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We evaluate some thermodynamic quantities and characteristic ratios that describe low- and high-
temperature s-wave superconducting systems. Based on a set of fundamental equations derived within
the conformal transformation method, a simple model is proposed and studied analytically. After
including a one-parameter class of fluctuations in the density of states, the mathematical structure of
the s-wave superconducting gap, the free energy difference, and the specific heat difference is found
and discussed in an analytic manner. Both the zero-temperature limit 7' = 0 and the subcritical
temperature range T < T, are discussed using the method of successive approximations. The equation
for the ratio R4, relating the zero-temperature energy gap and the critical temperature, is formulated
and solved numerically for various values of the model parameter. Other thermodynamic quantities
are analyzed, including a characteristic ratio Ro, quantifying the dynamics of the specific heat jump at
the critical temperature. It is shown that the obtained model results coincide with experimental data
for low-T; superconductors. The prospect of application of the presented model in studies of high-T,
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superconductors and other superconducting systems of the new generation is also discussed.

Keywords superconductivity, characteristic ratios, fluctuation of the DoS

PACS numbers 74.25.Bt, 74.62.Yb

1 Introduction

Research in the field of superconductivity, which has en-
tered its second century since the first observation of
the phenomenon, is notably marked by a number of
milestone events. These include the discovery of high-
temperature superconducting ceramics in the 1980s, suc-
cessful implementation of quantum information process-
ing on superconducting qubits, and a more recent break-
through brought by iron-based superconducting materi-
als in 2008 [1]. That latter discovery has placed super-
conductivity in the forefront of condensed matter physics
again and has resulted in an unprecedented outburst of
research activity, with 15,000 papers on iron-based su-
perconductors published over the period from 2008 to
2015 alone [2].

Many advanced technologies have been increasingly
relying on novel solid-state materials, including high-
T. copper-oxide quasi-two-dimensional superconductors
and various doped superconducting compounds such as
spinel- and perovskite-type structures of superconduct-
ing compounds of a trivalent rare-earth and a divalent
alkali-earth ion. Other classes of superconducting mate-
rials that have been actively studied and applied in recent
years include superconducting compounds of MgB, with
a C, Al or Sc substitution and organic superconductors
with a controlled bandwidth and band filling [3-12].

Ongoing studies on the origin and the mechanism
of superconductivity in novel superconducting systems
have been closely accompanied by efforts to theoretically
describe and predict numerous phenomena and trends
observed in experiments. An important tool for quanti-
tative theoretical studies on superconducting systems is
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the gap equation, along with the equation determining
the carrier concentration, and the free energy. It appears
in similar forms in BCS theory, the formalism of Eliash-
berg equations, and the Van Hove scenario, with the lat-
ter taking into account the low-dimensional structure of
high-T. materials. To evaluate the fundamental thermo-
dynamic functions such as free energy, thermodynamic
potential, entropy, heat capacity, and other quantita-
tive parameters (including the transition temperature,
energy gap values, heat capacity jump, critical current,
critical magnetic field, isotope shift, etc.), one should an-
alyze the gap equation together with the corresponding
formulas for the concentration of superconducting carri-
ers, thermodynamic potential, and critical magnetic field
[3, 4, 13-19].

Theoretical studies, confirmed by experimental re-
sults, point to the fact that, by applying a high external
pressure after the dissociation process in H3S, a super-
conducting state is created with a transition tempera-
ture of 203 K [20-27]. A quantitative theoretical de-
scription of such superconducting systems requires tak-
ing into account spin fluctuations or strong-correlation
effects. These can be included by means of an effective
Hamiltonian of the strongly interacting Hubbard model
with a given (multiband) one-particle dispersion relation
enriched by self-energy corrections, fitted carrier concen-
tration, and a quite general form of the pairing potential,
with the latter usually decomposed into antisymmetric
and symmetric parts, determining the symmetry of the
order parameter [28-38].

In the present paper, we show that some of the above
problems can be studied in a systematic manner using
powerful analytical tools [5-8, 39], allowing us to derive,
for the first time, some fundamental relations for crucial
thermodynamic parameters characterizing a supercon-
ducting system. These include the energy gap, critical
temperature, free energy, and heat capacity difference
(at zero temperature or in the subcritical temperature
range) as functions of a single fluctuation in the density
of states characterized by a parameter x. In particular,
the following characteristics of superconducting systems
can be studied: (i) the relation between the energy gap
A at T = 0 and the transition temperature 7., quan-
tified by the ratio R; = 2A(0)/Tc, and (ii) the charac-
teristic ratio Ry = AC(T.)/Cn(Tc), where AC(T,) =
Cs(T.) — Cn(Tt) defines the heat capacity jump be-
tween the superconducting and the normal phase at the
transition temperature. Another ratio that we define
and study in this paper, Ry = T.d[AC(T)/Cx(T¢)]/dT,
gives the slope of the line tangential to the reduced spe-
cific heat difference curve at the transition temperature.
All these ratios can be derived and discussed as func-
tions of the fluctuation-related parameter y. Because
we do not include any effects of the magnetic field in

137403-2

this paper, the discussion of another characteristic ratio,
R3 = H(0)/\/roA(0), where H.(0) denotes the zero-
temperature critical magnetic field, has been left aside
for the time being.

For a standard BCS superconductor, the four ratios
are equal to Ry = 3.528, Ry = 1.426, Rz = 3.545,
and R4 = 2.628, respectively [16, 17, 40]. Moreover,
the ratios R1, Ro, and R4 can be measured by using
experimental techniques and therefore are available for
comparison with our theoretical results.

Finally, it worth emphasizing that, after inclusion of
some pairing potential contributions, there may emerge
phase transitions with a discontinuous order parameter
and pseudogap regions [4, 41]. The results presented in
this paper cannot be extrapolated to these cases.

2 Formalism and basic equations

In this paper, we use the conformal transformation
method [39], which has been developed recently, to study
various properties of strongly correlated electron systems
[3, 6-8, 28, 42—44]. In the context of superconductiv-
ity studied within the Green’s function formalism, the
method is applied to a set of two fundamental equations
in momentum space consistent with the mean-field ap-
proximation. The first is the gap equation,

Ak/ Ek/
A = kK tanh 1
k ; V( 9 ) Ek’ an or ) ( )

(éx — )2 + AZ. The gap equation (1)
is supplemented by another self-consistent equation,
namely, the equation for charge carrier concentration,

1 Sk — 1 Ej
=3 (1- bk ). 2
" Nzk:< 2B, " 2T> 2)

Equation (2) determines the chemical potential p and
allows one to express p in Eq. (1) in terms of the con-
duction band filling n (defined for the normal phase at
T = 0), with N denoting the number of lattice sites. The
advantage of such a general approach is that it allows us
to study superconducting systems with a partially filled
conduction band as well. The transformed form of the
dispersion relation, &, is usually defined with respect to
the Fermi level.

The approach, briefly outlined in the above paragraph,
can be applied to anisotropic superconducting systems
with an arbitrary dispersion relation for spin-singlet
s-wave or d-wave symmetry states, as well as for the
spin-triplet p-wave symmetry state. The role of other
factors, such as the carrier concentration and the pairing
potential amplitudes in the singlet and triplet channels,

where Ej, =
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Vo and V1, respectively, can be discussed in more compli-
cated scenarios to comment on the stability of the singlet
and the triplet symmetry states [3, 8, 35, 42, 43, 45, 46].
In this paper, however, we limit the discussion to spin-
singlet s-wave superconducting systems with a single
constant pairing potential amplitude g.

2.1  Gap equation and free energy

Let us consider anisotropic superconductors, with ex-
actly the spin-singlet s-wave formed, and the carrier con-
centration and pairing potential amplitudes Vy = g and
V1 = 0 being fixed. If we assume the dispersion relation
&k as determined in the model under discussion, then,
after applying the conformal transformation method de-
veloped in Refs. [3, 28, 43], the gap equation (1) can be
transformed into the form

IW<A%d““M>mmV9+N>, )

g 2,/&%2 + A2 2T

where 1 is the density of states of the BCS type and &,
is the so-called cutoff parameter. The cutoff parameter
is unique to each possible pairing mechanism [39], and it
corresponds to the Debye energy kgTp for systems with
electron—phonon pairing potential. The symbol (- --) de-
notes averaging over the polar (or the spherical) angle(s)
w in two-dimensional (or three-dimensional) space, re-
spectively [28, 39]. Note that the dimensionless scalar
field of the density of states, K(&,w), is the only function
depending on w in the equation. Therefore, after averag-
ing over the angular coordinates, Eq. (3) reduces to the
form

N |, VETA?

1 r
c=m [ , (4)
g 0 2¢/62+ A2 2T

where N(§) = (K(£,w)) is the dimensionless density of
states. The density of states appears as the final product
in the conformal transformation approach. As such, it
can also include effects of particle-hole asymmetry and
an extra factor, as, e.g., the spectral function defined
in the Eliashberg equations. Because for the BCS model
N (&) = 1, we assume it to be in the form N (£) = 1+p(€).
According to previous studies [44], the function p can
substantially change various parameters of a supercon-
ducting system, especially if the function has a narrow
fluctuation (a peak) in the vicinity of the Fermi surface.
Moreover, it turns out that results obtained for peaks of
various shapes yield similar results. Therefore, at this
point, we do not need to consider any particular analyt-
ical properties of the function p, treating it as a locally
constant function.

In the next step, after introducing the symbols x =
£/(2T), xp = &,/(2T), and D = A/(2T), we can rewrite
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Eq. (4) as

1 r dz[l 4 o(x)]

s e b (Ve DT) ()
Here the function p(£) has been redefined into p(x),
which can be again modeled in various manners. The
factor g can be eliminated by taking into account Eq. (5)
in the limiting cases T'= T, and D = 0. Using relations
given in Ref. [35] one can easily reproduce the free en-
ergy difference between the superconducting and normal
phases, AF = Fg — Fy, as follows:

[1+ o(x)]A

A , A/ zp
aF :/0 s {g B N OTT T
-tanh( 22+ [A’/(QT)P) } (6)

To apply the results to traditional and high-temperature
s-wave superconductors, it is enough to take into account
a model form of o(z), which so far has been treated as
constant in local intervals. As we have already stated,
the function g(z) should feature a narrow fluctuation
(a peak) in the vicinity of the Fermi surface. Because
various shapes of the fluctuation produce similar results,
we propose to take the function p(z) in the following
normalized form:

(25 — D! _9i
Q] (.T) = Xm COSh J Z, (7)
where j = 1,2,.... The fixed parameter x denotes the

height of the local fluctuation and, as such, it can be ei-
ther positive or negative, with the latter case correspond-
ing to the situation in which the averaged fluctuations
away from the Fermi level are higher than those at the
Fermi level. The parameter y = 2arccosh( ¥/2) denotes
the half-width of the fluctuation. Note that, using p;(z)
in such a form, one can derive analytic forms of Eq. (5) by
employing the relations given in Refs. [47, 48]. Moreover,
for j — oo the function ¢;(z) — 2xd(z), where §(x) is
the Dirac delta [47, 48], as illustrated in the bottom-right
panel of Fig. 1.

The case x = 0 corresponds to the BCS model, i.e., the
free-electron model with a restricted pairing interaction
near the Fermi surface, which is characterized by two
independent parameters g and §, whose values should
be taken with reference to real superconductors. That
will allow us to compare some thermodynamic quantities
in the BCS model with the values obtained within the
present approach.

2.2 Zero-temperature case

Considering the case of T' = 0 and assuming g(x) in the
form (7), we consequently redefine the symbols intro-

duced in Eq. (5) as x = §/(2Te(x)), 2p.x = &/ (2Te(x)),
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Fig. 1 Convergence tests for the integrals K (a) and L (b) with D = 0.5 (red), 0.75 (green), and 1.0 (blue), as well as for
the integral M (c). The local fluctuation assumes the shape of the Dirac delta for large values of j (d).

and D(0,x) = A(0,x)/(2T¢(x)). Then Eq. (5) assumes
the form
1 rx o dz[l + pj
==y (el o) (8)
g 0 z? + D?(0, x)

Evaluating the integral, we obtain

L &/Te(x) X :
gTO_m Do) +D(o,x)K(D(O’X)’J)’ 9)
where
K(D,j) = QJ(Qz Y / \/7chosh72j x,

and D € (0.5,1) and hence 0.661 < K(D,j) < 1,
K(D,100) > 0.990, and K(D,j) — 1 for j — oo (see
Fig. 1).

The free energy difference can be found using Eq. (6).
After some algebra we get

AP(0, %)=~ A%(0, ) ~voxT. () A0, ) L(D(0, ), ),

(10)
where
. 2]—1
LD.j) = 2]13—1'1) T
T +%D2—x\/x2+D2 o
. Ny cosh™ x.
T
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Note that L(D, j) tends to 1 for j — oo (see Fig. 1) and
in this limit Eq. (10) assumes the form

AF(0,x) = -2 voxTe(X)A(0, X).

2 —
1 AZ(0,x)

2.3 Critical temperature case

At the critical temperature T = T,(x), when A = 0,
Eq. (5) yields
1 & 4e¢

— —In In — + yM(j
e To(x )+n i (4),

where C' = 0.577 is the Euler constant. Moreover,

M/ d—xtanhxcosh_2j T,
215 —-1 Jy =

and 0.852 < M(p) < 1, M(20) = 0.992, and M(j) — 1
for j — oo (see Fig. 1). According to the results
presented in Refs. [47, 48], the function M(j), where
j = 2,3,..., can be found analytically. Namely, M (j)
can be transformed to the form

(2 = D!
G-

where the integral

(11)
M(j) =
M(j) = (2515 — (25 + 1)1 44],

I; :/ In x cosh™ zda
0

Ryszard Gonczarek, et al., Front. Phys. 13(2), 187403 (2018)
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can be evaluated analytically.

2.4 Relations between thermodynamic magnitudes

Let us assume that the same parameters vy, g, and &,
are simultaneously fixed for both the BCS model £ = 0
and the developed approach £ # 0. Then, from Eq. (9),
one can obtain

A0,X) = A0 0)exp | 5a— K (D0,6).)], (12

whereas from Eq. (11) one finds

Te(x) = Te(0) exp[x M ()], (13)

which confirms that the critical temperature is modified
by fluctuations of the density of states with respect to
the BCS model. Namely, T, decreases for negative values
of x and increases if y is positive, exactly as occurs for
high-T¢. superconductors [39].

3 Characteristic ratios

3.1 Ratio R1(x)

Equations (9) and (11), derived in the previous sections,
allow us to consider the ratio Ry = 2A(0)/T. as a func-
tion of x, dependent on K (D, j) and M(j). Comparing
the right sides of Egs. (11) and (9), and taking into ac-

@
10

\”‘\

count that Rq(x) = 4D(0, x), we have

4K(%Rl (X)v])
Ri(x)

which in the limit j — oo simplifies to the form

Ri0 = Riexw {1 | 1] - (15)

We find Rq(x) numerically, assuming that 0.3 <
R1(x) < 10 and including that, in the BCS case (x = 0),
the value of the ratio is Ry = 3.52. The solutions of
Egs. (14) and (15) for various values of y are presented in
Fig. 2. The graphs in Fig. 2 show that the curve obtained
for 7 = 100 is very close to that corresponding to j — oc.
It is worth emphasizing at this point that, although the
solution of Egs. (14) and (15) has been formally found
for a wide range of values of the parameter y, one should
keep in mind that this is the free energy that determines
whether the superconducting phase is the stable phase
for a given values of parameters. This problem will be
discussed in detail in Section 3.2.3, where the range of
values of the parameter y will be determined.
Comparing the obtained results with the experimental
data for some superconducting materials [14-18, 23, 49—
51], we can map the values of the parameter x onto
specific superconducting systems. Table 1 includes a
number of classical and high-temperature superconduc-
tors with their corresponding values of the parameter Y.
Having found the value of x for a given superconduct-
ing system, we can then use it to compute the values of

Ri(0) = Raexp {x | ~w] .

((/’-
1
TN

Fig. 2 (a) Value of the ratio R as a function of the parameter x for j =1 (red), 10 (blue), 100 (green), and oo (black).
The right panel (b) is for a narrower range of x to show differences between the curves in detail.

Ryszard Gonczarek, et al., Front. Phys. 13(2), 137408 (2018)
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Table 1 Values of the parameter y for various supercon-

ducting systems calculated from Eq. (15). The corresponding

values of the ratio R1 and the critical temperature were taken
from Refs. [14-19, 49-51].

Author Material T. (K) Ri X
Bardeen et al. [14] generic BCS 3.52 0
Ashcroft, Mermin [15] Al 1.2 34 -0.197
Cd 0.56 3.2 —0.381
Hg 4.15 4.6 —2.052
In 3.4 3.6 0.202
Nb 9.26 3.8 1.454
Pb 719 4.3 —2.869
Sn 3.72 3.5 —0.040
Ta 4.48 3.6 0.202
T1 2.39 3.6 0.202
\% 5.3 3.4 —-0.197
Zn 0.88 3.2 —0.381
Reber et al. [51] strong-coupling SC 5 —1.755
BizSroCaCusOg 75 6.8 —1.599
BiaSroCuOg 28 174 —2.075
BigSrzC&CugOg 80 7.83 —1.635

Ni-doped (1%)

Ren et al. [50] BigSroCaCuzOgys 89  8.34 —1.658

Bianconi [49] minimum value for 0.35 —0.221
doped cuprate
perovskites of

YBCO-type

Ra(x) and Ra4(x) from the formulas derived in the next
sections.

3.2 Ratio Ra(x)

Let us now derive the ratio Ry = AC(T,
AC( c) - CS( c) CN(
pacity jump between the superconducting phase and the

¢)/Cn(T.), where
T.), which defines the heat ca-

3.2.1 Subcritical temperature range

For subcritical temperatures, i.e., for T < T(x), in the
case in which o(z) reduces to 2xd(z), Eq. (5) can be
rewritten in the form

)

16)

1 *p dx 5 2) tanh D

P Vo {/0 —mtanh(\/:ﬁ + D? ) +x J
where now x = £/(2T), z, = §,/(2T), and D = A/(2T).
Because, in the subcritical temperature range, the en-
ergy gap A(T, x) and hence D(T, x) = A(T, x)/(2T) are
small, we derive our results using the second-order per-
turbation method. The right side of Eq. (16), after ex-
panding it into a series including terms up to D*(T), x),
assumes the form

;—u0[1n§—+x—a(1+i) <M>2

2T 3a 2T
20\ (AT
(i) (5572 | a1
where
7¢(3) 93¢(5)
a 92 0.426, b St 0

Taking into account the derived form of Eq. (17) for T =
T.(x) and substituting it back into Eq. (17), we find

AQ(T,X)I%{_ n%
» (1+12_5>2> (A(2TT,X)>4]_ (18)

To solve Eq. (18) we use the perturbation method. Then,
in the first and the second step of the method we obtain,

) respectively,
normal phase at the transition temperature as a func-
tion of x. To find the ratio, we need to consider Egs. (5)
and (6) at subcritical temperatures. Although any lo-
cal fluctuation is precisely mapped onto g;(x) for fixed 1 + 315
j and y, we have shown that, for values of j > 100 (cor-
. . . 3.063T:(x) T
responding to very narrow fluctuations), numerical and = 1— (19)
analytical results coincide with the case j — oco. There- v1+0.782x Te(x)
fore, in further discussion, we consequently replace g;(x)
and

by 2x0(x).

27, T b(1+ = T

AH(T, X) _ (X) 1— 1— § _ ( 15b)
a(l+2) T00 4 202 (14 X)° (X
~ 3.063Tc(x) T 1 3 0341(1+1077x) <1_ T > (20)
VI+0.782x Te(x) 4 (1+0.782y)° T.(x)/ |~
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To have a complete set of the equations, let us find the free energy difference AF derived according to Eq. (6) in
the second-order perturbation method. Employing Eqgs. (17), (19), and (20), after some algebra, we obtain

7?2 T \? 2b
AF(T,X):—L(X)(l— ) 1— 1_(—2
a(l+32) Te(x) 3a2 (1+ )
_ 23T () ([ T 2 L[ 04541+ 1.077y)
1+0.782x T.(x)
3.2.2  Specific heat difference

1+ 2

15b)

(l - ch><)> }

(1 - Tc:(Fx)) } ' 2

(1+0.782x)>

Employing standard thermodynamic relations, based on the free energy difference given by Eq. (21), we can find

the reduced specific heat difference

AC(T)  6eX {1 - l4_ 2b (1 + 2X)

(1_

fo)) }

On(T.) ~ ma(l+X) a(1+ x)°
X
_ 1.426e L g 186201+ 1-0772x) (1 T ) ’ (22)
1+ 0.782y (1+0.782y) Te(x)
where Cx(T,) = %VOFQTC must be constant and inde- 1501 ,

pendent of x. Therefore, T. = T.(0) and, to eliminate
the ratio T,(x)/T(0) from Eq. (22), we have used Eq.
(13) and replaced it with T.(x)/7c(0) = eX. This ex-
pression can also be obtained from Eq. (19) or Eq. (20)
by using formulas given in Refs. [13, 35]. The ob-
tained expression allows us to find the characteristic ratio
Ro = AC(T.)/Cn(T¢) quantifying the reduced specific
heat jump at T' = T¢(x), which, eventually, can be found

as
1.426¢x
Ro(x) = — 0
2(0) = T 07800

Experimental data for the normalized heat capacity for
CaAlSi and SrAlSi superconductors show that, in com-
parison to MgBy [23], the values of the heat capacity
jump at the critical temperature can be above or be-
low the value given by BCS theory. The ratio Ra(x)
is a decreasing function of x for —0.576 < y < —0.279
(dropping from 1.459 to 1.380) and becomes an increas-
ing function for xy > —0.279, below the BCS value of
1.426 obtained for x = 0.

Moreover, the ratio characterizing the slope of the line
tangential to the reduced specific heat difference curve,
which we denote as

(23)

oo L [dAC(T)]
@)L AT ey
is given by
1.426eX 1.362 (1 + 1.077x)
R =———— |[4— 24
1) 1+0-782x[ (1+0.782y)° ] (24

and its dependence on the parameter y is presented in
Fig. 3.

Ryszard Gonczarek, et al., Front. Phys. 13(2), 137408 (2018)
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—-100 1
-2 -1 0 1 2 3 4 5

Ry

Fig. 3 Value of the ratio R4 as a function of the parameter
X-

3.2.3 Additional relations and comments

Within the applied approximation o(z) =~ 2xd(z),
Eq. (15) can be used to find x as a function of Rq. Then,
by substituting it back into Eq. (23), we find R, as a
function R in the form

B 1.426(4 — Ry)
T 41— TRy +0.782R; In(R, /3.528)
R1In(R,/3.528)
41—,

Ra

(25)

In Fig. 4 the graph of Rq versus R; is plotted against ex-
perimental data for some standard low-T; superconduc-
tors taken from Ref. [15]. The horizontal error bars de-
note the experimental uncertainty of Rq, which is +0.1.
The uncertainty of Ry is <10%.
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2.2

2.0 / mAl

o

¥ 1.8 f aln

161 YNb
; ~Ta

1.4+ v Tl

3.0 32 3.4 3.6 3.8
R

Fig. 4 Ratios R1 and R2 for some low-temperature su-
perconducting materials. The experimental data for super-
conducting elements marked by the symbols explained in the
legend are taken from Ref. [15].

Using Eq. (12), numerical values of Ri(x), and the
formulas

A0, %) = A(0,0) exp [R‘*&)} )
and
AF(0,x) = —% A?(0,0) exp [%ECX)] ) [1 + R?E(X)] ,

we evaluate A(0, x) and A F(0, x) numerically as func-
tions x (see Figs. 5 and 6).

Moreover, using Eqs. (13), (19), and (26), we can es-
timate the dependence of A(T,x) on x for subcritical
temperatures (T' < Te(x)). The first-order perturbation

Sf /
6f /
4f /

.| /

—

0 T T T T
0.0 0.5 1.0 1.5 2.0 2.5
X

A(0,%) / A0,0)

Fig. 5 Zero-temperature value of the energy gap as a
function of the parameter .
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method yields

T
A(T, ) = A0,0)® 1— , 27
(T, x) (0,0)@(x) 7o) (27)
where
Cex X
B(y) = — 22 g ©

x /a(l—l—%) V14 0.782y
Therefore, the free energy difference is given by the for-
mula

2
AP = =2 820.00%0) (1 7 )

)

The graph of ®(x) is presented in Fig. 7.

Figure 8 shows the graph of the characteristic ratio
Ri(x), found from Eq. (15), as a function of the pa-
rameter y. The values of x can be taken form the inter-
vals (—oo, —1.59) and (—0.576, 00), and, although R;(x)
never achieves the limit value of 4, for large positive
and negative values of x it does tend to 4. However,
for subcritical temperatures when 1+ 2 < 0, i.e., for
x < —1.28, the superconducting system under consid-
eration becomes unstable, which implies that the inter-
val (—oo0,—1.59) must be excluded. However, because
significant positive fluctuations in the density of states
are responsible for enhancement of the critical temper-
ature in high-T, superconductors [3, 8, 39, 44], one can
assume that x can be chosen from a large part of the
interval (—0.576, 00). More precisely, for negative values
of x from this interval, the critical temperature decreases

— -2z (1-

|

\

|
T

AF(0,%) /vy A2(0,0)
|
/

|

oe]
1
—

0 \

Fig. 6 Zero-temperature value of the free energy difference
between the superconducting state and the normal state as a
function of the parameter x.
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and R1(x) < 3.52, whereas for positive values the crit-
ical temperature increases and Ri(x) > 3.52. There-
fore, for all s-wave high-T, superconductors, the value of
R1(x) should be close to 4. In particular, if x varies from
—0.576 to 6 then Rq(x) increases from 2.30 to 3.93.

In Table 2 we show that the experimental data R, and
Ro given in Ref. [15] for selected superconductors can
be quite well reproduced within the present approach
for a fixed value of x. To illustrate versatility of the
developed approach, we also include the values of R4 for
these materials.

Of course, one should keep in mind limitations to the
accuracy of experimental results, as well as simplifica-
tions applied in the discussed approach. Nevertheless, it
is easy to note that, if the values of Ry for some super-

10
8
— 61
3
4
) \
R DS
X

Fig. 8 Value of the ratio R as a function of the parameter
x in the limit j — oco.

Ryszard Gonczarek, et al., Front. Phys. 13(2), 137408 (2018)

Table 2 Comparison of experimental data of a few super-
conductors (SC) found within the established approach for a
few values of the parameter .

SC | T. (K) Ri1 Ro X Ri(x) Ra2(x) | Ra (%)

—0.197 3.4 1.38 3.46

Al 1.29 3.3 14
Cd 0.56 32 14 —-0.381 3.2 1.39 3.29
Tl 2.39 3.6 1.5 0.202 3.6 1.51 4.16

Ta 4.48 3.6 16 0.339 3.64 1.58 4.49

conductors are similar, then their ratios Ry coincide as
well [14, 15], which is also confirmed within the present
approach. The above results point to the fact that, for
studies of low-T,. superconductors, x should be taken
from the interval (—0.48,2.0). Then 2.7 < Ry < 3.84
and 1.46 < Ro < 4.11. However, for high-T, supercon-
ductors when x > 1 and T.(x) > T.(0), we should note
that R1(x) ~ 4, whereas R2(x) can achieve large values.
Finally, it is worth adding a comment that some authors
report estimated values of R far out of this interval for
some superconductors of the new generation [23, 50, 51].

4 Conclusions

In this paper, we have discussed the mathematical struc-
ture of the s-wave superconducting gap, the free energy,
and the specific heat difference at T = 0 and in the
subcritical temperature range using the method of suc-
cessive approximations. Within the formalism, we have
presented a systematic method for mapping between real
superconducting systems and model systems character-
ized by a parameter y. We have discussed a number
of quantitative characteristics describing superconduct-
ing systems, both analytically and numerically, and have
shown that the obtained theoretical results coincide with
experimental data.

In the developed approach, we have taken into account
a model form of the function o(z), modifying the density
of states, which has so far been treated as constant in lo-
cal intervals. In particular, we have shown that, if the
function o(z) features a one-parameter narrow fluctua-
tion (a peak) in the vicinity of the Fermi level, thermody-
namic properties of simple (elementary) and composed
superconductors differ significantly [7, 14-16, 19]. In par-
ticular, large positive values of the parameter x give rise
to remarkable enhancement of the critical temperature
of high-T, superconductors. The results obtained for the
ratio R1(x), relating the zero-temperature energy gap
and the critical temperature, show that the value of the
ratio for large positive values of the parameter x should
tend to ~ 4. Consequently, the pairing energy per one
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quasiparticle at T' = 0, i.e., A(0,x)/2, must be equiva-
lent to the decoupling energy, which appears when the
temperature achieves the critical value of T.(x). Because
the developed formalism is simplified and omits some in-
teraction effects, the quantitative assessment presented
in the paper may be improved by their inclusion. How-
ever, the overall contribution resulting from these extra
effects would change the overall depiction only to a small
degree (several per cent). What can significantly change
the results is a more complicated form of the function
p(x), featuring several peaks located both on and off the
Fermi level. The model can be extended in this direction
to take into account the effects of high pressure.

The present approach could also be extended to in-
clude the effects of an external magnetic field. In particu-
lar, the zero-temperature critical magnetic field H.(0, x)
could be derived, allowing one to evaluate another char-
acteristic ratio R3(x) = Hc(0, x)//70A(0, x). For a sys-
tem with a one-parameter narrow fluctuation in density
of states, the results could then be compared with the
data on H.(0) [16-19]. A standard method would take
into account the magnetic field by including it in the
equation for the free energy at T'= 0 [13, 14, 19, 35].

Finally, let us also emphasize that, although the ap-
proach presented in this paper corresponds to the Van
Hove scenario, it is obtained in a quite general manner
by applying the more general conformal transformation
method that includes the Van Hove scenario as its special
case [3, 7, 8, 28, 35].
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