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The quantification of the quantumness of a quantum ensemble has theoretical and practical signif-
icance in quantum information theory. We propose herein a class of measures of the quantumness
of quantum ensembles using the unitary similarity invariant norms of the commutators of the con-
stituent density operators of an ensemble. Rigorous proof shows that they share desirable properties
for a measure of quantumness, such as positivity, unitary invariance, concavity under probabilistic
union, convexity under state decomposition, decreasing under coarse graining, and increasing under
fine graining. Several specific examples illustrate the applications of these measures of quantumness
in studying quantum information.
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1 Introduction

In classical physics, the state space of a system is the
phase space. The pure state of an individual system is
described by the phase point, while the mixed state is de-
scribed by a normalized distribution function. In quan-
tum physics, the state space of a quantum system is a
Hilbert space. The pure state of a quantum system is
described by the state vector, which is a complex unit
vector. The mixed state is described by the density op-
erator, which is a trace-one semipositive operator [1, 2.
A mixed quantum state p can be prepared (or decom-
posed) as the mixture of a family of quantum states p;
with probability p;. In the language of mathematics, it
means that a quantum ensemble {(p;, p;)|i € I}, which
consists of a number of states p; (¢ is an index) with
respective probabilities p;, is represented by a density
operator.

A quantum ensemble naturally induces a unique den-
sity operator. However, a density operator generally in-
duces many quantum ensembles because of the fact that
a mixed quantum state can be prepared as the mixture
of quantum states in many different ways (i.e., many
ensemble decompositions exist for a density operator of

a mixed state). Different ensembles may have different
properties. For instance, an unknown state from en-
semble &,,.; consisting of orthogonal pure states could
be perfectly cloned and determined without being dis-
turbed, while a state from ensemble &,,, consisting of
non-orthogonal states cannot be perfectly cloned and ex-
actly determined [3]. Intuitively, the quantum character-
istics exhibited by ensemble &,,,, are more than those of
Eort, which leads us to focus on the quantumness of en-
sembles. A question then naturally arises: how does one
quantify the quantumness of a quantum ensemble?
Some studies have been conducted on the issue of
quantifying the quantumness of quantum ensembles. In
[4-6], as earlier researchers in this field, Fuchs et al. pro-
posed the measures of the quantumness of an ensemble in
terms of the difficulty of transmitting the states through
a classical communication channel. They also discussed
the potential applications of measures in quantum eaves-
dropping. A new measure [7] of quantumness of an en-
semble was presented using the difference between the
information content in one copy and the information con-
tent in two or more copies. The definition of trace dis-
tance and fidelity measure between quantum ensembles
was given in Ref. [8], where the operational interpreta-
tions for measures were also presented. A measure of
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the quantumness of an ensemble was defined in Ref. [9]
based on the duality relation with a quantity character-
izing how classical a quantum ensemble is. Accordingly,
a measure for characterizing the quantumness of an en-
semble was introduced from the perspective of studying
the local indistinguishability problem of quantum states
[10]. Luo et al. paid persistent efforts on this issue and
proposed some measures of quantumness via the relative
entropy between quantum ensembles [11] through the
disturbances induced by the von Neumann measurement
[12] and commutators [13, 14].

The present study investigates the problem of quanti-
fying the quantumness of quantum ensembles from a dif-
ferent perspective. Norms are useful mathematical tools
in quantum information theory. For example, one can ef-
ficiently describe and quantify quantum discord [15] and
measure-induced nonlocality (MIN) [16, 17] using differ-
ent norms. Moreover, notice that the constituent density
operators of an ensemble do not generally commute with
each other. Combining the two abovementioned points,
we propose herein a class of measures of the quantumness
of quantum ensembles by virtue of some special norms
of the commutators of the constituent density operators
of an ensemble. A detailed introduction of their appli-
cations in quantum information is then presented. For
example, we find a relation between the measure of quan-
tumness and the coherence measure for the qubit pure
state. We also provide a relation between the quantum-
ness measure and the entanglement concurrence for two-
qubit pure states.

The remainder of this paper is organized as follows:
Section 2 introduces the definition of the unitary simi-
larity invariant norms (USINs) and lists several famous
USINs, such as the Schatten p-norms and Ky Fan p-
norms. We also define a class of measures of quantum-
ness based on USINs and prove that they are valid mea-
sures of quantumness. Section 3 presents some appli-
cations in the quantum information of these measures.
Section 4 provides the conclusion.

2 Quantumness measures based on the
unitary similarity invariant norms

Before we state the main results, we will first intro-
duce some necessary knowledge about norms that will
be used in the subsequent sections. Throughout the pa-
per, norms are defined on M,,, where M,, denotes the set
of all n-by-n matrices over complex field C. A norm || - ||
on M, is said to be unitarily invariant if || A|| = [[UAV||
for all A € M,, and all unitary U,V € M, [18]. A norm
|| - || on M, is said to be a unitary similarity invariant if
|All = |[UAUT|| for all A € M,, and all unitary U € M,,.
We list some important norms that are unitarily in-
variant and, thus, are unitary similarity invariant [18].

Schatten p-norms Schatten p-norms are defined by

1/p

s
1

1Al =

n

J

where s;(A) are singular values of A in a nonincreasing
order. Here, ||A|; is the trace norm, which can be ex-
pressed as ||A]|; = trvVAAT. Meanwhile, ||All2 = [|AllF
is the Frobenius (or Hilbert—Schmidt) norm that can be

expressed as: ||Al|p = (trATA)Y/2 = (Z |aij|2) V2,

i
Ky Fan p-norms Ky Fan p-norms are defined by

k
1Al =D s5(A),
j=1

where s;(A) are singular values of A in a nonincreasing
order. Note that [[All1) = [|All and [[All) = [[All1,
where || A/« is the spectral norm.

We propose

M(E) = ZMII[mmﬂll, (1)

as a class of measures of the quantumness of the ensem-
ble & = {(pi, p:)|¢ € I}, where || - || denotes a unitary
similarity invariant norm.

The constituent density operators of an ensemble do
not generally commute with each other, and many quan-
tum features are derived from the noncommutativity be-
tween the constituent density operators of an ensemble.
Hence, naturally, the commutator of the quantum states
should have a place in the definition of the measures of
the quantumness of ensembles. Note that the square root
of a probability distribution plays a more vital role than
the probability distribution itself. Moreover, the unitary
similarity invariant norms possess a desirable property,
which will be reflected in the following proof of property
2. We establish these measures of quantumness based on
the abovementioned ideas.

Next, we prove that these quantumness measures
M () share the following desirable properties:

(1) (Positivity). M (&) > 0 for arbitrary quantum en-
semble £, and equality holds if and only if £ is a classical
ensemble. Ensemble {(p;, pi)|i € I} is called classical if
all the states in the ensemble commute with each other.
Its quantumness vanishes if the ensemble degenerates to
a single state.

It follows immediately from the nonnegativity and pos-
itivity of the norm.

(2) (Unitary invariance). M(-) is invariant under uni-
tary transformations. That is, M(E) = M(UEUT) for
any unitary operator U. Here, USUT = {(p;, Up;U")|i €

I}.
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Clearly,
MUEUT) =Y \/mip | UpUTUp;UT=Up;UTUpiUT|
1j

=>_ Vpm;Ups, ps]UT |
= Z VPipilllpi pilll = M(E). (2)

(3) (Concavity under probabilistic union). M(-) does
not decrease under the mixing of ensembles in the sense
that

M (U A,@) > NM(E).

Here, A\, > 0, ZueK A = 1, and for each p € K,
& = {(Pui, ppi)lt € I,} is a quantum ensemble, and
U, A€ = {(A\ubpis pui) |l € Ki € I} is a probabilistic
union of &,.

Proof: The probabilistic union of ensembles {£,} cor-
responds to a new ensemble £

&= U)‘ug = {()\upmvpm)m €K,i€ Iu}a
m

we then have

M(E) =" /Nudoppiipogl[ppis poj |

pvig

= V4 >\/.L/\Up,u,ipvj ” [puia ij] H
pvij(p=v)
Y VDb [pus Pl
pvij(pv)
2 Z A Z VPuiDuj [P Puglll
iz ij
=Y NM(E). 3)
o

(4) (Convexity under state decomposition). M(-) does
not increase under state decomposition with respect to
each constituent state. More specifically, if a constituent
state p. in quantum ensemble & = {(p;, p;)|¢ € I} has
the decomposition pe = >_ c; Aupeu With 37 A, =1
and A, > 0, this decomposition induces new ensembles,

gll« = {(pcvpc,u)} U {(pi,pi)li 7é Cai € I}nu’ S J’

and there is

M <Z )\#&) <Y NM(E).

Symbolically,

Z)‘HEM:{ (pca Z)\upcu> }U{(phpi)'i#cai € I}:g

Proof: Without loss of generality, we can choose p; as
pe- By triangle inequality of the norm, we then obtain

M) =3 v/pimsllei pill
=2 /pib; e 5]

>7

=2 Z VPipj|l[pis psl|
i>j(j=1)

+2 3" el ol
i>5(j#1)

= 22 vpipl‘l[/’ia Z)‘uplﬂ]”
i>1 o

+23 " >0 ol ps]ll

H i>5(j#1)

<2> voipr > Malllpis prlll

i>1 I3

+2> N0 > ypislles pilll

i>7(5#1)

v, (iwﬁu[pi,pwn

i>1

+2 ) \/Mll[pi,pj]H)

i>5(j#1)

=D MM(E), (4)

as required.

(5a) (Increasing under fine graining). M(-) increases
under fine graining in the sense that M (&) < M(Ep).
For each constituent state p; in ensemble & = {(p;, p;)|i €
I}, it can be decomposed into a new quantum ensemble
gi = {()‘iuapiu)“/' € Jz}7 that is, Pi = EuEJi )‘iupi/u and
Er = {(pidip, pip)|t € I, € J;} is called the fine-grained
ensemble of £.

Proof: Proving the following is not difficult:

ME) = yawillen ol
j
- Z VB Nippip Y Nwpsoll
ij B v
<3 VBT S Mol pis ol
ij pv
= Z \/]ij)\w/\jﬂu“[pi,uapjv]”

1Jpv
<Y VP Pidolllpiges s
1Jpv
= M(Er). (5)

(5b) (Decreasing under coarse graining). M(-) de-
creases under coarse graining in the sense that M (&) >
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M(Ec). Here € = {(ps, pi)|i € I}, and {cs|s € S} is
a partition of the index I (i.e., {cs|s € S} is a collec-
tion of pairwise disjoint sets and the union J, ¢s = I).
We define pe, = Yic,, Pir Pe, = 5= D, Pibis and
Ec = {(pe.,pe.)|s € S} is called the coarse-grained en-
semble of £.

Proof: Note that ensemble £ is the fine-grained en-
semble of ensemble £x, which directly follows from (5a).

3 Applications

This section reveals the potential link between the quan-
tumness of the ensembles and some branches of quantum
information by considering the following examples:

Ezample 1 Consider the quantum ensemble & =
{(pi,pi)} (¢ = 1,2) that consists of two qubit states.
An arbitrary density matrix for a mixed qubit state may
be written as p; = ﬂzﬂ, where & = (0,0y,0,) with
04,0y, 0 being Pauli matrices; and r; is the Bloch vector
for state p;, which is a real three-dimensional vector such
that |75 < 1. We obtain M(E) = 2\/p1pz||[p1, p2]ll2 =
V2p1p2|ri||ra|sina after the computation. Here, « is the
angle between vectors 71 and 3.

Ezxample 2 We can investigate the quantumness of
ensemble £ = {(p1, p), (2, ®(p))}, where p is an input
state, and ®(p) is an output state, to study the deco-
herent capability of channel ®. We choose ® as the
phase damping channel. The Kraus operators for the
phase damping channel are expressed as Ey = |0)(0| +
VI=N1)(1], By = VA1)(1], while ®(p) = S1_ EipE].
If p is any pure qubit state with the Bloch vector
7 = (sinfcosg, sinfsing, cosf), the phase damping chan-
nel performs the transformation

(sin @ cos ¢, sin @ sin ¢, cos 0)
— (V1= Asinfcos ¢, vV1 — Asinfsin ¢, cos ).

According to Example 1, we have M(E) =
25l ()]l = vIprpa(l — VI— X sinfcoso.
dM(€)/dX\ > 0, which shows that the amount M (&)
is an increasing function of A and indicates that this
measure can be viewed as a measure of the decoherent
capability of the phase damping channel ®.

Ezample 3 For an ensemble consisting of two pure d
dimensional states € = {(p1, [¢)), (D2, |$))} with (¢|¢) =
ce?(c € [0,1],60 € [0,27)). Similar to the computation in
[10], we obtain ||[[{)(¢], [¢)(¢l]lL = 2cv1 = c*. M(E) =
2pp| [ (W], |6) (61l = deyPrpavi— . Me =0 it
c=|(¥|¢)| =0or 1. When p; = py =1/2, M =1
if c = 1/4/2 (i.e., when the two states have an angle 45°
between them) [4].

Example 4 Consider the quantum ensemble & =
{(1/2,¥)),(1/2,]+))}, where |¢) is a single qubit pure
state, |[+) = (|0) 4+ |1))/v/2. Recall that a single qubit

pure state can be written as |[¢)) = «|0) + §|1) (a, § are
real numbers) by performing a unitary incoherent oper-
ation [19]. According to Example 3, M (&) = |a? — 82| =

1 = C} ([¥)), where Cy, is a coherence measure based

on the /3 norm [20], and equals the coherence concur-
rence for the qubit case [21, 22].

Example 5 Consider the quantum ensemble & =
{(1/2,4)),(1/2,]¢T))}, where |¢b) is a two-qubit pure
state with the Schmidt decomposition [¢)) = «|00) +
BI11), |¢*) = (]00) + |11))/v/2. According to Example
3, M(€) = [a? — 3| = \/T— C?([4), where C(|13)) is
the famous entanglement measure—concurrence [23, 24].

Ezample 6 We define quantity D(p®) := M(E) for
a classical-quantum state p® = Y, p;|i)(i| ® p;, which
corresponds to ensemble & = {(p;,p;)[i € I}. Evi-
dently, D(p®®) = 0 is equivalent to Dy(p?) = 0 (i.e.,
p® is a classically correlated state). Dy(p®®) denotes the
quantum discord (with von Neumann measurements per-
formed on subsystem b) [25, 26]. D(p®®) possesses the fol-
lowing properties: (i) it has positivity; (ii) it vanishes for
the classical—classical state; (iii) it is invariant under lo-
cal unitary transformations; and (iv) it is non-increasing
when an ancillary system is introduced. Consequently,
the quantity M (€) may also be viewed as an easily com-
puted measure of quantum correlation, which is different
from the previous measures of quantum correlation. The
previous measures are evidently hard to evaluate because
a highly complicated optimization must be considered.

4 Conclusion

We proposed herein a class of measures using unitary
similarity invariant norms of the commutators of the
constituent density operators of a quantum ensemble to
quantify the quantumness in a general quantum ensem-
ble. These measures possessed desirable properties for a
quantifier of the quantumness of an ensemble. We also
revealed the rich applications of these measures of quan-
tumness in different branches of quantum information
theory by considering some concrete examples. For ex-
ample, we established the relationship between quantum-
ness of ensembles and quantum coherence, quantum en-
tanglement, and quantum correlation in a simple quan-
tum system. Our findings provide a new method of un-
derstanding these quantum resources from the viewpoint
of quantumness of an ensemble. Therefore, further re-
search on the potential link between them would be in-
teresting and meaningful for a more complicated case.
The issue of quantifying the quantumness of quantum
ensembles plays a fundamental role in quantum founda-
tions and quantum information. We hope that our re-
sults will be beneficial to the study of the quantumness
of ensembles.
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