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The scattering of an electron by a muon in the presence of a linearly polarized laser field is investigated
in the first Born approximation. The theoretical results reveal the following: i) At medium and large
scattering angles, many multiphoton processes occur during scattering, and these nonlinear phenomena
may predict the resonant state of the electron and the muon formed in the collision process. ii) The
photoabsorption (inverse bremsstrahlung) dominates the photoemission (bremsstrahlung), causing the
cross section to increase. iii) When the laser polarization deviates from the incident direction, the laser-
modified total cross section depends considerably on the azimuthal angle of the scattered electron. The
dependence of the cross section on the field strength, polarization direction, and electron-impact energy
are studied.
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1 Introduction

With advances in laser technology since the 1960s, the
laser, a new light source with excellent monochromatic-
ity, high brightness, and strong directionality and co-
herence, has become widely used in industrial, medical,
commercial, scientific, information, and military fields.

Lasers are currently indispensable tools for investi-
gating physical processes in areas ranging from atomic
and plasma physics to nuclear and high-energy physics.
Laser-assisted charged particle–atom collisions have at-
tracted considerable interest over the past few decades
owing to their wide applications in plasma confinement,
chemical reactions, semiconductor physics, and funda-
mental understanding of the details of atomic structure
and interaction.

Early studies on laser-assisted electrons and ions or
atomic scattering processes are well documented in the
literature, and overviews of this field are presented in
books by Faisal [1], Mittleman [2], and Fedorov [3] and
in recent papers [4–6]. Most of these studies investigated
the regime of nonrelativistic collisions and low or mod-
erate field intensities. With the advent of very powerful
laser sources, yielding intensities in the range of 1017–
1018 W/cm2 and higher, it has become important to

consider laser-modified and laser-induced processes rela-
tivistically. This is because the averaged quiver energy
acquired by a classical electron scales as the modulus
squared of the field strength, ϵ0. For contemporary laser
sources having intensities around 1018 W/cm2, the aver-
aged quiver energy may well exceed c2 [7]. Therefore, in
a relativistic-intensity laser field, many quantum electro-
dynamic processes, such as laser-modified Compton scat-
tering [8–11], have become the focus of research. Scatter-
ing of an electron by an electron (positron) in the light
field was studied in multiple works [12–18]. Several stud-
ies have been conducted to theoretically investigate the
relativistic potential scattering assisted by an extremely
intense laser field. In the treatments [19–21], effects re-
lated to the electron spin have been neglected, and the
electron has been considered as a Klein–Gordon parti-
cle. On the basis of the theory [22, 23], Szymanowski et
al. [24] and Szymanowski and Maquet [25] investigated
the spin effect in relativistic potential scattering in the
presence of a circularly polarized field. However, as they
stated, the resulting expression for the circularly polar-
ized field was found to be more tractable than that for
the general case of elliptical or linear polarization. Then
Li et al. studied the case of a linearly polarized field [26],
Attaourti et al. studied the cases of circularly and ellipti-
cally polarized fields [27], and Manaut et al. investigated
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the case of polarized electrons [28]. The process of scat-
tering of an electron by a muon in an elliptically polar-
ized plane electromagnetic wave field has been studied
in detail in the nonresonant case [29] and in the reso-
nant case [30]. Nonresonant scattering of a relativistic
electron by a relativistic muon in a pulsed light field was
studied in [31]. There are some excellent recent works on
quantum electrodynamics in strong pulsed laser fields,
such as nonresonant and resonant quantum electrody-
namic processes in a pulsed laser field [32, 33], resonant
scattering of ultrarelativistic electrons in the strong field
of a pulsed laser wave [34], and the parametric inter-
ference effect in nonresonant pair photoproduction on a
nucleus in the field of two pulsed light waves [35].

Nonlinear effects in the processes of interaction of an
electron with a nucleus or with other charged particles
(also with each other) in a wave field have become a fo-
cus of study. An earlier study gives the two parameters
that govern these nonlinear effects [36]. The first is ηe,
which is the classical relativistic-invariant parameter of
the intensity of the wave. The second is the quantum
Bunkin–Fedorov parameter γ0e, which determines the
multiplicity of a multiphoton process [37–39]. Note that
a quantum Bunkin–Fedorov parameter is the principal
parameter of the multiphoton processes in nonresonant
scattering (see Refs. [29, 31]). For γ0e ≪ 1, components
with l = ±1 provide the main contribution to the scatter-
ing cross section in the absence of an external field (the
domain of applicability of perturbation theory with re-
spect to the external field). If γ0e ≳ 1, then the process
of nonresonant scattering becomes a nonlinear (multi-
photon) one with respect to the external field. However,
as a classical parameter of the intensity of the wave, ηe
is the principal parameter of multiphoton processes in
resonant scattering [30]. In Ref. [31], it was found that
the cross section of nonresonant scattering of a relativis-
tic electron by a relativistic muon in a moderately strong
quasimonochromatic laser field differs substantially from
the corresponding cross section of the process in the field
of a plane monochromatic wave.

In this paper, we investigate the laser-assisted rela-
tivistic scattering of an electron by a muon in the frame
of the Born approximation. A numerical calculation is
performed to evaluate the partial differential cross sec-
tions of multiphoton processes and the cross section
summed over all these processes. The nonlinear effects in
the scattering process, such as multiphoton processes and
characteristic cutoff phenomena, are given intuitively.
The multiphoton processes might predict the resonant
state of the electron and the muon formed in the colli-
sion process. We calculate the total differential cross sec-
tion in a medium-intensity laser field and find that the
cross section depends on the field intensity, frequency,
polarization direction, and electron-impact energy. We

also investigate the recoil effect in relativistic scattering
of an electron from a freely movable muon.

The paper is organized as follows. In Section 2, we
derive the expression for the differential cross section
of an electron scattered by a muon in a linearly polar-
ized laser field. In Section 3, we present the numerical
results for the laser-modified cross section and discuss
the dependence of the total cross section on the scat-
tering angles and various parameters of the laser. Sec-
tion 4 presents a brief summary and conclusions. Nat-
ural units ℏ = c = 1 and the Minkowski metric tensor
gµν = diag(1,−1,−1,−1) are used throughout this pa-
per.

2 Theory

Consider the scattering process e− +µ− → e− +µ− in a
linearly polarized laser field. For mathematical simplic-
ity, the laser field is taken to be a monochromatic linearly
polarized plane wave with the classical four-potential,

A(x) = aϵµcosϕ, (1)

where a = E0/ω, and E0 is the strength of the laser field.
ϕ = kx, where k = (ω,k), and ω and k are the frequency
and wave number, respectively. ϵ is the polarization four-
vector satisfying ϵk = 0 and ϵ2 = −1. The wave function
of the muon can be described by the Dirac function as

ψi,f
µ−(x) =

1√
2Ei,fV

u(Pi,f , Si,f )e−iPi,fx. (2)

The laser-assisted electron wave function can be de-
scribed by the Dirac–Volkov state [40]:

ψi
e(x) =

1√
2QiV

(1 +
ek/A/

2kpi
)ue(pi, si)eiSpi

[ϕ(x)], (3)

ψf
e (x) =

1√
2QfV

(1 +
ek/A/

2kpf
)ue(pf , sf )eiSpf

[ϕ(x)], (4)

with

Spi,f
[ϕ(x)]=−pi,fx−

∫ ϕ

0

(
e
pi,fA(ϕ

′)

kpi,f
−e2A

2(ϕ′)

2kpi,f

)
dϕ′,

(5)

where the subscripts i and f indicate the incom-
ing and outgoing electron (muon) wave function.
Further, upi,f ,si,f are free Dirac spinors satisfying∑
s
ue(p, s)ūe(p, s) = p/ + me. The laser-assisted kinetic

momentum of the electron is called the effective momen-
tum qµ and has the form

qµ = pµ − e2A2

2(kp)
kµ. (6)
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Its square is q2 = m2
∗ = m2

e + e2a2/2, where m∗ acts as
the effective mass of the electron in the field.

The scattering process of the electron and muon is
a weak interaction process; it can be described by the
lowest Feynman diagrams. The scattering amplitude can
be written as

Sfi = −ie2
∫

d4x

∫
d4yψ̄f

e (x)γµψ
i
e(y)

×Dµν(x− y)ψ̄f
µ−(x)γνψ

i
µ−(y), (7)

where DF (x − y) =
∫ d4k′

(2π)4
−4π

k′2+iεe−ik′(x−y) is the Feyn-
man propagator for photons [41].

The space-time integrations in Eq. (7) can be per-
formed by the standard method of Fourier series ex-
pansion using the generating function of the generalized
Bessel function. The latter can be expressed via an or-
dinary Bessel function according to

Bn(ξ, η) =

∞∑
λ=−∞

Jn−2λ(ξ)Jλ(η). (8)

We obtain

Sfi = i
(2π)44πe2

4V 2
√
QiQfEiEf

∞∑
l=−∞

Ml

(Pi − Pf )2 + iϵ

×δ4(qf − qi + Pf − Pi + lk), (9)

in which

Ml = ū(pf , sf )Γ
µu(pi, si)ū(Pf , Sf )γµu(Pi, Si), (10)

with

Γµ = ∆0γ
µ +∆1γ

µk/ϵ/ + ∆2γ
µϵ/k/ + ∆3γ

µϵ/k/γµk/ϵ/, (11)

where

∆0 = Bl(ξ, η), (12)

∆1 =
ea[Bl−1(ξ, η) +Bl+1(ξ, η)]

4kpi
, (13)

∆2 =
ea[Bl−1(ξ, η) +Bl+1(ξ, η)]

4kpf
, (14)

∆3 =
e2a2[2Bl(ξ, η) +Bl−2(ξ, η) +Bl+2(ξ, η)]

16kpikpf
, (15)

with

ξ = ea

(
ϵpf
kpf

− ϵpi
kpi

)
, (16)

η = e2a2
(

1

8kpf
− 1

8kpi

)
. (17)

Here, we do not consider the polarization effects of
the electron and muon. To calculate the total scattering
cross section, we sum over the final spin states and av-
erage over the initial spin states because the muon has a
spin of 1/2, like the electron. The total cross section can
be obtained as

σ̄ = V

∫ d3qf
(2π)3

V

∫ d3Pf

(2π)3
1

4

∑
sisfSiSf

|Sfi|2

V TJνV −1

=
∑
l

e2

4
√
(Piqi)2 −m2

µm
2
e

∫ d3qf
2Qf

∫ d3Pf

2Ef

×δ4(qf−qi+Pf−Pi+lk)
1

4

∑
si,sf ,Si,Sf

|Ml|2

(Pi − Pf )4
.

(18)

Jν is the incoming current in the laboratory system and
is given by

√
(Piqi)2 −m2

µm
2
e/(E1Q1V ). The total dif-

ferential cross section can be decomposed into a series
of discrete partial differential cross sections for different
numbers of photon transfers:

dσ̄tot
dΩ =

∞∑
l=−∞

dσ̄l
dΩ . (19)

We want to calculate the total differential cross section
for electron scattering into a given solid-angle element dΩ
centered around the scattering angle θ. Therefore, the
differential quantity has to be integrated over all mo-
mentum variables expect for the direction of dqf . The
volume element can be written as d3qf = |qf |2d|qf |dΩ,
and |qf |d|qf | = Q2dQ2, with the help of d3P

2E =∫∞
l=−∞ d4Pδ(P 2 − M2

0 )Θ(P0) and
∫

dxf(x)δ[g(x)] =
[f(x)/|g′(x)|]|g(x)=0. Thus, by integrating over d|qf | and
d4Pf , the partial differential cross section can be written
as

dσl
dΩ =

e4

8mµ

|qf |2

|qi|
1

(Pi − Pf )4Qf |g′(|qf |)|
∑

sisfSiSf

|Ml|2
∣∣∣∣∣
Pf=Pi+qi−qf−lk;|qf |=

√
A2C2

(A2−B2)2
−C2−B2m2

∗
A2−B2 − AC

A2−B2

, (20)

with

g′(|qf |) = −2mµ|qf |/Qf − 2Qi|qf |/Qf + 2|qf |/Qf lω

+2|qi| cos θ − 2lω sin θ sinϕ. (21)

Here A = |qi| cos θ−lω sin θ sinϕ, B = mµ+Q1−lω,C =
m2

∗ +mµQi −mµlω −Qilω + lqi · k, θ is the scattering
angle of the incoming electron, ϕ is the polarization angle
of the outgoing electron, and

Wen-Yuan Du, Peng-Fei Zhang, and Bing-Hong Wang, Front. Phys. 13(4), 133401 (2018)
133401-3



Research article

∑
si,f ,Si,f

|Ml|2 =
1

16m2
µm

2
e

Tr[(p/f +me)Γ
µ(p/i +me)Γ

ν ]

×Tr[(P/f +mµ)γµ(P/i +mµ)γν ]. (22)

The trace work can be performed using FEYNCALC.

3 Numerical results and discussion

In this section, we present and discuss the numerically
obtained cross section of scattering of a muon and an
electron in a linearly polarized laser field. We set the
incident electron momentum pi along the z axis. To
simplify the calculation process, we use a fixed target
in the laboratory frame. We evaluate the cross section
in the rest frame of the incoming muon with an initial
energy Ei = mµ. The direction of the field wave vec-
tor k is along the y axis, whereas the polarization vector
ε0 perpendicular to k lies in the xz plane. Considering
the relativistic effect, we set the incident electron kinetic
energy to 106 eV.

Every dσl/dΩ, considering four-momentum conserva-
tion qf − qi +Pf −Pi + lk = 0, can be interpreted as the
partial differential cross section that describes the pro-
cess with a final momentum determined by qf−qi+Pf−
Pi + lk = 0 and l photon energy transmission from the
laser field (l > 0 for emission, and l < 0 for absorption).
This is the multiphoton effect for elastic scattering: re-
distribution of the total energy and momentum between
two participating particles and the external field.

Figure 1 shows the partial differential cross sections
dσl/dΩ versus the net photon number l transferred be-
tween the colliding system and the laser field. We display
the partial differential cross section at three scattering
angles [θ = 1◦, 90◦, 180◦]. The strength and frequency of
the laser field are ε0 = 5.18 × 107 V/cm and ω = 1.17
eV, respectively. The laser polarization is chosen to be
parallel to the incident electron momentum. At a small
scattering angle [θ = 1◦ in Fig. 1(a)], only a few multi-
photon processes are important, and the partial differ-
ential cross section dσl/dΩ is sharply centered around
l = ±1. At large scattering angles [θ = 90◦ in Fig. 1(b)
and θ = 180◦ in Fig. 1(c)], a number of multiphoton
processes make significant contributions. This nonlinear
behavior may possibly arise from the resonant state of
the electron and the muon formed in the collision pro-
cess. The magnitude of dσl/dΩ varies in a range of a
few orders for different l. These oscillations result from
the periodic variation of the generalized Bessel function
B(ξ, η) [42]. Furthermore, the contributions of various
l-photon processes are cut off at two edges that are asym-
metric with respect to l = 0. The symmetry axis of the
generalized Bessel function is at l = −2η. The cutoff
for positive l is a consequence of the energy conserva-

Fig. 1 Multiphoton cross section of laser-assisted scatter-
ing of a muon by an electron at an electron-impact energy of
Ti = 0.511 MeV as a function of the number of photons in-
volved, l. The scattering angles are (a) θ = 1◦, (b) θ = 90◦,
and (c) θ = 180◦. The laser field is linearly polarized along
the incident direction of the electron. The field strength is
ε0 = 5.18×107 V·cm−1, and the photon energy ℏω=1.17 eV.

tion imposed on Eq. (18). On the other hand, the origin
of the cutoff for negative values of l can be inferred by
the properties of the generalized Bessel function B(ξ, η)
when its arguments ξ and η satisfy the approximate re-
lation l=±|ξ| ± 2|η|. This has already been pointed out
in [42]. The result shown in Fig. 1(b) indicates that the
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Fig. 2 Summed differential cross section versus the polar
angle of the polarization vector of the field (the polarization
vector E0 varies in the zx plane) for θ = 90◦ and ϕ = 0◦.
Solid and dashed lines show the cross section without and
with the laser, respectively. The impact energy and laser
parameters are the same as in Fig. 1.

photon absorption processes dominate the photon emis-
sion ones.

Figure 2 shows the dependence of the total cross sec-
tion on the (linear) polarization direction of the field.
The polarization dependence is approximately periodic.
This is explained by the arguments ξ and η of the gener-
alized Bessel function. When the magnitude of the field
strength and the momenta of the electron and muon in
the initial and final states are fixed, the scalar product of
E0 and p (or p′) varies periodically with the polar angle
θ of E0. At α = 45◦ and 225◦, the total cross section has
two symmetrical peaks because at these angles the ar-
gument ξ has the minimum value; the generalized Bessel
function is inversely proportional to ξ, so it has the max-
imum value. When the polarization angle is close to 45◦

(or 225◦), fewer photons are exchanged with the laser
field during scattering, and the effect of the laser field is
smaller.

Figure 3 reveals the dependence of the total differ-
ential cross section on the laser strength. The field
strength enters the determining equation for the cross
section through the arguments ξ and η of the general-
ized Bessel function B(ξ, η) in Eq. (8) and through the
A-dependent terms in Eqs. (10)–(15). Although for each
multiphoton process, the generalized Bessel functions in
the partial cross section oscillate with the field strength,
the summed cross section increases steadily by several or-
ders as the field strength increases from 1 to 10. As the
field strength increases, the electron state becomes more
distorted, and thus the cross section is more strongly
modified. Therefore, the cross section increases because
the electron’s energy increases after it absorbs laser pho-
tons.

Figure 4 indicates that at the polar scattering angle

Fig. 3 Laser strength dependence of the summed differen-
tial cross section at θ = 90◦ and ϕ = 0◦ for the field frequency
ℏω = 1.17 eV. Black and red symbols are the results for the
laser-free and laser-assisted cross sections, respectively. The
impact energy and laser parameters are the same as in Fig. 1.

θ = 90◦, the summed differential cross section depends
strongly on the azimuthal angle ϕ of the scattered elec-
tron. In contrast to nonrelativistic scattering, in which
the cross section is symmetric about ϕ = 180◦, the cross
section for relativistic collision does not show such sym-
metry. From a mathematical point of view, this asym-
metry makes sense because of the factor kpf that occurs
in the denominator in Eqs. (14) and (15), and the argu-
ments ξ and η of Eqs. (16) and (17) [which in turn en-
ter the generalized Bessel function B(ξ, η) in Eqs. (12)–
(15)]. At ϕ = 90◦ and 270◦, the argument ξ of the gen-
eralized Bessel function vanishes; the generalized Bessel
function becomes the Bessel function, and the cross sec-
tion in the presence of the laser has the maximum value,

Fig. 4 Azimuthal angle dependence of the total differential
cross section for the geometry E0 ⊥ p at the scattering angle
θ = 90◦. Solid and dotted lines represent the result without
and with the laser, respectively. The impact energy and laser
parameters are the same as in Fig. 1.
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because at these angles the factor kpf has the minimum
value. From a physical point of view, we can explain this
asymmetry in terms of Eq. (6). A kinematic electron in
the laser field will receive an increment in the direction of
field propagation. Therefore, in this direction, the cross
section will increase. Similarly, the electron receives a
reduction in the direction opposite to field propagation,
and the cross section in this direction decreases.

Figure 5 shows the total cross section versus the ki-
netic energy of the incident electron at the scattering
angles θ = 90◦ and θ = 180◦. Obviously, with increas-
ing incident energy, the total cross section decreases. In
Fig. 5(a), by comparing the total cross section in the
laser-free case at different scattering angles (θ = 90◦

and 180◦) with that at a field strength ε0 = 5.18 × 107

V/cm, we find that the laser-assisted cross section co-
incides with the laser-free cross section at the scattering
angle θ = 90◦. At θ = 180◦, there is a little modified with

Fig. 5 Total cross sections at scattering angles θ = 90◦

and 180◦ versus the kinetic energy of the incident electron
for the polarization geometry E0//p. j is the incident energy
of the electron. free90 and free180 represent the cross section
in the laser-free case, whereas d7 90 and d7 180 represent the
cross section in the presence of the laser at ε0 = 5.18 × 107

V/cm, and d8 90 and d8 180 represent the cross section at
ε0 = 5.18 × 108 V/cm. The other laser parameters are the
same as in Fig. 1.

the laser-assisted cross section. Overall, the total cross
section for a moderately strong field coincides with the
cross section of an electron scattered by a muon in the
absence of an external field. This is in agreement with
a previous work [29]. In Fig. 5(b), the field strength is
ε0 = 5.18 × 108 V/cm; at the higher laser strength, the
cross sections are greatly enhanced at both θ = 90◦ and
θ = 180◦. At the scattering angle θ = 180◦ (backward
scattering) in particular, the modification of the total
cross section is most significant. The recoil effect of the
free muon acts to “soften” the collision, which can in-
crease the interaction time, and therefore we can observe
enhancement. As the recoil effect becomes stronger, the
enhancement of the interaction time and total cross sec-
tion become larger. However, when the incident energy
of the electron increases to a certain extent, the scatter-
ing cross section becomes smaller than that in the laser-
free case, and the effect of the laser field on the cross
section is reduced.

4 Conclusions

The general features of scattering of an electron by
a muon are clearly modified when a radiation field is
present. The colliding system can exchange a large num-
ber of photons with the laser field; depending on the
properties of the field and the scattering geometry, a
large number of multiphoton processes may arise from
the resonant state of the electron and the muon formed
in the collision process. Our work reveals new phenom-
ena arising from nonlinear effects in the laser-assisted
scattering process, which differ from those reported in
previous investigations [29, 31]. The theoretical results
for the case of linear polarization show that the cross
section is greatly enhanced by the presence of the laser
field within a wide energy range of the impact electron.
The photoabsorption (inverse bremsstrahlung) domi-
nates the photoemission (bremsstrahlung). At stronger
laser fields, the cross section enhancement becomes more
notable.
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