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We study the dynamics of coherence-induced state ordering under incoherent channels, particularly
four specific Markovian channels: amplitude damping channel, phase damping channel, depolarizing
channel and bit flit channel for single-qubit states. We show that the amplitude damping channel,
phase damping channel, and depolarizing channel do not change the coherence-induced state ordering
by [, norm of coherence, relative entropy of coherence, geometric measure of coherence, and Tsallis
relative a-entropies, while the bit flit channel does change for some special cases.
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1 Introduction

Quantum coherence is a fundamental feature of quantum
mechanics, which distinguishes the quantum world from
the classical physics realm. It is an important aspect
in many research fields such as low-temperature thermo-
dynamics [1-5], quantum biology [6-11], and nanoscale
physics [12, 13]. Quantifying the coherence of quantum
states [14] has become a topic of interest for researchers.
Baumgratz et al. have recently proposed a strict frame-
work to quantify quantum coherence [15]. Various co-
herence measures have been defined based on this frame-
work, such as [;-norm of coherence, relative entropy of
coherence [15], geometric measure of coherence [16] and
Tsallis relative a-entropies of coherence measure [17].
Here, the Tsallis relative a-entropy of coherence mea-
sure violates the condition of a coherence measure that
does not increase under mixing of states, while it satisfies
a generalized monotonicity of average coherence under
subselection based on measurement.

Different coherence measures employed based on dif-
ferent physical contexts thus give rise to different values
of coherence. Questions about ordering states with var-
ious coherence measures have also been discussed [17-
19]. Whether or not the quantum operators change the
coherence-induced state ordering proposed by Zhang et

al. [18], forms another interesting problem.

Focused on single-qubit states, in this study, we in-
vestigate such ordering problems under incoherent chan-
nels. In particular, we consider four Markovian channels:
— amplitude damping channel, phase damping channel,
depolarizing channel, and bit flit channel. Note that for
some special cases, Zhang et al. have already studied
the problem for single-qubit states by using the ampli-
tude damping channel and phase damping channel [18].
Here, we also consider the geometric measure of coher-
ence for more general situations. We extend the results
of Ref. [18] to general cases. Furthermore, we show that
the depolarizing channel does not change the coherence-
induced state ordering while the bit flit channel changes
it when p = %

2 Preliminaries

In this section, we first recapitulate some concepts re-
lated to quantum coherence. Let H be a d-dimensional
Hilbert space and {|i)}%=} be an orthonormal basis of
H. An incoherent state is defined as p = B9 dp;|i) (i,
where p; > 0,%3;p; = 1. Let Z denote the set of in-
coherent states. An incoherent operation is defined as
Ap) = S, KpK], where ¥, K, K} = I and K,ZK] C

Z. Baumgratz et al. proposed a framework to quantify
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quantum coherence, that is, a function C can be taken as
a coherence measure if it satisfies the following postulates
[15]:

(C1) C(p) >0, C(p) =0 if and only if p € T;

(C2) C(A(p)) < C(p) for any incoherent operation A;

(C3) L,pnC(pn) < C(p), where p,, = Tr(K,pK}) and
pn = KnpK} /p,, {K,} is a set of incoherent Kraus op-
erators;

(C4) C(Zipipi) < ZipiC(p;) for any set of quantum
states {p;} and any probability distribution {p;}.

Several coherence measures have been put forward
based on this framework. Here, we give the definitions
of the following four coherence measures for further use.

Let p be a state defined on #H, then

Ci (p) = Z |pij (1)
i#£j
is the /; norm of coherence, where p;; are the entries of
p. The relative entropy of coherence is defined by

Cr(p) = minS(pllo) = S(paiag) = S(p), (2)

where S(p||lo) = Tr(plog p — plogo) is the quantum rel-
ative entropy, S(p) = —Tr(plogp) is the von Neumann
entropy, and pgiag = X;pii|t) (4] is the diagonal part of p.
The geometric measure of coherence is defined by

Cy(p) =1 — maxF(p,0), (3)

2
where F(p,0) = (Tr\/\/Ep\/E) is the fidelity of two

density operators p and o. The Tsallis relative a-entropy
of coherence is defined by

Calp) = minDa () = = (4)
alp) = %nel% alp - —-1’
where r = %, (i[p®|i)= and a € (0,1) U (1,2].

Any single-qubit state can be expressed as

p:%(Ikao'):%(IthnU), (5)

where k = (ky, ky, k) is a real vector satisfying || k|| < 1,
t = ||k||, n = (ng,ny,n;) is a unit vector, and o =
(04,0y,0) is the vector of Pauli matrices. Here, we note
that ng,ny,n. represent the length of vector k along the
direction o, 0y, 0, respectively.

A non-coherence-generating channel (NC) d is a com-
pletely positive and trace preserving (CPTP) map from
an incoherent state to another incoherent state: ®(Z) C
Z, where Z denotes the set of incoherent states [20]. Any
quantum channel ® is called an incoherent channel if

there exists a Kraus decomposition ®(-) = %, K, (-) K]
Kn(p)Kl

——nB a5 incoherent for any inco-
Te(Kn ()KL Y

such that p, =

herent state p.
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A rank-2 qubit channel is an NC if and only if it has
the Kraus decomposition either as [20]

o() = BV OB + BV (B (6)
with
2 _ el cos 6 cos ¢ | 0
! —sinfsing e€cos¢ |’
Eél) _ jin&(zos.(b '€ sin ¢ )
e " cosfsin ¢ 0
or as
& () = B (B + By () By (®)
with
9 cos 6 0
B = ig ,
0 e's cos ¢
0 sin ¢
ED _ [ 9
2 (e"E sinf 0 ) ’ ©)

where 0, ¢, &, and 7 are all real numbers. Here &) is
not an incoherent channel unless sin 6 cos # sin ¢ cos ¢ = 0
and ®® is an incoherent channel.

3 Main results

In this section, we first study the coherence-induced or-
dering problem under arbitrary incoherent channels for
single-qubit states via the coherence measures C;,, C,
Cq, and C4. Then we study the dynamics of coherence-
induced state ordering under specific Markovian chan-
nels for single-qubit states by four Markovian channels
namely, amplitude damping, phase damping channel, de-
polarizing channel, and bit flit channel.

Suppose that an incoherent channel is defined as
in Eq. (6). Let « = =% and b = “"“%ny) with
b = [ble’’. Then ®(p) = (5 ,5,) with 4 =
acos® ¢ + (b*e'€ + be€) sin fsin ¢ cos ¢ + (1 — a) sin? ¢,

B = be" € cosfcos? ¢ + b et cosfsin®¢. Thus,
Cr, (®(p)) = 2|be™ ™% cos cos? ¢ + b*e'sH" cos §sin? ¢|.
If sinf = 0, then ® is an incoherent operation and

Cr, (®(p)) = 2|b]/eP—i€ cos? ¢ + ei€—8sin® ¢. We find
that the value of Cj,(p) depends on both b and the
channel itself. In other words, there may exist incoher-
ent channels such that Cp, (®(p1)) < Ci, (®(p2)) though
Cll (Pl) > Cl1(p2)'

Suppose that an incoherent channel is defined as in
Eq. (8). Then ®(p) = (g* 1?0) with C' = acos? 6 +
(1 —a)sin®¢ and D = e'¢(bcosh cos¢ + b*sinfsin¢).

Thus, C, (p) :2|b|\/cos2 B cos?(0—¢)+sin? B cos?(6+¢).
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Fig. 1 The variation of C,(e(p)) with respect to ¢t and n. under amplitude damping channel.

Also, we know that the value of Cj, (p) depends on both
b and the channel itself. In other words, there may exist
incoherent channels such that Cp, (®(p1)) < Cp, (P(p2))
though Cy, (p1) > Ci, (p2).

According to the above discussion, we can con-
clude that there exist incoherent channels changing the
coherence-induced state ordering under the coherence
measure C;,. This is true also for the coherence measure
Cg4, since C;, and C, give the same ordering for single-
qubit states [21]. For the other coherence measures C,
and Cq, the issue will become formidably difficult for gen-
eral incoherent channels. However, we can consider some
specific incoherent channels to deal with the problem.

3.1 Amplitude damping channel

The amplitude damping channel is characterized by
the Kraus’ operators: Ky = [0)(0] + /p|1)(1|, K1 =
V1 —=p|0)(1], where p € [0,1]. It can be directly verified
that [18]

L+tn, p(l—tn,) 1T—pt(ng—iny)
elp) = ; : ’
VI —pt(ng +iny) (1-p)(1—tn,)
2 2
(10)
C(e(p)) = (1 —p)ty/1—nZ, (11)

el = (F57) - (). (12)

1 |
@ p=7 ) p=>
0.6 0.4
0.5 /
C, 0.4 e
0.3 0.2
0.2
0.1 0.1

r®—1

a—-1’
where h(z) = —zlogx — (1 — z)log(l - x),
R
(e e () ) e -
VA=p)T—n2) + (p+ (L —pnat)?, nj, = Lpret,

VI1=pnyt 1— t
nj, = Y= and nl, = pt(=p)nst t,p)nz .

yIt is clear that for the case p = 1, the amplitude damp-
ing channel transforms any single-qubit state to an in-
coherent state. For p = 0, any single-qubit state is un-
changed under amplitude damping channel.

It has been proved that the amplitude damping chan-
nel does not change the coherence-induced state ordering
under the coherence measure C;, [18]. In the following we
study the case p € (0,1) for the coherence measures C,
and C,, for o € (0,1)U(1, 2]. Numerical calculation shows
that for any p € (0,1), the amplitude damping channel
does not change the coherence-induced state ordering by
C, with fixed n, or fixed ¢, since C, is an increasing func-
tion with respect to ¢ for every fixed n, while a decreasing
function with respect to n, for every fixed t; see figures
1, 2, and 3 for the cases of p = }L, %, and %.

For the coherence measure C,,, Zhang et al have proved
that for p = %, the amplitude damping channel main-
tains the coherence-induced state ordering with fixed n,
or fixed ¢t. In fact, we find that it holds for any p € (0, 1)

© p=3

0.4
c 03
' 0.1 o

/
/
J/

02 04 06 08 10
t

1

02 04 06 08 10

‘ 02 04 06 08 1.0
t t

Fig. 2 Forp= %, p==:andp= %, Cr(e(p)) is an increasing function with respect to t for the cases n, = 0.3 (red line),

2
n. = 0.6 (green line) and n. = 0.9 (blue line).
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Fig. 3 Forp= i, p==s,and p = %, Cr(e(p)) is a decreasing function with respect to n. for the cases ¢t = 0.3 (red line),

2
t = 0.6 (green line), and ¢ = 0.9 (blue line).

1.0

Fig. 4 The variation of C2 with respect to ¢t and n, under

amplitude damping channel for p = £, p = 2, p = 2, and
7

p=g3-

Fig. 5 For fixed p = %, the variation of C, with respect to

t and n. under amplitude damping channel for o = 1, v = 3,

7

_5 _7
a=3,and a = 7.

and o € (0,1) U (1,2]. In Fig. 4, we show the variation

of Cy for p = %, %, % and p = %. In Fig. 5, we show the
variation of C, for fixed p = % and o = %7 %7 %7 %_

130310-4

3.2 Phase damping channel

Now we study the dynamics of coherence-induced state
ordering under phase damping channel, which can be
characterized by the Kraus’ operators Ko = /pI, K1 =
V1 =p|0){0], K3 = /T —p|1)(1]|, where 0 < p < 1. By
applying the phase damping channel to the state repre-
sented by Eq. (5), we get

1+tn, tp(ng — iny)
(o) = ? ? . (14)
tp(ng + iny) 1—tn,
2 2

For p = 0, the phase damping channel transforms a state
into an incoherent one. In the following, we study the
case p # 0. For simplicity, we define A = 1+ (p?>—1)(1—

n.)?, B=A ¢ — (VA+n,)2 and D = p>(1 —n2).

Substituting £(p) into Egs. (1), (2), and (4), we have
Ci, (e(p)) = ptv/1 — n, = pCy, (p), (15)
Celp) = (57 = n(), (16)
Calelp) = -1, (1)

1

where r = [Bo‘m_%—i—(l—B)aCfD]a +[(1 —B)QC_‘_LD—}-
B~ CED]é. According to Eq. (15) the phase damping
channel does not change the coherence-induced state or-
dering by C;, for single-qubit states.

Next we consider the coherence measure C,.. On dif-
ferentiating Eq. (16) with respect to ¢, we get

ICr(e(p)) _ m= 1—tnz+ﬁlo 1+t/A
ot 2 ®1tm. 2 g1—t\/Z
n, 1—tn, n, 1+1tn,
> 2] —21 =0
2 8 . T 8T, Y

since ‘/TZ log % is an increasing function with respect

to p € (0,1]. Moreover, since ch_t(p) > 0, the phase
damping channel does not change the coherence-induced

Long-Mei Yang, et al., Front. Phys. 13(5), 180310 (2018)
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state ordering by C,. for single-qubit states with fixed n,.
On differentiating Eq. (15) with respect to n,, we obtain

1+tvA 2t
g - Z 0;
1—tv/A In2

p(A+1
== 0
A\ VA

2
M — E]o 1-tn; _ (p° —1)nst log 1+ t\/z. since A+1 log 1%? 1?2 is an increasing function with
On 2 1+1in, 2VA 1—t/A respect to t > 0. Thus,
Set f(p) = pjf_;l log %. Then 9Cr(e(p)) _t 1—tn, n.t B
Llelp)) o 1yog - f(0) = 0.
on, 2 1+tn, 2
, _p—|—pA1 1+ tV/A 2tp(1 —n?)(p? — 1)
f'(p) = VA3 g 1—tVA A(1—12A)In2 Therefore, the phase damping channel keeps the
) coherence-induced state ordering by C,. for single-qubit
>p—|—pAlOg1+t\/_+2tp (1—n2)(p* - 1) states with fixed t as 806—(")<O
TovA3 1—tV/A A(l-A)In2 According to Eq. (16), for the coherence measure C,
€ (0,1)U(1, 2], we have W = 5reT l‘g’t", where
1
or VA D 1! C D
== 1-B)* B! 1-B)* !
ot~ 2 { pTU-B C+D] [ c+p (1P C+D}}
VA C p 177! D c
—<|1-B B~ B! — Byt 1
2 {( et 0+D] [ cip B O+D] (18)
If o e (01, & < B + (01 - a=1,%%anda=1
B)aﬂ%]é—l(Ba—l (1 _ B)a—l) <0.
Ifa e (1,2, 2 ar > [B“ CED +(1-B)* C+D] —1(Ba—1 3.3 Depolarizing channel

(- By 20,

Then W > (0. Since %t(p) > 0, the phase
damping channel does not change the coherence-induced
state ordering by C, for single-qubit states with fixed
n,. In fact, the phase damping channel does not change
the coherence-induced state ordering by C, for single-
qubit states with fixed ¢. In general, it is very diffi-
cult to discuss the monotony of C, for all parameters

€ (0,1) U (1,2] and p € (0,1] with respect to n,. In
Fig. 6 we present the variation of C,, with fixed p = % for

Fig. 6 The variation of C, with respect tot and n, under
phase damping channel for fixed p = 3 and a= Z 3 %, and

10
7
a=q
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Now we study the dynamics of coherence-induced state
ordering under depolarizing channel. The state of the
quantum system after depolarizing channel is given by

elp) =5 + (1 —p)p,

1+tn.(1—p) (1 —p)(ngy —iny)t
e(p) = ? ?
(1 —p)(ng +iny)t 1—tn,(1-p)
2 2
(19)

Substituting (p) into Egs. (1), (2), and (4), we have
Ci,(e(p)) = (1 =p)tv1 —nz = (1 = p)C;, (p), (20)

€ elp) = (D) (AP oy

re¢ —1

a—1"

where r = [E°F + (1 — E)*(1 — F)]= + [E*(1 — F) +
(1 - E)*F]a, and E = 02 p — 1in.

According to Eq. (20), the depolarizing channel keeps
the coherence-induced state ordering under C;, for single-
qubit states.

Next, we consider the coherence measure C,.. C,(e(p))
is clearly a decreasmg function with respect to n., since
9. (e(p)) — t(l p) Jog 1=tn==p) < (. Thus, the depo-

on. I+tn.(1-p)
larizing channel does not change the coherence-induced

(22)
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state ordering by C, for single-qubit states with fixed ¢, 9C(e(p)) _ (1-pn. ] 1—tn.(1-p)

due to the fact that C,.(p) is also a decreasing function ot 2 BT tn.(1—p)

with respect to n,. In fact, C.(¢(p)) is an increasing 1 —D, 1+¢(1-p) >0

function with respect to t, as 2 8 1—t(l—p) =
dCr(e(p))  (1—p) 1 1—tn,(1—p) In addition, C,(p) is also an increasing function with re-
oon. 2 08T tn.(1—p) spect to t [18]. Thus, the depolarizing channel does not
change the coherence-induced state ordering by C, for

t(1—p)°n. 0 single-qubit states with fixed n..

C1—2n2(1—p)2 = In the end, we consider the coherence measure C,,

where o € (0,1) U (1,2]. First of all, we show % >0if

Therefore, a€(1,2] and 2 < 0if a € (0,1). We have
% _! (B F 4 (- B (- P E - (- B (1 )
+[E*1-F)+(1—E)*F]="E*'1-F)— (1- E)*'F]}. (23)

Since z%y + (1 — z)*(1 —y) > 2*(1 — y) + (1 — )%y, where & > 0,3 < z,y < 1, we have

O > LR mer (1 B - P (- B 20 (24)
if o€ (1,2]. If & € (0,1), we have
O < I PIEF 4 (- B - P E (- B <0 (25)

Thus, 2= é‘i(p ) — C‘;a 11 8’; > 0. Since Cgt(p ) > (), we arrive at the conclusion that the depolarizing channel does
not change the coherence-induced state ordering by C, for single-qubit states with fixed n,.

On the other hand, as
or 1

. = 2g BT (= BV HIE" T F = (1= B)a (1= P = [B*(1L = F)+ (1= B)*FJo )

and 2%y — (1 —2)%(1 —y) > 2%(1 — y) — (1 — )y for = \/(zp —1)2C} (p) +4(p — p?)t2n2, (27

a > 0 and % < z,y < 1, one has %sz(p)) < 0. Also,

BCBQT(ZP) < 0, therefore, we conclude that the depolarizing  C,(g(p)) = h(

channel keeps the coherence-induced state ordering by )
re —

C, for single-qubit states with fixed ¢. Cule(p)) = — (29)

1+ tnz;Qp - 1)) _hE), (28)

3.4 Bit flit channel where 1 — [HonLHV_I_(l H)~ M+N]§+[(1 H)® #
1

Now we study the dynamics of coherence-induced state HQMLJFN]E» and G = \/1 +4(p* —p)(1—n3), H =
ordering under bit flit channel, which can be character- %@7 M = "i +(2p — 1)2n§ and N = (\/5 —(2p —
ized by the Kraus’ operators Ko = \/pl, K1 = /1 —pos, 1)n,)2.

where 0 < p < 1. Applying the bit flit channel to the Let us consider the special case p = 1. Thus,

state represented by Eq. (5), we get

Cy, (e = tng, 30
1+tn,(2p—1)  tng —itn,(2p—1) (ee)) - (30)
e(p) = 2 2 : Co(elp)) =1~ — nx) ; (31)
tng +itny(2p—1)  1—tn.(2p—1) 2
2 2 re¢—1
@ = ) 2
(26) Cal(e(p)) o1 (32)
Substituting this £(p) into Egs. (1), (2), and (4), we have where r=2[1(Ltineyo 4 1(1=tn, )% . Hence, acl(});e(p))
C, (e \/t2n2 (2p — 1)%t2n2 t>0, M Llo g}"‘—iﬁl >0 and

Long-Mei Yang, et al., Front. Phys. 13(5), 130310 (2018
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Cale(p))  at Ta*11 1+ tn, “+1 1—t
on,  2a-1) 2 2 2 2

Let p1 = %(I + tinyo) and py = %(I + tango),
where n1 = (n14,n1,,M1,), N2 = (N2g, Moy, N2,). As-
sume t; = tg, ni, < ng, and ny, < ng,. Then
we find that C, (p1) > Ci,(p2),Ci, (e(p1)) < Ciy(e(p2)),
Cr(p1) > Cr(p2),Cr(e(p1)) < Cr(e(p2)); Calpr) > Calp2),
and Co(e(p1)) < Cqle(p2)). Thus, the bit flit channel
changes the coherence-induced state ordering by the co-
herence measures C;,, C,, and C, for single-qubit states
with fixed ¢, where « € (0,1) U (1, 2].

Now assume t; > t2, N1, < no, and ni, =
ng, such that tini;, < tano,. Then we find that
Culpr) > Culpa):Ci(e(pr)) < Cule(pa)), Colpr) >
Cr(p2), Cr(e(p1)) < Ci(e(p2)); Calpr) > Cr(p2) and
Cal(e(p1)) < Cr(g(p2)), since the coherence measures
Ci,, C and C, are all increasing functions with respect
to tn,. Thus, bit flit channel changes the coherence-
induced state ordering by the coherence measures C;,, C,
and C, for single-qubit states with fixed n,, where a €
(0,1) U (1,2].

4 Conclusion

We have discussed whether or not a quantum channel
changes the coherence-induced state ordering, for four
specific Markovian channels: amplitude damping chan-
nel, phase flit channel, depolarizing channel, and bit flit
channel. We have shown that the depolarizing channel
does not change the coherence-induced state ordering by
Ci,, Cr, Co, and C4. For the bit flit channel, we have
shown that it does change the coherence-induced state
ordering under these four coherence measures for the
case of p = % Our results enrich the understanding of
coherence-induced state ordering under quantum chan-
nels.
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