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We study the nonlocality dynamics for two models of atoms in cavity quantum electrodynamics (QED);
the first model contains atoms in a single cavity undergoing nearest-neighbor interactions with no
initial correlation, and the second contains atoms confined in n different and noninteracting cavities,
all of which were initially prepared in a maximally correlated state of n qubits corresponding to the
atomic degrees of freedom. The nonlocality evolution of the states in the second model shows that the
corresponding maximal violation of a multipartite Bell inequality exhibits revivals at precise times,
defining, nonlocality sudden deaths and nonlocality sudden rebirths, in analogy with entanglement.
These quantum correlations are provided analytically for the second model to make the study more
thorough. Differences in the first model regarding whether the array of atoms inside the cavity is
arranged in a periodic or open fashion are crucial to the generation or redistribution of quantum
correlations. This contribution paves the way to using the nonlocality multipartite correlation measure
for describing the collective complex behavior displayed by slightly interacting cavity QED arrays.
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1 Introduction

The advent of quantum information theory (QIT) has
paved the way to a deeper understanding not only of
the nature of the correlations existing between different
quantum systems, which are responsible for the improved
performance of tasks or even the performance of tasks
that have no classical counterpart, but also of the physics
of composite quantum systems [1-3].

Quantum correlations lie at the heart of QIT. Among
those correlations, entanglement is perhaps one of the
most fundamental and nonclassical features exhibited by
quantum systems [1, 1-9]. In addition, the maximum vi-
olation of a Bell inequality for n parties is a good figure of
merit that complements entanglement in scenarios where
the study of truly multipartite quantum correlations is
somehow impossible [10, 11].

Long regarded as identical, entanglement and nonlo-

cality constitute different quantum physical resources.
They imply each other only in the simplest possible case
of a pure state of two qubits, i.e., the celebrated Gisin
theorem [12]. Remarkably, there are views such as Schu-
macher’s [13] that do not conclude that quantum me-
chanics is nonlocal merely because a state violates a Bell
inequality. Instead, Schumacher concludes that the mes-
sage behind the violation of Bell inequalities by quantum
states p is that quantum correlations cannot in general
be shared by more than two parties.

There exist certain tasks, such as device-independent
quantum key distribution [14-16] and quantum commu-
nication complexity problems [17], which can be per-
formed or solved only if the corresponding entangled
states exhibit nonlocal correlations. Nonlocality, as mea-
sured by the violation of Bell inequalities, describes the
part of quantum correlations that cannot be reproduced
by any classical local model. Nonlocality plays a key
role in some applications of QIT [14-16] and in infi-
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nite quantum systems [10, 11], in which the violation
of Bell inequalities can constitute a complementary re-
source and pinpoint the critical points associated with
quantum phase transitions. Thus, the maximum viola-
tion of a Bell inequality (to be regarded simply as non-
locality) for an arbitrary number of parties is physically
relevant per se, even if we do not address multipartite
quantum entanglement, as in the present work.

The physical implementation of many concepts in QIT
aims to utilize the quantum concepts of i) state super-
positions and ii) entanglement or other quantum corre-
lations in order to perform communication and compu-
tation operations that are impossible according to the
tenets of mathematical logic.

An interesting experimental proposal along these lines
is provided by cavity quantum electrodynamics (QED)
experiments [18-22]. They deal with atom—photon inter-
actions in a fully quantum mechanical way, with atom—
atom interactions playing a minor role. Cavity QED has
been traditionally developed as an area of fundamental
research in light—matter interactions. In fact, a paradig-
matic exactly solvable model in this field is the celebrated
Jaynes—Cummings (JC) model [23, 24]. The JC model
describes the interaction of a single two-level atom with
a single-mode cavity field.

One of the principal aims of cavity QED studies is
to gain extraordinary control over atomic and photonic
states for fundamental and quantum information studies
[25-30]. This is accomplished by controlling the sponta-
neous emission processes of atoms using a cavity.

Applications of cavity QED systems to quantum in-
formation processing derive mostly from the ability to
coherently interconvert quantum states between mate-
rial qubits and photon qubits. Using this basic prim-
itive, many two-qubit gate protocols have been devel-
oped for creating atom—photon, atom—atom, or photon—
photon entanglement correlations [31-35].

It is precisely the aim of the present work to study
these correlations from the perspective of the maximal
violation of Bell inequalities for an arbitrarily large num-
ber of parties. Here we study two models. In the first
one, the “parties” are considered to be interacting atoms
confined inside a single cavity, to which they are cou-
pled. The second model treats the parties as separate
noninteracting QED cavities, each containing one atom.

We will shed some light on the role of multipartite
quantum correlation measures during the time evolution
of these models. The present contribution is organized
as follows. In Section 2, we introduce the cavity QED
models described above and solve them analytically in
utmost detail. The nonlocality measure employed dur-
ing the time evolution is introduced in Section 3. The
results for both models are presented in Section 4. The
limitations on practical implementation of the systems
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studied are discussed in Section 5. Finally, some conclu-
sions are drawn in Section 6.

2 Atoms in QED cavities

One of the few exactly solvable models in quantum
physics for bipartite interaction, that is, the JC model
[23, 24], has been exploited for studying the dynamics of
entanglement [36, 37]. In an ideal cavity QED experi-
ment, the atom can be viewed as a two-level system (|g)
and |e)) coupled to a single mode of the field, and the
system evolution is determined by the famous JC Hamil-
tonian of quantum optics. Here we extend it to the mul-
tipartite case for two major models of atoms inside QED
cavities.

As we shall see, specific initial states for both the cav-
ity and atomic degrees of freedom are considered. These
states give rise to the time evolution of the nonlocality
measure in a specific way. Therefore, changing the initial
state may imply a different evolution of these degrees of
freedom. However, we choose the initial form of these
states because the outcome exhibits interesting features.
Further, our choice of initial state enables us to com-
pute the evolution of the system analytically, either for
an arbitrary number of atoms inside a cavity or for an
arbitrary number of QED cavities.

A systematic study of different types of initial states
would certainly render the following work more complete.
In any case, and as a first approximation to systems of
QED cavities, we believe that the present study with the
current initial states is sufficiently representative.

2.1 Interacting atoms coupled to a single QED cavity

Let us suppose that n two-level atoms are trapped in
a single-mode optical cavity, which possesses the field
modes {|0),|1)}, that is, the vacuum and an additional
mode. We consider that each atom interacts with the
cavity field. Thus, the interaction Hamiltonian in the
rotating wave approximation reads as

n

H; = Z (glas +a*s; ]+ T[s sy +s7884]). (1)
i=1

Asusual, a™ and @~ are the creation and annihilation op-
erators of the cavity field, respectively, and s;" = |e);(g]
(s; = |g)i(e]) are the atomic raising (lowering) operators
for atoms ¢ = 1---n. The coupling constant for each
atom to the field is set to g, which has the same value for
all of them, as does the atom—atom coupling coefficient
J (nearest-neighbor interaction only). Thus, the pair
{g, J} determines the dynamics of the time evolution of
Hamiltonian (1). We consider mostly periodic boundary
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Fig. 1 Schematic plot of the two models considered in this
work involving atoms and QED cavities. (a) First model (1),
where atoms form a chain with an interatomic coupling J
between nearest neighbors, all of them embedded in a single
cavity with an atom—field interaction given by g. The config-
uration has periodic boundary conditions, although an open
array is considered for n = 3 atoms. (b) Second model (13),
where we have n two-level atoms, each inside a QED cavity
and interacting only with the field mode via the couplings
gi. The cavities and atoms do not interact, although we con-
sider that all initial atomic degrees of freedom are prepared in
a maximally correlated Greenberger—Horne—Zeilinger (GHZ)
state. See text for details.

conditions such that sii_H = 51, but one case (n = 3) is
considered as a linear chain for comparison. The model
is depicted schematically in Fig. 1(a).

Let us consider, for instance, the case of n = 4 atoms,
with the initial state given by

|®apcpa(t=0))=(cosalgggg)®|0)+sinalgggg) ®|1)),
(2)

where A, B, C, and D stand for the four atoms, and a is
the degree of freedom of the cavity field.

In the initial state of the four atoms inside the cavity,
all the atoms remain in their respective ground states,
and the field mode can be either |0) or |1). The first term
does not evolve with time; thus, co(t) = cos «, whereas
the second one does, so the total number of excitations
is preserved (one in total). The subset of all states of the
atoms plus cavity modes that become accessible is given

by {lg99991).1999€0).|99eg0). |9egg0), [eggg0)}. There-
fore, the evolved state has the following form:

[®aBCDa(t)) = colgggg0) + c1lggggl) + c2|999€0)
+cslggeg) + calgeggO) + csleggg0), (3)

with the initial conditions ¢; (0)=sin o and ¢2(0)=c3(0) =

¢4(0) = ¢5(0) = 0. The solution of the corresponding

time-dependent Schrédinger equation now depends on
whether periodic boundary conditions are considered.

J. Batle, et al., Front. Phys. 13(1), 180305 (2018)

The time evolution of |®4pcpa(t)) (3) is governed, in
atomic units, by

0|®aBcpa(l))
; Z12ABCDall))
ot

2.1.1  Arrangement with periodic boundary conditions

= H/|®apcpalt)). (4)

Equating the basis states {|ggggl),|ggge0),|ggeg0),
lgegg0),leggg0)} on both sides of Eq. (4) returns the
following set of differential equations:

+ ges(t) + gea(t) + ges (),
() + Jes(t) + Jes(t),
ics(t) = gei(t) + Jea(t) + Jea(t),
ics(t) = ger(t) + Jes(t) + Jes (),
ics(t) = ger(t) + Jea(t) + Jea(t). (5)

Upon closer inspection, the previous set of differential
equations reveals a substructure from ca(t) to ¢5(t): The
permutation of the indices reveals that the coefficients
Co...(n+1)(t) are all equal (with the same initial condi-
tion). In fact, this result applies to the general case for n
atoms inside the cavity interacting with each other with
periodic boundary conditions. For n atoms, we have a
set of n + 1 differential equations with initial conditions
c1(0) = sina and cy...(,41)(0) = 0, where only two so-
lutions are different, ¢;(t) and co(t) (the remaining ones
are cs...(n41)(t) = ca(t)).

Therefore, we can now address the general n case by
solving only two linear differential equations:

icy (t) = geaft

ica(t) = gea(t

~— — ~— ~—

icy (t) = ngea(t),

ica(t) = gei(t) + 2Jca(t). (6)

The corresponding solutions for ¢;(t) and cq(t) that
fulfill the set of initial conditions are given by

c1(t) = Sl%e_i‘]t [iJ sin(At) + A cos(At)],
ca(t) = —'gsilae_i‘” sin(At), (7)

where A = /J? +ng2?. The relevant values of the re-
duced density matrix for the atomic degrees of free-

dom depend, as we shall see, only on ¢y(t) = cosa and
2 2
|eo|? = 552 sin?(At). A more compact way to express

cris e (t)]? = M. Notice that for the criti-

cal line J o< g, |c1(t)|* and |c2(#)]? depend only on either

J or g via the frequency A.

The evolved state is spanned in a basis that contains

only one excitation:

|P1. (nt1),a(t)) = colgg--g90) + c1]gg..991) + c2|gg..ge0)
+cslgg..eg0) + -+ + cnlge..gg0)
+cni1leg..gg0). (8)

The corresponding reduced density matrix is expressed
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in the basis of n 4+ 1 elements {|ggg..99), |999..g€),- -,
lgge..q9), |geg..gg), legg..gg)}, which is that of the gener-
alized W states plus the initial basis element |ggg..gg).
These atomic density matrices have a rank of (n + 1),
which is certainly very small compared to the total di-
mension 2.

1

After some algebra, and taking into account normal-
ization and the fact that cs...(n41)(t) = ca(t), the general
form of the nonzero elements of the reduced density ma-
trix for the atomic degrees of freedom of n atoms inter-
acting with each other inside a QED cavity with periodic
boundary conditions reads as

1 —nlea(t)]? cosach(t) cosacs(t) cosacs(t) cosach(t) cosach(t) cosacs(t) cosacs(t)
cosaca(t)  [e2(t)*  ea(t)] 2 Jea(t)]? lea®  le2(®)? ea(t)?
cosacay(t)  Je2(t) [ea()]? (O ea(B)]? lea(O e ea(B)]?
()= cosaca(t)  [e2(t)*  ea(t)] 2 Jea(t)]? lea®  le2(®))? ea(t)?
o cosacay(t)  Je2(t) [ea(t)]? (O ea(B)]? lea(O e ea(B)]?
cosaca(t)  fe2(t)*  lea(t)]? 2 Jea(t)]? lea® Je2(®)? ea(t)?
cosacay(t) et [ea(t)] 2O ea(B)[? lea(O e ea(B)?
cosaca(t)  fe2(t)F lea(t)]? 2 Je2(t)]? lea®  Je2(®)* ea(t)

Recall that the previous density matrix p; _,(¢) has
rank n + 1 and is given in the basis {|ggg..99), |999..g€),
-+, |gge..g9),|geg..q9), legg..gg) }, which is of course not
the computational basis, although it is embedded in it.
The purity of p1.,,(t) can be calculated as

1/R=1-2n|co(t)]*(sin® a — nlea()[?). (10)

The term in parentheses in (10) is always positive, so R >
1. In addition, this term is small, so the first correction
to R can be obtained as R ~ 1 + 2n[co(t)?(sin® o —
n|ca(t)|?). Therefore, we have that the ensuing states
will always be either pure or slightly mixed, with a degree
of mixture that departs from pure states according to the
expression 2n|cs(t)|? (sin® a — nfea(t)[?).

From inspection, it is tantalizing to find those times
where the term in parentheses in (10) is null, and thus
p1..n(t) becomes a pure state. One can see that this con-
dition would imply sin?(At) = 1+ n‘]—i, which is certainly

impossible. However, it is remarkable that in the follow-
ing three limits,

e J = 0 (no interatomic interaction), with co(t) =
-2 sin(y/ngt),

e g — oo (extremely high coupling to the cavity), with
co(t) = —i%e_i‘]t sin(y/ngt),

e and n — oo (many atoms in the cavity), with
ca(t) = —i%e_”t sin(y/ngt),

130305-4

(9)

T
p1..n(t) becomes close to a pure state for At* = 7, 37“
and other multiples for times ¢*. Whereas for no inter-
action between atoms the expression for co(t) is exact,
the two latter limits imply very high oscillation frequen-
cies and a J, g dependence of the results involving p1 ., (t)
[(9)].

However, the state of all atoms (9) becomes ezactly a
pure one whenever cq(t) = 0, that is, when sin(At) = 0.
Thus, for times such as At' = «,27,37 -+, the system

evolves toward the same initial state at ¢ = 0 s.
2.1.2  Arrangement with open boundary conditions

In this case, and equating again the basis states
{l99991),1999¢€0).|9geg0), |9egg0). [eggg0)} on both sides
of Eq. (4), we now obtain instead the following set of
differential equations:

ic1(t) = gea(t) + ges(t) + gea(t),

ica(t) = gei(t) + Jes(t),

ics(t) = ger(t) 4 Jeo(t) + Jea(t),

ics(t) = gey(t) + Jes(t) (11)

The corresponding expression for the general g, J solu-
tion is rather involved. It is greatly simplified for the
special case J = g. From inspection, and because the
usual initial conditions are applied, we have c4(t) = ca(t),
which is indeed the case:

J. Batle, et al., Front. Phys. 13(1), 1830305 (2018)
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c1(t)=—1/(341) (17ie'" + V17e~ /199 sin(1/(2v/174t))
+17ie~ /49 cos(1/2V/17gt)) sina,
ca(t)=—2/(171)V/17 sin e/ 199 sin(1/(2v/17gt)),
es3(t)=—1/34i( — 17ie'9" + V17e~ /(3199 sin(1/(2v/17gt))
+17ie~ /9 cos(1/2V17gt)) sin a,
ca(t)=—2/(17i)V17sin ae ™Y/ (2198 sin(1/(2v/17gt)). (12)

Notice that ¢;(t) and c3(t) differ from each other only by
a sign in one term.

We consider nonperiodic boundary conditions for the
particular case of n = 4 interacting QED cavities only
for the sake of comparison with cavities having peri-
odic ones. However, in the discussion of the results for
the nonlocality measure evolution, very interesting issues
will be shown to be at play.

2.2 Noninteracting atoms coupled to separate QED
cavities

Let us now consider a second model containing a different
configuration of atoms and QED cavities. This model is
deplcted in Fig. 1(b). We again have n two-level atoms
i = 1---n, each interacting with a single-mode near-
resonant cavity field. We assume that each atom—cavity
system is isolated and that the cavities are initially in
the unexcited state, whereas the atoms are initially in
an entangled state.
The model Hamiltonian of the system is given by

H—H0+HI
—Zwa wt

where w; and v; are the frequencies of the atoms and
cavities, respectively. Recall that the only part of the
Hamiltonian (13) that will account for a relevant time
evolution is Hy.

We consider the atomic degrees of freedom to be in a
GHZ-like state, whereas the fields of all the cavities are
set to vacuum. Under these conditions, the initial state
of the system reads as

70 —&—Zgz aisy +afs;y), (13)

i=1

[P aBc.. abe..(t=0)) = (cos alggg...g) + sina|eee...e))
®000...0). (14)

There are, of course, many other initial configurations,
but this one will prove to be quite useful because the
results will be given analytically.

Let us suppose again that we deal with a system of n =
4 qubits. Now, solving the time-dependent Schrédinger
equation in the basis where a total number of excitations
n is preserved, as appreciated from the initial state (14),

J. Batle, et al., Front. Phys. 13(1), 180305 (2018)

we obtain the following set of differential equations:

ic1(t) = gpea(t) + goes(t) + gpes(t) + gaco(t),
ica(t) = gpei(t) + goea(t) + gpes(t) + gacio(t),
t

icg(t) = goer(t) + gpea(t) + gper(t) + gacii(l),

(t) (

(t) (
ica(t) = goca(t) + gpes(t) + gpes(t) + gacia(t),
ics(t c1(t) + gpes(t) + goer(t
ice(t ca(t) + gpes(t) + goes(t) + gacia(t),
icr(t c3(t) + goes(t) + gpes(t) + gacis(t),
icg(t cy(t (t) (

( ) (
( ) (
( ) (
( )+ gacis(t
( ) (
( ) (
( ) (
icg (t (
(
(
(
(
(
(

)
)
)
);
)
)
)
(

c1(t) + gecri(t) + gpeis(t) + gpeio(t),

(
(
ci(
ca(
e
ca(
cr(
e
es(
ca(
es(
co
er(
es(

icio(t t) + gpco(t) + gocia(t) + gpeia(t),

)
)

\_/\_/

)
+gpcia(t) + gpeis(t
ca(t) + gecro(t) + gperi(t) + gpeis(t),
cs(t) + gpeo(t) + gpcra(t) + goes(t),

ic11(t cs(t) + goceo(t

b

1012 t

1013 t

ici4(t c6(t) + gpcro(t) + gpcis(t) + gocas(t),

)
)
)
)
)
)
)
)+ gccs(t) + gper(t) + gacis(t),
)
)
)
)
)
)
icis(t )
)

) =
) =
) =
) =
)
)
)
)=
)
)
)
)
)
)
)

9B
9B
9B
9B
ga
ga
ga
ga
ga
ga
ga
ga

)
cr(t) + gpern(t) + goceis(t) + gpeis(t),
). (15)

The set of solutions for each coefficient can be found
analytically, with the initial conditions given by ¢;(t =
0) =0, € [1,2" — 1] and ¢ (t = 0) = sinc, where n
is the number of atoms. The corresponding solutions for
four different cavities, each one containing a single atom,
reads as

t) + gpcia(t) + gocia(t) + gpers(t

iClG (t

o
[ah
o

~

I
[

&.

=}
—
£

Q

Q
=
s}
bN

~
~—

&.
-\
e}
oy
=

&.

=}
—~
)
Q
=

Q

Q
=
e}
o)

~~
~—

c11(t) = —sin(a) cos(gat) sin(gpt) cos(got) sm(th)

c15(t) = —isin(a) cos(gat) cos(gpt) cos(got) sin(gpt),

c16(t) = sin(a) cos(gat) cos(gpt) cos(got) cos(gpt). (16)
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The high degree of symmetry of the problem allows us
to recover the previous instance n — n — 1, in our case
n = 3. To do so, we first set ga,co._16(t) = 0 in the set
of differential equations and then make the replacements
g — ga, 9c — gp, and gp — go. This procedure is
possible because of the particular structure and arrange-
ment of the coefficients ¢; and coupling constants g; in
the set of differential equations that solves the problem
of the evolution of the system.

This particular embedding of the (n — 1) problem into
the n problem makes it possible to find the general solu-
tion to the problem, that is, 2™ differential equations plus
the given initial conditions, without the need to solve
them explicitly. The only unknown factors are the com-
plex numbers associated with each coefficient. However,
these phases are relevant only in the only off-diagonal el-
ements of the reduced density matrix for either the atoms
pABCD.. or the cavity modes pgpeq.. Of the entire system
of n QED cavities.

The solution for the problem with n = 3 atoms, which
is encoded in the set of differential equations as explained
above, can be retrieved except for a factor {1,—1,1i, —i}
by making gat = 5 and then applying g — ga, gc —
gB, gp — gc. In fact, the exact solution for n = 3 is
given by

c1(t) = isinasin(gat) sin(gpt) sin(got),

t) = —sinasin(gat) sin(gpt) cos(gcot),

ca(

c3(t) = —sinasin(gat) cos(gpt) sin(get),

(t) = —isin asin(gat) cos(gpt) cos(gct),
(t

(t) = —isinacos(gat) sin(gpt) cos(get),
( —isin acos(gat) cos(gpt) sin(get),

= sin & cos(gat) cos(gpt) cos(get). (17)

CGt

C7t

cs(t
Let us recall that we work in a basis such that the com-
putational states follow the mapping {|0) — |g),]1) —
le)}. In the general case of n parties, because we are
considering only the initial state (14), and bearing in
mind that the total number of excitations is preserved
(n in total), we can “build” the solution structure for
all the coefficients ¢;,7 € [1,2"] by using the following
procedure:

)
)
)
) = —sinacos(gat) sin(gpt) sin(get),
)
)
)

e Given i in ¢;, we find the corresponding n digits of
the binary expression for 7 — 1.

e Next, we make the binary digit 0; equivalent
to sin(git) and the binary digit 15 equivalent to
cos(gxt).

o The resulting structure for the coefficients ¢;(¢) then
reads as

¢; « sin / cos(git) - sin / cos(gat) - sin / cos(gst) -

sin / cos(gat) .. .sin / cos(gnt),

130305-6

where the proportionality constant can take only the
four values {1, —1,i,—i} X sina.

For example, if n = 4 and k£ = 13
(13 —1 = 12 — 1100), we obtain c¢i3(t)
cos(g1t) cos(gat) sin(gst) sin(gat), and if n = 6 and
k=51 (51 —1 = 50 — 110010), we have c51(t) oc
cos(g1t) cos(gat) sin(gst) sin(gat) cos(gst) sin(get).

A very remarkable property of the general n problem
is that the symmetry of the problem entails a result that
implies a special type of evolution of the sum of all co-

efficients ¢;(t). In other words, we have the following

equation:
i% (Z Ci(t)> =(g1+92+...+0n) (Z Ci(t)> , (18)

whose solution

Zci(t) = exp <— i lZgj] t> sin «v (19)

i=1

implies a constraint on the sum of all solutions.

To obtain the density matrix for any subsystem choice
for the state of n atoms and the modes of n cavities, let
us consider for simplicity the case n = 3. The initial
state

[®aBCabe(t = 0)) = (cos alggg) + sinaleee)) @ |000)

(20)

is such that the three atoms can initially be all excited or
all in the ground state, but the field modes in each QED
cavity are down. This fact implies that three excitations
are preserved throughout the evolution of the system as a
whole. Therefore, only a subset of all the possible states
will evolves. This constraint implies that we can find
these states very easily: ¢;(t), i € [1,2"3], accompanied
by i — 1) atoms @277 — (i — 1)) cavities- The basis for the
states of atoms is {|ggg), |gge), ..., |eece)} and the usual
computational basis for the field in the cavities.

By looking at the initial state (20), the ket |ggg) does
not evolve, and we have ¢y(t) = cos «, whereas the second
one does. Therefore, the evolved state looks like

| aBcabe(t)) = colg9g9000) + c1]gggl1l) + c2|ggel10)
+c3|gegl01) + c4|geel00) + c5]legg011)
+cglege010) + c7]eeg001) + cg|eee000).
(21)
At this stage, we define  the  state
[P ABCabe(t))(PaBcabe(t)]. If we trace over the field

degrees of freedom, we obtain the density matrix for the
atomic evolved state alone, which reads, in the basis

{lg99),1gge), ... |eee)}, as

J. Batle, et al., Front. Phys. 13(1), 1830305 (2018)
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cos? a + |e1 (t)[? 0 0 0 0 0 0 cos acg(t)
0 a2 0 0 0 0 0 0
0 0 P 0 0 0 0 0
0 0 0 ca(t))? 0 0 0 0
pasolt) = 0 0 0 | 4(0)| les()2 0 0 0 (22)
0 0 0 0 0 Jes® 0 0
0 0 0 0 0 0 Jer()]? 0
cos acg(t) 0 0 0 0 0 0 |es()]?

On the other hand, tracing over the state of the atoms, the density matrix for the cavity modes in the basis

{]000), |001), ...,|111) } reads as

cos? o+ |cg(t)]? 0 0 0
0 ez (t)|? 0 0
0 0 |6 (t)|? 0
0 0 0 cs(t)|?
pane(t) = 0 0 0 | SE)”
0 0 0 0
0 0 0 0
cos aey (t) 0 0 0

In light of these results, we can derive two important
conclusions. On the one hand, one needs to know only
the phase of the complex numbers that accompany cg(t)
(the reduced state for all atoms) and ¢;(t) (the reduced
state for all field modes), because all the other coeffi-
cients appear modulus-squared. On the other hand, we
can easily derive the form of the reduced density matrix,
say, of n atoms, without having to solve a complex set
of ordinary differential equations involving 2™ variables,
even numerically.

In addition, a useful quantity, the purity Tr(p?) for
the general case, is not only obtained analytically, but is
invariant when considering either only atoms or only field
modes as the degrees of freedom considered. That is, in
both cases, for those two partitions, the purity Tr(p?) is
the same.

A priori, we do not know whether the purity or the so-
called participation ratio R = 1/Tr(p?) is invariant for
any partition we may introduce into the system, mixing
both atomic and field degrees of freedom. This question
is very important for entanglement transfer. In fact, in
Refs. [36, 37], the authors tried, without success, to find
an entanglement invariant when correlations are trans-
ferred from one particular subsystem to another.

After exploring the different bipartitions of the system,
we find that the (inverse) of the participation ratio for
both the atomic [(22)] and cavity [(23)] reduced states of
n parties is

gn
1
= <c054 a—i—izzl |ci(t)|4> +2 cos? a(ler (t)|2+|02n (t)|2)7

(24)
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which is directly related to the so-called linear entropy
S, = 1 —1/R. Now, after exploring other partitions,
we can find counterexamples. Thus, neither R nor Sy, is
invariant under any possible partition of the system into
combinations of atomic and cavity field degrees of free-
dom. For instance, for the state pcogp, the last term in
parentheses in (24) for n = 3 is (|ca(t)[? +|c7(¢)]?). How-
ever, it is remarkable that the first term on the right-
hand side of (24) is common to all partitions. Therefore,
the only quantity that seems to be approrimately invari-
ant in the transfer of entanglement from one subsystem
to another is 1/R ~ cos* a + 212:1 le;(t)|*. The reason
that cos® o + Zf; le;(t)|* is invariant is that all the co-
efficients appear in all the partitions chosen as diagonal
matrix elements, in any order, whereas the only differ-
ences occur in the only two nonzero off-diagonal matrix
elements.

Summing up, we cannot find an entanglement invari-
ant measure either, and there is probably not one. In
any case, we managed to find a quantity for our given
initial state of the system that is closely related to the
purity measure Tr(p?).

3 Correlation measure employed

One way of characterizing the global degree of entangle-
ment exhibited by an n-qubit state is provided by the
sum of the (bipartite) entanglement measures associated
with the 27~ —1 possible bipartitions of the n-qubit sys-
tem [38]. This particular number takes into account that
the marginal density matrices describing the kth party,
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after tracing out the rest, are equivalent to those of n—k
parties because of the relation (g) = (nf k). In essence,
these entanglement measures are given by the degree of
mixture of the marginal density matrices associated with
each bipartition. In our case, we use the von Neumann
entropy

Stotal = Z =Tr[piIn pi], (25)
7

where the sum is performed over all 2°~! — 1 different
bipartitions.

However, measure (25) applies only to pure states and
not to mixed states, which we have here. Thus, we can-
not use any proper measure for multipartite entangle-
ment in the mixed-state scenario in a nontrivial way.
Measures exist in the literature, but they usually imply
the minimization of convex-roof quantities, a numerical
procedure that becomes intractable for a high number of
qubits.

A good witness of useful correlations is, in many
cases, the violation of a Bell inequality by a quan-
tum state. Most of our knowledge of Bell inequali-
ties and their quantum mechanical violation is based
on the Clauser—Horne-Shimony—Holt (CHSH) inequal-
ity [39]. Let Ay and A be two possible measurements on
the A side whose outcomes are a; € {—1,+1}, and simi-
larly for the B side. Mathematically, it can be shown that
|BEV X (N)] = |a1by + a1ba + azby — azbs| < 2. Because
ay (b1) and ag (b2) cannot be measured simultaneously,
instead one estimates, after randomly chosen measure-
ments, the average value BEY Y, =3, BEY Y, (N)p(\) =
E(Ay, B1) + E(Ay, B2) + E(Az, B) — E(As, Bs), where
E(-) represents the expectation value. Therefore, the
CHSH inequality reduces to |BEYY,| < 2.

Quantum mechanically, because we are dealing with
qubits, these observables reduce to A;(B;) = a,;(b,) - o,
where a;(b;) are unit vectors in R3, and o = (0, 0y,0>)
are the usual Pauli matrices. Therefore, the quantal pre-
diction for BEYY,, reduces to the expectation value of
the operator BCHSH = A1 ®B1 +A1 ®B2 +A2 ®B1 —
A2 X BQ.

Although violation of an n-particle Bell-like inequality
of some sort by an n-particle entangled state is known
to be insufficient per se to prove genuine multipartite
nonlocality, it is the only approximation left in practice.
Mermin, Ardehali, Belinskii, and Klyshko (MABK) in-
equalities [40-42] are such that they constitute exten-
sions of the CHSH Bell inequalities [39]. To derive an
extension to the multipartite case, we introduce a recur-
sive relation [43] that will allow for more parties. This is
easily done by considering the operator

Bp41 o [(B1 + B}) @ By, + (B1 — BY) ® By, (26)

where B,, is the Bell operator for n parties, and B; =
v-o, where o = (0,,0y,0,) , and v is a real unit vector.

130305-8

The prime on the operator denotes the same expression
but with all vectors exchanged. The concomitant maxi-
mum value

MABK™ = maxTr(pB,) (27)

aj,b]‘

serves as a measure for the nonlocality content of a given
state p of n qubits if @; and b; are unit vectors in R3.
The nonlocality measure (27) is maximized by general-
ized GHZ states, where 2”3 is the corresponding maxi-
mum value.

However, there exist other measures [44] such as the
Svetlichny inequalities [45] that serve the same purpose,
as they have a similar structure extended to the n-partite
scenario and are identical for n even.

4 Results

Now that we have the evolution of all the reduced states
of interest known analytically, we can compute the non-
locality measure in the multipartite case.

4.1 Atoms inside a single cavity

In this case, atoms form a periodic chain inside a single
cavity, as illustrated in Fig. 1(a). Although the corre-
sponding state (9) representing the atomic degrees of
freedom of the system is analytic for any number of
atoms n, we were able to find only approximate expres-
sions for the maximum value of the MABK Bell viola-
tion. In any case, we resort to numerical calculations to
calculate the nonlocality, which serves the same purpose.
It may be relevant to know the exact form of any re-
duced state of an individual atom, which is given by

pilt) = <1 — Jea(t)]? cosacS(Qt))7 (28)

cos acy(t) lca ()]

with eigenvalues \*=1 [li\/l—él\cQ (t)]2(sin? a—|ea(1)[2)].

For simplicity, we use o = 7 in all following calculations
related to atoms in one cavity.

411 n=3

The results for the reduced state of n = 3 qubits
with atomic degrees of freedom are shown in Fig. 2. In
Fig. 2(a), the upper curves depict the evolution of the
maximum violation of the MABK or Mermin inequality
for the periodic arrangement (oscillating curve, in blue)
and the open case (curve displayed for all ¢, in red). Only
the open configuration violates the local realism thresh-
old, as shown by the horizontal curve. The bottom curve
represents the participation ratio R for the open config-
uration of three atoms, which departs very little from

J. Batle, et al., Front. Phys. 13(1), 1830305 (2018)
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the pure case (R = 1). Notice that there is a corre-
lation between low R values (close to pure states) and
optimal maximal violation of the corresponding Mermin
inequality. The evolution of the periodic system for the
maximum violation of the MABK Bell inequality is de-
picted in Fig. 2(b) for different values of the ratio J/g.
Only two whole periods are depicted.

It is clearly remarkable that the open chain is the
only configuration that violates the Mermin inequal-
ity, although both the open and periodic ones start
with the same uncorrelated state [(2)] for n = 3 and
J = g = 1. The evolution of the open system is known,
and the interacting Hamiltonian for the first model [(1)]
is the only one responsible for the evolution. The evolu-
tion of the maximum violation of the Mermin inequality
in Fig. 2(a) is a result of the composition of different har-
monic evolutions, as described by the set of coefficients
in (12).

Indeed, the only difference that determines whether
the corresponding Hamiltonian is an entangling one is
fully based on the conditions that are imposed on the
interatomic interactions at both ends of the array.

The elucidation of this difference between the open
and periodic systems regarding the presence (open sys-
tem) or absence (periodic system) of nonlocality is not
trivial. To explain, at least qualitatively, this nonlocality
difference between open and periodic systems, we resort
to a comparison with a system that involves entangled

(@) 79 (b)

MABK

max open

I AR
e

1.8+
MABK periodic
1.6+
1.4
1.21

__H___H_
0000000 olololo
R RKRGONERCOND

chains.

In Ref. [46], the authors imagined an infinite string of
qubits such as two-level atoms or the spins of spin-1/2
particles. The string of qubits can be either infinite or
a periodic finite ring (equivalent after all), but it cannot
be open. There, the authors considered only bipartite
entanglement [46], as measured by the concurrence. In
this respect, an entangled chain is like an ordinary chain
whose links are directly connected only to two neighbor-
ing links. They consider two conditions: (i) each qubit
is entangled with its nearest neighbors; (ii) the state is
invariant under all translations, that is, under transfor-
mations that shift each qubit from its original position j
to position j 4+ n for some integer n (number of qubits).
By virtue of the translational invariance, the degree of
(pairwise) entanglement between nearest neighbors in a
uniform entangled chain must be constant throughout
the chain. Then, the authors proceeded to discuss how
large the nearest-neighbor entanglement can be in a uni-
form entangled chain.

Like this earlier system, our system is periodic, be-
cause all the coupling constants between cavities J;
are equal, along with the atomic-field interaction cou-
plings given by g¢;. Even though the reduced states
for the atomic or cavity mode degrees of freedom are
mixed, the restriction to pure states in Ref. [46] en-
tails no loss of generality. Although the density ma-
trix for the atomic evolved state is given in the basis

MABK,

max periodic

Fig. 2 Plot of multipartite quantum correlation for the first model (1) considered here and n = 3. The upper curves in
(a) represent the maximum violation of the Mermin inequality for the periodic configuration (interval evolution, blue curve)
and the open one (whole-range evolution, red curve). The participation ratio R is also depicted at the bottom for the open
case. (b) depicts the evolution of M ABKmax vs. J/g and t for the periodic configuration. See text for details.
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{l999),|gge), ..., |eee)}, which is certainly different from
the case considered in Ref. [46], and we use multipar-
tite nonlocality and not bipartite entanglement, we can
see that the degree of multipartite nonlocality evolves
to values no greater than that corresponding to the ini-
tial state. This needs to be a direct consequence of the
translational invariance of our system.

Now, when we consider an open system, none of these
restrictions apply, and it is plausible to achieve multipar-
tite nonlocality values during the evolution of the system
that are different from (for example, higher than) those
given initially. This fundamental difference in achieving
greater values for the multipartite nonlocality as com-
pared to the initial state-value content is interesting per
se and will be studied in detail elsewhere.

4.1.2 n=6

The evolution for higher instances (n > 3) is considered
here only for the periodic arrangement of atoms inside
the cavity. Although numerical evaluations of (27) are,
in general, computationally demanding, for cases such
as n = 6 they can be performed quite easily. In Fig. 3,
we depict the evolution of the maximum violation of the
MABK Bell inequality for n = 6 qubits and J = g =
1. The maximum values are clearly far from even local
realism. This is a common feature of the nonlocality
measure as we increase the number of parties.

4.1.83 The general n case

The general multipartite nonlocality measure for arbi-
trary n does not vary much from the previous instances.
The participation ratio R, given in the general case by
formula (10), indicates how correlations may evolve. Re-
markably, R is very close to 1, which entails that the
corresponding states are slightly correlated.

In addition, when we fix J = g = 1 but make the
number of parties variable, the shape of the evolution of
R remains basically invariant and only shifts to a higher

22
2.15-

2.1
»
g 2.054
2

MABK,

1.95- |
1.9
1.85-

1.8 : T - T \"\
0 0.5 1 1.5 2 2.5

Fig. 3 Plot of the evolution of the maximum violation of
the MABK Bell inequality for n = 6. See text for details.
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frequency owing to the dependence of A = /J? + ng?
on n, which for large n goes as O(y/n).

If we had a true measure of multipartite entanglement,
we might have seen that the states are correlated, even
though no nonlocality is present. The reason is the very
low value for the degree of mixture and the fact that non-
locality and entanglement represent two different physi-
cal resources. As stated before, the presence of quantum
correlations (including multipartite entanglement) dis-
play a dualistic behavior with the degree of mixture of
the corresponding state. Further, it is very likely that
for low values of R, the measure of multipartite entan-
glement may be nonzero regardless of its explicit defini-
tion. However, because no such measure can be used for
multipartite entanglement, the characterization of the
concomitant quantum correlations must be given by the
maximum violation of a Bell inequality.

4.2 Atoms inside different cavities

Let us now proceed to calculate nonlocality for the re-
duced states of n atoms, each of which is placed in a
different cavity, as depicted in Fig. 1(b). Nonlocality for
both the atomic [(22)] and cavity [(23)] reduced states
of n parties can be found analytically, and all the cor-
responding calculations are shown in detail in the Ap-
pendix.

For simplicity, we consider that all the cavities are
identical, and therefore g; = ¢g¥i. In addition, we con-
sider that all the atoms are initially in a GHZ state
(a = %), unless otherwise stated. This case will be the
most interesting in terms of the evolution of quantum
correlations.

4.2.1 n=3

The case of n = 3 atoms is the simplest multipartite
case. Both the atomic [(22)] and cavity [(23)] reduced
states of three parties are given analytically. Recall that
having one two-level atom inside n different cavities is
tantamount to possessing 2n qubits of information. In
the exploration of the different partitions of the system
in groups of three — (g) = 20 in total — we find that
two of them exhibit perfect nonlocality transfer. These
two partitions correspond to the extreme cases of having
only atomic or cavity degrees of freedom. As depicted in
Fig. 4, whenever the atomic nonlocality is maximum, the
cavity one is minimum, and vice versa.

A mathematical description of this phenomenon is
given in the corresponding analytic expressions for
MABK3 ,, for atoms [(A10)] and cavity modes [(A11)],
where the leading term in the former is given by a prod-
uct of the cos functions, whereas in the latter we have sin
functions. It is thus plain that the remaining 20 —2 = 18
partitions involving both atomic and cavity degrees of

J. Batle, et al., Front. Phys. 13(1), 1830305 (2018)
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\Atoms

Fig. 4 Evolution of nonlocality MABKE ., [(A10)] for
g = 1 and a maximally correlated initial state for three atomic
degrees of freedom (red curve) and three cavity degrees of
freedom (green curve). Notice the perfect anticorrelation be-
tween these two opposite regimes. See text for details.

freedom play a minor role as far as nonlocality transfer
is concerned.

We must emphasize that this behavior is not unique
to n = 3 but is absolutely universal for the general n
case. In addition, the situation is worse in terms of the
distribution or transfer of quantum correlations because
the number of total possible configurations grows very
rapidly, that is, (2:)

Further, as the angle o varies between 0 and /4, the
time evolution highlights several intervals where nonlo-
cality increases and decreases periodically. For initial
states that become increasingly correlated, the revivals
are more pronounced, and the time lapse between them
diminishes slightly. In addition, maximal initial correla-
tion is not necessary for the system to exhibit nonlocality
revivals, but it is preferable when decoherence enters the
picture.

Once we have obtained MABK . [(A10)] analyti-
cally, cases other than the tripartite one behave in a
similar way.

4.2.2  The general n case

In contrast to the first model considered in this work,
the model with noninteracting cavities whose atoms are
initially found in a GHZ-like state is completely analyti-
cal as far as the computation of nonlocality is concerned.
This fact makes it much easier to properly discuss the
properties of the nonlocality revivals that occur for the
atomic or cavity degrees of freedom.

Because nonlocality for atoms is given primarily by
23" sin 2a [[7, cos(git) = 2" sin2a|cos™(gt)|, as n
grows we have more pronounced oscillation. Likewise,
for the cavity case, the cos function must be replaced by
the sin function, all else being equal.

As the number of parties increases, the frequency of

J. Batle, et al., Front. Phys. 13(1), 180305 (2018)

revivals stays the same and is tuned by the atom—cavity
interaction g. However, the widths of the windows in
which local realism is violated are reduced, and the non-
local correlations reappear at very precise times. Thus,
to consider a system that can store and retrieve quantum
correlations, one must consider a compromise in the total
number of cavities or atoms that are initially correlated.

5 Practical limitations on the experimental
implementation

Both systems considered here, the one consisting of sev-
eral atoms inside a single QED cavity and the one with
several atoms in QED cavities, constitute a zeroth ap-
proximation to the study of quantum correlations in
QED cavities. Because we have not modeled any en-
vironment, the state of the system does not undergo any
decoherence process, and therefore the ensuing evolution
is unitary. This is a common limitation for the two sys-
tems considered here. How serious is this limitation? Of
course, this contribution should consider the unavoidable
interaction of the system with the environment. How-
ever, under a very controlled environment, we hope these
interactions may be minimized so that the main features
presented here such as Bell revivals can still be seen.

Assuming that we ignore or can minimize the influ-
ence of the environment, let us now list the most serious
limitations for each system and how we can cope with
them. For the system with several atoms inside a single
QED cavity, we have that

e each atom is coupled to the field with the same cou-
pling coefficient g, which is quite impossible in a
real experiment. Further, the atom—atom coupling
coefficient J is the same for all atoms, which is very
difficult to achieve experimentally.

The immediate consequence of this drawback is that the
periodic arrangement is no longer interesting. This is
so because the translation invariance is violated (the g;
and J; values are all different). Ironically, we are then
forced to consider the system of atoms inside the cavity
with open boundary conditions, which we have seen in-
deed violates the MABK Bell inequalities, at least in the
tripartite case. Thus, we may be able to see revivals in
nonlocal quantum correlations by changing the architec-
ture of the atoms inside the cavity from periodic to open
boundary conditions. Because of the differences in the
values of all the coupling constants, the ensuing revivals
will have a complex periodic evolution with time.

Now, regarding many noninteracting cavities, each of
them with an atom inside, we may have that

e it is extremely hard to keep all the cavities operating
under the same conditions.
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In other words, maintaining reasonable coherence be-
tween cavities can be very challenging. However, as as-
sumed in the case of a minimally tailored environment,
coherence between these noninteracting cavities may be
maintained for sufficiently long times. In that case, how
would the likely difference between the coupling con-
stants g; affect the idealized results? The fact that we
have assumed that all the g; values are equal implies
that the resonances appearing in the nonlocality measure
occur at very precise times. Having different g; values
in the general expression 2" sin 2o [T, cos(g;t) would
certainly prevent us from having resonances. However,
while it is true that having the same coupling g; for each
atom is difficult, we could still see nonlocality resonances
provided that the couplings g; do not differ greatly from
each other. In other words, if one can manage experi-
mentally to provide g; = g &+ u;, where u; is a random
variable that does not depart much from a mean value
g, nonlocal resonances could still be seen provided the
decoherence times are also sufficiently long.

These limitations should be considered for an eventual
practical realization, and they must be listed here. How-
ever, big things have small beginnings, and therefore we
have in this work explored first the potential use of the
existing quantum correlations in these systems from an
idealized, proof-of-principle point of view.

6 Conclusions

In this contribution, we considered two models of atoms
arranged in QED cavities. In the first model, in which
all atoms are embedded inside a single cavity, atoms can
interact with their nearest neighbors, and all atoms in-
teract with the cavity field with the same strength. We
showed how the nonlocality, as well as the entanglement,
evolves with time for multiple parties. The correspond-
ing reduced states for the atomic degrees of freedom were
obtained analytically for periodic boundary conditions.
Regarding whether the system in an open array of atoms
or a closed one has physical consequences, we observed
that there is a remarkable difference in the case of three
qubits, as far as nonlocality is concerned, between the
open and periodic cases. In the open case, the evolu-
tion is slightly more involved, and there appears to be
a concentration of quantum correlations for truly quan-
tum correlations starting from an initial, uncorrelated
state. The periodic boundary condition configuration ex-
hibits revivals in nonlocality, but never beyond the lo-
cality threshold for three qubits, as opposed to its open
counterpart.

In the other model considered, we studied the evolu-
tion of nonlocality for a system of n atoms inside different
QED cavities, which represent a total of 2n qubits con-
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sidering those of the cavity field modes. Starting with
the maximum correlated state for n qubits, we analyti-
cally obtained the maximum value of the violation of the
MABK Bell inequality, which was thoroughly checked by
the numerical method. The capacity to analytically ob-
tain the ensuing reduced states for the atomic degrees
of freedom enabled us to study this model in utmost
detail.

For the first model, the most striking feature of the
system under consideration is that it experiences nonlo-
cality revivals, although in this second model, the initial
state is already maximally correlated. These revivals
entail sudden death and sudden birth, quite similar to
those of quantum entanglement. The capacity to store
and periodically provide maximum correlations to the
atomic degrees of freedom makes the system attractive
for quantum communication purposes. These maximum
correlations can be provided at precise times, which are
given by a particular tuning of the atom—field coupling
constants when all of them are equal. However, the os-
cillating nature of these revivals is directly related to the
number of parties n involved. Thus, the effective time
interval in which an ample violation of the MABK Bell
inequality occurs depends directly on n. This fact im-
plies that if the system needs to be used as a “correlation
reservoir”, the total number of parties must be chosen
very carefully.

A unique feature of the second model is the total trans-
fer of nonlocality from full atomic degrees of freedom to
full cavity field degrees of freedom. A surprising feature
is that the maximum transfer occurs in these two ex-
treme cases, and thus, the remaining (22") — 2 possible
configurations are disregarded.

The models were presented to see the main differences
in terms of the quantum correlations. The closed array
of atoms inside a single cavity behaves much like the sec-
ond model, but there is a fundamental difference due to
the interaction between atoms, which is zero in the sec-
ond model. Thus, the first model (starting with a non-
correlated initial state and interacting atoms) with pe-
riodic boundary conditions and the second one (with an
initially maximally correlated state and noninteracting
atoms/cavities) exhibit similar behavior as far as nonlo-
cality revivals are concerned. This result has interest-
ing echoes in the possible use of cavity-QED arrays (see
Ref. [48] and references therein) in devices. Therefore,
the second model provides a better way of addressing
atoms individually, as they are embedded in different
cavities.

However, open arrays of atoms with nearest-neighbor
interactions, all of which are coupled to the same QED
cavity, experience nonlocality revivals that return corre-
lations that are higher than the initial input. This effect,
shown here for the case of three qubits, will certainly be

J. Batle, et al., Front. Phys. 13(1), 1830305 (2018)
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the subject of further research on the general multipar-
tite scenario.
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Appendix A

This appendix derives the maximum violation of the
MABK Bell inequality, (26) and (27), for the atomic re-
duced states of n separate cavities, which is given by the
extension of states (22) to the general multiqubit case.
Let us first call the set of values {1, ,Agn} the di-
agonal elements corresponding to A\; = cos? a + |cy (¢)]?,
i = |ei(t)]?, and A = cos ach. (t). Notice that by using
this notation, we can also find the maximum violation
of the MABK Bell inequality for the cavity mode states
of n qubits [the extension of states (23)] by a proper
redefinition of the A variables and A.

The present endeavor might be somewhat difficult at
first owing to the complex form of the MABK Bell op-
erator (26) as the number of qubits n increases. How-
ever, because many entries in the general state are zero,
we shall see that it is possible to achieve a closed, com-
pact form even for the general case. The optimization
is known to be taken over the two observers’ settings
{a;,b;}, which are real unit vectors in R3.

Now, the general form of the MABK operator for n =
3, which defines the Mermin inequality Tr(pBusermin) <
2, reads as

BMermin - Balaga;; - Balbgb;; - Bb1a2b3 - Bb1b2a37 (Al)

with By = u-0Qu-c@w-o, where o = (0,,0,,0,) are
the usual Pauli matrices, and a; and b; are unit vectors
in R?. For n = 4 qubits, the MABK operator Ba;apxk,
which defines the MABK inequality Tr(pByask) < 4,
reads as

Bi111 — Bi112 — Bii21 — Bi2i1 — Bai11r — Brise — Bioio
— Ba112 — Bi221 — Ba121 — Baai1 + Bagas + Bagoy
+ Bao12 + Bai22 + Bi222,

where Buywes = U -0RV-0Qw- -0 ®x-o. Notice that
we have limited the subindices to 1 and 2, which denote
a and b, respectively, for each qubit in wvwaz.

Our proof of the maximum violation of the MABK
Bell inequality (27) for the atomic reduced states of n
separate cavities will be constructive. Before we proceed,
let us recall that the total number of terms in the MABK
operator is 4772, where n > 4, and thus it may seem a
very difficult task to find the solution for any n for states

J. Batle, et al., Front. Phys. 13(1), 180305 (2018)

(22). Let us first consider the case for one single entry
of the type a- 0 ® 3 - o for n = 2 qubits. Writing this in
the computational basis {]|00), |01), |10), |11)}, we have

a.f; a3~ a” f, a”f~

OlzﬂJr 7azﬂz aiﬂJr *aiﬂz

aJrﬂz OZ+57 _O‘zﬁz _azﬂi ’ (AQ)
Oé+ﬁ+ _a+ﬁz _azﬁ+ azﬂz

where a® = a, + iayy, and BE =B, + iBy. An arbitrary
term in the n = 3 case is given by

a.f; a7~ a” B; a”f~

azﬂJr a.f. aiﬂJr —a” B, ®< Y= Y )
a+ﬂz a+57 _azﬂz _azﬂi 7+ = ’
Ck+ﬁ+ —O[+ﬁz _a2ﬁ+ asz

(A3)

where a® = ay +ioy, BE =B, +iBy, and v =, Fiyy
are the “raising” and “lowering” terms in the x —y plane.

How do we choose the angles for the unit vector ob-
servers’ settings? We could choose them to be of the
form (sin 6y cos ¢y, sin Oy, sin ¢y, cos 6y ), which implies a
total of 4n angles. However, we can assume without loss
of generality that all the measurements occur in the same
plane, say the x — 2z one. By doing so, we reduce the total
number of variables from 4n to 2n. We can also reduce
the number of angles further, to just n, if {a;,b;} are
conjugate vectors, that is, a; = (cos#f;,0,sin6;), and
b; = (cosb;,0,—sinb;).

Now, the quantity ’H(prf:)?,) for states p (22) and
(4)

operator B,

that is, any term in (A1), reads as

Az B2z + Aag faye — Aoz B27: — Azaz B2

FA10: 872 — A5z 8272 + A6z B27: + Araz 827

+A 0 BrYe — Az B2z

= f()\)azﬁz’}’z + Q(A)Q@Bz'}%, (A4)
where f()\) =A== A3+ A= A5+ X+ A7 — Ag, and
g(A) = 2Re(A). Because con(t) = sina ]}, cos(g;t)
is always real [the angle a here belongs to the initial
pure state (14) and is not to be confused with the same
angle in the definition of the MABK Bell operators], we
have that g(A) = 2cos acs(t). Likewise, we consider the
modulus of can ().

Adding all the terms in (A4) with appropriate
{a,B,7} in the four contributions in (Al), with
a1/b1 = (cosa,0,tsina), az/be = (cosf,0,£sinf),
and a3/bs = (cos+y,0,+sin~y), we obtain

Tr(pBn—3) = —2[f(\)sinasin Bsiny

+9(A) cos acos Bcos ). (A5)
The optimization of this quantity over the angles
{a, 8,7} is found to be

MABK]Z? = max (2| f(A)], 4]g(A)]). (A6)

max
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The numerical maximization of the nonlocality
M ABK .y for any number of qubits n requires an ex-
ploration among their corresponding unit vectors defin-
ing the observers’ settings. In the necessary cases, we
performed a two-fold search employing (i) an amoeba
optimization procedure, where the optimal value is ob-
tained at the risk of falling into a local minimum and (ii)
the well-known simulated annealing approach [47]. The
advantage of this dual computational approach is that
we can be confident regarding the final results reached.
Indeed, the second recipe contains a mechanism that al-
lows for local searches that can eventually escape local
optima.

After the numerical survey was carefully performed,
the agreement with the analytic result (A6) was excel-
lent.

With the previous example provided for the n = 3
case, we can now proceed to generalize. First, the most
difficult part is to find the list of correct signs in f(A),
which contains the sums of the diagonal terms in states
(22) for any n. Recall that these terms are gathered when
collecting all the factors that multiply only the products
of the z contributions. The construction from one oper-
ator for n qubits to the next one, n + 1, is clearly given
by the tensor product (A3). We use it in the follow-
ing quadrants in the angular sense. The new operator
will contain the previous one multiplied by a new (posi-
tive) z factor in the IT quadrant. Likewise, those for the
I and III quadrants will contain the previous one mul-
tiplied by a new (positive) x factor. It will be the II
quadrant that will be changed in the sign, given by the
same (now negative) z factor. Because this procedure is
repeated iteratively, positive and negative signs will ap-
pear. We start with {1, —1, —1, 1}, the diagonal signs for
the two-qubit operator (A3). The other half of the di-
agonal elements will be just the previous ones with their
sign changed, and we proceed again. The list of signs
of the terms that multiply the diagonal elements for the
general n case \j—j...on can be retrieved by applying the
following simple algorithm:

1 wsign(l)=1
2 wsign(2) = -1
3 wsign(3) =—1
4 wsign(4) =
5 doing=3, n
6 do i =2na-1 41 2inda
7 vsign(i) = —vsign(i — 2"971)
8 end do
9 end do
10 return vsign array. (AT)

Thus, the final value for each sign of the sum in f())
is given in the position of the array vsign(). Regarding
the term multiplying g(A), the upper-right element for

130305-14

every ensuing operator in (A3) will always be a product
of the z factors, with g(A) = 2 cos acan ().

Therefore, one generic element Tr(pB,,) of the existing
472 reads as

FO) [ sin6; + g(A) [T cos ;. (A8)
j=1 j=1

To proceed, we need to know the sign of all the 472
contributions to the general MABK quantity that will
be optimized. For instance, for n = 3, 3 are negative
and 1 is positive (balance —2), and for n = 4, 10 are
negative and 6 are positive (balance —4). In light of
the construction given in definition (26), it is very easy
to show by induction that the nth balance is twice the
previous one. Therefore, the overall number of negative
plus positive terms is equal to 272 times the number of
negative terms.
Gathering all the previous results, we obtain

Tr(pB,) = —2"*[f()) H sind; + g(A) H cos 0;],
j=1 j=1

(A9)
whose maximization returns

MABK,, = max(2[f(N)], 27 [g(A)]). (A10)

The maximum value at which the MABK Bell in-
equalities are violated is given by the second term,
2"37|g(A)|, that is, 2"2 2cosasina [[; cos(g;t). In
other words, the nonlocality measure is given by
2" sin 2 [T:, | cos(g;t)|, which, at certain times, is
found above the locality threshold.

By the same token, the expression for the maximum
violation of the MABK Bell inequalities for the states
(23) that represent the cavity field degrees of freedom can
be obtained similarly. We now have to take into account
that the sum of the diagonal terms in (23) and higher-n
states, which gives rise to f(\), has the same sign rule as
before, but \; now corresponds to |can_;11(t)|?. For the
cavity degrees of freedom, g(A) is given by 2 cos a|cq (¢)].

Therefore, the maximum violation of the MABK Bell
inequality for any number of cavities n is expressed as

MABK,, = max(2[f(\)],2°F |g(A)]),

where the leading contribution is that of
n+1
23" sin 20 [T, | sin(g:t)|-

(A11)
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