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Based on recent experiments [Nature 449, 438 (2007) and Nature Physics 6, 777 (2010)], a new approach
for realizing quantum gates for the design of quantum algorithms was developed. Accordingly, the
operation times of such gates while functioning in algorithm applications depend on the number of
photons present in their resonant cavities. Multi-qubit algorithms can be realized in systems in which
the photon number is increased slightly over the qubit number. In addition, the time required for
operation is considerably less than the dephasing and relaxation times of the systems. The contextual
use of the photon number as a main control in the realization of any algorithm was demonstrated.
The results indicate the possibility of a full integration into the realization of multi-qubit multiphoton
states and its application in algorithm designs. Furthermore, this approach will lead to a successful
implementation of these designs in future experiments.
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1 Introduction

Since World War II, researchers such as Alan Turing
needed fast computation to decode encrypted messages.
This was the reason that led Alan Turing to introduce
the first mathematical notion of a programmable ma-
chine. Alan and Alonzo Church proposed a worldwide
Turing machine that can be used to simulate any other
Turing machine [1]. Ever since this development, con-
scientious efforts have been introduced to implement a
quantum computer [2–6].

Scientists are still very assiduous in implementing a
quantum computer, a machine that perform calculations
depending on the laws of quantum mechanics, the most
precise model of reality known at present. Quantum in-
formation and quantum computation are fields that have
great significance for both theoretical and experimen-
tal studies in quantum mechanics [2] and have exhibited
significant growth in recent years. Both fields have har-
nessed quantum physics to solve problems that have tra-
ditionally been approached using classical non-quantum
ideas.

In the past few years, there has been a growing interest
in both fields. These new approaches treat information
and computation based on quantum theory and technol-
ogy. Quantum information theory is based on physical
information stored in the quantum state of a particular
system. The development of quantum systems to store
information has led to a deep understanding of the prop-
erties of enormous quantum systems.

This development aided in identifying physical sys-
tems from which a quantum computer can be imple-
mented. The most convenient system that can execute
a quantum algorithm is known as a nuclear magnetic
resonance (NMR) quantum computer. There are also
other systems such as neutral atoms, trapped ions, su-
perconducting quantum interference devices (SQUIDs),
nanoscale Josephson junctions and quantum dots [7–14].

Quantum technology as it develops offers hope for
quantum devices to have enhanced computational speed
and increased power to break unbreakable cryptosystems
and offer enormous capabilities to solve hard problems
with considerably less effort than its classical counter-
parts. Moreover, it introduces the possibility of having
greater and more efficient information storage and re-
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trieval systems. Recent studies indicate that computa-
tional devices can solve problems quicker than classical
computers and can process information to preserve quan-
tum coherence [15, 16].

A primary motivation for working in these fields is the
prospect of developing fast quantum algorithms to solve
complex computational problems and construct devices
upon which such algorithms can be processed. In line
with these goals, proposals for superconducting qubits
are very promising. Recently, great progress has been
made experimentally in the design of superconducting
phase qubits. Moreover, Martinis [17] showed that the
phase qubit has a potential advantage of scalability based
on the low impedance of such devices and the microfabri-
cability of complex structures. In addition, a detailed de-
scription was provided for the fabrication processes and
the control electronics.

In addition to the demonstration in these systems
of basic operations required for quantum computation,
more complex algorithms are now within the reach of
fabricable devices for potential applications. These facts
have led to the consideration of superconducting phase
qubits inductively coupled to a coplanar wave guide res-
onant cavity as a current model for study and for the de-
velopment of algorithms. In recent years, theoretical and
experimental modifications of quantum fluctuations of
the -light emitted- in some physical systems were proved
in Refs. [18–21].

This study demonstrates the characterization and real-
ization of quantum algorithms defined in general multi-
qubit systems. The extension of the Grover algorithm
results in a general setting and may have several possi-
ble applications. The extended notion of cavity control
to a multi-qubit setting involved a number of photons
participating at different stages. Therefore, this signif-
icantly leads to risk exchanges at different times. Ac-
cordingly, the dissipation effect was ignored. For several
years, significant efforts have been devoted to the study
of dissipation [22]. One of the fundamental requirements
for implementing a quantum computer known as DiVin-
cenzo criteria [7] was that the physical system needed to
have a long relevant decoherence time compared to that
of the gate operation time.

This study presents a novel method for realizing one-
and two-qubit gates to design quantum algorithms, such
that the operation times of the quantum logic gates op-
erating in algorithm applications depend on the number
of photons present in their resonant cavities. Moreover,
multi-qubit algorithms can be realized and the time re-
quired for operation is significantly less than the dephas-
ing and relaxation times of the superconducting phase
qubits.

In Section 2, this study briefly recall the main results
on quantum algorithm optimality in a one-period setting.

In Section 3, the key notions related to the implemen-
tation of quantum algorithms are extended to a general
framework, involving preference functionals defined on
a general quantum system. Section 4 demonstrates the
necessary and sufficient experimental evidence and set-
ting for experimental procedures with the required time
to implement the gates. In Section 5, the results are
illustrated using different relevant examples, where ex-
plicit characterizations of the transfer rule are obtained.
Finally, the last section summarizes the results of this
work and presents the conclusions.

2 Model

Understanding the basic theory of superconducting
phase qubits that are inductively coupled to a coplanar
waveguide resonant cavity is essential [12, 13]. These cou-
pled systems are used to realize some of the useful gates
that are applied in the implementation of quantum al-
gorithms.

A phase qubit with n excess Cooper-pair charges con-
sists of two superconducting islands that are connected
to a superconducting electrode through two identical
Josephson tunnel junctions EJ of a small size and hav-
ing the same junction capacitance CJ . It is assumed that
the qubit operates in a regime with kBT ≪ EC ≪ EJ ,
where EJ = ~I0/(2e), EC = 2e2/CJ , kB , and T are
the Josephson energy, the charging energy, the Boltz-
mann constant, and the temperature, respectively. If the
Josephson junction is capacitively shunted and driven by
a bias current I, the Hamiltonian of the qubit is given
from Ref. [23] by Ĥqu = −EC

∂2

∂Θ2 − ~I
2eΘ − EJ cosΘ,

where Θ and I0 are the phase difference across the junc-
tion and the junction critical current, respectively.

When the junction bias current I is typically driven
close to I0, its parallel loop inductance produces a non-
linear potential, which is a function of Θ. The phase
qubit is restricted to the two lowest energy states, the
ground state |g⟩ and the first excited state |e⟩, where
these states are encoded in the phase difference Θ across
a large CJ . These states of the qubit resemble those of
anharmonic LC oscillators. This study presented here is
based on the experimental work of Simmonds et al. [24].

The model, based on the results offered in Refs. [25,
26], consisted of an open-ended coplanar waveguide cav-
ity whose lowest standing wave eigenmode (λ/2 mode)
is capacitively coupled to both ends of the two super-
conducting phase qubits, and where the qubits are con-
nected via fixed coupling capacitors Cc (see Fig. 1 for a
schematic). Each qubit state was read out individually
in a single-shot manner by using an inductively coupled
dc SQUID. This system is used throughout the following
discussion to implement the quantum algorithms.
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Fig. 1 Schematic description of the Sillanpää, Park, and Simmonds [25] experiment. (a) Potential energy diagram of the
phase qubit (red line) and illustration of the operation and measurement (green line). The interaction circuit is composed
of two Josephson phase qubits with a resonant cavity. (b) Illustration of the quantum memory element with two Josephson
phase qubits connected via coupling capacitors to either end of a resonant cavity. (c) Lumped element equivalent circuit
near the λ/2 resonance. Reprinted with permission from Ref. [25], Copyright 2007 © Nature Publishing Group.

The two phase qubits are inductively coupled to two
separate flux bias coils. One set of these coils is used
for adjusting a static dc-flux bias, and the other set of
coils are rf-flux-biased. The coils enable rapid flux bias
changes (shift pulses). In addition, the coils are used for
single-shot state measurements and fast bias shifts. The
coils allow the application of microwave pulses.

Throughout this work, every set of qubit dc-flux
bias lines includes low-pass and copper powder filters,
whereas the other set of rf-flux pulsed lines are combined
into a single microwave coaxial line at room temperature
and are attenuated by roughly 40 dB inside the cryostat.

Based on the experimental considerations introduced
in Ref. [26], a rotating reference frame that rotates at
an external driving field frequency ωe was chosen. This
choice changed the frequency of the cavity operator from
ωr to ωr−ωe. It also modified the frequency of the qubit

operators from the frequencies ωA,B to ωA,B−ωe. Under
these considerations, the Hamiltonian of two flux-biased
phase qubits coupled to a coplanar waveguide resonant
cavity have the form

Ĥ = ~∆râ
†â+ ~

∑
l=A,B

∆lσ̂
l
+σ̂

l
−

+i~
∑

l=A,B

Gl

(
âσ̂l

+ − h.c.
)
, (1)

where ∆r = ωr−ωe, ∆l = ωl−ωe, and σ̂l
+(σ̂

l
−) and â†(â)

refer to the raising (lowering) operators of the qubits and
cavity, respectively. In addition, in Eq. (1) ωl = El

e−El
g

are the qubit transition frequencies, ωr is the cavity fre-
quency, and Gl =

ωrCc

2
√

CCl
J

are the effective coupling fre-
quencies in which Cc is the capacitance of the coupling
capacitors and C is the capacitance of the resonant cav-
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ity. The qubit transition frequencies were controlled by
the amplitude of the dc- and rf-flux bias. As a further
restriction, the two superconducting phase qubits were
assumed to be identical in the following treatments.

3 Realization of quantum gates

In the following study, the models are employed to realize
one-qubit and two-qubit gates. For a one-qubit gate, it
is assumed that the qubit B is kept off-resonance with
respect to the resonant cavity mode. A time-dependent
gauge transformation is then made on the system with
the dynamical evolution generated by

û1(t) = exp
(

i~t∆râ
†â+ i~t∆Aσ̂

A
+σ̂

A
− + iϕ3σ̂

A
+σ̂

A
−

)
.

By applying this transformation to the Hamiltonian in
Eq. (1), the Hamiltonian in the new gauge becomes

ĤA(ϕ3) = û1(t)Ĥû†
1(t)− iû1(t)

∂û†
1(t)

∂t

= i~GA

(
âσ̂A

+eiϕ3–h.c.
)
. (2)

The Hamiltonian in Eq. (2), can be re-expressed in
terms of an effective Hamiltonian that is diagonal. Ac-
cordingly, the phase variable ϕ3 was modified to be com-
plex and of the form ϕ3+ iϕ4. In terms of the new phase
variable, the system in Eq. (2) was altered as follows:

ĤA(ϕ3, ϕ4) = i~GA

(
âσ̂A

+eiϕ3e−ϕ4−â†σ̂A
−e−iϕ3eϕ4

)
. (3)

The value of parameter ϕ4 was set to be 2
~2ωA

and the
system was considered for configurations satisfying the
condition GA

ωA
≪ 1. The effective Hamiltonian then took

the form

ĤA(ϕ3)

= ĤA

(
−ϕ3,

2

~2ωA

)
× ĤA

(
ϕ3,−

2

~2ωA

)
=

4G2
A

ωA

[
â†â(2iσ̂A

+σ̂
A
− sin(2ϕ3)−σ̂A

z e2iϕ3)−σ̂A
+σ̂

A
−e−2iϕ3

]
.

(4)

The time evolution of the system in Eq. (4) can be
described by the diagonal Hamiltonian as follows:

ÛA(ϕ3, t1) = eiξAt1 |eA, r⟩⟨eA, r|+ eiξ′At1 |gA, r⟩⟨gA, r|,
(5)

where ξA =
4G2

A

~ωA
[re2iϕ3 + e−2iϕ3 − 2ir sin(2ϕ3)] and ξ′A =

−4rG2
A

~ωA
e2iϕ3 . If ϕ3 = π, it follows from Eq. (5) that

e−iξA2 t1ÛA(π, t1)=ei(ξA1−ξ
A
2 )t1 |eA, r⟩⟨eA, r|+|gA, r⟩⟨gA, r|

(6)

and

e−iξA1 t1ÛA(π, t1)=|eA, r⟩⟨eA, r|+e−i(ξA1 −ξA2 )t1 |gA, r⟩⟨gA, r|,
(7)

where ξA1 =
4G2

A

~ωA
(r + 1) and ξA2 = − 4rG2

A

~ωA
. Recently, a

more rigorous derivation of effective Hamiltonian theory
and its domain of applicability and a developed technique
for finding the dynamical evolution in time of an aver-
aged density matrix were discussed [27]. Following the
action of a π pulse (χAt1 = π where χA = G2

A(2r + 1)),
the one-qubit phase gates and the elementary rotation
gate about the z axis can be realized from Eqs. (6) and
(7) as follows:

SA
e (Φ) = e iΦ

2 |eA, r⟩⟨eA, r|+ |gA, r⟩⟨gA, r|, (8)
SA
g (Φ) = |eA, r⟩⟨eA, r|+ e

−iΦ
2 |gA, r⟩⟨gA, r|, (9)

RA
z (Φ) = SA

e (Φ)SA
g (Φ), with Φ =

8π

~ωA
. (10)

In addition, by using the canonical transformation
ẑ = exp( iπ

4 σ̂
A
y ) on the system in Eq. (4), it follows that

Ĥ ′
A = ẑĤA(π)ẑ† =

2G2
A

ωA

[
(2â†â+ 1)σ̂A

x − Î
]

(11)

generates a realization of the other one-qubit gates. The
dynamical evolution of the system in Eq. (11) can then
be expressed as follows:

V̂A(t1)=eiυ1t1
[
cos(υ2t1)(|eA, r⟩⟨eA, r|+ |gA, r⟩⟨gA, r|)

−i sin(υ2t1)(|eA, r⟩⟨gA, r|+|gA, r⟩⟨eA, r|)
]
, (12)

where υ1 =
2G2

A

~ωA
and υ2 =

2G2
A

~ωA
(2r + 1).

In the following context, a realization was made about
the elementary rotation gates about the x and y axes,
the NOT gate (NOTA) and the Hadamard gate (HA).
This is done, respectively, by the following associations:

• exp(−2iπυ1

χA
)V̂A(

2π
χA

) → RA
x (Φ),

• SA
g (π)RA

x (Φ)(SA
g (π))

−1 → RA
y (Φ),

• SA
e (2π)RA

x (π)RA
z (π) → NOTA,

• e iπ
2 RA

z (
π
2 )RA

x (
π
2 )RA

z (
π
2 ) → HA.

In the same manner, if the qubit A was kept off-resonance
with respect to the cavity mode, the dynamical evolution
operators ÛB(ϕ3, t1) and V̂B(t1) can be introduced. In
terms of these new B variable operators, the above gates
can be written as B qubit gates. Consideration was next
given to two-qubit gates.

To realize a two-qubit gate, a time-dependent gauge
transformation associated with the dynamical evolution
developed by

û2(t)=
∏

l=A,B

exp
(

i~t∆râ
†â+i~t∆lσ̂

l
+σ̂

l
−+i(ϕ1−ϕ2)â

†â
)
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was introduced. By applying this transformation, the
Hamiltonian of Eq. (1) in the new gauge becomes

Ĥ(ϕ1, ϕ2)= û2(t)Ĥû†
2(t)− iû2(t)

∂û†
2(t)

∂t

= i~
∑

l=A,B

Gl

[
âσ̂l

+e−i(ϕ1−ϕ2)−â†σ̂l
−ei(ϕ1−ϕ2)

]
.

(13)

For the sake of simplicity, we apply the canonical
transformation Υ̂1 = exp(− iπ

4 (σ̂
A
x + σ̂B

x )) on the Hamil-
tonian of Eq. (13). From the application of this trans-
formation, we obtain the transformed Hamiltonian

Ĥ1(ϕ1, ϕ2) = Υ̂1Ĥ(ϕ1, ϕ2)Υ̂
†
1

= ~
∑

l=A,B

Gl

2

{
− [âe−i(ϕ1−ϕ2) + h.c.]σ̂l

z

+i[âe−i(ϕ1−ϕ2) − h.c.]σ̂l
x

}
. (14)

This was followed by making a time-I gauge transforma-
tion of the resulting Hamiltonian, which was given by
Υ̂2 = exp

(
− i~ωr(σ̂

A
z + σ̂B

z )
)
. The Hamiltonian of Eq.

(14) in the new gauge then becomes

Ĥ2(ϕ1, ϕ2) = Υ̂2Ĥ1(ϕ1, ϕ2)Υ̂
†
2

= ~
∑

l=A,B

Gl

2

{
− [âe−i(ϕ1−ϕ2) + h.c.]σ̂l

z

+i[âe−i(ϕ1−ϕ2)−h.c.](σ̂l
+e−2i~ωr+h.c.)

}
.

(15)

Under the condition Gl

2 ≪ ωl and ωr, the rotating wave
approximation was applied, where ±2ωr = ±(ωr+ωr) =
±(ωl + ωr), in which very fast oscillating terms were ne-
glected. By setting the parameter ϕ1 equal to 2

~2ωl
, and

from the above condition that Gl ≪ ωl, the following

equation was obtained:

Ĥ3(ϕ2) = Ĥ2

(
2

~2ωl
,−ϕ2

)
× Ĥ2

(
− 2

~2ωj
, ϕ2

)
= −2ââ† sin(2ϕ2) + ie2iϕ2

2

·
∑

l,j=A,B

GlGj(ωl + ωj)

ωlωj
σ̂l
zσ̂

j
z. (16)

The dynamical evolution of the system in Eq. (16) at
ϕ2 = π/4 is given by the following evolution operator:

Û(t2)=eiαt2 |eA, eB , r⟩⟨eA, eB , r|+|eA, gB , r⟩⟨eA, gB , r|
+|gA, eB , r⟩⟨gA, eB , r|+eiαt2 |gA, gB , r⟩⟨gA, gB , r|,

(17)

where α = χAΦ
2π . Following the action of a π pulse

(χAt2 = π), the dynamical evolution from Eq. (17) pro-
ceeds as follows: The π pulse first acts on the system
with the unitary operator Û

(
π
χA

)
and then the transfor-

mation R1 = RA
x (π)⊗RB

x (2π) is applied on the unitary
operator. Consequently, the two-qubit conditional phase
gates labeling different target states were realized by the
following sets of operations:

•
(
SA
e (Φ)⊗ SB

g (Φ)
)
Û
(

π
χA

)
→ Pee(Φ),

•
(
SA
e (Φ)⊗ SB

g (Φ)
)−1

Û
(

π
χA

)
→ Pgg(Φ),

• R1Pee(Φ)R
†
1 → Pge(Φ),

• R1Pgg(Φ)R
†
1 → Peg(Φ).

Apart from these gates, two-qubit controlled NOT
(CNOT) gates were realized in the following context. If
qubit A was the control qubit and qubit B was the tar-
get qubit, the controlled NOT gate was represented by
CNOT, whereas if qubit B was the control qubit and
qubit A was the target qubit, the controlled NOT gate
was represented by CNOT1. By evaluating

R2Pee(Φ)R2 =
eiΦ + 1

2

(
|eA, eB, r⟩⟨eA, eB , r|+ |eA, gB , r⟩⟨eA, gB, r|

)
+
−eiΦ + 1

2

(
|eA, eB, r⟩⟨eA, gB , r|+ |eA, gB , r⟩⟨eA, eB, r|

)
+|gA, eB , r⟩⟨gA, eB , r|+ |gA, gB , r⟩⟨gA, gB , r|, (18)

R3Pee(Φ)R3 =
eiΦ + 1

2

(
|eA, eB, r⟩⟨eA, eB , r|+ |gA, eB , r⟩⟨gA, eB, r|

)
+
−eiΦ + 1

2

(
|gA, eB , r⟩⟨eA, eB , r|+ |eA, eB , r⟩⟨gA, eB, r|

)
+|eA, gB , r⟩⟨eA, gB , r|+ |gA, gB , r⟩⟨gA, gB , r|, (19)

where R2 = RA
x (4π) ⊗ HB and R3 = HA ⊗ RB

x (4π), the
representation of the two different controlled NOT gates

becomes R2Pee(π)R2 → CNOT and R3Pee(π)R3 →
CNOT1.
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Additionally, to realize another set of two-qubit gates,
the above system in Eq. (13) and the condition Gl ≪ ωl

were considered. In this limit, the following was ob-
tained:

ĤQ = Ĥ

(
− 2

~2ωl
,
3π

4

)
× Ĥ

(
2

~2ωj
,−3π

4

)
=

4G2
1

ω1

[
(2â†â+ 1)(σ̂1

+σ̂
2
− + σ̂2

+σ̂
1
−)

+2â†â+ σ̂1
+σ̂

1
− + σ̂2

+σ̂
2
−

]
, (20)

where 1 ≡ A and 2 ≡ B. To this Hamiltonian a time-

dependent gauge transformation given by the unitary op-
erator

û3(t) =
∏

l=A,B

exp
(
−i4G

2
A

ωA

(
2â†â+ σ̂l

+σ̂
l
−

)
t

)
was applied. Under this transformation, the Hamiltonian
in (20) within the new gauge became

Ĥ ′
Q = û†

3(t)ĤQû3(t)− iû†
3(t)

∂û3(t)

∂t
. (21)

The time evolution of the system in Eq. (21) was then
given by

ÛQ(t2) = |eA, eB , r⟩⟨eA, eB , r| − i sin(αt){|eA, gB , r⟩⟨gA, eB, r|+ |gA, eB , r⟩⟨eA, gB , r|}

+ cos(αt){|eA, gB , r⟩⟨eA, gB, r|+ |gA, eB , r⟩⟨gA, eB, r|}+ |gA, gB, r⟩⟨gA, gB , r|. (22)

Following the action of a π/2 pulse (αt2 = π/2), the
following two-qubit gates were realized:

• ÛQ

(
π
2α

)
→ −iSWAP-gate,

• R†
1Û

(
π
2α

)
R1ÛQ

(
π
2α

)
→ SWAP-gate.

Moreover, the following new set of two-qubit gates were
obtained:

• [SA
e (π)⊗ SB

e (π)]−1ÛQ

(
π
2α

)
→ −SWCZ-gate,

• Pee(Φ)× SWAP → CRkS-gate, k = log2
(
2π
Φ

)
,

• [SA
e (

π
2 )⊗ SB

e (π2 )]
−1ÛQ

(
π
4α

)
→ i

√
SWCZ-gate.

Based on the new techniques developed earlier to real-
ize the above gates, quantum algorithms can be imple-
mented as previously studied in other formats.

4 Implementation of quantum algorithms

Quantum algorithms are procedures for performing com-
putations in quantum systems. They are implementable
as quantum circuits involving the components of the
quantum systems studied. The realization of quantum
algorithms, in general, is made through the implemen-
tation of a finite number of logical gates, which are se-
quentially activated within the quantum system. In this
study, the emphasis is on the most commonly used algo-
rithms in the formulations that are constructed.

The most commonly used algorithm is the discrete
quantum Fourier transform (DQFT) algorithm [28–32].
Other algorithms, such as the quantum search algorithm
for searching an unstructured database [33] and the
Deutsch–Jozsa algorithm for solving a black-box prob-
lem [34] are also commonly used. One should also note

that the DQFT belongs to a bigger class of quantum
algorithms. The most notable examples are Simon’s al-
gorithm [35, 36], the phase estimation algorithm for es-
timating the eigenphase of an eigenvector of a unitary
gate [28, 37], and Shor’s factoring algorithm [38, 39].

Areas in which quantum algorithms are applicable in-
clude quantum cryptography, information search, an-
nealing, and the solution of large systems of linear equa-
tions. In the development of N -qubit algorithms, the
design of one- and two-qubit gates is an important ini-
tial step. In this study, we focus on the types of gates
required to realize N -qubit algorithms and numerical re-
sults of the time necessary for the operation of some of
these algorithms. In addition, we develop new ideas for
future experimental realization of these algorithms and
discuss results concerning the influence of photon num-
ber on their required operation time. Numerous methods
and techniques have been developed to get an exact or
even an approximate solution of the Schrödinger equa-
tion, including perturbation theory, variational meth-
ods, diagram methods, and the JWBK approximation
method [40–42]. New analytical methods to solve the
Schrödinger equation were introduced in Ref. [43].

Some interesting quantum algorithms can be imple-
mented as follows:

• Using Hl, Pee(Φ), and SWAP gates at different Φ,
the basic DQFT that was realized in Ref. [28] can
be realized.

• Using Hl, Rl
z(Φ), Sl(Φ), CNOT1, and −SWCZ gates

at different Φ, one can implement the DQFT that
was realized in Ref. [29].

• Using HA and CRkS gates, one can realize the
DQFT that was realized in Ref. [30].

• Using HA, Rl
x(Φ), Rl

y(Φ), Rl
z(Φ), and −iSWAP
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gates at different Φ, one can implement the DQFT
the was realized in Ref. [31].

• Using Hl, Rl
z(Φ), Sl(Φ), Pee(Φ), and i

√
SWCZ gates

at different Φ, one can implement the DQFT that
was realized in Ref. [32].

• Using Hl and the controlled phase gates for the la-
bel different target states, one can implement the
two-qubit quantum search algorithm mentioned in
Ref. [33].

• Using Hl and CNOT gates, one can implement the
Deutsch–Jozsa algorithm, such as that mentioned in
Ref. [34].

• Using Hl, NOTl, and CNOT gates, one can imple-
ment the quantum Simon’s algorithm that was re-
alized in Refs. [35, 36].

• Using Hl, controlled phase gates, and the inverse
of one of the DQFT algorithms above, one can im-
plement the phase estimation algorithm that was
realized in Refs. [28, 37].

• Using Hl, CNOT, and CNOT1 gates and the inverse
of one of the DQFT algorithms above, one can im-
plement the quantum Shor’s algorithm that was re-
alized in Refs. [38, 39].

5 Experimental evidence and discussion

In this section, we assume that the devices under con-
sideration are fabricated by means of standard optical
lithography with Al/AlOx/Al junctions on a sapphire
substrate (see Refs. [25, 26]). In addition, the insula-
tor between the metallic layers is SiO2. The available

data from these experiments are used to discuss the re-
quired times to implement the gates. For the aforemen-
tioned experiments, the parameters used were as follows:
Cc ≃ 6.38 fF, C ≃ 0.57 pF, effective inductance of the
cavity L ≃ 560 pH, inductance of the qubits LA,B ≃ 690

nH, EA,B
J ≃ 45 K, CA,B

J ≃ 0.7 pF, the length of the
coplanar waveguide resonant cavity was ∼7 mm, and the
junction areas were ∼6 µm2.

Based on these values, then it follows that wr

2π =
1

2π
√
LC

≃ 8.9 GHz and GA,B = ωrCc

2
√

CCA,B
J

≃ 90π MHz.
As showed by You and Nori [44], in all previous experi-
mental work on superconducting phase qubits performed
to calculate the dephasing time (T1) and relaxation time
(T2), the range of values (T1 = 0.1–1 µs) and (T2 = 1–10
µs) should represent the operation of these gates.

The objective of this study is to demonstrate that the
required times for running the quantum gates to imple-
ment the quantum algorithms depend on the number of
photons (r) in the cavity. The calculations were per-
formed and the results in Table 1 display the required
times to realize one-qubit gates and two-qubit gates. In
Table 1 the times required for operating the one-qubit
gates and some of the two-qubit gates are measured in
attosecond units. Owing to the very small nature of these
times, they have little effect on the system when they are
added to the times required for implementing the two-
qubit gates; for instance, the time of operation of the
SWAP-gate is approximately the same as the time of
operation of the CRkS-gate, etc. Note that when r is
increased, the times required for realizing the quantum
gates are accordingly decreased. Consequently, the more
r is increased, the greater is the correspondingly decrease

Table 1 Required times of the experimental feasibility for realizing one- and two-qubit quantum gates, where l = A&B.

Required times
Gates

r = 0 r = 1 r = 2 r = 3 r = 4 r = 5 r = 6 r = 7 r = 8 r = 9 r = 10

Sl
e&Sl

g 39.30 as 13.11 as 7.860 as 5.614 as 4.366 as 3.573 as 3.023 as 2.620 as 2.312 as 2.068 as 1.871 as

Rl
x&Rl

z 78.60 as 26.22 as 15.72 as 11.23 as 8.732 as 7.145 as 6.046 as 5.240 as 4.624 as 4.136 as 3.742 as

Rl
y 157.2 as 52.44 as 31.44 as 22.45 as 17.46 as 14.29 as 12.09 as 10.48 as 9.248 as 8.272 as 7.484 as

NOTl 196.5 as 65.50 as 39.30 as 28.07 as 21.83 as 17.86 as 15.11 as 13.11 as 11.56 as 10.34 as 9.357 as

Hl 235.8 as 78.61 as 47.16 as 33.68 as 26.20 as 21.43 as 18.14 as 15.72 as 13.87 as 12.41 as 11.23 as

Pee&Pgg 117.9 as 39.33 as 23.58 as 16.84 as 13.11 as 10.72 as 9.069 as 7.859 as 6.936 as 6.204 as 5.613 as

Peg&Pge 432.3 as 144.1 as 86.45 as 61.75 as 48.03 as 39.30 as 33.25 as 28.82 as 25.43 as 22.75 as 20.58 as

CNOT&CNOT1 746.7 as 249.1 as 149.3 as 106.7 as 82.96 as 67.88 as 57.43 as 49.78 as 43.92 as 39.30 as 35.55 as

SWAP 549.4 ns 183.1 ns 109.9 ns 78.48 ns 61.04 ns 49.94 ns 42.26 ns 36.63 ns 32.32 ns 28.92 ns 26.16 ns

−iSWAP 274.7 ns 91.56 ns 54.94 ns 39.24 ns 30.52 ns 24.97 ns 21.13 ns 18.31 ns 16.16 ns 14.46 ns 13.08 ns

−SWCZ 274.7 ns 91.56 ns 54.94 ns 39.24 ns 30.52 ns 24.98 ns 21.14 ns 18.31 ns 16.16 ns 14.46 ns 13.08 ns

i
√

SWCZ 137.4 ns 45.78 ns 27.47 ns 19.62 ns 15.26 ns 12.49 ns 10.57 ns 9.156 ns 8.079 ns 7.229 ns 6.540 ns

CRkS 549.38 ns 183.13 ns 109.88 ns 78.483 ns 61.043 ns 49.944 ns 42.260 ns 36.626 ns 32.317 ns 28.915 ns 26.161 ns

M. AbuGhanem, A. H. Homid, and M. Abdel-Aty, Front. Phys. 13(1), 130303 (2018)
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in implementation times of quantum algorithms involv-
ing N qubits.

However, algorithms mentioned in Refs. [28–32] re-
quired one-qubit gates in addition to the two-qubit gates
in their realization. If the number of one-qubit auxiliary
gates in the algorithm realization reaches thousands of
gates, the operation times of these gates may have some
effect when added to the times of the two-qubit gates.
For example, if an algorithm requires 6 two-qubit gates
and 600 one-qubit gates and another algorithm requires
20 two-qubit gates and 2000 one-qubit gates, the total
time for implementing these two different algorithm is
essentially the time of the two-qubit gates. Hence, the
total time taken to complete the procedure of these al-
gorithms is the same as that of the two- qubit gates as
listed in Tables 2–4.

As mentioned earlier, Tables 2 and 3 indicate that the
time required for implementing algorithms in Refs. [28,

29] agree with the times in Refs. [30, 32]. Consequently,
owing to the shortness of one-qubit gates time, the to-
tal time for three-qubit and four-qubit algorithms in
Refs. [29, 32] are identical to the total time for two-
qubit and three-qubit algorithms mentioned in Ref. [31],
respectively.

The first row of the algorithm in Ref. [33] represents
the times of the algorithm when the state searched for
is |ee⟩ or |gg⟩. The second row represents the times of
the algorithm when the state searched for is |eg⟩ or |ge⟩.
In addition, Table 4 shows the basic circuit of the algo-
rithm presented in Ref. [34], in which a one-qubit ver-
sion of the Deutsch–Jozsa algorithm using the two-qubit
states in the cavity is implemented. More importantly,
the required times of the algorithms in Refs. [33, 34] are
much less than T1 and T2. Consequently, the implemen-
tation of the algorithms in Refs. [33, 34] via our proposed
system of study is a very effective method and is more

Table 2 Required times of the experimental feasibility for implementing previous two-qubit DQFT algorithms, where M.
A. refer to the mentioned algorithm.

Required times of algorithms
Algorithms

r = 0 r = 1 r = 2 r = 3 r = 4 r = 5 r = 6 r = 7 r = 8 r = 9 r = 10

M. A. in [28] 549.38 ns 183.13 ns 109.88 ns 78.483 ns 61.043 ns 49.944 ns 42.260 ns 36.626 ns 32.317 ns 28.915 ns 26.161 ns

M. A. in [29] 274.69 ns 91.564 ns 54.938 ns 39.242 ns 30.521 ns 24.972 ns 21.130 ns 18.313 ns 16.158 ns 14.457 ns 13.081 ns

M. A. in [30] 549.38 ns 183.13 ns 109.88 ns 78.483 ns 61.043 ns 49.944 ns 42.260 ns 36.626 ns 32.317 ns 28.915 ns 26.161 ns

M. A. in [31] 824.07 ns 274.69 ns 164.81 ns 117.72 ns 91.564 ns 74.916 ns 63.390 ns 54.938 ns 48.475 ns 43.372 ns 39.242 ns

M. A. in [32] 274.69 ns 91.564 ns 54.938 ns 39.242 ns 30.521 ns 24.972 ns 21.130 ns 18.313 ns 16.158 ns 14.457 ns 13.081 ns

Table 3 Required times of the experimental feasibility for implementing previous three-qubit DQFT algorithms.

Required times of algorithms
Algorithms

r = 0 r = 1 r = 2 r = 3 r = 4 r = 5 r = 6 r = 7 r = 8 r = 9 r = 10

M. A. in [28] 1.6481 µs 549.38 ns 329.63 ns 235.45 ns 183.13 ns 149.83 ns 126.78 ns 109.88 ns 96.950 ns 86.745 ns 78.483 ns

M. A. in [29] 824.07 ns 274.69 ns 164.81 ns 117.72 ns 91.564 ns 74.916 ns 63.390 ns 54.938 ns 48.475 ns 43.372 ns 39.242 ns

M. A. in [30] 1.6481 µs 549.38 ns 329.63 ns 235.45 ns 183.13 ns 149.83 ns 126.78 ns 109.88 ns 96.950 ns 86.745 ns 78.483 ns

M. A. in [31] 2.4722 µs 824.07 ns 494.44 ns 353.17 ns 274.69 ns 224.75 ns 190.17 ns 164.81 ns 145.42 ns 130.12 ns 117.72 ns

M. A. in [32] 824.07 ns 274.69 ns 164.81 ns 117.72 ns 91.564 ns 74.916 ns 63.390 ns 54.938 ns 48.475 ns 43.372 ns 39.242 ns

Table 4 Required times of the experimental feasibility for implementing quantum search and quantum Deutsch–Jozsa
algorithms, respectively.

Required times of algorithms
Algorithms

r = 0 r = 1 r = 2 r = 3 r = 4 r = 5 r = 6 r = 7 r = 8 r = 9 r = 10

M. A. in [33] 1.6505 fs 0.55017 fs 0.33010 fs 0.23579 fs 0.18339 fs 0.15005 fs 0.12696 fs 0.11003 fs 0.09709 fs 0.08687 fs 0.07860 fs

1.9649 fs 0.65496 fs 0.39298 fs 0.28070 fs 0.21832 fs 0.17863 fs 0.15114 fs 0.13099 fs 0.11558 fs 0.10341 fs 0.09357 fs

M. A. in [34] 3.3010 fs 1.1003 fs 0.66020 fs 0.47157 fs 0.36678 fs 0.30009 fs 0.25392 fs 0.22007 fs 0.19418 fs 0.17374 fs 0.15719 fs
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effective than that used in other systems.
Figures 2 and 3 show the effects of photon number

on the implementation times required for the algorithms
in Refs. [28–34] for systems containing up to 40 and up
to 2000 photons. This comparison focuses on determin-
ing the influence of photon number on the implemen-
tation times for systems composed of algorithms of a
few qubits and for systems composed of algorithms with

many qubits, respectively.
In the absence of photons in the cavity, the two-qubit

algorithms described in Refs. [28–32] can be implemented
experimentally. This is because the required times for
implementing these algorithms are less than T1 and T2

[see the bottom curves in Figs. 2(a)–(e) and Tables 2 and
3]. Furthermore, the three-qubit algorithms presented
in Refs. [29, 32] can be realized, whereas the four-qubit

Fig. 2 Required times versus photon number for two-, three-, and four-qubit algorithms in the case of resonance, where
(a) M. A. in [28], (b) M. A. in [29], (c) M. A. in [30], (d) M. A. in [31], (e) M. A. in [32], and (f) M. A. in [33, 34].

M. AbuGhanem, A. H. Homid, and M. Abdel-Aty, Front. Phys. 13(1), 130303 (2018)
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Fig. 3 Required times for some algorithms versus qubit number and photon number in the case of resonance, where N
ranges from 2 to 1000.

versions of these algorithms cannot. This is because the
implementation times of the algorithms are longer than
their dephasing times [see the middle and the top curves
in Figs. 2(b) and (e)].

The reason why the three- and four-qubit algorithms
in Refs. [28, 30, 31] cannot be realized is that the im-
plemented times of such algorithms are longer than T1

(see the middle and top curves in Figs. 2(a), (c), and
(d). Therefore, the algorithms for this number of qubits
in Refs. [29, 32] are more efficient than the algorithms in
Refs. [28, 30, 31] because of their short realization times.
For experiments in the absence of photons, one cannot
realize 4-, 5-, . . . , N -qubit algorithms in Refs. [29, 32]
nor 3-, 4- . . . , N -qubit algorithms in Refs. [28, 30, 31]
(see Fig. 3).

The resulting calculations showed that the times for
implementing the algorithms in Refs. [33, 34] are much
less than T1 and T2 [see Fig. 2(f)]. Owing to the short-
ness of these required times, many qubit algorithms in
Refs. [33, 34] can be experimentally implemented in the
absence of photons in the cavity.

In the presence of photons in the cavity, for example,

one or two photons, a sudden shortening of the required
times of operation for the above algorithms was observed.
This is seen from the results in Figs. 2(a)–(e) and Ta-
bles 2 and 3, where, for cavities containing one photon,
the implementation times for the two- and three-qubit
algorithms in Refs. [28–32] were less than the dephas-
ing times of the systems. Additionally, Figs. 2(a)–(e),
show that the required times for four-qubit algorithms
in Refs. [29, 32] are less than T1 while for the algorithms
in Refs. [28, 30, 31] these times are greater than T1.

When the cavity contains two photons, observations
proved that the times of implementation for the algo-
rithms in Refs. [28–34] are less than T1. Consequently,
this experimentally confirms the possibility of realizing
two-, three-, and four-qubit algorithms [28–32]. Further-
more, when one or two photons exist in the cavity, a
significant shortening occurs in the required implemen-
tation times of the algorithms mentioned in Refs. [33, 34],
and these implementation times are always less than T1

and T2 [see Fig. 2(f) and Table 4].
If the number of photons is greater than two in the

cavity, the times required by the gates decreases. This,
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in turn, decreases the operation times of the algorithms
in which they appear. For example, when 40 photons are
in the cavity, the times for the algorithms in Refs. [28–
32] were 40.7, 20.35, 40.7, 61.04, and 20.35 ns for four
qubits. In addition, when r = 40 photons, the times of
algorithms in Refs. [33, 34] were 20.38, 24.26, and 40.75
as.

Therefore, to realize multi-qubit algorithms, the re-
quired times must be less than T1, because, as the num-
ber of photons in the cavity is successively increased, a
very significant decrease in the implementation times re-
quired for gate operation was observed. Following this
reasoning, we see that there was a substantial reduction
in the values of the operation times for algorithms imple-
mented based on these types of gates [see Figs. 3(a)–(c)].

In the case of a cavity including 2000 photons [see
Figs. 3(a)–(c)], the measured run times of the algorithms
were in picoseconds or femtoseconds. These required
times for the algorithm operations [28–32] were much
less than T1 and T2. Therefore, experimentally, when
the number of cavity photons is slightly greater than the
number of qubits, realization of the N -qubit algorithms
can be achieved. Based on the above discussion, one can
conclude that the times T1 and T2 for r > N did not limit
the realization of algorithms composed of N qubits, but
the control factor is r. Figure 3(d) shows the realiza-
tion of a 1000 qubit phase estimation algorithm. The
implementation time for the algorithm was the run time
required for the operation of a 1000 Hadamard gates, a
1000 Pee(Φ) gates, and the operation time of an inverse
DQFT. Any of the inverses of the DQFT in Refs. [28–32]
can be easily employed. However, we used the inverse of
the DQFT in Ref. [28]. The run times of the Hadamard
and controlled phase gates were measured in attosecond
units, so their run times are very short and almost in-
significant when added to the times of the gates that were
measured in nanoseconds. Therefore, the behavior of the
phase estimated algorithm exactly agreed with that of
the behavior of the DQFT in Refs. [28–32]. It should be
noted that the discussions represented in Fig. 3(d) are
essentially the same as those for Figs. 3(a)–(c).

Therefore, we are in good agreement that the realiza-
tion times of the quantum gates depend on the number of
photons in their cavities (r). Our results showed that the
main control in the implementation of any quantum al-
gorithm, whether realized previously or in the future, will
require a greater number of photons, r, than the number
of qubits, N , i.e., r > N . Theoretically, and based on
the new technique for the calculating gates, it has been
proven that, if gates types with 2, 3, . . . , N qubits can be
implemented, then these gates can be used in quantum
communication, teleportation, and cryptography as well
as for the realization of any N -qubit algorithm. The ex-
pected required times for implementing the different as-

pects of quantum computation algorithms when r > N
are less than the dephasing and relaxation times, if we
assume the ideal case, where the superconducting phase
qubits are identical. However, practically, it is hard to
achieve two completely identical superconducting phase
qubits. In a forthcoming work, we will discuss the effect
resulting from this detuning.

6 Conclusion

We presented a novel approximation method for realizing
one- and two-qubit gates for the realization of quantum
algorithms. As the effect of dephasing and relaxation
times can be absorbed into the twisted boundary condi-
tions, we can obtain the exact solution to this system and
find the corresponding one- and two-qubit gates. The
interplay between interaction and coupling revealed the
existence of energy level crossing and ground-state phase
transition. The types of required gates to realize N -qubit
algorithms and numerical results for the times required
for some algorithms were also presented.

Furthermore, future visualizations to implement these
algorithms experimentally and the results of the influ-
ence of photon number on the required times for their
realization were mentioned. However, we concluded that
there is no impact of T1 and T2 on the realization of quan-
tum algorithms. Hence, we invoked a new approach for
quantum algorithm realization. This discussion can be
extended further considering the dissipation effect.
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