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We investigate the matter-wave solitons in a spin—orbit-coupled spin-1 Bose-Einstein condensate us-
ing a multiscale perturbation method. Beginning with the one-dimensional spin—orbit-coupled three-
component Gross—Pitaevskii equations, we derive a single nonlinear Schrédinger equation, which allows
determination of the analytical soliton solutions of the system. Stationary and moving solitons in the
system are derived. In particular, a parameter space for different existing soliton types is provided. It
is shown that there exist only dark or bright solitons when the spin—orbit coupling is weak, with the
solitons depending on the atomic interactions. However, when the spin—orbit coupling is strong, both
dark and bright solitons exist, being determined by the Raman coupling. Our analytical solutions are

confirmed by direct numerical simulations.
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1 Introduction

Bose-Einstein condensates (BECs) have become a sig-
nificant platform for exploring non-linear coherent struc-
tures. A large number of coherent structures have suc-
cessfully been discovered, such as vortices [1], Ander-
son localization of matter waves [2, 3], dark and bright
solitons, and ring dark solitons [4-11]. Developments
concerning two-component BECs have further expanded
this research field. Two-component BECs offer a greater
number of tunable parameters than single-component
cases and also incorporate richer coherent structures,
including dark-bright complexes [12-15], domain walls
[16, 17], vortex-antivortex dipoles [18-20], and skyrmions
21, 22].

In particular, the experimental realization of spin—
orbit coupling (SOC) in spin-3 condensate by the Na-
tional Institute of Standards and Technology (NIST)
group has motivated many theoretical studies on SOC
BECs [23]. These studies have included investigations
of vortex structures in rotating SOC BECs [25-27], zit-
terbewegung, the quantum spin Hall effect, and soli-
ton excitation [28-30]. Most notably, localized modes
in repulsive and attractive SOC BECs have been in-

vestigated [31]. Through use of a multiscale expan-
sion method, three types of bright solitons have been
discovered in SOC attractive BECs, each having zero
momentum, finite momentum, or stripe densities [32].
Pertinent research has also revealed the “negative mass
soliton” regimes [33], in which corresponding “negative
mass” bright or dark solitons can exist for repulsive or at-
tractive interactions, respectively. In addition, solitons
in one-dimensional (1D), 2D, and 3D SOC BECs have
been demonstrated [34-39]. Very recently, coupling be-
tween atomic spin and its momentum was experimentally
achieved in a spin-1 8"Rb condensate [40]. This high-
spin system has drawn considerable attention in both
theoretical and experimental studies of SOC spin-1 con-
densates. Further, the ground-state structure [41], phase
separation [42], and the phase transition and elementary
excitation [43] in a SOC spin-1 condensate have been
predicted and studied. In particular, multi-peak bright
solitons [44] and bright single- and multi-peak vector soli-
tons [45] have been found in SOC spin-1 BECs.

In this paper, we report a study of matter-wave soli-
tons in SOC spin-1 BECs using a multiscale perturbation
method. This method allows derivation of a single non-
linear Schrédinger (NLS) equation from the SOC three-
component Gross—Pitaevskii (GP) equations. Applying
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this NLS equation, we find different types of solitons, in-
cluding stationary dark and bright solitons and moving
dark and bright solitons, and also present the parame-
ter regions for the existing dark and bright solitons. The
soliton types are determined by the coupled effects of the
SOC, Raman coupling, and atomic interaction. We ver-
ify our analytical stationary and moving soliton solutions
via numerical simulations.

2 Model and derivation of NLS equation

We consider a spin-1 SOC spinor BEC confined in a
quasi-1D trap, for which the trapping frequencies along
the y and z axes (w, and w,) are considerably stronger
than that along the x axis (w;). The single-particle
Hamiltonian of the system is

2
p
Hy = 2793 + P2 + QoXy, (1)
m
where p, = —ihd, is the momentum operator along the
x axis. Here, v = hk,/m is the strength of the Ra-

man laser that couples the two hyperspin components of
the 8"Rb hyperfine state, with k, being the Raman laser
wavenumber and m being the atomic mass. )y is the
Rabi frequency, and 3, and ¥, is the matrix represen-
tations of the z and x components of the spin-1 angular
momentum operator, respectively, where

0

0], =,=—

1
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Considering the interactions in the Hartree approxi-
mation and using the single-particle model Hamiltonian
(1), we can state that a quasi-1D spin-1 BEC is gov-
erned by the following three coupled dimensionless GP
equations for the wave functions ¢, (with j =1,0, —1):

0 1 92
1%2 <—2(9332 +V+ CoP) Y1+c2(p1+po—p-1)Y1
X .0
U0 — i pt o+ O, ®
0 1 92
i%: (—2(%2 +V+ Cop> o + c2(p1 + p—1)vo
+2ct1p 195 + Qp1 + Y1), (4)
OU_ 1 92
1 gt == (‘2(%2‘”/4‘00,0) P_1+ca(p—1+po—p1)Y—1
o
rentuf + 7ot + oy, 6

where ¢o =2Nlo(agt2a2)/(32.), c2=2Nly(azao)/(312.),
ag and as are the s-wave scattering lengths in the total
spin 0 and 2 channels, respectively, and lo = \/h/(mw;,,)
is the oscillator length along the x axis. Further,
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ly: = \/I/(mw,.), where w,. = ,/w,w, is the oscilla-
tor length in the y-z plane. In addition, the p; = |¢;|?
(with j = 1,0,—1) are the component densities, while
p = ZL_I ;| is the total density and V = x2/2
is the 1D harmonic trap. Further, v = k./h/(mw,)
and Q = Qy/(v/2hw,). Here, time, length, and energy
are measured in units of w1, lp, and hw,, respectively,
and N is the total number of atoms. Based on exper-
iments on 87Rb [23, 24, 40] and for w, = 27 x 20 Hz,
wy = w, = 2w x 400 Hz, Ay = 27 /k, = 1064 nm (where
Ar is the Raman laser wavelength), and the )y parame-
ters in the range of (1—10)E, with E;, = h%k2/(2m), we
can estimate 7 ~ 10 and €2 ~ 100. Note that the atomic
interactions ¢y and cp can be adjusted from attractive to
repulsive using the Feshbach resonance technique.

Next, we reduce the system of Eqgs. (3)—(5) to a single
NLS equation via a multiscale perturbation method [33].
This method allows determination of the dark and bright
solitons for different SOC and Raman coupling parame-
ter regions. In this work, for a sufficiently weak trap, we
consider the homogeneous case only, i.e., V = 0.

We seek solutions to Egs. (3)—(5) of the form

oo ) U,
U — Z 6nunei(lmrfp‘t) = Z e V., ¢nei(kx7ut)’
n=1 n=1 Wn

(6)

where U = (11,%0,%_1)7 and the vectors u, =
[Un, Vi, Wp|T ¢, Here, Uy, V,, and W, with n =
1,2,3 are the coefficients of unknown field envelopes
dn = On(T, X), which are functions of the slow variables
T = et and X = ¢(x — vt). Here, € is a small parameter
(e < 1) and v is the group velocity. In addition, k is
the momentum, y = w + 2w is the chemical potential,
w is the energy in the linear regime, and €%t is a small
energy deviation about this energy.

Substituting Eq. (6) into Egs. (3)—(5), we obtain these
equations at O(e), O(e?), and O(e?), respectively:

Mu1 = O, (7)
M’UQ = iM06Xu1, (8)

1
Mus = iMyOxus — (i(‘)T + 583( -G+ w) ui, (9)

where matrices M and My are defined as follows:

1
w—ikQ—k’y —-Q 0
M = -0 w—%kQ [9) , (10)
Lo
0 —Q w—§k + kv
v—k—~v 0 0
My= 0 v—k 0 . (11)
0 0 v—Fk+~n
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For matrix G, G;; = 0 (i # j), Gi1 = (A+ B —

VEW61]%, Gz = (A + E — 201 W1)| [, and
G33 = (A—FD—Cg v2Uo )|(]51|2 where A = C()(Ul —‘r‘/l
W?), B = co(U} + Vl W?), D = ca(WP + VP = Up),
and E = co(U? + W}).

At O(e), Eq. (7) indicates that the solvability condition
det(M) = 0 yields the linear excitation energy spectrum
w4 (k) = %kQ + k292 4 202, (12)
wo(k) = %k? (13)
Egs. (12) and (13) correspond to the linear excitation

energy spectrum, which consists of three different bands,
namely, upper (w4 (k)), lower (w_(k)), and intermediate
(wo(k)). Below, we investigate nonlinear states in the
form of solitons, which correspond to the lower energy
band. Note that the lower branch w_(k) has different
behaviors depending on the sign of the parameter A =

]

_ [(92007;187)@%29 <kw+;k2)Q+2<92+(k+v) (w

Here, it is apparent that v is determined by three param-
eters, i.e., the Raman coupling €2, SOC ~, and k. Using
Eq. (14), we can obtain the solutions of Eq. (8), where

1
1
Q+ ﬁ(v —k—7) 01
2ky(v—k)—2y(w—1k?) X
(w—3k2+kv)?

’U,QZ—i

(17)

Q*/2+

1

1-202%/4*% That is, when A < 0 (2/4% > v/2/2), w_(k)
has one minimum at k¥ = 0. However, when A > 0

(/7% < V/2/2), w_(k) has two minima at k = 4k
+4/72 + 27%2 Then, the first-order equation [Eq. (7)]

has the solution

U, 1
uy=| Vi | (X, T)= Q | 6(X,T), (14)
Wy Q?/2

where the parameter @ is given by

= (v-

Note that the above parameter sets the left and right
eigenvectors of M at eigenvalue 0, being given by L =
[1,Q,Q%/2] and R = [1,Q,Q%/2]T, respectively.

At O(€?), the compatibility condition of Eq. (8), i.e.,

LMyR = 0, yields
1 2 2 2
= (2w — k2 — kvQ? + 2QQ).

(16)

%kQ = kv) /Q. (15)

Finally, we consider O(e®). Taking advantage of the
compatibility condition for Eq. (7), i.e., det(M) = 0,
together with Egs. (14) and (17), we eliminate the third-
order terms ug from Eq. (9) and obtain an NLS equation
for the unknown field envelope ¢ = ¢:

8¢ 82¢
ar T 2 c')X 2

+5[6*¢ — wo. (18)

Here, the coefficients are given by

P=(1+2k — 20)+[(v—Fk+7) (2kyv—27w—k?~7) +270%)Q* +8Q(v—k) (v —k—7)Q —8vQ%] / (402 +40%Q* + Q% Q*),

S = (1+Q2 Q4>+

3 Soliton solutions

The above effective NLS equation has soliton solutions.
When the signs of the dispersion coefficient P and non-
linearity coeflicient S are identical, i.e., P.S > 0, the soli-
tons are dark. When the signs are opposite, i.e., PS < 0,
the solitons are bright.

Based on previous investigations [40, 41, 43, 45], we
have confirmed that the sign of S mainly relies on the pa-
rameters cg and cs, i.e., the atomic interactions. In this
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s (1 + Q% — Q4) +20:Q1(QY /4 + QQ* + 20 — 1)/(4Q + QQ* + 49Q?).

T

paper, we further demonstrate the cases of § > 0 and
S < 0 by choosing two separate sets of ¢y and cy. Unlike
S, the sign of P is determined by the coupled effects of
v, 2, and k. The dependence of P on k is shown in Fig.
1(a), for v = 8 and four different Q values. It is clearly
apparent that, when Q/4% > v/2/2 (i.e., when the lin-
ear exciting energy spectrum has one minimum), P > 0.
Thus, two types of soliton can be found for the two cases
of (a) P> 0,5 >0and (b) P> 0,5 < 0. Further, when
Q/v% < V/2/2 (i.e., when the linear exciting energy spec-
trum has two minima), there exist intervals of momenta
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for P > 0 and P < 0 simultaneously. Therefore, in this
region, we can obtain different types of soliton for the
four cases of (a) P > 0,5 > 0, (b) P > 0,5 < 0, (c)
P<0,8>0,and (d) P<0,5<0.

Note that v is also plotted as a function of k in
Fig. 1(b). When v is zero, we can obtain stationary
solitons; however, when v is nonzero, moving solitons
can be obtained. In the Q/4? > 1/2/2 region, v is zero
at a single momentum value, £ = 0, whereas in the re-
gion of Q/v% < v/2/2, v is zero for three different mo-
mentum values, i.e., 0 and +k¢. Hence, both stationary
and moving solitons can be obtained in both of these
cases.

In Fig. 2, dark and bright soliton regions in the (£2, )
parameter space are shown for different k. As mentioned
above, when PS > 0, there exists a dark soliton. How-
ever, when PS < 0, a bright soliton is obtained. Thus,
PS = 0 is plotted for different k& values in the (£2,7)
plane in Fig. 2. Note that the regions of dark and bright
solitons are opposite for the two cases of S > 0 and
S < 0 (determined by the atomic interaction). Interest-
ingly, when the SOC ~ is sufficiently small, only dark
(S > 0) or bright (S < 0) solitons appear, depending
on the nonlinear coupling constants ¢y and co. However,
with increased SOC ~, both dark and bright solitons can
be obtained at different Raman coupling values (£2). In
that case, stationary and moving dark or bright solitons
exist.

We next present various exact soliton solutions of
Eq. (18). In the case of P > 0,5 > 0, with @ > 0, we
obtain the following dark soliton solution of Eq. (18):

¢a =
where zg = /w/Pcosf[X — Xo(T)].

w/S(cosftanh z4 +isin§), (19)
Here, 6 is the

@12 ®) 6
3 F )
‘ g'//
v 0 /’ !
-0.6 L '
' 34
Q=170 Y Q=70
T R=%0 il —a=50
—1.2* \,” s Q=35 /’," l/" rrrrr Q=35
--Q=20 ’<f,' =2
T T T —6 /" 4 — T
30 -15 0 15 30 12 -6 0 6 12
k k

Fig. 1 Analytical profiles of (a) dispersion coefficient P
and (b) group velocity v, for different Raman frequencies 2
and with SOC ~ = 8.
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Fig. 2 Dark and bright soliton regions for different & in
(©,7) plane. (a) S > 0 with ¢g = 1 and ¢z = —0.5. (b)
S < 0 with ¢g = —1 and ¢ = 0.5.

soliton phase angle, Xo(T) is the soliton center, and the
soliton velocity is dXy/dT = /w/P sin 6.

In the case of P < 0,5 > 0, with @w < 0, the bright
soliton solution of Eq. (18) is

¢y = nsechzp exp(iX), (20)

where z, = n/—S/P[X — Xo(T)]. Here, 7 is the soli-
ton amplitude and satisfies the relation @ = (k2 +
n%(=S)/P)[X — Xo(T)], where Xo(T) is the soliton cen-
ter. The soliton velocity is connected to the wavenumber
Kk, i.e.,, dXo/dT = Pk.

We next obtain the first-order approximate soliton so-
lutions of the original Egs. (3)—(5):

(1 1
o Q e/ w/S(cos B tanh z4 + isin )
Y1 Q*/2

xexp(ikz — i(w + €2w)t), (21)
(1 1
o | = Q ensechzpexp(ikX)
(O] Q%/2

x exp(ikz — i(w — €2w)t). (22)

Note that Egs. (21) and (22) are the dark and bright
soliton solutions, respectively. Note also that the soliton
solutions in the cases of P > 0,5 < 0and P <0,5<0
have the same functional forms as Eqgs. (22) and (21),
respectively.

Yu-E Li and Ju-Kui Xue, Front. Phys. 13(2), 130307 (2018)
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Finally, to confirm the above analytical predictions, we
adopt the fourth-order Runge-Kutta method to solve the
GP Egs. (3)-(5), with the initial wavefunctions given by
Egs. (21) and (22) at t = 0. The solitons for the two
cases of S > 0 and S < 0 have the same properties;
therefore, we present examples for the case of S > 0
only. The evolutionary profiles of the corresponding sta-
tionary and moving solitons are presented in Figs. 3 and
4, respectively. A stationary dark soliton is shown in
Figs. 3(a) and (b), while a stationary bright soliton is
shown in Figs. 3(c) and (d). In order to obtain these
solitons, we selected parameters corresponding to dark
or bright solitons with zero v and zero soliton velocity.
Interestingly, from Egs. (15), (21), and (22), the station-
ary solitons for two different spin components (mp = 1
and —1) have the same amplitudes. These amplitudes
are dependent on the k values (when k = 0, the am-
plitudes of the mprp = 1 and mprp = —1 components are
equal) and irrelevant to the values of co. Their overlap
is apparent in Fig. 3. In addition, the shapes of the sta-
tionary solitons do not change during propagation. Note
that the solitons are plotted at ¢ = 0 and ¢t = 100 only.

In Fig. 4, examples of moving solitons at three dif-
ferent times are shown. It is apparent that the solitons
propagate without distortion or significant emission of
radiation. The moving dark and bright solitons in Fig. 4
travel in opposite directions, because the v values of the
dark and bright solitons are negative and positive, re-
spectively, for the corresponding parameters, which are
shown in Fig. 1(b). It is clear that the solitons retain
their shapes when moving. The above results indicate
that our analytical solutions are in excellent agreement
with the numerical results.

(b)

0.12
0.09-
0.06
0.03

t=100

Fig. 3 Density profiles of stationary solitons. (a, b) Dark
soliton for v = 8, Q = 70 (/4% > v/2/2), k =0, and 6 = 0,
at time ¢t = 0 and 100, respectively; (¢, d) Bright soliton for
7=80=20(Q/7* <v2/2),k=0,k=0.co=1, ca =
—0.5, w =10, and € = 0.1, at t = 0 and 100, respectively.
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[

Fig. 4 Evolutionary profiles of moving solitons. Top panel:
Moving dark soliton for v = 8, Q = 70 (Q/7* > Vv2/2),
k= —-1.5,0 = 7/10, and w = 20. Bottom panel: Moving
bright soliton for v = 8, Q = 20 (/4% < v/2/2), k = —0.5,
k =1, and w = 10. Here, ¢co = 1, ca = —0.5, and ¢ = 0.1.

4 Conclusion

Beginning with the 1D dimensionless GP equations for
SOC spin-1 condensates, we have derived an effective
nonlinear Schrédinger equation in free space via a mul-
tiscale perturbation method. This equation allows de-
termination of different parameter spaces in which dark
and bright solitons exist. Further, based on the analyt-
ical solution of this equation, we have obtained the ap-
proximate soliton solutions of the original GP equations.
Both stationary and moving solitons (dark and bight)
were found. We have numerically investigated those so-
lutions, finding that all solitons are robust without dis-
tortion during propagation. In future, this analysis can
be generalized to higher-dimensional cases, as well as the
inhomogeneous case.
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