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We present a series of invisibility concentrators with simplified material parameters beyond trans-
formation optics. One of them can achieve the perfect invisible effect at frequencies of Fabry–Pérot
resonances, while others have very small scattering. The required materials are feasible in practice.
Analytical calculations and numerical simulations confirm the functionalities of these devices.
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1 Introduction

From a geometrical perspective, transformation optics
(TO) [1, 2] theoretically show us how light propagates
in a continuous medium, which is equivalent to curved
space [3–5]. In the past decade, TO has been imple-
mented using metamaterials, revealing its powerful abil-
ity to design versatile optical devices, such as invisibility
cloaks [1, 2], rotators [6], carpet cloaks [7, 8], illusion
devices [9–11], and concentrators [12, 13]. The required
material parameters for TO are usually inhomogeneous
and anisotropic tensors or even have some singularities
[1, 2]. In practical experiments, simplified material pa-
rameters are introduced for fabrication, such as the in-
visibility cloak [14] and the rotator [15] realized in mi-
crowaves. After simplification, the perfect performance
of the invisibility and rotation is compromised [15, 16].

Recently, by simplification of the optical void medium
[10, 17] with Fabry–Pérot resonances (FPs), a prototype
of a concentrator was realized to achieve concentration
of electromagnetic waves [18]. Such a prototype designed
with simplified material parameters has small scatterings
at multiple frequencies of FPs and thus cannot be treated
as a perfect-invisibility device.

In this letter, we present a concentrator with simplified
material parameters, which has no scattering at frequen-

cies of FPs. Therefore, such a concentrator cannot be
detected by outside observers, making it a perfect invisi-
bility device. Furthermore, we find that a series of invis-
ibility devices with other simplified material parameters
are almost perfect, with very small scattering. We will
introduce two of these in detail. All of these simplified
material parameters are more feasible in practice. An-
alytical calculations and numerical simulations confirm
the functionalities of these concentrators.

Via coordinate transformation of the concentrator in
the two-dimensional space, we can compress the circu-
lar region with radius R′

1 in the virtual space shown in
Fig. 1(a) to the circular region with radius R2 in the
physical space shown in Fig. 1(b), while keeping the re-
gion outside radius R1 unchanged. The region between
the radii R′

1 and R1 in Fig. 1(a) is mapped to that be-
tween the radii R1 and R2 in Fig. 1(b). The whole co-
ordinate transformation between the virtual space with
the (r′, θ′) coordinate system and the physical space with
the (r, θ) coordinate system is written as follows:

r = r′, (r′ > R1)

r = R2 +
R1 −R2

R1 −R′
1

(r′ −R′
1), (R′

1 ≤ r′ ≤ R1)

r =
R2

R′
1

r′, (r′ < R′
1)

. (1)

The virtual space is vacuum, and its permittivity and
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permeability are ε0 and µ0, respectively. The permit-
tivity and permeability tensors of required materials in

physical space are obtained from Eq. (1) via TO, as fol-
lows:



↔
ε1
ε0

=

↔
µ1

µ0
=


R1 −R2

R1 −R′
1

r′

r
0 0

0
R1 −R′

1

R1 −R2

r

r′
0

0 0
R1 −R′

1

R1 −R2

r

r′

 , R2 ≤ r ≤ R1,

↔
ε2
ε0

=

↔
µ2

µ0
=


1 0 0
0 1 0

0 0

(
R′

1

R2

)2

 , r < R2.

(2)

For the region outside radius R1, the permittivity and
permeability are unchanged, as shown in Fig. 1(b).

We consider the special scenario where radius R′
1 ap-

proaches radius R1. Then, Eq. (2) asymptotically ap-
proaches

↔
ε1
ε0

=

↔
µ1

µ0
=

∞ 0 0
0 0 0
0 0 0

 , R2 ≤ r ≤ R1,

↔
ε2
ε0

=

↔
µ2

µ0
=


1 0 0
0 1 0

0 0

(
R1

R2

)2

 , r < R2.

(3)

In this situation, it appears that the region between the
radii R1 and R2 in Fig. 1(b) has no place to be mapped
from. The materials in this region have singularity, as
shown in Eq. (3), which is usually called an optical void
medium [10]. In this region, a light ray (in red) can only
propagate along the r direction. Because the effective
refractive index is zero along such an optical path, there
is no phase change. For the other direction, i.e., the θ
direction, the effective refractive index is infinity, which
prevents the propagation of light in such a direction. In
the regions outside radius R1 and inside radius R2, the
effective refractive index is 1 and R1/R2, respectively.
In experiments, the optical void medium is not easy to
fabricate for finite frequencies (there are several designs
for zero frequency in controlling static magnetic fields
[19–23]).

Recently, simplification of the optical void medium
with FPs has been proposed to achieve the concentration
effect in the transverse-magnetic mode (TM mode) [18],
only considering the components (Er, Eθ,Hz) in the elec-
tromagnetic parameters of (ε′r, ε′θ, µ′

z). The main feature
of this simplification is to keep the effective refractive in-
dex outside radius R1 and inside radius R2 unchanged,
while continuously changing the effective refractive index
from radius R1 to radius R2. The procedure of simplifi-

cation reduces the parameters in Eq. (3) as follows:

(ε′r, ε
′
θ, µ

′
z) = (∞, α(r), β(r)), R2 < r < R1,

(ε′2, u
′
2) = (α(R2)ε0, β(R2)u0), r < R2, (4)

where α(r) and β(r) are functions of r, which only
depend on R2 ≤ r ≤ R1. They are chosen such
that the effective refractive index along the r direction
(nr(r) =

√
α(r)β(r)) is continuous at both radii R1

and R2 for the TM mode. The effective refractive in-
dex along the r direction inside radius R2 is kept as
nr(r) =

√
α(R2)β(R2) = R1/R2. In this simplifica-

tion, the effective refractive index along the r direction
changes continuously in the physical space, as shown in
the contour plot of Fig. 1(c). Once the effective refrac-
tive index along the r direction is no longer zero, there
is an additional optical path. Thus, there exists a phase
change along the r direction, as shown schematically by
the wave line (in red) between the radii R1 and R2.

Thus far, we have obtained a model of the concentra-
tor with the simplified material parameters in Eq. (4)
for the TM mode, as shown in Fig. 1(c). In a previous
work [18], (ε′r, ε′θ, µ′

z) are chosen to be (∞, (3− r)2, 1) to
demonstrate the concentration effect and invisibility at
frequencies of FPs. Nevertheless, the invisibility effect of
such a concentrator is not perfect, and it still has small
scattering.

Next, we prove that a perfect invisibility effect can be

Fig. 1 Model of concentrator with simplified material pa-
rameters. Virtual space (a) and physical space (b) of con-
centrator from transformation optics. Physical space (c) with
simplified material parameters.
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obtained with the following parameters:

(ε′r, ε
′
θ, µ

′
z) = (∞, 1, (R1/r)

2). (5)

Correspondingly, (ε′2, µ
′
2) are set as (1, (R1/R2)

2). We
call this situation the Perfect Case for emphasis. The
effective refractive index of the inner region is R1/R2.
The additional optical path along the r direction is

s = 2

∫ R1

R2

n(r)dr = 2

∫ R1

R2

R1

r
dr = 2R1 ln(R1/R2),

(6)

where “2” indicates that light rays cross the region be-
tween radii R1 and R2 twice. We consider Maxwell’s
equations at a fixed frequency ω in this Perfect Case,
which is described as

∇×E = iωµ0

↔
µH, (7)

∇×H = −iωε0
↔
ε E, (8)

where ε0 and µ0 are the permittivity and permeability of
vacuum, and ↔

ε and
↔
µ are relative permittivity and per-

meability tensors of materials. In the region outside ra-
dius R1 and inside radius R2, the parameters of the ma-
terials are homogeneous. For the TM mode (Er, Eθ,Hz),
Maxwell’s equations can be transformed into a Helmholtz
equation, as follows:

∇2Hz + k20n
2Hz = 0, (9)

where k0 is the wave vector satisfying k20 = ω2ε0µ0, and n
is the effective refractive index. Therefore, the magnetic
field can be expressed via the superposition of the Bessel
function and Hankel function of the first kind [24]:

Hz(r) =



∞∑
m=−∞

[αmJm(k0r) + βmH1
m(k0r)]eimθ, r > R1,

∞∑
m=−∞

γmJm(k0R1/R2r)eimθ, r < R2.

(10)

For the region between radii R1 and R2, Eqs. (7) and (8)
can be expressed in a cylindrical coordinate system:

1

r

∂(rEθ)

∂r
ẑ = −iωµ0µ

′
zHz ẑ, (11)

1

r

∂Hz

∂θ
r̂ − ∂Hz

∂r
θ̂ = iωε0ε′rEr r̂ + iωε0ε′θEθ θ̂, (12)

From Eq. (11) and (12), we obtain the following:

Er =
1

iωε0ε′r
∂Hz

r∂θ
, (13)

Eθ = − 1

iωε0ε′θ
∂Hz

∂r
. (14)

Since ε′r = ∞, we obtain Er = 0. After substituting Eq.

(14) into Eq. (11), we obtain

∂

∂r

(
r

ε′θ

∂Hz

∂r

)
+ k20rµ

′
zHz = 0. (15)

According to the condition of Eq. (5), we can write

∂

∂ ln(r)

(
∂Hz

∂ ln(r)

)
+ (k0R1)

2Hz = 0. (16)

The solution of Eq. (16) can be expressed as

Hz(r) = c1eik0R1 ln(r/R2) + c2e−ik0R1 ln(r/R2), (17)

where c1 and c2 are coefficients to be determined. We can
express the magnetic field in this region in series form,
similar to Eq. (10):

Hz(r) =

∞∑
m=−∞

[h1meik0R1 ln(r/R2) + h2me−ik0R1 ln(r/R2)]eimθ, R2 ≤ r ≤ R1. (18)

Thus, we obtain the form of the magnetic field in Fig. 1(c) for the Perfect Case, as shown in Eqs. (9) and (16). To
determine the coefficients of these expressions, we further explore the continuous condition of Hz and Eθ. According
to Eqs. (10), (14), and (18), we obtain four boundary conditions at radii R1 and R2 for each order of m:

αmJm(k0R1) + βmH1
m(k0R1) = h1meik0R1 ln(R1/R2) + h2me−ik0R1 ln(R1/R2),

αmJ ′
m(k0R1) + βmH1′

m(k0R1) = iR2[h1meik0R1 ln(R1/R2) − h2me−ik0R1 ln(R1/R2)],

γmJm(k0R1) = h1meik0R1 ln(R1/R2) + h2me−ik0R1 ln(R1/R2),

γmJ ′
m(k0R1) = iR2[h1meik0R1 ln(R1/R2) − h2me−ik0R1 ln(R1/R2)].

(19)
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Suppose that the optical path of Eq. (6) and the wavelength satisfy the FPs [18]:

s = N
2π

k0
, (20)

where N is a positive integer. By substituting Eq. (20) into Eq. (19), we obtain
αmJm(k0R1) + βmH1

m(k0R1) = h1meiNπ + h2me−iNπ,

αmJ ′
m(k0R1) + βmH1′

m(k0R1) = iR2(h1meiNπ − h2me−iNπ),

γmJm(k0R1) = h1m + h2m,

γmJ ′
m(k0R1) = iR2(h1m − h2m).

(21)

Thus, we obtain βm = 0, γm = eiNπαm, which means
that there is no scattering wave outside radius R1 and
that the magnetic field has the same amplitude both out-
side radius R1 and inside radius R2. We analytically solve
the magnetic field with simplified material parameters
[Eq. (5)] at FPs [Eq. (20)]. In the following calculation,
we use m ranging from −60 to 60 as a truncation and
set R1 = 2 and R2 = 1 (A.U.). αm = im. The real part
and absolute value of the magnetic field under an inci-
dent plane wave with αm = im are plotted in Figs. 2(a)
and (b), respectively. We also show the numerical sim-

ulations of such a device in Figs. 2(c) and (d) under the
same condition as Figs. 2(a) and (b), which are obtained
using Comsol Multiphysics. The analytical solution and
numerical simulation are consistent with each other and
demonstrate the perfect invisibility.

We also show that the invisibility effect can be ob-
tained in the other two parameters. Although the invis-
ibility effect is not perfect, it is quite good (in a sense,
almost perfect). Moreover, the amplitude of the magnetic
field inside radius R2 can be controlled by choosing dif-
ferent parameters. In one such case, which we call Case

Fig. 2 Fields of concentrator in Perfect Case. Analytical calculation: (a) Real part of magnetic field. (b) Absolute value
of magnetic field. Numerical simulation: (c) Real part of magnetic field. (d) Absolute value of magnetic field.
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A,

(ε′r, ε
′
θ, µ

′
z) = (∞, r/R1, (R1/r)

3), (22)

and (ε′2, µ
′
2) are (R2/R1, (R1/R2)

3).
In the other case, which we call Case B,

(ε′r, ε
′
θ, µ

′
z) = (∞, (R1/r)

2, 1), (23)

and (ε′2, µ
′
2) are ((R1/R2)

2, 1). After performing the
aforementioned procedure, we can obtain almost perfect
invisibility if the wavelength of the incident wave satisfies
FPs, as shown in Eq. (20).

For Case A, with the incident plane wave, the real
part and absolute value of the magnetic field are analyt-
ically solved using the aforementioned method. These
field patterns are plotted in Figs. S1(a) and (b), respec-
tively, of the Supplementary Material. The amplitude
of the magnetic field inside radius R2 is almost half of
that outside radius R1 (R1 = 2 and R2 = 1). Impor-
tantly, the scattering coefficient βm is no longer zero,
although it is very small. The absolute value of the scat-
tering magnetic field is shown in Fig. S1(c). Compared
with Fig. S1(b), the scattering magnetic field can be al-
most neglected, which indicates almost perfect invisibil-
ity in this case. Correspondingly, the numerical simula-
tions shown in Figs. S1(d)–(f) are consistent with the
analytical calculations in Figs. S1(a)–(c).

For Case B, the real part and absolute value of the
magnetic field are plotted in Figs. S2(a) and (b), re-
spectively. The amplitude of the magnetic field inside
radius R2 is approximately twice of that outside radius
R1 (R1 = 2 and R2 = 1), which differs from Case A.
The scattering coefficients βm are also nonzero but very
small. The absolute value of the scattering magnetic field
in Fig. S2(c) is larger than that of Case A. However, it
can be neglected when compared with the incident wave.
The corresponding numerical simulations are shown in
Figs. S2(d)–(f). The permeability of the whole device
is µ0, which exhibits no change under a magnetic field.
Therefore, this invisibility concentrator can be realized
with a pure dielectric profile.

To further demonstrate the invisibility effect of these
three cases, their scattering cross sections σ are plotted
in Fig. 3. Herein, the scattering cross section is defined
as the sum over all the squares of the absolute values of
the scattering coefficients:

σ =

∞∑
m=−∞

|βm|2. (24)

In our calculation, we use m ranging from −60 to 60 as
a truncation, which results in a good asymptotic value
of the real scattering cross section. The x-axis of Fig. 3
denotes the wave number from Eqs. (6) and (20):

k =
sω

2πc
. (25)

Fig. 3 Scattering cross-section of the above three cases.

As shown in Fig. 3, the needle tips at integer values of
k indicate that the scattering is very small, i.e., the in-
visibility effect of these devices occurs at the FPs. For
the Perfect Case, the value of the scattering coefficients
at the FPs are small enough to prove the existence of
perfect invisibility. The invisibility performance of Case
A is better than that of Case B.

The aforementioned cases demonstrate that the mag-
netic fields inside and outside the device are almost uni-
form. Therefore, we define a parameter D to represent
the ratio between the average absolute value of the mag-
netic field inside and outside:

D =
⟨Abs(Hz)⟩inside
⟨Abs(Hz)⟩outside

. (26)

We numerically find that the parameter D is of the form

D =
√

ε′2 =
R1

R2

√
µ′
2

, (27)

as shown in Fig. 4. Owing to the concentration effect of
our design, the energy in the region inside radius R1 can
be compressed into the region inside radius R2. By choos-
ing simplified material parameters, we can tune (ε′2, µ

′
2)

to freely control the amplitude of the magnetic field.
In conclusion, we present a series of invisibility devices

with simplified material parameters beyond TO. One of

Fig. 4 The parameter D as a function of ε′2 of the inner
core.
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them can achieve the perfect invisible effect at frequen-
cies of FPs, while the others have very small scattering.
We can also freely tune the amplitude of the magnetic
field inside the device by choosing simplified material
parameters. The required materials are feasible in prac-
tice. Case B can be achieved even with a pure dielectric
profile. Analytical calculation and numerical simulation
confirm the functionalities of these devices. To realize
such invisibility devices, we can construct a gradient di-
electric separation via a thin metal slit, which was used
for reduced concentrators in Ref. [18]. Moreover, if we
consider the (Hr,Hθ, Ez) mode and only focus on the pa-
rameters of (µ′

r, µ
′
θ, ε

′
z), the above results are still valid.

However, perfect magnetic conductors must be used dur-
ing the implementations.

Electronic supplementary material Supplementary material
is available in the online version of this article at https://doi.org/
10.1007/s11467-018-0764-4 and is accessible for authorized users.
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