We study the synchronization transition in the Kuramoto model by considering a unidirectional cou-
pling with a chain structure. The microscopic clustering features are characterized in the system. We
identify several clustering patterns for the long-time evolution of the effective frequencies and reveal
the phase transition between them. Theoretically, the recursive approach is developed in order to ob-
tain analytical insights; the essential bifurcation schemes of the clustering patterns are clarified and
the phase diagram is illustrated in order to depict the various phase transitions of the system. Fur-
thermore, these recursive theories can be extended to a larger system. Our theoretical analysis is in
agreement with the numerical simulations and can aid in understanding the clustering patterns in the

Kuramoto model with a general structure.
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1 Introduction

In coupled nonlinear systems, some microscopical syn-
chronous behaviors are exhibited when the inner el-
ements compete or cooperate with each other. The
study of these cooperative behaviors covers various fields,
which range from physics to chemistry, biology, and so-
cial economy, and include the Josephson junction, laser,
chemical oscillator, biological cluster, ecological evolu-
tion, nerve, and heart [1-7]. Further research shows that
various coupled mechanisms have a significant influence
on the synchronization generation and function realiza-
tion of the system. Hence, the investigation of these syn-
chronous behaviors under various coupled schemes has
a great significance on the understanding of numerous
self-organization phenomena.

The most famous mathematical model depicting syn-
chronous behaviors was proposed by Kuramoto (1975),
i.e., the Kuramoto model [8]. This model describes a sys-
tem of limit cycle oscillators interacting through trigono-
metric functions where the system is near the Hopf bifur-

cation and the amplitude effect can be neglected. In this
case, the spontaneous synchronous process is equivalent
to the nonequilibrium phase transition. Owing to its an-
alytical solvability, the Kuramoto model was adopted in
several applications. In the past decades, the Kuramoto
model along with its generalization have attracted wide
attention, including the basic theory analysis and their
correlative to practice [9)].

The original Kuramoto model describes a population
of coupled phase oscillators wherein the interactions
among the units are global and uniform, and each oscil-
lator is coupled with the mean field in such a situation. It
is well known that, when the natural frequencies of phase
oscillators satisfy a unimodal and symmetric distribution
g(w), the classical Kuramoto model undergoes a second-
order phase transition with a critical coupling strength
K. =2/(mg(0)), and correspondingly, the branch of the
order parameter near the critical point follows a radi-
cal scaling law [10]. Furthermore, when some heteroge-
nous elements are introduced into the coupling strength,
several novel synchronous states emerge; for example,
a frequency-weighted coupling can result in Bellerophon
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states [11, 12]; an abrupt phase transition to synchroniza-
tion [13-17]; repulsive and attractive coupling can induce
the occurrence of travelling and standing wave states,
i.e., the Landau damping effect [18]; nonlocal coupling
can result in chimera states [19-25]; and a time-shift or
network structure coupling can result in nontrivial dy-
namical features in the limit-cycle system [26-28]. How-
ever, when local coupling is considered, the Kuramoto
model can present a series of nontrivial collective dy-
namical behaviors; for instance, a novel single clustering
synchronization in a ring of Kuramoto oscillators gives
rise to a very small critical coupling strength K. even if
the oscillator number is large [29, 30]; a richness of solu-
tions of nearest-neighbor Kuramoto-like coupled oscilla-
tors placed in a ring is studied above the critical synchro-
nization transition [31, 32]; a modified Kuramoto model
of synchronization in a finite discrete system of locally
coupled oscillators is studied [31]; and synchronization
in finite linear chains of oscillators has been investigated
with nearest-neighbor coupling in a number of studies
[33-37]. In this research, we study a unidirectional lo-
cal coupling having a chain structure in the Kuramoto
model. We found that all the effective frequencies of the
phase oscillator are equal to the driving frequency in the
synchronization regime while abundant competitive be-
haviors exist in the desynchronization regime. In par-
ticular, we analyze the special case that the number of
oscillators NV = 3, and four types of synchronization pat-
terns are revealed for which the driving frequency is var-
ied theoretically. Furthermore, the results of the finite
size can be promoted to the system with larger size; all
the numerical simulations are consistent with our theo-
retical analysis.

This paper is organized as follows. In the next sec-
tion, we briefly introduce the unidirectional local cou-
pling model having a chain structure and discuss the
bifurcation diagrams obtained from the numerical sim-
ulations. In the third section, we perform a theoretical
analysis of the special case in which N = 3 and general-
ize the results for larger systems. Finally, we summarize
our work in the final section.

2 Numerical results of bifurcation diagrams

The dynamics of unidirectional coupled phase oscillators
having a chain structure can be described using the fol-
lowing equations.

. 1)
9i:wi+)\sin(9i,1—6i), i:2,37...’N’
where the dot denotes the time derivation, 8; is the phase

of the i-th oscillator, w; is the natural frequency, which
is selected from a random sequence, and A > 0 is the
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Fig. 1 Diagram of chain structure wherein oscillator 1 is
the driving source, the other N — 1 oscillators are the driven

oscillators, and the arrows represent a unidirectional cou-
pling.

coupling strength among the units. The significant char-
acteristic of the current model is that the coupling pat-
tern is unidirectional with a chain structure as shown in
Fig. 1. Therefore, #; is the driving source that oscillates
with the natural frequency wi, whereas the other oscil-
lators interact with their neighbor on the left. In order
to characterize the degree of synchronization, the micro-
scopic effective frequencies can be defined as follows.

IR
Q; :TIE)I;OT/O 0dt, (2)
when all the oscillators share a common value, it indi-
cates that a total synchronization of the system has oc-
curred. However, ); behaves like a random form, which
implies that the system is in a completely disordered
state, i.e., an incoherent state.

Bifurcation diagrams of the effective frequencies with
the coupling strength are illustrated in Fig. 2; without
the loss of generality, the system is assumed to be of a
finite size N = 6. It has been proved that the effective
frequency of the second oscillator can be derived from
Eq. (1). Therefore, we can fix the natural frequencies
w; = 2 and wy = 1 without restricting the others. As
mentioned above, all the oscillators have a common ef-
fective frequency in the synchronous regime, which is
equal to the driving source w;. Typically, there are four
types of clustering patterns in the regime that occurs
before the critical point when the coupling strength is
increased. For the first case, we find that the oscillator
synchronizes with its driving neighbor to form a local
cluster, and the local cluster then joins the other group
with an increase in the coupling strength, as in the case
of oscillator 3, which is shown in Figs. 2(a), (c), and (d),
and oscillator 4 shown in Figs. 2(b)—(d). For the sec-
ond case, it is shown that the driven oscillator first syn-
chronizes with the driving source, and it is then phase-
locked with its driving neighbor as in the case of oscilla-
tor 6 shown in Fig. 2(a) and oscillators 3 and 5 shown in
Fig. 2(b). In the third case, when the coupling strength is
sufficiently small, we find that the oscillator synchronizes
with the driving neighbor, thus forming a local cluster.
However, this small group is dissolved with an increase
in A, which is indicated by different effective frequen-
cies. This desynchronous phenomenon is exhibited by
oscillator 5 in Fig. 2(d). Finally, the driving oscillator
is phase-locked with the source and then synchronizes
with the driven oscillator: for example, oscillator 6 in
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Fig. 2 Bifurcation diagram (2
versus \) characterizing the for-
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Figs. 2(b) and (d). The aforementioned clustering pat-
terns are universal in the route to synchronization with
generalized network structures. Therefore, it is necessary
for us to understand the bifurcation mechanism of this
system. We perform a theoretical analysis of the effec-
tive frequencies and address this issue in the following
section.

3 Theoretical analysis

In order to obtain some analytical insights of the dynami-
cal features of the aforementioned system, we explore the
bifurcation scheme of the effective frequencies for a sys-
tem of finite size having a chain structure. Specifically,
we assume that the size of the system is N = 3, and
wy = 2 and wy = 1. Generally, the four types of clus-
tering patterns in Section 2 can be found in a small sys-
tem with various arrangements of the natural frequency
ws. We focus on limiting the values of w3 in four different
intervals. First, when ws € [1, 2], Fig. 3(a) shows that os-
cillator 3 has its effective frequency close to that of the
driving oscillator 2 regardless of its specific position in
the interval. When the coupling strength is sufficiently
large, this cluster synchronizes with the driving source
that corresponds to the first case in Section 2. Second,
when w3 € (2,3], Fig. 3(b) points out that oscillator 3
tends to be consistent with the driving source instead
of its neighbor. For a special case in which w3 = 3, the
phase transition takes place at a common critical cou-
pling strength, which is in accordance with the second
case in Section 2. Third, when w3 is close to 1, Fig. 3(c)
illustrates that oscillator 3 coincides with the driving os-
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cillator 2 in the small coupling strength regime, but the
group is broken owing to the increasing value of A, and
as a result, this bifurcation is similar to the third case in
Section 2. Finally, when ws is far from w; and ws, it is
found that the driving oscillator 2 joins the source at a
small coupling strength to form a local cluster, and the
driven oscillator 3 is then entrained by the cluster at a
larger A in Fig. 3(d), and this process follows the same
path as that of the last case in Section 2.

We start with an approximate analysis of the bifurca-
tion diagram; for a system wherein N = 3, the dynamic
model can be written as

91 = w1
9-2 = wg + )\sin(ﬁl — 02)
93 = w3 + )\sin(ﬁg — 63)

3)

The evolution of the phase difference ¢o; = 05 — 0y is
governed by

(].521 = szl — Asin (b, (4)

where Aws; = wy — wy. Without the loss of generality,
we let Awsy > 0, and the effective frequency of oscillator
2 is

(f2) = wa — A(sin ¢a1). (5)

Here, the symbol (-) denotes the time average. In the
long-time limit, the time average can be replaced by the
ensemble average over the system. Consequently, for a
small A, the phase difference ¢o; can never reach a fixed
point but varies in the interval [0, 2] non-uniformly. Fur-
thermore, a probability density function p(¢a1,t) is intro-
duced. In the long term, p(¢s1,t) approaches a stationary
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Fig. 3 Typical four examples
of bifurcation diagrams (2 ver-
sus A\) characterizing the forward

clustering transitions with a fi-
nite size N = 3, where w; = 2
and ws = 1 are fixed, and the
value of ws is random. (a) w2 <
w3 < wi represents type one,
(b) w1 < w3 < w1 + A2 repre-
sents type two, (c) (1 —+v/2)w: +
V2w2 < ws < wa represents type
three, and (d) w3 > w1 + Awia

and w3 < (1 — \/5)0.11 + v 2ws
represent type four, where wis =
w1 — w2 = 1.

1.5

state:
Awsyp — Asin
p(¢21,t) = %@1, (6)
where C' = /(Awg21)? —A? is a normalization con-

stant. Therefore, in the regime before the phase tran-
sition,

2 sin ¢91 - C

o Awar — Asingog

(sin ¢ha1 ) = doa1, (7)

which can be calculated using the residue theorem, which
yields

Awsgy — (fw21)2 - /\2. (8)

On substituting Eq. (8) into Eq. (5), one obtains the
effective frequency of 05.

(02) = wi + v/ (Awa1)?2 — N2, (9)

This is an intuitive result that is consistent with the ac-
tual condition; when A = 0, (f2) = wo. With the increase
in A, <92) gradually moves closer to w; at a critical point
Ae = Aw, <92> = wi, which indicates a phase-locked
state. It should be noted that the same strategy can be
adopted for the case of Aws; < 0; in this situation, the

<Sin ¢21> =

130506-4

normalization constant C' is negative, and the effective
frequency of 5 can be replaced as follows:
<92> = W1 — (Aw21)2 — )\2. (10)
We then investigate the effective frequency of 63 with
the framework of (). Similarly, by introducing the

phase difference ¢35 = 03 — 05, the dynamical evolution
of ¢30 reads as

qf.)gg = W3 — 92 — /\sin¢32. (11)

For the long-time limit (¢ — c0), the instantaneous ve-
locity of 85 can be approximately replaced by the asymp-
totic solution of (92> Accordingly, the effective frequency
of #3 can be calculated in a similar manner:

(03) = (02) £ /(Aws2)? — A%, (12)
where Awszy = w3 — (92) If Awss > 0, the second term
of Eq. (12) should be positive; conversely, if Awss < 0,
it is negative. We emphasize here that the validity of the
effective frequencies must ensure that the terms in the
radical are positive.

According to the effective frequency of Eq. (12), we
obtain the phase-locked condition for 63 and 62, that is,
|Awsa| < A. Considering the expression of (02), if Awsy >

Xia Huang, et al., Front. Phys. 13(5), 130506 (2018)
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0, the condition of synchronization between oscillators 3
and 2 becomes

—A S ALL)31 —
A < Awszp <A,

(A(UQ]_)Q — )\2 S )\,
(A > Xeo),

A< ) (13)

and if Aws; < 0, the condition of synchronization be-
tween oscillators 3 and 2 is

{ A < Awzt + /(Awzr)? — A2 <A,

<
A< ) (14)
A< Aw31 < )\, (>\ > )‘C)v

where A, = |Aws1|, and Awsy = w3 — ws.

Fig. 4 depicts the phase graphics of the natural fre-
quency ws and coupling strength A for the case in which
Aws1 < 0. It has been proven that in the area wherein
A > A, oscillator 2 is always phase-locked with the driv-
ing source while oscillator 3 only synchronizes with oscil-
lator 2 in the yellow trapezium region. The red bound-
ary lines are determined from the second expression in
Eq. (14). For a low coupling strength, that is, A < A,
the phase-locked area between oscillators 2 and 3 is cov-
ered by the green fan-shaped regime, wherein the two
parabolic boundary lines may be solved using the first
expression in Eq. (14). These analyses can aid in ex-
plaining the desynchronization scheme between oscilla-
tors 2 and 3. When w3 € (w.,ws), the critical frequency
We = —\/§|Aw21| + wy is the line that is tangent to the
parabolic in the lower branch, and the desynchronization
occurs once A goes through the green area characterized
by the dispersive effective frequencies (f2) and (63).

The previous numerical simulations reveal that, for the
second clustering pattern, ws > wi, where oscillator 3

(d) 1-2

Fig. 4 Phase diagram for the natural frequency ws and
coupling strength A\ for the case wherein w1 = 2 and w2 =
1. The arrows (a)—(d) correspond to four types of clustering
patterns in Figs. 3(a)—(d). In the area wherein A > ., oscil-
lator 2 is always phase-locked with the driving source while
oscillator 3 only synchronizes with oscillator 2 in the yellow
trapezium region. For the small coupling strength A < A,
the phase-locked area between oscillator 2 and oscillator 3
is covered by the green fan-shaped regime, and oscillator 3
can synchronize with the driving source directly in the purple
area.

Xia Huang, et al., Front. Phys. 13(5), 130506 (2018)

can synchronize with the driving source directly. Hence,
it is necessary to achieve the synchronization conditions
between oscillator 3 and the driving source by using a
similar strategy that involves introducing the phase dif-
ference ¢31 = 63 — 0. The dynamical evolution of ¢3;
can be expressed as

(bgl = Aw31 — )\Sin((bgl — ¢21). (15)

From Eq. (15), it is observed that the necessary phase-
locked conditions for #3 and 6 is [Aws; | < A. In addition,
when the effective frequency (65) = wi, the sufficient
phase-locked condition can be obtained from Eq. (12),
which yields

W3 = W1 —+ |Aw21| — (AWQ1)2 — AZ. (16)
The corresponding phase-locked condition is represented
by the purple area in Fig. 4. The four types of clustering
patterns in Figs. 3(a)—(d) are illustrated by the arrows
(a)—(d) in Fig. 4.

For a system of a finite size (N > 3), the effective
frequency of the i-th oscillator can be analogized using
the following recursive equation:

(0:) = (Bi1) £/ (Awi i 1)? = 2, (17)

where Aw; ;-1 = w; — <0%1> On combining this with
the phase-locked conditions |Aw;;—1] < A, the cluster-
ing pattern can be preliminarily predicted. Furthermore,
some additional limitations owing to which the driven i-
th oscillator can coincide with the indirect driving oscil-
lators should be taken into consideration. The necessary
and sufficient condition for this restriction is as follows.

-2 (18)

With Egs. (17) and (18), the clustering patterns or the
bifurcation scheme of the system before the synchronous
regime can be formally predicted. Fig. 5 shows an ex-
ample of N = 10 with various arrangements of natural
frequencies, and the rich clustering figures between the
oscillators are observed, which can be further understood
in terms of the aforementioned theoretical framework.

4 Conclusion

In this study, we extend the classical Kuramoto model in
a chain structure with unidirectional coupling, wherein
the oscillators are driven by the neighbor on the left. For
a system of finite size, the numerical simulations reveal
that the system can exhibit rich clustering features be-
fore the synchronous regime for various combinations of
natural frequencies. The regular synchronization, indi-
rect synchronization, and desynchronization are charac-
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Fig. 5 Bifurcation diagrams
(2 versus A) for characteriz-
ing the forward clustering transi-
tions with a finite system size of
N = 10, where w; = 2 and wy =
1 are fixed, and the frequencies
of oscillators 3-10 are random.
There are four types of cluster-
ing patterns in the regime that
occurs before the critical point
when the coupling strength is in-
creased.

TRIE

(=)

terized in the bifurcation diagrams of the effective fre-
quencies. Theoretically, the recursive equations are de-
veloped to reveal the bifurcation schemes of the effective
frequencies, and a phase diagram is used to illustrate the
conversions among the clustering patterns. In addition,
these analyses can be generalized to a system of a larger
size. These results aid in the comprehension of the com-
plicated collective behavior in the Kuramoto model with
generalized structures.
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