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We theoretically investigate the possibility of achieving a superconducting state in transition-metal
dichalcogenide bilayers through intercalation, a process previously and widely used to achieve metal-
lization and superconducting states in novel superconductors. For the Ca-intercalated bilayers MoS2

and WS2, we find that the superconducting state is characterized by an electron–phonon coupling
constant larger than 1.0 and a superconducting critical temperature of 13.3 and 9.3 K, respectively.
These results are superior to other predicted or experimentally observed two-dimensional conventional
superconductors and suggest that the investigated materials may be good candidates for nanoscale su-
perconductors. More interestingly, we proved that the obtained thermodynamic properties go beyond
the predictions of the mean-field Bardeen–Cooper–Schrieffer approximation and that the calculations
conducted within the framework of the strong-coupling Eliashberg theory should be treated as those
that yield quantitative results.
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1 Introduction

Superconductivity in two-dimensional (2D) materials has
attracted considerable interest since it was noted that
2D monolayers may exhibit different properties than
their corresponding bulk materials [1–3]. 2D supercon-
ductivity has been investigated for the past 80 years,
and the research has provided insight into a variety of
quantum phenomena such as localization of electrons
and/or Cooper pairs [4], oscillations of order param-
eter and critical temperature caused by quantum size
effects [5–7], transition from a superconducting to an
insulating phase with increasing disorder or magnetic
field [8] and Berezinskii–Kosterlitz–Thouless transition
[9–11]. Recent advances in these materials have led to
a variety of promising technologies for nanoelectronics,
photonics, sensing, energy storage, and optoelectronics
[12].

*arXiv: 1709.06287.

Over the past several years, special attention has been
paid on transition-metal dichalcogenides (MX2, where
M = Mo or W, and X = S, Se, or Te) because of
their fascinating physical properties and their poten-
tial for various applications. Particularly, molybdenum
disulfide (MoS2) has attracted significant interest [2, 13–
18]. Bulk MoS2 is a semiconductor with an indirect band
gap of about 1.29 eV [19], while its monolayer form
has a direct band gap of 1.90 eV [20]. This means that
MoS2 is a prime candidate for use in optoelectronic de-
vices, transistors, and photodetectors [13, 21]. Similar
to graphene [22–24], semiconducting layered transition-
metal dichalcogenides can be metallized or even become
superconductors upon alkali metal-atom intercalation or
strain [25–27]. Theoretical research has shown that Li-
and Na-intercalated bilayer MoS2 are promising conven-
tional superconductors having superconducting transi-
tion temperatures of approximately 10.2 K and 2.8 K,
respectively [27, 28]. More interestingly, TC and elec-
tronic properties can be significantly enhanced by ten-
sile strain [29]. In the case of (MoS2)2Na at 7%, biaxial
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tensile strain TC increases to 10 K [27]. Experimentally,
superconductivity in the MoS2 transistor that adopts an
electric double layer as a gate dielectric was successfully
induced with a maximum TC of approximately 10.8 K
[30]. In addition, after external pressure was applied, iso-
structural semiconducting to metallic transition in mul-
tilayered MoS2 was observed at ∼19 GPa [31], and the
emergence of a superconducting state having the high-
est critical temperature among transition metal dichalco-
genides (TC of approximately 11.5 K above 120 GPa)
was reported [32]. Unfortunately, from the technological
point of view, such high pressure excludes MoS2 from
potential practical applications. Because of this, find-
ing intercalants that, after being introduced into layered
structures, allow for induction of a superconducting state
with as high a critical temperature at normal pressure as
possible [33–38] seems natural.

In the present study, we combine first-principles den-
sity functional theory and strong-coupling Eliashberg
formalism for a comparative study of superconductivity
in Ca-intercalated transition-metal dichalcogenide bilay-
ers MoS2 and WS2. The choice of Ca as an intercalant
was inspired by recent studies of experimentally observed
superconductivity in Ca-intercalated bilayer graphene
and Ca-doped graphene laminates with TC of approx-
imately 4 K and 6.4 K, respectively [39, 40]. Our re-
sults show that (MoS2)2Ca and (WS2)2Ca systems are
phonon-mediated strong-coupling superconductors hav-
ing critical temperatures of 13.3 and 9.3 K, respectively.

2 Computational details

First-principles studies are performed within the frame-
work of the density functional theory (DFT) as im-
plemented in the Quantum-ESPRESSO package [41–
43]. The generalized gradient approximation (GGA) with
the Perdew–Wang (PW91) exchange correlation function
was used in our study. The plane-wave energy cutoff for
the wavefunctions was set to 80 Ry. For the electronic
structure investigations, the Brillouin zone was sampled
using a set of 24 × 24 × 1 Monkhorst–Pack k-mesh. A
k-points grid of 60×60×1 and a q-points grid of 6×6×1
were used to calculate the electron-phonon coupling ma-
trix and phonon spectrum. The single-layer of transition-
metal dichalcogenide consists of one monoatomic hexag-
onal Mo or W plane placed between two monoatomic
hexagonal S planes that are bonded together through
weak van der Waals interactions [44]. Following interca-
lation, two transition-metal dichalcogenide layers were
separated by foreign-atoms layer. By performing struc-
tural relaxation, we confirmed that for the most stable
structure of bilayers MoS2 and WS2 intercalated by Ca
atoms, the top and bottom monolayers are mirror images

of each other and the intercalated Ca atoms have the
same configuration as that of the Mo or W atoms (see
Fig. 1). The previously conducted first-principles cal-
culations show that, from among three possible stack-
ing orders, this structure is dynamically stable for Li-
intercalated bilayer MoS2 [28]. The total energy of
(MoS2)2Ca as a function of the volumes for three differ-
ent structural types are given in Fig. 2. We can see that
the structure from Fig. 1 has lower total energy at an
equilibrium volume. The presence of imaginary phonon
frequencies indicates structural instability. The calcu-
lated phonon dispersion and phonon density of states

Fig. 1 Top (a) and front (b) view of the (MS2)2Ca super-
conductor. The red, yellow, and blue spheres denote Mo (or
W), S, and Ca atoms, respectively. In order to avoid any in-
teraction between intercalated bilayers, we used the periodic
boundary condition with a vacuum space of 20 Å along the
non-periodic z direction.

Fig. 2 The calculated total energy vs. volumes for three
possible stacking orders of Ca-intercalated bilayer MoS2 (the
green line corresponds to the structure presented in Fig. 1).
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Fig. 3 Phonon dispersion and phonon density of states for Ca-intercalated bilayer MoS2 and WS2.

(PhDOS) of Ca-intercalated bilayer molybdenum and
tungsten disulfides are shown in Fig. 3. We can see
that no negative frequencies exist, thus confirming the
dynamical stability of the structure from Fig. 1. There-
fore, we use this structure to calculate the electron-
phonon coupling coefficients and thermodynamic proper-
ties of (MoS2)2Ca and (WS2)2Ca in the superconducting
state. At this point, we should mention that in the work
of Somoano et al. [33], bulk Ca-intercalated molybde-
num disulfide crystal was synthesized, characterized, and
measured. As the authors found, Ca-intercalated MoS2

crystallizes in an orthorhombic structure, which is in con-
trast to the hexagonal structure of pristine MoS2 and
alkali-metal-intercalated MoS2. The origin of this dif-
ference between bilayer and bulk structure is unknown;
additional research is required.

Before calculating possible superconducting proper-
ties, we analyzed the electronic band structures of
(MoS2)2Ca and (WS2)2Ca. In Fig. 4, the band disper-
sion shows the metallic character of both systems. This
means that after Ca-atoms intercalation of transition-
metal dichalcogenides, we can observe the transition
from semiconducting to the metallic phase [45].

To determine the thermodynamic properties of a con-
ventional superconductor, the standard approach is to
solve numerically the Eliashberg equations [46–49]:

∆mZm = πkBT
∑
n

λn,m − µ⋆θ(ωc − |ωn|)√
ω2
nZ

2
n + φ2

n

φn (1)

and

Zm = 1 +
πkBT

ωn

∑
n

λn,m√
ω2
nZ

2
n + φ2

n

ωnZn, (2)

where the first equation is for the superconducting order
parameter function and the second determines the elec-
tron effective mass. The pairing kernel for the electron-
phonon interaction is given by

λn,m = 2

∫ ωD

0

dω ω

(ωn − ωm)2 + ω2
α2F (ω). (3)

kB, µ⋆, and θ denote the Boltzmann constant (0.0862
meV/K), the Coulomb pseudopotential (we use the com-

Fig. 4 Calculated electronic band structures of (MoS2)2Ca
(dashed blue lines) and (WS2)2Ca (solid orange lines).

monly accepted value of 0.1), and the Heaviside step
function with cut-off frequency ωc equal to three times
the maximum phonon frequency ωD. The Eliashberg
spectral function α2F (ω) is given by

α2F (ω) =
1

2πN(ϵF )

∑
qv

δ(ω − ωqv)
γqv
~ωqv

, (4)

where the line width of phonon mode v at the wave vector
q is defined as follows:

γqv = 2πωqv

∑
ij

∫ d3k

ΩBZ
|gqv(k, i, j)|2δ(ϵq,i − ϵF )

×δ(ϵk+q,j − ϵF ). (5)

Symbol ΩBZ refers to the value of the Brillouin zone, i
and j are band indices, ϵq,i denotes the energy of the bare
electronic Bloch state, and gqv(k, i, j) is the electron-
phonon matrix element that can be determined in a self-
consistent manner by the linear response theory. The
shape of the Eliashberg function for Ca-intercalated bi-
layer molybdenum and tungsten disulfides are shown in
Fig. 5. In addition, the frequency-dependent electron-
phonon coupling, given by λ(ω) = 2

∫ ωD

0
ω−1α2F (ω)dω,

is plotted using dashed lines. The obtained λ(ωD) = 1.05
for (MoS2)2Ca and λ(ωD) = 1.02 for (WS2)2Ca clearly
indicates that we are dealing with strong-coupling super-
conductors.

The numerical solutions of Eqs. (1) and (2) enable us
to determine the condensation energy (Econd) defined as
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Fig. 5 Eliashberg spectral function α2F (ω) and the cu-
mulative electron-phonon coupling strength λ(ω) of Ca-
intercalated bilayer MoS2 and WS2.

a difference between the free energy of the normal state
and that of the superconducting state in the absence of
a magnetic field [47, 50]:

Econd(T )

N(ϵF )
= −πT

∑
n

(√
ω2
n +∆2

n − |ωn|
)

×

(
ZN
n

|ωn|√
ω2
n +∆2

n

− ZS
n

)
, (6)

where ZN
n and ZS

n denote the mass renormalization func-
tions for the normal (∆m = 0) and superconducting
(∆m > 0) states, respectively. In this study, the cal-
culations of thermodynamics of phonon-mediated super-
conductors (MoS2)2Ca and (WS2)2Ca are based mostly
on the results obtained for the condensation energy.

3 Results and discussion

From the physical point of view, the condensation en-
ergy denotes the energy that stabilizes the supercon-
ducting state. In Fig. 6(a), we plot the condensation
energy as a function of temperature. We should note
that at a temperature near zero, an excellent degree
of accuracy is achieved with the following relationship
∆(0) =

√
Econd(0), where ∆(0) is an energy gap at the

Fermi level. The shapes of functions ∆2(T ) are plot-
ted in Fig. 6(a) using a blue dashed line for (MoS2)2Ca
and red dashed line for (WS2)2Ca. As we can see, with
an increase of temperature, the condensation energy de-
creases and vanishes like an energy gap function at crit-
ical temperatures equal to 13.3 K for (MoS2)2Ca and
9.3 K for (WS2)2Ca. Here, we should mention that the
recently studied Li-intercalated bilayer MoS2 supercon-
ductor is characterized by a slightly lower critical tem-
perature equal to 10.2 K [28]. In the case of tungsten
disulfide, we expect that, even in the absence of experi-
mental or other computational results used for compari-

son, the calcium is a good intercalant, and we hope that
our results can be verified in the future.

Condensation energy is also related to the entropy dif-
ference (∆S) as well as to the specific heat difference
between the superconducting and normal states (∆C).
In particular, ∆S is determined by the first derivative
of Econd, and ∆C follows from the second derivative of
Econd:

∆S(T ) =
dEcond

dT and ∆C(T ) = T
d2Econd

dT 2
. (7)

In Fig. 6(b), we can observe the behavior when an
entropy difference appears between the superconducting
and normal states. On this basis, we can conclude that
the entropy of the superconducting state is lower than
that of the normal state because of the ordering of elec-
trons into pairs [51]. The plot of the specific heat differ-
ence between the superconducting and normal states on

Fig. 6 (a) Condensation energy (lines with symbols) com-
bined with the energy gap function (dashed lines), (b) en-
tropy difference, and (c) specific heat difference as a function
of temperature.

137401-4
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the temperature is presented in Fig. 6(c). The charac-
teristic specific heat jump at the critical temperature is
marked by the vertical line. In the next step, the thermo-
dynamic critical field is calculated HC(T ) =

√
8πEcond

and plotted in Fig. 7(a).
The estimated values of the energy gap at zero tem-

perature, the specific heat jump at critical temperature,
and the thermodynamic critical field at zero temperature
allowed us to calculate three fundamental dimensionless
ratios: R∆ ≡ 2∆(0)/(kBTC), RC ≡ ∆C(TC)/C

N (TC),
and RH ≡ TCC

N (TC)/H
2
C(0), simultaneously. Here, the

specific heat in the normal state is defined as CN = γT ,
where the Sommerfeld constant has the form: γ ≡
(2/3)π2(1 + λ)k2BN(ϵF ). Within the framework of the
BCS theory [52, 53], R∆, RC , and RH ratios adopt uni-
versal values equal to 3.53, 1.43, and 0.168, respectively
[47]. The results obtained for the investigated supercon-

Fig. 7 (a) Thermodynamic critical field, (b) deviation of
the thermodynamic critical field, and (c) normalized London
penetration depth as a function of temperature.

Table 1 Dimensionless ratios R∆, RC , RH , and kBTC/ωln
of molybdenum and tungsten disulfide bilayers with Ca
intercalation. The obtained results are compared with
the respective BCS predictions.

(MoS2)2Ca (WS2)2Ca BCS theory

R∆ 4.00 3.94 3.53

RC 2.04 1.89 1.43

RH 0.145 0.147 0.168

kBTC/ωln 0.083 0.070 0

ductors are collected in Table 1.
We can clearly see that the ratio of energy gap

and specific heats as well as the ratio connected with
the zero-temperature thermodynamic critical field ex-
ceed the predictions of the BCS theory. The discrep-
ancies between our results and the BCS estimates arise
from the retardation and strong-coupling effects exist-
ing in the studied superconductors. We notice that
these effects are well described within the framework
of the Eliashberg formalism by the ratio kBTC/ωln,
where ωln is the logarithmic phonon frequency defined
as: ωln ≡ exp

[
2
λ

∫ +∞
0

dω α2F (ω)
ω ln(ω)

]
. The consid-

ered ratio equals 0.083 and 0.070 for molybdenum and
tungsten disulfide bilayers with Ca intercalation, respec-
tively, whereas the mean-field BCS theory is completely
omitted (with the weak-coupling BCS limit, we have
kBTC/ωln → 0).

Derogations from predictions of the BCS theory also
can be observed in the shape of the thermodynamic crit-
ical field deviation function [47]:

D(T ) =
HC(T )

HC(0)
−

[
1−

(
T

TC

)2
]

(8)

and London penetration depth (λL) [47]:

1

e2v2F ρ(0)λ
2
L(T )

=
4

3

π

β

M∑
n=1

∆2
n

ZS
n (ω

2
n +∆2

n)
3/2

, (9)

where e and vF denote the electron charge and Fermi
velocity, respectively. The obtained results compared
with the BCS predictions are presented in Fig. 7(b) and
Fig. 7(c).

4 Conclusion

In this study, we performed comprehensive theoreti-
cal investigations on the possible existence of a super-
conducting state in molybdenum and tungsten disul-
fide bilayers with Ca intercalation. Combining density
functional theory with the Migdal–Eliashberg formal-
ism, we determined that Ca-intercalated bilayer MoS2
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and WS2 exhibit a strong-coupling phonon-mediated
superconductivity (λ > 1) with TC of 13.3 and 9.3
K, respectively. In addition, we obtained direct evi-
dence of non-BCS values of dimensionless ratios con-
nected with thermodynamic functions. In particular, ra-
tios of energy gap, specific heats, and that connected
with the thermodynamic critical field significantly ex-
ceeded the values predicted by the conventional BCS the-
ory. We identified these discrepancies when retardation
and strong-coupling effects occurred in superconducting
Ca-intercalated transition-metal dichalcogenide bilayers.
We expect that (MoS2)2Ca and (WS2)2Ca can be suc-
cessfully synthesized using chemical or physical methods
and applied as nanoscale superconductors.
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