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Polaron effects in cylindrical GaAs/AlxGa1−xAs core–shell nanowires are studied by applying the
fractal dimension method. In this paper, the polaron properties of GaAs/AlxGa1−xAs core–shell
nanowires with different core radii and aluminum concentrations are discussed. The polaron binding
energy, polaron mass shift, and fractal dimension parameter are numerically determined as functions
of shell width. The calculation results reveal that the binding energy and mass shift of the polaron first
increase and then decrease as the shell width increases. A maximum value appears at a certain shell
width for different aluminum concentrations and a given core radius. By using the fractal dimension
method, polaron problems in cylindrical GaAs/AlxGa1−xAs core–shell nanowires are solved in a simple
manner that avoids complex and lengthy calculations.
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1 Introduction

Core–shell nanowires are widely regarded as the next
frontier in applications to numerous optoelectronic and
electronic devices [1–3]. GaAs and AlxGa1−xAs are im-
portant materials that are typically used to fabricate
these semiconductor nanowires [1–5], and we use the
fractal dimension method to explore polaron effects in
GaAs/AlxGa1−xAs core–shell nanowires. The polaron
properties and fractional dimension parameter are cal-
culated as a function of shell width.

During the past few years, considerable progress has
been made on low-dimensional semiconductor systems.
Polaron effects have drawn significant research atten-
tion. The polaron properties of quantum wells can be
studied simply and with good accuracy by using the frac-
tal dimension framework [6–12]. The fractal dimension
method proposed by He [6] has been successfully used to
study polarons in film quantum wells [7–12]. Recently,
the fractal dimension method has been successfully ap-
plied to model excitons [13–16], polarons [17], and im-
purities [18–21] in semiconductor materials. In the frac-
tal dimension method, anisotropic interactions in real
space are assumed to be isotropic interactions in an ef-

fective fractal dimension environment, the dimension of
which measures the degree of anisotropy in the real phys-
ical environment. Accordingly, all relevant anisotropic
problems can be solved by introducing a single quantity,
i.e., the dimension. By considering this quantity, we can
model the real physical environment in a simple analyz-
able way. Polaron problems in heterostructures are very
complicated owing to the presence of a variety of phonon
modes such as bulklike phonons, interface phonons, half-
space phonons, and slab phonons. Smondyrev et al. [22]
proposed a simplified polaron model in which these ef-
fects are taken into account. Polaron problems in mul-
tilayered heterostructures can then be solved simply by
considering only one bulk phonon mode and the effec-
tive confining potential. On the basis of Smondyrev et
al.’s work, Matos–Abiague [7–9] formulated a simplified
model to solve polaron problems in GaAs/AlxGa1−xAs
quantum wells by the fractal dimension method. Then
the polaron corrections can be calculated by considering
only one bulk phonon mode and the fractal dimension.
The aim of this paper is to calculate the polaron prop-
erties of differently shaped low-dimensional heterostruc-
tures using a simple analysis method: the fractal dimen-
sion method.

To our knowledge, few studies of core–shell nanowires
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consider the polaron properties, especially those of
GaAs/AlxGa1−xAs core–shell nanowires consisting of an
AlxGa1−xAs core surrounded by a GaAs shell, which is
of great importance for applications [1]. In the present
work, we use the fractal dimension method to explore po-
laron effects in GaAs/AlxGa1−xAs core–shell nanowires.

The rest of this paper is organized as follows. The
fractal dimension method of handling polaron effects
in cylindrical GaAs/AlxGa1−xAs core–shell nanowires is
explained theoretically in Section 2. Numerical results
and analyses are presented in Section 3. Finally, conclu-
sions are drawn from this study in Section 4.

2 Model and theory

We consider a bound polaron in a cylindrical
GaAs/AlxGa1−xAs core–shell nanowire consisting of an
AlxGa1−xAs core (0 ≤ r < r1) surrounded by a GaAs
shell (r1 ≤ r < r2). Further, we suppose that no elec-
tron can escape from the structure. The confinement
potential energy of the structure is described as

V (r) =

V0, 0 ≤ r ≤ r1
0, r1 < r ≤ r2
∞, r > r2

, (1)

where V0 is the band offset between the conduction bands
of the core and shell materials with the shell width
rw = r2 − r1, and r is the radius in the cylindrical co-
ordinate system. The GaAs/AlxGa1−xAs material has
a small electron–LO phonon coupling constant (α≪ 1),
and we will explore the case of weak coupling. The model
of the GaAs/AlxGa1−xAs core–shell nanowire and band
alignment are shown in Fig. 1.

Under the effective mass approximation, we write the
Schrödinger equation of the system as

H3Dψ3D(r) = E3D(r)ψ3D(r). (2)

Fig. 1 Model of GaAs/AlxGa1−xAs core–shell nanowire
and band alignment.

Here, H3D is the effective mass Hamiltonian,

H3D =
1

2
P

1

mi
P + V (r), (3)

where P = −i~∇ is the canonical momentum operator,
and mi represents the electron effective mass. Note that

mi =

{
m1, 0 ≤ r ≤ r1
m2, r1 < r ≤ r2

. (4)

In a cylindrical core–shell nanowire grown along the z
direction, the corresponding eigenfunction has the form

ψ3D(r) = Ceikzzψ2D(r, φ), (5)

where C = const, φ is the polar angle, and kz is a
quantum number representing the translational symme-
try along the z direction. This form reduces the com-
plexity of the eigenvalue problem to two coordinates, r
and φ,

H2Dψ2D(r, ϕ) = Eψ2D(r, ϕ), (6)

where

H2D = −~2

2

[
1

r

∂

∂r

(
r

mi

∂

∂r

)
+

1

mi

1

r2
∂2

∂ϕ2

]
+V (r). (7)

Moreover, we can further reduce the complexity by using
axial symmetry

ψ2D(r, ϕ) =
1√
2π

eilϕψ(r), (8)

where l is the orbital quantum number. The Schrödinger
equation for ψ is then[
1

r

d
dr

(
r

mi

dψ(r)
dr

)
− l2ψ(r)

mir2

]
+

[
V (r)+

~2k2z
2m

]
ψ(r)=Eψ(r).

(9)

As the computation of the kz ̸= 0 states does not result
in any qualitative difference in the obtained results, we
consider only the case kz = 0. The Schrödinger equation
then becomes[

1

mi

d2ψ(r)

dr2 +
1

mi

1

r

dψ(r)
dr +

d
dr

(
1

mi

)
dψ(r)

dr − l2ψ(r)

mir2

]
+V (r)ψ(r) = Eψ(r). (10)

Within the framework of the effective mass approxima-
tion, ψ(r) satisfying the Schrödinger equation (10) is a
linear combination of the Bessel function of the first kind,
Bessel function of the second kind, modified Bessel func-
tion of the first kind, and modified Bessel function of the
second kind.

Following the fractal dimension method, we can con-
vert a polaron confined in the actual low-dimensional
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structure into a free polaron in a fractal dimension sys-
tem. The polaron corrections in the fractal dimension
can be calculated according to second-order perturba-
tion theory. The polaron energy shift is [7–10]

∆E = α~ωLOG1(D); (11)

In addition, we have the effective mass of the polaron
[7–10]:

m∗ =
m

1− αG2(D)
. (12)

In Eqs. (11) and (12), ωLO refers to the LO phonon lim-
iting frequency approximation without dispersive effects,
D represents the fractal dimension, α is the Fröhlich con-
stant, m is the effective mass of electrons, and the func-
tions G1(D) and G2(D) are obtained from

G1(D) =

√
π

2

Γ[(D − 1)/2]

Γ[D/2]
(13)

and

G2(D) =

√
π

4

Γ[(D − 1)/2]

DΓ[D/2]
. (14)

In Eqs. (13) and (14), Γ(x) refers to the gamma function.
The fractal dimensionality of our system is determined
from [7–10]

D = 3− 2 exp
(
L∗
w

2Rp

)
, (15)

where L∗
w is the effective length of quantum confinement,

and Rp =
√

~/2mωLO is the radius of the polaron. For
our system, the effective length has the form

L∗
w = 2(rw +

1

k1
), (16)

where k1 refers to the electron wave vector in the core
and can be obtained from the relation

k1 =

√
2m1(V0 − E)

~
. (17)

The ground state eigenenergy E of the electron is then
obtained by solving the Schrödinger equation (10).

In a cylindrical GaAs/AlxGa1−xAs core–shell
nanowire, the material parameters characterizing the
polaron properties in the core are different from those
in the shell. Taking into account this problem, we
introduce the method of averaging the parameters over
all the effective fractal dimension regions. The average
parameter values of the material that characterize the
fractal dimension electron–phonon interaction have the

forms [9]

m−1 =
∑
i=1,2

Pi

mi
, (18)

ωLO =
∑
i=1,2

ωiPi, (19)

α =

∑
i=1,2

(
Pi

ωi

ωLO

√
αi

√
mωLO

miωi

)2

, (20)

Rp =

∑
i=1,2

(
Pi

ωi

ωLO

√
αiRpi

α

)2

, (21)

Rpi =

√
~

2miωi
. (22)

In Eqs. (18)–(22), ωi represent the phonon frequencies,
αi are the Fröhlich constants in different regions, and

P1 =

∫ r1

0

|ψ(r)|2dr, (23)

P2 = 1− P1 (24)

represent the chances of the electron appearing in the
core (AlxGa1−xAs) and shell (GaAs) regions. The bound
polaron binding energy and mass shift in the GaAs shell
of the cylindrical GaAs/AlxGa1−xAs core–shell nanowire
can then be calculated quickly and simply according to
Eqs. (11), (12), and (15). Using the average material
parameters given by Eqs. (18)–(24), the corresponding
shell-width-dependent polaron properties are calculated.

3 Numerical results and analyses

Figure 2 shows the calculated polaron binding energies as
a function of shell width in the GaAs/AlxGa1−xAs core–
shell nanowire for different Al contents at a given core ra-
dius, r1 = 20 Å. The data show that the numerical value

Fig. 2 Polaron binding energy as a function of shell width
in GaAs/AlxGa1−xAs core–shell nanowires at core radius
r1 = 20 Å.
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of the binding energy first increases at different Al con-
tents as the shell width rw increases and then decreases
monotonously as the shell width continues to increase.
For a very large shell width, the polaron binding energy
stays constant over the entire range. The maximum val-
ues appear at the AlxGa1−xAs shell width rw = 27.5 Å
for x = 0.5, rw = 37 Å for x = 0.3, and rw = 67 Å for
x = 0.1. Figure 3 shows the shell width dependence of
the polaron mass shift, m = (m∗ −m)/(m∗

2 −m2). Note
that, for a narrow shell width, the Al content obviously
affects the polaron binding energy and mass shift, which
decrease with decreasing aluminum content. However,
the aluminum content does not significantly influence
them at a large shell width.

Figures 2 and 3 show that the polaron binding energy
and mass shift in the GaAs shell first increase with in-
creasing shell width, reach their maximum values, and
then decrease. Note that this behavior is predicted by
research on a polaron confined in a finite-potential quan-
tum wire [14].

Figure 4 shows the fractal dimension D as a function of
shell width for the nanowires described in Figs. 2 and 3.
In Fig. 4, we see that the cylindrical GaAs/AlxGa1−xAs
core–shell nanowire behaves as a large block for a very
large shell width. Accordingly, the dimension has the

Fig. 3 Polaron mass shift as a function of shell width in
GaAs/AlxGa1−xAs core–shell nanowires at core radius r1 =
20 Å.

Fig. 4 Fractal dimension as a function of shell width for
a polaron in GaAs/AlxGa1−xAs core–shell nanowires at core
radius r1 = 20 Å.

maximum value, D = 3. This system becomes increas-
ingly squeezed as the shell width decreases. Conse-
quently, the polaron becomes increasingly confined. Fur-
ther, the acting dimension decreases, reaching a mini-
mum at the shell width rw = 30.5 Å for x = 0.5, rw = 36
Å for x = 0.3, and rw = 68 Å for x = 0.1. Then the
dimension increases as the shell width decreases further.
We can intuitively understand that the fractal dimension
first decreases when the shell width decreases for a large
shell width because the main polaron wave function is
constrained inside the shell. The fractal dimension will
increase when the shell width becomes small enough for
polaron tunneling into the core. The fractal dimension
method provides an appropriate technique that is simple
and applicable to the GaAs/AlGaAs core–shell nanowire
system.

In Figs. 2–4, we see that the peaks of the polaron bind-
ing energy and mass shift and the minimum position of
the fractal dimension decrease with increasing Al content
in the core. The polaron binding energy and mass shift
increase as the Al content increases at a narrow shell
width. In contrast, the fractional dimension decreases.
For a very large shell width, the Al content does not
affect the physical characteristics in Figs. 2–4 because
the fractal dimension tends to be 3 when the shell width
becomes very large. Consequently, the polaron binding
energy and mass shift tend to have their 3D GaAs bulk
values [8].

In our previous work, we studied polaron effects in
GaAs/AlxGa1−xAs thin films [10]. Compared with that
of a polaron in a GaAs/AlxGa1−xAs thin film, the frac-
tal dimension of a polaron in a GaAs/AlxGa1−xAs core–
shell nanowire is slightly higher for the same Al con-
tent, x = 0.3. This is because the GaAs/AlxGa1−xAs
core–shell nanowire system doubles the quantum well
width, and polarons can tunnel into the core at dif-
ferent polar angles. Note that the GaAs/AlxGa1−xAs
core–shell nanowire is widely regarded as an impor-
tant quasi-one-dimensional structure for experiments, al-
though the core–shell nanowire size often used in exper-
iments actually provides quasi-two-dimensional confine-
ment of a polaron. However, compared with that in the
GaAs/AlxGa1−xAs thin film, the polaron binding energy
in the GaAs/AlxGa1−xAs core–shell nanowire is slightly
lower for the same Al content, x = 0.3. This is because
the higher fractal dimension leads to less confinement.
Polaron problems in heterostructures are very compli-
cated owing to the presence of a variety of phonon modes
such as bulklike phonons, interface phonons, half-space
phonons, and slab phonons. By using the fractal dimen-
sion method, polaron corrections in different morpholog-
ical systems can be calculated by considering only one
bulk phonon mode and the dimension.

Further, to explain the pattern of changes in the
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Fig. 5 Determinant α~ωLO as a function of shell width in
GaAs/AlxGa1−xAs core–shell nanowire with x = 0.3 at core
radius r1 = 20 Å.

Fig. 6 Determinant G1(D) as a function of shell width in
GaAs/AlxGa1−xAs cor–shell nanowires with x = 0.3 at the
core radius r1 = 20 Å.

polaron binding energy clearly, we consider the deter-
minants α~ωLO and G1(D). Analysis of the pattern of
the polaron mass shift is similar to that of the polaron
binding energy, and we omit it. According to Eq. (11),
the polaron binding energy is determined by the deter-
minants α~ωLO and G1(D). The former is influenced
by the chance that an electron will appear in different
regions and the material parameters. The latter is influ-
enced by the system dimension. In Figs. 5 and 6, we take
the Al content x = 0.3 as an example. A comparison of
Figs. 5 and 6 shows that for a large shell width, rw > 40
Å, both α~ωLO and G1(D) increase with decreasing shell
width. Thus, the polaron binding energy is increased by
decreasing the shell width in the region rw > 40 Å. When
rw ≤ 40 Å, the determinant α~ωLO continues to increase
with decreasing shell width. On the other hand, the de-
terminant G1(D) starts to decrease with decreasing shell
width in this range. This is because the relationship with
the fractal dimension D changes. For a large shell width,
the effective length of quantum confinement will decrease
with decreasing shell width. When the shell width be-
comes small enough, the effective length of quantum con-
finement starts to decrease for polaron tunneling into
the core. As shown in equation (14), this will change

the relationship with the fractal dimension directly. In
the region 37 Å ≤ rw ≤ 40 Å, the determinant α~ωLO

increases more rapidly than G1(D) decreases with de-
creasing shell width. Consequently, the polaron binding
energy continues to increase with decreasing shell width
in this region and reaches a peak value at the shell width
rw = 40 Å. In the region rw < 40 Å, just the opposite
occurs; the determinant G1(D) decreases more quickly,
and the polaron binding energy finally begins to decrease.

The relationship between the shell width and the po-
laron binding energy in the GaAs shell for Al0.3Ga0.7As
at core radii r1 = 40, 90, and 140 Å is shown in Fig. 7.
The shell width versus the polaron mass shift is shown in
Fig. 8. For different core radii, the curves of the polaron
binding energy and mass shift also first increase as the
shell width rw increases. Then they decrease as the shell
width continues to increase. For a very large shell width,
the polaron binding energy remains constant over the en-
tire range. The maximum values appear at AlxGa1−xAs
shell widths of rw = 33 Å for r1 = 40 Å, rw = 33 Å
for r1 = 90 Å, and rw = 35 Å for r1 = 40 Å. From
Figs. 7 and 8, we notice that the polaron binding energy
and mass shift decrease as the core radius decreases. Re-
markably, for a narrow shell width, the core radius has
a meaningful effect on the polaron binding energy and

Fig. 7 Polaron binding energy as a function of shell width
in GaAs/Al0.3Ga0.7 core–shell nanowires at core radii r1 =
40, 90, and 140 Å.

Fig. 8 Polaron mass shift as a function of shell width in
GaAs/Al0.3Ga0.7As core–shell nanowires at core radii r1 =
10, 20, and 30 Å.

Hui Sun, Hua Li, and Qiang Tian, Front. Phys. 13(2), 137301 (2018)
137301-5



Research article

mass shift, which decrease as the core radius decreases.
However, the core radius does not significantly influence
them for a large shell width.

Figure 9 shows plots of the fractal dimension D versus
shell width for the core radius values in Figs. 7 and 8.
We see that the cylindrical GaAs/AlxGa1−xAs core–shell
nanowire behaves as a large block for a very large shell
width. The dimension has its maximum value, D = 3.
The effective dimension first drops as the shell width de-
creases, reaches a minimum, and then increases as the
shell width continues to decrease. The data in Fig. 9
show that in a certain range, the core radius does not
greatly affect the fractional dimension, as the main po-
laron wave function is constrained inside the shell.

4 Conclusions

We present for the first time the polaron binding en-
ergy and mass shift in GaAs/AlxGa1−xAs core–shell
nanowires. We use the fractal dimension method, which
considers the GaAs/AlxGa1−xAs core–shell nanowire as
an effective fractal dimension system. In this system,
the polaron is assumed to be unconfined. The frac-
tal dimension measures the extent of confinement in
the real environment. Here, the polaron properties of
GaAs/AlxGa1−xAs core–shell nanowires with different
core radii and aluminum concentrations are studied. The
fractal dimension method allows measurement of the po-
laron properties, such as the polaron binding energy
and mass shift, in a simple analytical way, avoiding the
complex calculations needed in traditional methods. In
this article, the effects of the shell width on the po-
laron binding energy and mass shift are obtained for
GaAs/AlxGa1−xAs core–shell nanowires. The results
show that both the polaron binding energy and mass
shift first increase as the shell width increases, reach
maximum values, and then decrease as the shell width
of the GaAs/AlxGa1−xAs core–shell nanowires contin-

Fig. 9 Calculated fractal dimension as a function of
shell width for a polaron in GaAs/Al0.3Ga0.7As core–shell
nanowires at core radii r1 = 40, 90, and 140 Å.

ues to increase. Our calculations provide some reference
values for varying the optical and electronic properties,
which are important properties of GaAs/AlxGa1−xAs
core–shell nanowires, by changing the shell width [23].
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