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In order to investigate the quantum phase transitions and the time-of-flight absorption pictures analyt-
ically in a systematic way for ultracold Bose gases in bipartite optical lattices, we present a generalized
Green’s function method. Utilizing this method, we study the quantum phase transitions of ultracold
Bose gases in two types of bipartite optical lattices, i.e., a hexagonal lattice with normal Bose–Hubbard
interaction and a d-dimensional hypercubic optical lattice with extended Bose–Hubbard interaction.
Furthermore, the time-of-flight absorption pictures of ultracold Bose gases in these two types of lat-
tices are also calculated analytically. In hexagonal lattice, the time-of-flight interference patterns of
ultracold Bose gases obtained by our analytical method are in good qualitative agreement with the
experimental results of Soltan-Panahi, et al. [Nat. Phys. 7, 434 (2011)]. In square optical lattice,
the emergence of peaks at (±π

a ,±
π
a ) in the time-of-flight absorption pictures, which is believed to be

a sort of evidence of the existence of a supersolid phase, is clearly seen when the system enters the
compressible phase from charge-density-wave phase.
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1 Introduction

Without any doubt, the physics of ultracold Bose gases
in optical lattices has become one of the hottest research
fields for more than a decade [1] due to their novelties and
various potential applications as so-called quantum sim-
ulations [2, 3]. Among the research topics on ultracold
Bose gases in optical lattices, to determine the ground
states and the corresponding quantum phase transitions
[4] is one of the major problems [1, 5, 6].

As is well known [6], ultracold spinless Bose gases in
a homogeneous optical lattice can be described by the
elegant Bose–Hubbard Hamiltonian [3, 5]
ĤBH = Ĥ1 + Ĥ0 (1)

*arXiv: 1402.3925.

with the diagonal part Ĥ0 and the hopping part Ĥ1 being

Ĥ0 =
∑
i

[
U

2
n̂i(n̂i − 1)− µn̂i

]
,

Ĥ1 = −J
∑
⟨i,j⟩

â†i âj , (2)

respectively. Here n̂i = â†i âi is the particle number oper-
ator on i-th site, J is the hopping amplitude of the bosons
between the nearest-neighbor sites i and j, U denotes the
on-site repulsion, and µ is the chemical potential. To in-
vestigate this simple yet nontrivial Hamiltonian analyt-
ically, mean field theory [5] and strong-coupling expan-
sion [7] can be employed. However, comparisons with the
Monte Carlo simulation results [8] show that the former
underestimates the phase boundary while the latter goes
in the opposite direction [9].
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Based on the effective potential and Rayleigh-
Schrödinger perturbation theory, treating the hopping
parameter as a perturbation, an alternative analytical
approach has been developed [9]. With this novel sys-
tematic approach, the superfluid-Mott-insulator(SF-MI)
quantum phase boundaries of ultracold Bose gases in
square and cubic lattices [9] as well as in non-rectangular
optical lattices (including triangular, hexagonal, and
Kagomé lattices) [10] have been calculated analytically,
in good agreement with the numerical results [11] ob-
tained by a high-order hopping expansion of the effective
potential method [9].

The above-mentioned effective potential method can
only be used to calculate the quantum phase bound-
aries. Instead, Green’s function can not only indicate
the location of second-order phase transition boundaries
by its divergence [12, 13], but also reveal the informa-
tion of the distribution function of the system [14]. The
latter can be detected directly in experiment via time-
of-flight technique [1, 3]. In cubic lattice, time-of-flight
absorbtion pictures and the corresponding visibility have
been presented by Green’s function via a strong-coupling
calculation [15], however, these results cannot be com-
pared with the experimental data due to ghost peaks in
calculation [16]. Hence, an new analytical systematic ap-
proach (re-summed Green’s function method) have been
developed [16–18]. Based on the same perturbation treat-
ment as in the effective potential theory, utilizing the
cumulants expansion and re-summed Green’s function
technique [17, 18], the time-of-flight absorption pictures
and the corresponding visibility of ultracold Bose gases
in a triangular optical lattice have been calculated an-
alytically [16]. The comparison between our analytical
results and the experimental data [19] exhibits a qualita-
tive agreement. It should be emphasized that the prac-
tical advantage of re-summing technique is that it takes
infinite high-order hopping into account in a systematic
way so that it can be used to reveal the quantum prop-
erties of the systems in both insulating and compress-
ible phases in the vicinity of the quantum phase bound-
aries, including the excitation spectra [20] and the time-
of-flight absorption pictures [16].

However, the aforementioned hopping parameter per-
turbation approaches treat all lattice sites equally. So
far they can only be used to cope with systems in ho-
mogeneous lattices. Moreover, since the Fourier trans-
formation technique is involved, the Green’s function
method is difficult to use even for homogeneous systems
in non-Bravais lattices like hexagonal lattices. More im-
portantly, along with the progress of experimental meth-
ods and the deepening of theoretical studies, more and
more efforts have been devoted to more complex systems,
including systems with long-range interactions [21–25],
multi-component [26, 27], frustrations [28–30], and su-

perlattice structures [31–35]. These systems, in practice,
should be treated as systems in inhomogeneous lattices,
i.e., lattices consisting of multi-sublattices. Hence, it be-
comes important and urgent to generalize these powerful
analytical methods in order to make them applicable for
investigating the corresponding problems in inhomoge-
neous systems.

Recently, by taking Bose systems in square and cubic
superlattices as examples, Wang et al. [36] have devel-
oped a generalized effective potential field theory which
can be used to compute the quantum phase diagrams
for multi-component Bose systems. In this paper, based
on the perturbation philosophy, we are going to ap-
proach bipartite sublattice problems along an route via
the method of Green’s function. As is known [16], the
Green’s function can directly decrypt the information of
the time-of-flight absorption picture and the visibility
of Bose gases in an optical lattice. Meanwhile, for sec-
ond order phase transitions, the divergence of Green’s
function may also be used to locate the phase bound-
aries [13, 18, 37]. In order to illustrate the general-
ized Green’s function method, in the present paper, we
deal with scalar Bose gases in two types of bipartite lat-
tices, where the bipartite sublattice is caused by lattice
structure like hexagonal lattice or caused by interaction
such as a d-dimensional hypercubic lattice with nearest-
neighbor interaction.

In hexagonal lattice, the zero and finite temperature
phase diagrams are calculated analytically and the zero
temperature phase diagrams are in good agreement with
the first-order results obtained by effective potential
method [10]. Furthermore, in hexagonal lattice, time-
of-flight pictures are calculated analytically for the first
time and these pictures are in accord with the experiment
qualitatively [38]. In d-dimensional hypercubic lattice,
we have calculated the phase diagrams with zV = 0.4U
and zV = 1.1U , where V is the nearest-neighbor in-
teraction (more detail see Section 5). The results are
the same with the mean field results when d → ∞
[39, 40]. For finite d systems, these results coincide with
Gutzwiller calculation. In square lattice (d = 2 hyper-
cubic lattice), at zV = 0.4U , time-of-flight pictures are
calculated analytically with the case of charge-density-
wave(2,1)(CDW(2,1)) and MI(2,2) crossing the phase
boundaries respectively. It is the evidence of the exis-
tence of a supersolid (SS) phase that peaks at (±π

a ,±
π
a )

emerge in time-of-flight pictures when the system enters
the compressible phase from CDW(2,1) phase.

The remainder of the paper is organized as follows: in
order to make the paper more self-contained, we would
like first to give a brief review of the cumulants expan-
sion and re-summed methods of Green’s function in Sec-
tion 2. In Section 3, the effort is mainly concentrated
on generalizing the Green’s function method for multi-
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sublattice ultracold Bose systems. With the help of the
extended Green’s function technique, we respectively cal-
culate the phase boundaries of the incompressible local-
ized ground states and the time-of-flight absorption pic-
tures of an ultracold Bose system in two types of bi-
partite lattices. One is hexagonal lattice (Section 4) and
the other is a hypercubic optical lattice with nearest-
neighbor interaction (Section 5). Discussion is given in
Section 6.

2 A brief review of the cumulants expansion
and re-summed Green’s function method

Scalar Bose gases trapped in a homogeneous optical lat-
tice is depicted by the Bose–Hubbard Hamiltonian in
Eq. (1), and the corresponding one particle Green’s func-
tion G(τ ′, j′ | τ, j) of this system is defined as

G(τ ′, j′ | τ, j) = ⟨T̂τ [â†j′(τ
′)âj(τ)]⟩. (3)

Here τ is the imaginary time, T̂τ is the imaginary time
ordering operator, and ⟨·⟩ denotes the average with re-
spect to the full Hamiltonian in Eq. (1).

In fact, the information of the momentum space dis-
tribution function n(k) of the system, which can be re-
vealed by experiments directly via time-of-flight tech-
nique [14], is encrypted in the one particle Green’s func-
tion. The momentum space distribution function reads

n(k) = NS | w(k) |2 ⟨â†kâk⟩, (4)

where â†k and âk are the Fourier transformation of the
operators in Eq. (1), i.e.,

â†i =
1√
NS

∑
k1

â†k1
e−ik1·ri ,

âj =
1√
NS

∑
k2

âk2
eik2·rj , (5)

with NS being the total number of the lattice sites and
w(k) being the corresponding Wannier function in mo-
mentum space. It is observed that ⟨â†kâk⟩ = limτ↓0G(τ |
0,k), while G(τ | 0,k) = ⟨T̂τ [â†(τ)kâ(0)k]⟩ is exactly the
one particle Green’s function in the momentum space
which is the Fourier transformation of G(τ ′, j′ | τ, j).
Moreover, according to Laudau’s theory of phase transi-
tions [12, 13], for second order phase transitions, which
is the case for SF-MI phase transition, the divergence
of Green’s function reveals the location of phase bound-
aries. Hence, it is necessary to calculate the one particle
Green’s function explicitly.

However, due to the non-commutativity of the hopping
part Ĥ1 and the local part Ĥ0 of the Hamiltonian (1), the
Green’s function may be calculated perturbatively via

the Dirac representation by treating the hopping term
in the Hamiltonian (1) as the perturbation part [16–18],
but for the opposite limit this will not lead to a SF-MI
phase transition at all [41]. In Dirac picture, the one
particle Green’s function reads

G(τ ′, j′ | τ, j) =
Tr{e−βĤ0 T̂τ [â

†
j′(τ

′)âj(τ)û(β, 0)]}
Tr{e−βĤ0 û(β, 0)}

, (6)

where Ô(τ) = eτĤ0Ôe−τĤ0 , and û(β, 0) =

T̂τ

[
exp

(∫ β

0
dτ
∑

⟨i,j⟩ Jâ
†
i (τ)âj(τ)

)]
is the evolution

operator (setting ℏ = 1) [43].
The perturbative expansion of û(β, 0) leads to terms

like

1

n!

∑
i1,j1,···,in,jn

Ji1,j1 · · ·Jin,jn
∫ β

0

dτ1· · ·
∫ β

0

dτn

×⟨T̂τ [â†j′(τ
′)âj(τ)â

†
i1
(τ1)âj1(τ1)· · ·â

†
in
(τn)âjn(τn)]⟩0 (7)

in the expanded expression of G(τ ′, j′ | τ, j), where ⟨Ô⟩0
denotes an average quantity with respect to the unper-
turbed part Ĥ0 of the Hamiltonian and Jij reads

Jij =

{
J, if i, j are nearest-neighbors of each other,
0, otherwise.

(8)

Then the problem of calculating one particle Green’s
function G(τ ′, j′ | τ, j) is transformed to a problem of
calculating the n-particle Green’s function with respect
to Ĥ0

G(0)
n (τ ′1, i

′
1; · · ·; τ ′n, i′n | τ1, i1; · · ·; τn, in)

= ⟨T̂τ [â†i′1(τ
′
1)âi1(τ1)· · ·â

†
i′n
(τ ′n)âin(τn)]⟩0. (9)

However, the Wick’s theorem becomes invalid due to the
locality of the non-perturbed part of the Hamiltonian
(1). Instead, we use the theory of linked-cluster expan-
sion [16–18] to expand the n-particle Green’s function in
terms of the cumulants

C(0)
m (τ ′1, · · ·, τ ′m | τ1, · · ·, τm)

= ⟨T̂τ [â†(τ ′1)â(τ1)· · ·â†(τ ′m)â(τm)]⟩0 (10)

in which the particle operators are all at the same
site. Each annihilation operator in G(0)

n (τ ′1, i
′
1; · · ·; τ ′n, i′n |

τ1, i1; · · ·; τn, in) must be paired by a creation operator at
the same site due to the locality of the eigenstates of Ĥ0.

The decomposition of the above mentioned n-particle
Green’s function in terms of these cumulants is quite
straightforward. For instance, the decompositions of one
and two particle Green’s functions are shown in the fol-
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lowing

G
(0)
1 (τ ′, i′ | τ, i) = δi′,i C

(0)
1 (τ ′ | τ), (11)

G
(0)
2 (τ ′1, i

′
1; τ

′
2, i

′
2 | τ1, i1; τ2, i2)

= δi′1,i1δi′1,i′2δi1,i2 C
(0)
2 (τ ′1, τ

′
2 | τ1, τ2)

+δi′1,i1δi′2,i2C
(0)
1 (τ ′1 | τ1)C(0)

1 (τ ′2 | τ2)

+δi′1,i2δi′2,i1C
(0)
1 (τ ′1 | τ2)C(0)

1 (τ ′2 | τ1). (12)

All these expressions can be diagrammatized as

C
(0)
1 (τ ′ | τ) = , (13)

C
(0)
2 (τ ′1, τ

′
2 | τ1, τ2) = , (14)

where the pointing-in arrows represent creation opera-
tors and the pointing-out arrows represent annihilation
operators. The hopping parameter Jij may be repre-
sented correspondingly as

Jij = . (15)

When considering the cancellation effect of the numer-
ator and the denominator in Eq. (6), the one particle
Green’s function G(τ ′, j′ | τ, j) only consists of connected
diagrams.

Perturbative calculation of Green’s function needs us
to re-group all the connected diagrams based on the
properties of loops in diagrams instead of the order of
J/U , since finite-order perturbative calculation always
presents a polynomial and cannot reflect the divergence
of Green’s function at phase transition point. This
is the so-called re-summed Green’s function technique
[18, 37, 42]. In fact, the re-summed hopping expan-
sion can also be looked upon as a 1/d expansion of a
d-dimensional system, thus can be used to properly de-
scribe the quantum critical behaviour of the lattice quan-
tum gas.

3 The generalized Green’s function method

For interested cases, normal Bose–Hubbard model in
hexagonal lattice and extended Bose Hubbard model
(EBHM) in d-dimensional hypercubic lattice, we can eas-
ily know the ground-state configurations of Ĥ0 (See Sec-
tion 5 for EBHM). Switching on the hopping parame-
ter J gradually, the localized ground states will be soft-
ened by the quantum fluctuations and will transform into
some delocalized and compressible phases (either SF or
SS phase) when J goes beyond some critical value. These
phase transitions are entirely caused by the quantum

fluctuations due to the noncommutativity of the local
and hopping parts in the full Hamiltonian, and there-
fore are the so-called quantum phase transitions [4]. As
is confirmed [3, 44], these quantum phase transitions are
second-order phase transitions. The actual phase bound-
aries of the localized phases need to be determined quan-
titatively in an analytical way and we are going to tackle
this problem along the avenue of Green’s function. This
also provides us an opportunity to illustrate the gener-
alized re-summed Green’s function method clearly.

As is known [16–18], the Green’s function method re-
viewed in the preceding section is for homogeneous lat-
tice structures, hence needs to be generalized in order to
treat the present problem.

We again look upon the hopping parameter as per-
turbation, i.e., that the unperturbed states are the lo-
calized phases is obvious in hexagonal lattice systems
and will be discussed in d-dimensional hypercubic lat-
tice systems. Formally, the one-particle Green’s function
Ginh(τ ′, j′|τ, j) for the bipartite lattice takes the same
form as in Eq. (6) for the case of homogeneous lattice,
but with an extra term of nearest-neighbor repulsive in-
teraction in Ĥ0 expressed in Eq. (41) (for EBHM). In
the same manner, the evolution operator û(β, 0) in the
numerator and denominator should also be expanded
perturbatively with respect to the hopping amplitude
J , hence this again transforms the problem of calcu-
lating the one-particle Green’s function Ginh(τ ′, j′|τ, j)
to the problem of calculating n-particle Green’s
functions G

(0)
n (τ ′1, i

′
1; · · ·; τ ′n, i′n | τ1, i1; · · ·; τn, in) =

⟨T̂τ [â†i′1(τ
′
1)âi1(τ1)· · ·; â

†
i′n
(τ ′n)âin(τn)]⟩0 with respect to

Ĥ0. Due to the locality of the states determined by Ĥ0,
G

(0)
n (τ ′1, i

′
1; · · ·; τ ′n, i′n | τ1, i1; · · ·; τn, in) may be calculated

analytically via cumulants expansion technique.
Generally, sublattices A and B of bipartite lattice

are distinguishable and the local properties of lattice
sites belonging to different sublattices are different.
Hence, in calculating the n-particle Green’s functions
G

(0)
n (τ ′1, i

′
1; · · ·; τ ′n, i′n | τ1, i1; · · ·; τn, in), cumulants on dif-

ferent sublattices need to be discriminated. In bipartite
lattices systems, there are two different groups of cumu-
lants

C
(0)
nA = ⟨T̂τ [â†A(τ

′
1)âA(τ1)· · ·â

†
A(τ

′)âA(τ)]⟩0 (16)

and

C
(0)
nB = ⟨T̂τ [â†B(τ

′
1)âB(τ1)· · ·â

†
B(τ

′)âB(τ)]⟩0, (17)

in which aA (a†A) and aB (a†B) are operators on sub-
lattices A and B, respectively. The cumulants may be
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diagrammatized, for instance, as follows:

C
(0)
1A (τ ′ | τ) = ,

C
(0)
1B (τ ′ | τ) = B , (18)

C
(0)
2A (τ ′1, τ

′
2 | τ1, τ2) = A ,

C
(0)
2B (τ ′1, τ

′
2 | τ1, τ2) = B , (19)

where the pointing-in arrows represent creation opera-
tors and the pointing-out arrows represent annihilation
operators.

In principle, the one-particle Green’s function for the
inhomogeneous lattice Bose systems may be calculated
accurately by counting contribution of all connected dia-
grams consisting of all nonvanishing cumulants and hop-
pings. Formally, it can be expressed diagrammatically
as

Ginh(τ ′, i|τ, j) = +

+ + · · ·.

(20)

The squares in the diagrams represent the contribution
from all non-vanishing cumulants together with hop-
pings, double-lines represent all possible hopping connec-
tions between nearest-neighbor sites, and these diagrams
may include loops.

In practice, one needs to calculate the Green’s function
perturbatively by selecting a specific group of diagrams
in a proper way. As is well known [12, 13], Green’s func-
tions should be diverging in the vicinity of second-order
phase transition point. However, this property cannot
be exposed just by counting finite orders of the pertur-
bation parameter J/U , since a polynomial will always
be finite. Hence, we re-group the diagrams based on the
properties of loops in each diagram rather than the or-
der of J/U , and then each group now consists of infinite
number of diagrams. This is the so-called re-summed
Green’s function technique [16, 18, 37]. At present, for
simplicity, we only consider the resummed Green’s func-
tion G̃inh

1 containing only diagrams of chains consisting
of first order cumulants and hopping between sites. In
terms of Matsubara frequency, the re-summed Green’s

function reads

G̃inh
1 (ωm, i, j)= +

+ + · · ·

+ +

+ + · · ·.

(21)

In fact, the present choice of the re-summed Green’s
function may be looked upon as a sort of mean field
treatment [16, 18], and is going to be accurate when
the dimension of the system d goes to infinity. How-
ever, from the discussion, it is clear to see that the re-
summed Green’s function method can in principle go be-
yond mean field by adding loop diagrams constituted by
higher-order cumulants and related hoppings.

The above re-summed Green’s function diagrams can
be re-expressed mathematically in terms of first-order
cumulants and hopping parameters in momentum-space
as

G̃inh
1 (ωm,k)=C

(0)
1A (ωm)+C

(0)
1A (ωm)C

(0)
1B (ωm)JAB(k)

+[C
(0)
1A (ωm)]2C

(0)
1B (ωm)JAB(k)JBA(k)+· · ·

+C
(0)
1B (ωm)+C

(0)
1B (ωm)C

(0)
1A (ωm)JBA(k)

+[C
(0)
1B (ωm)]2C

(0)
1A (ωm)JBA(k)JAB(k)+· · ·

(22)

where the cumulant in Matsubara frequency and hopping
in momentum-space read

C
(0)
1A(B)(ωm) =

∫ β

0

C
(0)
1A(B)(τ)e

iωmτdτ (23)

and

JAB/BA(k) =
∑
ij

Jijeik·rie−ik·rj (i ∈ A/B), (24)

respectively. Since C(0)
1 (τ) = ⟨T̂τ [â†(τ)â(0)]⟩0, by count-

ing the detailed information of the eigenstates of Ĥ0, a
complicated yet straightforward calculation leads to

C
(0)
1A (ωm) =

1

Z(0)

∞∑
nA,nB=0

[
nA + 1

EnA+1,nB
− EnA,nB

+ iωm

− nA
EnA,nB

− EnA−1,nB
+ iωm

]
e−βEnA,nB ,

(25)
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and

C
(0)
1B (ωm) =

1

Z(0)

∞∑
nA,nB=0

[
nB + 1

EnA,nB+1 − EnA,nB
+ iωm

− nB
EnA,nB

− EnA,nB−1 + iωm

]
e−βEnA,nB ,

(26)

where Z(0) =
∑∞

nA,nB=0 e−βEnA,nB . So far we have pre-
sented the generalized Green’s function in momentum
space for bipartite lattices. It will be used to study the
phase diagrams and time-of-flight absorption pictures in
two types of bipartite optical lattices in the next two
sections.

4 Phase diagrams and time-of-flight pictures
of scalar Bose atoms in hexagonal optical
lattice

Recently, multi-component quantum Bose gases in spin-
dependent hexagonal lattices have been realized in the
experiment [38]. The time-of-flight absorption pictures
for different polarization states have been observed in
the experiment. So far, only a numerical Gutzwiller ap-
proach have been used to obtain time-of-flight absorption
pictures in theory for hexagonal lattice systems. Here,
we will introduce a new method: the generalized Green’s
function method, which can be used to obtain the phase
diagrams and the time-of-flight absorption pictures for
ultracold Bose gases in hexagonal optical lattice analyti-
cally. In hexagonal optical lattice, the time-of-flight ab-
sorption pictures obtained by generalized Green’s func-
tion method are in accord with the experiment qualita-
tively. It is the first time that time-of-flight absorption
pictures is obtained by analytical method in hexagonal
lattice.

In the experiment [38], the F = 1 hyperfine ground-
states of 87Rb in spin-dependent hexagonal lattices has
been realized. Here, we are only interested in |1, 0⟩ state
that is one of F = 1 hyperfine ground-states. Since
mf = 0, the trapping potential of |1, 0⟩ state is inde-
pendent on the sublattice sites [38]. In that case, filling
factors of the different sublattices of the hexagonal lattice
are equal. It leads to C

(0)
1A = C

(0)
1B , then the resummed

Green’s function can be reduced as

Ginh(ωm,k)

=

∞∑
l=0

[C
(0)
1A (ωm)]2+2l[JAB(k)+JBA(k)][JAB(k)JBA(k)]

l

+

∞∑
l=0

2[C
(0)
1A (ωm)]2l+1[JAB(k)JBA(k)]

l. (27)

If the relation

1− C
(0)
1A (ωm)C

(0)
1A (ωm)[JAB(k)JBA(k)] = 0 (28)

is satisfied, the Green’s function will be di-
vergent, where the hopping term JAB(k) =

J
[
eikxa + 2e−ikx

a
2 cos

(√
3aky

2

)]
represents Fourier

transformation of the hopping process from A
sublattice to B sublattice and the hopping term
JBA(k) = J

[
e−ikxa + 2eikx

a
2 cos

(√
3aky

2

)]
denotes the

opposite process. By taking into account that the phase
transitions occur due to long-wavelength fluctuations
[12, 13], the above formula determines the locations of
the phase boundaries of localized states via the equation
below

zJc =
1

C
(0)
1A (ωm = 0)

. (29)

At zero temperature, the eigenstates of the unper-
turbed part Ĥ0 fall into the ground states. From the
experiment [38], since filling factors of the different sub-
lattice of the hexagonal lattice are equal(nA = nB = n),
the phase-boundary equation Eq. (29) is then reduced to

zJc =
1

n+1
En+1,n−En,n

− n
En,n−En−1,n

. (30)

Using Eqs. (29) and (30), we can obtain not only the
zero temperature but also finite temperature phase dia-
grams which are presented in Fig. 1. The zero temper-
ature phase diagrams obtained by generalized Green’s
function method are the same as first-order (mean-field)
results got by effective potential method [10], but effec-
tive potential method can not be used to obtain the finite
temperature phase diagrams.

Unfortunately, the phase boundaries calculated above
are not quantities which can directly reveal the features
of both insulating and compressible phases in experi-
ment. Instead, one of these quantities is the momen-
tum distribution function probed by time-of-flight mea-
surement [3], which represents the standard experimen-
tal technique for investigating cold atomic systems in
optical lattices [1, 45, 46]. The advance of the general-
ized Green’s function method is not only to obtain fi-
nite or zero temperature phase diagrams but also to get
the time-of-flight absorption pictures for ultracold scalar
Bose systems. In this section, with the help of the gen-
eralized Green’s function developed in the preceding sec-
tion, we will calculate the time-of-flight pictures of an
ultraclod scalar Bose gases with Bose–Hubbard interac-
tion in a hexagonal optical lattice.

In principle, it is impossible to create a real 2D optical
lattice ultracold particle system experimentally, but in
practice, the 2D character can be achieved by setting
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Fig. 1 The quantum phase diagrams of a Bose system in a
hexagonal lattice with zero temperature and finite tempera-
ture. The red solid lines, the green dashed lines and the blue
dashed lines, which are obtained by the generalized Green’s
function method, denote location of phase boundaries of the
zero temperature, kBT = 0.1U and kBT = 0.05U respec-
tively. The empty circles denote the first-order zero temper-
ature phase boundaries obtain by effective potential method
[10], and coincide with the red solid line.

the optical lattice depth in the third space dimension to
a sufficient high value in order to restrict the hopping of
particles between layers [46–48].

Before to calculate the time-of-flight pictures, we need
to know the explicit form of J and U with the trapping
potential. The hexagonal optical lattice has been real-
ized in the experiment [38] and the trapping potential of
|1, 0⟩ state is described mathematically by

V (r) = −2V0

[
3− cos

(
−
√
3πx

λ
+

3πy

λ

)

+ cos
(√

3πx

λ
+

3πy

λ

)
+ cos

(
2
√
3πx

λ

)]
,

(31)

where λ = 830 nm is the wavelength of the lattice laser
beams which are used to create hexagonal optical lattice.
The lattice constant of the hexagonal optical lattice is
a = 2λ

3
√
3
. Using the harmonic approximation at the min-

imum trapping potential point, the trapping potential is
separable, thus the 2D Wannier function w(r−ri) in the
xy-plane is given as

w(r − ri) =

(
64Ṽ0
81

) 1
4 ( π

a2

) 1
2 exp

[
−

√
16Ṽ0
81

×π
2

a2

[
(x− xi)

2
+ (y − yi)

2
] ]
, (32)

where Ṽ0 is the dimensionless optical lattice depth in
units of ER and ER = (ℏ2k2)/2m (k = 2π/λ) is the

recoil energy. The forms of J and U reads [6]

J=−
∫

drw∗(r−ri)

(
−ℏ2∇2

2m
+V (r)

)
w(r−rj) (33)

and

U = g

∫
dr|w(r)|4 (34)

respectively, where w(r − rj) is the Wannier functions
and ri, rj denote the nearest neighboring sites. Inserting
Eq. (32) into the Eq. (33), J takes the from

J = ER

π2

3
+ 8− 5

2

√
Ṽ0

 Ṽ0e−
2π2

√
Ṽ0

9 . (35)

Because in the third direction(z direction) the lattice is
a simple square lattice, then the lattice length reads b =
λ
2 = 3

√
3a
4 in the third dimension. In z dimension, the

Wannier function takes form

w(z − zi) = (44)
1
8

( π
b2

) 1
4 exp

[
−π

2

2

√
44

(z − zi)
2

b2

]
,

(36)

where the 44 (take the units of recoil energies ER) is the
trapping potential [38]. Now we can obtain U as

U =
4
√
6

3
ER

as
a
(πṼ0)

1/2(44)1/4, (37)

by inserting Eqs. (32) and (36) into Eq. (34).
Thus, the momentum distribution function of an op-

tical lattice ultracold Bose system reads

n(k) = NS | w(k) |2 lim
τ↓0

G(τ | 0,k), (38)

where w(k) is the Fourier transformation of w(r) and
G(τ | 0,k) = ⟨T̂τ [â†kâk]⟩ is the one-particle Green’s func-
tion in the momentum space. At T = 0, we get, to the
lowest order, the one-particle Green’s function in terms
of Matsubara frequency given in Eq. (27), which in turn
leads to

G(τ |0,k) = 1

2π

∫ +∞

−∞
dωmG

inh(ωm,k)e−iωmτ . (39)

Together with Eqs. (25) and (26), the momentum distri-
bution function in Eq. (38) can in principle be calculated
out analytically. In the experiment, we know that the
filling factor is n = 1 and the as = 5.34 nm is the s-wave
scattering length of the 87Rb. Using Eqs. (35), (37) and
(38), we can plot time-of-flight absorption pictures in
Fig. 2, which are pictures of the momentum distribution
n(k) as function of the lattice depth Ṽ0. The time-of-
flight absorption pictures clearly show that the SF-MI

Zhi Lin, Jun Zhang, and Ying Jiang, Front. Phys. 13(4), 136401 (2018)
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Fig. 2 Time-of-flight absorption pictures for ultracold scalar Bose systems in hexagonal lattice at zero temperature. kx
and ky in the plots take the units of 1

a
. The MI-SF quantum phase transition is shown from TOF picture, and the critical

point is about in the region 12.85 ≤ Ṽ0 ≤ 13.

phase transition appear in the region 12.85 ≤ Ṽ0 ≤ 13
and this result is consistent with the critical trapping
potential Ṽ0 = 12.947 which is obtained from Fig. 1 to-
gether with Eqs. (35) and (37). This result is also in
accord with the Gutzwiller calculation which shows that
the superfluid order parameter will be zero near the point
of Ṽ0 = 13 [38]. Moreover, in principe, this generalized
Green’s function method can also be used to deal with
case of |1,mf ̸= 0⟩ state in the spin-dependent hexagonal
lattice.

5 Phase diagrams and time-of-flight pictures
of Bose gases with nearest neighbour
repulsive interaction in d-dimensional
hypercubic lattice

In the previous section, we study phase diagrams and
time-of-flight pictures of scalar Bose atoms in the hexago-
nal optical lattice, where the bipartite systems are caused
by lattice structure. In this section, we concentrate on
systems of ultracold bosons with nearest-neighbor repul-
sion in d-dimensional hypercubic optical lattices. These
systems are described by the EBHM

ĤEBHM = Ĥ1 + Ĥ0, (40)

where

Ĥ0 =
∑
i

[
U

2
n̂i(n̂i − 1)− µn̂i

]
+ V

∑
⟨i,j⟩

n̂in̂j ,

Ĥ1 = −J
∑
⟨i,j⟩

â†i âj . (41)

Now, the local part Ĥ0 includes the nearest-neighbor re-
pulsive interaction V . Due to this nearest-neighbor in-
teraction, the hypercubic lattice is naturally divided into
two sublattices, i.e., it has bipartite lattice structure, as
sketched in Fig. 3.

The subtle balance between the hopping parameter J ,
onsite repulsion U and nearest-neighbor repulsion V in-

Fig. 3 Sketch of the sublattice structure of the nearest-
neighbor interacting Bose system in square lattice.

troduces rich phase structures to this system. Similarly,
we treat the hopping parameter J as a perturbation.
However, even if J takes the value of 0, the competi-
tion between U and V will lead to different localized
phases at zero temperature. In order to calculate the
phase boundaries of the localized phases, the localized
phases at J = 0 need to be clarified first. This can be
achieved easily by the following analysis.

Let us play a game of throwing bosons into the lattice.
Suppose the total number of lattice sites is N . Due to
the nearest-neighbor repulsion, the first N

2 particles will
fill up either sublattice A or sublattice B, let us say, sub-
lattice A. Where the next N

2 bosons go is determined by
the relative strength of U and zV (z is the number of
nearest-neighbor sites, in present case z = 2d).

Suppose U > zV , for the reason of energy, the second
group of N

2 bosons will fill up the sublattice B. Without
loss of generality, let the filling factor nA of sublattice
A be always larger than or equal to nB of sublattice
B. Apparently, in this case, the third group will go to
sublattice A, then followed by filling up sublattice B,
and so forth. In other words, nA − nB is either 1 or
0. We denote these localized states by |nA, nB⟩. Here,
|n, n⟩ is called MI states, and |n + 1, n⟩ is the so-called
CDW states. All these localized states are eigenstates of
Ĥ0 and the corresponding eigenergies read

Ĥ0 |nA, nB⟩ =
N

2
EnA,nB

|nA, nB⟩ ,

EnA,nB
=
U

2
nA(nA − 1) +

U

2
nB(nB − 1)

+zV nAnB − µ(nA + nB). (42)
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The constraint on the chemical potential µ in each Mott
region is determined by solving the equations En,n ≤
En+1,n and En,n ≤ En,n−1. This leads to

U(n− 1) + zV n ≤ µ ≤ Un+ zV n. (43)

Similarly, we get for the CDW regions that

U(n− 1) + zV (n− 1) ≤ µ ≤ U(n− 1) + zV n. (44)

For the case of U < zV , it is not difficult to figure out
that bosons always go to sublattice A, i.e., nA = n while
nB = 0, the ground state is always CDW state |n, 0⟩, and
the chemical potential for each filling factor n satisfies

U(n− 1) ≤ µ ≤ Un. (45)

When U = zV , it is known [49] that the CDW state
(n+1, n) becomes degenerate with the CDW state (2n+
1, 0), and the Mott state (n, n) becomes degenerate with
the CDW state (2n, 0). This case will not be discussed in
the present paper. From Eq. (22), it is recognized that
divergence of the Green’s function requires

1− C
(0)
1A (ωm)C

(0)
1B (ωm)J2(k) = 0, (46)

since JAB(k) is equal to JBA(k) in hypercubic lattices.
As similar with the case of hexagonal lattice, in d-
dimensional hypercubic lattice, the locations of phase
boundaries of localized states satisfy the equation below

z2J2
c =

1

C
(0)
1A (ωm = 0)C

(0)
1B (ωm = 0)

. (47)

Moreover, at zero temperature, the phase-boundary
equation Eq. (47) is then reduced to

z2J2
c =

1
nA+1

EnA+1,nB
−EnA,nB

− nA

EnA,nB
−EnA−1,nB

× 1
nB+1

EnA,nB+1−EnA,nB
− nB

EnA,nB
−EnA,nB−1

, (48)

where the filling factors of sublattices A and B in the
ground state are nA and nB .

By substituting the eigenvalues in Eq. (42) into the
above equation, we finally get the analytical expression
of the quantum phase boundaries of the system

1

z2J2
c

=

[
nA + 1

UnA + zV nB − µ
− nA
U(nA − 1) + zV nB − µ

]
×
[

nB + 1

UnB+zV nA−µ
− nB
U(nB−1) + zV nA−µ

]
.

(49)

As examples, we show the phase diagrams for the sys-
tem with zV = 0.4U and zV = 1.1U in Figs. 4(a) and
(b), respectively. Our analytical results from extended

Fig. 4 The quantum phase diagrams of a Bose system in
a d-dimensional hypercubic lattice with nearest-neighboring
repulsive interaction V for cases of (a) zV = 0.4U and (b)
zV = 1.1U . The red dotted lines are obtained by Green’s
function method and the blue lines are obtained by Gutzwiller
approach (for (b) blue lines date are from Ref. [49]). Obvi-
ously, the phase boundaries of localized phases (MI or CDW)-
compressible phase (SS or MI) obtained by these two methods
are exactly the same, but our Green’s function method can
not ascertain that this compressible phase is SS phase or SF
phase.

re-summed Green’s function method become exactly the
same as the mean field results when d → ∞ [39, 40],
consistent with preceding discussion. Moreover, for fi-
nite d systems, our analytical results obtained by ex-
tended re-summed Green’s function method are consis-
tent with the Gutziwiller calculation [49] (see Fig. 4),
but via the divergence of Green’s function, this Green’s
function method can not ascertain that this compressible
phase is SS phase or SF phase. As shown in Section 4,
the Green’s function can reveal the quantum properties
of the systems in both insulating and compressible phase

Zhi Lin, Jun Zhang, and Ying Jiang, Front. Phys. 13(4), 136401 (2018)
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in the vicinity of the phase boundaries by counting the
time-of-flight absorption pictures. At the below, we will
show how to identify SS phase and SF phase form the
different features of their time-of-flight absorption pic-
tures. While there is only peaks around k = (0, 0) and
reciprocal lattice vectors for the SF phase, an additional
satellite peaks at k = (±π

a ,±
π
a ) (for this paper) would

give evidence to the SS phase [50].
As is known, the EBHM with nearest-neighbor interac-

tion in Eq. (40) is the one-band approximation of the fol-
lowing many-body Hamiltonian under extreme low tem-
perature limit [51]

H =

∫
drψ†(r)

(
− ℏ2

2m
∇2 + V (r)

)
ψ(r)

+
1

2

∫∫
dr1dr2ψ†(r1)ψ

†(r2)V (r1 − r2)ψ(r2)ψ(r1).

(50)

Here, V (r)=V0 sin2(πx/a)+V0 sin2(πy/a)+V3 sin2(πz/a)
is the optical lattice trapping potential (the lattice depth
in z-direction V3 is larger than the lattice depth V0 in
other two-direction due to the fact that we emphasized in
previous section) and the two-particle interaction V (r1−
r2) consists of a contact term and a dipole-dipole part:

V (r1 − r2) = gδ(r1 − r2) +
Cdd

4π

1− 3 cos2 θ
|r1 − r2|3

, (51)

where g = 4πℏ2as/m (as is the 3D s-wave scattering
length of the Bose particles and m is the correspond-
ing mass) is the contact interaction strength, Cdd is the
coupling constant (Cdd = m2

e/ϵ0 for the case of electric
dipole moments me and Cdd = m2

mµ0 for the case of
magentic dipole moments mm), and θ is the angle be-
tween the polarization direction of the two interacting
dipoles. In this tight-binding limit, the dipolar term [52]
in Eq. (50) gives

Hd =
1

2

∫∫
dr1dr2ψ̂†(r1)ψ̂

†(r2)Udd(r1−r2)ψ̂(r2)ψ̂(r1).

(52)

In the Wannier basis, we can get

Hd =
∑
i,j,k,l

Vi,j,k,lâ
†
i â

†
j âkâl, (53)

where the matrix elements Vi,j,k,l are given by the inte-
gral

Vi,j,k,l =
1

2

∫∫
dr1dr2w∗ (r1 −Ri)w

∗ (r2 −Rj)

×Udd (r1 − r2)w (r1 −Rk)w (r2 −Rl) . (54)

For the deep enough optical potentials, we can assume σ
(σ is the spatial localization length of the Wannier func-
tion) to be much smaller than the optical lattice spacing

a. In this limit, the Wannier function w (r −Ri) is sig-
nificantly non-zero for r ≈ Ri. Thus, non-zero Vi,j,i,j
appears only for i = k and j = l, and then Vi,j,k,l can be
divided by the off-site part Vi,j,i,j (i ̸= j),

Vi,j,i,j ≈ Udd (Ri −Rj)
1

2

∫∫
dr1dr2w∗ (r1 −Ri)

×w∗ (r2 −Rj)w (r1 −Ri)w (r2 −Rj)

=
Cdd

(
1− 3 cos2 θ

)
8πa3

= V, (55)

and the on-site part Vi,i,i,i,

Vi,i,i,i =
1

2(2π)3

∫
dkŨdd (k) ρ̃ (k) ρ̃ (−k) , (56)

where the Ũdd (k) and ρ̃ (k) are the Fourier transform of
the dipole-dipole potential Udd (r1 − r2) =

Cdd

4π
1−3 cos2 θ
|r1−r2|3

and the single particle density ρ (r) = |w(r)|2, respec-
tively. Thus, the parameters J , and U in Eq. (40) are
then expressed as [52–54]

J = −
∫

drw∗(r − ri)

(
−ℏ2∇2

2m
+ V (r)

)
w(r − rj),

(57)

U = g

∫
dr|w(r)|4 + 1

(2π)3

∫
dkŨdd (k) ρ̃ (k) ρ̃ (−k) .

(58)

Since JAB(k) is equal to JBA(k) in hypercubic lattices,
we can obtain the one-particle Green’s function in terms
of Matsubara frequency as

Ginh(ωm,k)

=

+∞∑
l=0

[C
(0)
1A (ωm)+C

(0)
1B (ωm)][C

(0)
1A (ωm)C

(0)
1B (ωm)]l[J(k)]2l

+2

+∞∑
l=0

[C
(0)
1A (ωm)C

(0)
1B (ωm)]l+1[J(k)]2l+1. (59)

Thus, with similar method to get the momentum distri-
bution function for Bose gases in hexagonal lattice, the
momentum distribution function of Bose gases in square
optical lattice can in principle be calculated out analyt-
ically.

However, in order to calculate the one-particle Green’s
function quantitatively and to plot the corresponding
time-of-flight absorption pictures, some basic facts and
parameters of possible experiments need to be clarified.
It is proposed [55] that the EBHM may be realized in
experiment by trapping ultracold electropolar molecules
RbCs (Recently, a similar EBHM is realized in experi-
ment by using strongly magnetic erbium atoms [57]) in
a cubic optical lattice created by laser beams with wave-
length λ = 790 ± 40 nm and the corresponding s-wave
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scattering length of RbCs was estimated to be about
as = 5.29 nm [56]. In experiment, in order to elimi-
nate the influence of the third dimension to reveal the
2D properties of the system, the lattice depth in the
third dimension V3 = 30ER would be a reasonable choice
[46–48]. When taking into account all these possible ex-
perimental facts, the hopping parameter J and onsite
repulsive interaction parameterU takes the explicit forms

J = ER

π2 − 4

4
Ṽ0 −

1√
Ṽ0

 e−
π2

√
Ṽ0

4 , (60)

and

U ≈ ER

√
8π
as
a
Ṽ

1
2
0 30

1
4 +

Cdd

(2π)2a3

2∑
n=1

1

n!

×

−
√
30−

√
Ṽ0

2π2
√
30

√
Ṽ0

n

f(n)g(n), (61)

respectively. The notation f(n) and g(n) takes the ex-
plicit forms

f(n) = −nπΓ(1 + n)

3Γ(2.5 + n)
, (62)

and

g(n) = 2
3n
2 + 5

4 15
n
2 + 3

4π2n+3

×

[
Γ

(
n+

3

2

)
− Γ

(
n+

3

2
,

√
2

15

)]
, (63)

where Γ(n) is gamma function and Γ(n,m) is incomplete
gamma function.

From Fig. 4(a) we see that when zV < U , there are
two types of localized states, i.e., CDW states and MI
states. In order to illustrate the change of the time-
of-flight pictures when tuning the lattice depth to cross
the phase boundaries for these two different cases, we
set zV = 0.4U with θ = π

2 and focus on the cases of
CDW(2,1) and MI(2,2) to see the time-of-flight behavior
when crossing the phase boundaries. We plot our ana-
lytical results of the time-of-flight absorption pictures for
these two cases in Fig. 5 and Fig. 6, respectively.

From these time-of-flight absorption pictures, we
clearly see that the quantum phase transition between
the CDW(2,1) state and the compressible phase sur-
rounding it roughly happens in the region around
8.014 ≤ Ṽ0 ≤ 8.22, while the quantum phase transi-
tion between MI(2,2) state and the compressible phase
surrounding it is roughly around the region of 7.439 ≤
Ṽ0 ≤ 7.531. Furthermore, from Fig. 4(a) together
with Eqs. (60) and (61), the critical trapping poten-
tial Ṽ0 of CDW(2,1)-SS (MI(2,2)-SF) phase transition

Fig. 5 At zero temperature, the generalized Green’s function calculation of the time-of-flight absorption pictures for various
Ṽ0 for an ultracold dipolar RbCs system in a square lattice with its localized state being CDW(2,1). kx and ky in the plots
take the unit of 1

a
.

Fig. 6 At zero temperature, the generalized Green’s function calculation of the time-of-flight absorption pictures for various
Ṽ0 for an ultracold dipolar RbCs system in a square lattice with its localized state being MI(2,2). kx and ky in the plots
take the unit of 1

a
.
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is Ṽ c
0 = 8.085 (Ṽ c

0 = 7.455). The critical trapping po-
tential Ṽ c

0 obtained from those two approaches is consis-
tent with each other. When we compare the Fig. 5 with
Fig. 6 carefully, we find that there are extra peaks at
(kx, ky) = (±π

a ,±
π
a ) in Figs. 5(a) and (b) (If Ṽ0 < Ṽ c

0 ,
there are ghost peaks in Fig. 6(a), but no ghost peak in
Figs. 5(a) and (b) [58].). This is believed to be a sort
of evidence that the compressible phase surrounding the
CDW phase in the phase diagram could be SS phase [59].

It should be emphasized that the results in compress-
ible regions mentioned above are not quantitatively satis-
factory because of the unphysical non-convergent nature
of the Green’s function in those phases, and the corre-
sponding order parameters need to be calculated in order
to get more accurate information deep in those compress-
ible states. Since we are concerned about the particle
density distribution in momentum space and only differ-
ences between regions with high and low intensity are
of interest in time-of-flight measurement, meaningful re-
sults in compressible states can nevertheless be extracted
qualitatively in the present manner. As we can see, the
time-of-flight pictures exhibited above clearly show a no-
table difference between cases with shallow and deep lat-
tice depths. The characteristic sharp peaks reflect the
phase coherence in the system, indicating that the sys-
tem is in a compressible state.

6 Summary

In summary, we have developed a generalized re-summed
Green’s function method in this paper. This generaliza-
tion makes the re-summed Green’s function not only a
powerful tool to tackle the problems in ultracold Bose
systems with homogeneous lattice structures, but also
suitable for investigating the quantum critical phenom-
ena in ultracold Bose systems with bipartite sublat-
tice structures. Hexagonal lattice with normal Bose–
Hubbard interaction and hypercubic lattice with nearest-
neighbor interaction respectively represent two types of
bipartite lattice systems. Through dealing with phase di-
agrams and time-of-flight absorption pictures of an ultra-
cold Bose gases in these two systems, we have illustrated
the generalized Green’s function method in a detail way.
Due to the lattice structure or nearest-neighbor repul-
sive interaction, the systems become inhomogeneous and
are divided into two sublattices. This inhomogeneity
of the lattice structure invalidates the Green’s function
method in old fashion. In order to resolve this prob-
lem, we have generalized the Green’s function method,
and have treated the cumulants on different sublattice
separately during the perturbative cumulant expansion
of the Green’s function. The present generalization al-
lows us to investigate the quantum phase transitions in

the system between incompressible localized states (MI
or CDW) and compressible delocalized phases (SF or
SS). To the lowest order, we have calculated the phase
diagrams of hexagonal lattice systems and hypercubic
lattice systems for different nearest-neighbor interaction
V . Actually, as discussed before, the lowest order re-
summed Green’s function is in a sense a sort of mean field
theory treatment, however, from Eq. (20) we clearly see
that the generalized re-summed Green’s function method
may in principle go beyond mean field by adding loop
diagrams consisting of higher order cumulants. More-
over, according to Eqs. (29) and (47), to investigate
the finite-temperature properties of the system is rather
straightforward(finite temperature for hexagonal lattice
have been presented in Fig. 1), but it is very difficult to
obtain finite temperature phase diagrams by other meth-
ods, e.g., mean field theory [5], strong-coupling expan-
sion [7], effective potential method [9, 10], and Gutzwiller
approach [2]. In addition, with the help of the general-
ized Green’s function method, we have calculated ana-
lytically the time-of-flight absorption pictures of ultra-
cold Bose gases in these two types of bipartite lattices.
In hexagonal lattice, the time-of-flight absorption pic-
tures obtained by generalized Green’s function method
are in good qualitative agreement with the experimental
data [38] and it is obtained by analytical method for the
first time. In square optical lattice, the extra peaks at
(kx, ky) = (±π

a ,±
π
a ) in our result may be looked upon

as a hint that the CDW state could go into a SS phase
by tuning the optical lattice depth.
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