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A new kind of non-Gaussian quantum state is introduced by applying nonlocal coherent superposition
(Ta + sb)™ of photon subtraction to two single-mode squeezed vacuum states, and the properties
of entanglement are investigated according to the degree of entanglement and the average fidelity
of quantum teleportation. The state can be seen as a single-variable Hermitian polynomial excited
squeezed vacuum state, and its normalization factor is related to the Legendre polynomial. It is shown
that, for 7 = s, the maximum fidelity can be achieved, even over the classical limit (1/2), only for even-
order operation m and equivalent squeezing parameters in a certain region. However, the maximum
entanglement can be achieved for squeezing parameters with a 7 phase difference. These indicate that
the optimal realizations of fidelity and entanglement could be different from one another. In addition,
the parameter 7/s has an obvious effect on entanglement and fidelity.

Keywords non-Gaussian operation, quantum entanglement, squeezed state
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1 Introduction

As a wonderful property of quantum mechanics, quan-
tum entanglement plays an important role in quantum
computation and quantum communication [1], such as
quantum teleportation, quantum cloning, and quantum
dense encoding. Thus, it is of great importance in prepar-
ing nonclassical quantum states and enhancing the en-
tanglement degree of quantum states. It is well known
that although local unitary operations such as squeez-
ing can be used to enhance the nonclassical properties
of quantum states, they cannot be employed to improve
the entanglement, owing to the limit of the no-go the-
orem [2]. Therefore, the preparation of quantum states
with higher entanglement is still a very challenging task,
which is critical for quantum teleportation.

To more effectively realize quantum information pro-
cessing and computation tasks, nonclassical and high-
entanglement quantum states are usually required.
Many researchers have paid much attention to achiev-
ing this aim theoretically and experimentally [3—12]. For
example, a photon-added coherent state was proposed
by Agarwal and Tara [13], which can be prepared exper-
imentally using parametric down-conversion and homo-

dyne detection. Then, photon-added coherent state and
photon-subtracted squeezed states are used in quantum
key distribution [14, 15], which showed better perfor-
mance than others. Recently, a kind of Laguerre poly-
nomial excited coherent state was proposed via the un-
balanced beam splitter and quantum catalysis [8, 16]. As
a natural extension, these non-Gaussian operations are
also used to enhance the entanglement of quantum states
with continuous variables [4, 7, 9, 12, 17-21]. For in-
stance, the photon-subtraction operation was demon-
strated experimentally to realize an obvious entangle-
ment distillation of the two-mode squeezed vacuum in a
low-squeezing region [22]. In addition, quantum catalysis
was extended to enhance the entanglement of the two-
mode squeezed vacuum and the teleportation fidelity of
quantum states [23]. These results show that local non-
Gaussian operations can not only prepare higher non-
classical states (including the entanglement), but also
improve the performance in the field of quantum infor-
mation.

On the other hand, nonlocal coherent superposition
operations are also often used to prepare non-Gaussian
states, such as a' + bt, a + b, a® + b? and at? + bf?
[9, 24-26]. For instance, Bandyopadhyay et al. consid-
ered a nonlocal superposition operator (za' + iyb")™ on
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a pair of single-mode squeezed vacuum states (SSVs),
which, in fact, presents a quantum optical elliptic vortex.
The Wigner function distribution was then discussed and
the entanglement was calculated by using the logarith-
mic negativity [27, 28]. Starting from generalized wave-
packet states with a vortex structure, we also proposed
a kind of Hermite polynomial excited squeezed vacuum,
which includes the case of (zal + iyb")™ on the SSVs
as a special case [29]. It is shown that these parame-
ters in the generalized state can modulate all nonclassical
properties including the vortex structure. In addition, a
two-mode N-photon entangled state can be prepared by
high-order a nonlocal operation (af —ib")™ [24] and the
inseparability of photon-added Gaussian states is inves-
tigated, which are generated from two-mode Gaussian
states by applying a' + ubf. It is found that the en-
tanglement of the states is involved with high-order mo-
ment correlations and the fidelity of teleporting coherent
states cannot be raised by employing the photon-added
Gaussian states as a quantum channel of teleportation
[30]. Tt is interesting to note that there is a commuta-
tive relation [a,a’] = 1, which implies that these two
non-Gaussian operations generally present different roles
when operated on quantum states. Then, a question nat-
urally arises: can the nonlocal operation such as 7a + sb
can be used to raise both the entanglement and fidelity
of teleportation, which may be useful for both quantum
information and quantum computation.

In this paper, we shall introduce a new kind of non-
Gaussian entangled state by applying nonlocal coherent
superposition operation of photon-subtraction (ra+sb)™
to two separable SSVs with r; and 79 being real squeezing
parameters. Then, we examine the degree of entangle-
ment by using the linear entropy and the average fidelity
of quantum teleportation to explore how these properties
can be affected by the coherent superposition operation.
It is found that there exists entanglement after the non-
local photon-subtraction operation only when both rq
and ro are not equal to zero, but the maximum entan-
glement can be achieved in the region characteristic of
r1 = —rg rather than 4 = ry for 7/s = 1. This is not
the case for the fidelity of teleportation. It is interesting
to note that fidelity over the classical limit (1/2) can be
obtained in a small squeezing parameter region charac-
teristics of r; = ry. This indicates that a high fidelity is
not always beneficial for high entanglement. As far as we
know, there is no report about this issue in the literature
to date.

This paper is arranged as follows. In Section 2, we in-
troduce the high-order coherent photon-subtraction su-
perposition single-mode squeezed vacuum states (CPS-
SSVs), and subsequently derive the normalization factor
by using the completeness of coherent state, normal or-
dering form of squeezed vacuum, and generating function
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of the new Legendre polynomials. It is found that the
factor is related to the Legendre polynomials. In Section
3, we will introduce the coherent state representation of
the characteristic function (CF) and derive the CF of the
CPS-SSV, which shows a strong correlation with single-
variable Hermitian polynomial. This result will be used
to investigate the fidelity and entanglement in Sections 4
and 5, respectively. It is shown that an effective fidelity
of teleportation for coherent state can be obtained for
r1 = 79 and even number m, but the maximum entan-
glement can be achieved at r; = —rs rather than r1 = ry
for a certain squeezing parameter. The last section is de-
voted to drawing a conclusion.

2 High-order CPS-SSV and its normalization

We firstly introduce the high-order CPS-SSV. Here, we
should point out that the nonlocal photon-subtraction
superpositions are successfully prepared experimentally,
which are used to create long-range entanglement based
upon two single-mode cat states as inputs [31, 32]. Fol-
lowing the method in Refs. [31, 32], if two single-mode
squeezed states are used as the inputs, then the photon
detections with single-photon and vacuum at the out-
put ports of a symmetrical beam splitter will lead to
the superposition of photon subtraction. In addition, the
coherent photon-subtraction superposition state may be
produced by using the technique of state reduction and
a A three-level atom system with initial coherence be-
tween two ground states [33]. In theory, a single-mode
squeezed state could be acquired by operating the single-
mode squeezing operator on a vacuum state:

$1(r1)[0)a = exp { T(a> = a'?) } [0)a,
Sa(r2)[0)s = exp { 2 (62 = 5) } 0], M

where Sj(r;) = exp{r;(k* — k™)/2}, (j = 1,2;k = a,b)
is single-mode squeezing operator, r; is squeezing pa-
rameter, and af, b’ (a,b) are the Bose creation opera-
tors and annihilation operators for the two modes. af, bf
(a,b) have the commutation relation [a,a'] = [b,b!] = 1.
For simplicity, we consider the squeezing parameter to
be real. If we operate the photon-subtraction coherent
superposition operation (ra + sb)™ on two single-mode
squeezed states, we then obtain a non-Gaussian quantum
state:

W) = Ny (Ta + sb)™S15]00), (2)

where N,, is the normalized coefficient, which could be
obtained by solving the equation (¥|¥) = 1, to yield (see
Appendix):

-2

N, =m!(B?—-44A%)% P, (

m

) O
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Equation (3) shows that the normalization coefficient
N,.? is related to the Legendre polynomial P,,(z) and
it is the analytical expression of an arbitrary order two-
mode CPS-SSV, demonstrating great importance in the
investigations of entanglement and other nonclassical
properties of quantum states.

In addition, Eq. (2) can be rewritten as (see Ap-
pendix):

) = Ny (iv/Bo) " Hin (2 F) $15000),  (4)

where A —(ra'tanhr; + sbftanhry), By =
—1(r*tanhr; + s® tanhr;). Equation (4) indicates that
photon-subtraction superposition SSVs could be seen as
a production of single-variable Hermitian polynomial ex-
cited superposition squeezed vacuum states. Hermitian
polynomial excited states have also been investigated re-
cently [35, 36].

3 The coherent state representation of the CF
and the CF of |V)

In this part, we will introduce the coherent state repre-
sentation of the CF and derive the CF of |¥). According
to the definition of the CF, the CF of an arbitrary two-
mode quantum state p; o is

x(a, B) = tr[D1(a) D2(B)p1,2], (5)

in which D(a) = exp{aa’ — a*a}, D2(3) = exp{pbl —
B*b} are the displacement operators for modes a and b.
Consider that the displacement operator has the anti-

: 1ol _ta aal
normal production form: Dj(a) = e 2 e™® %** and

the completeness relation of the coherent states [24], the
displacement operator in the coherent state representa-
tion would be

d?z; a2
D4 () :/ L

- a*z1+azf|z1><zl|; (6)

thus, in the coherent states representation, Eq. (5) could
be expressed as

lei2+1812 [ d?z1d%29
v, p) = [ CATRG, )
e a1 =B 2 (7)
where Q(z1,22) = (21, 22|p1,2|21, 22) is the @ function

of entangled state p; 2. Therefore, if the ) function or
normal ordering form of p; 5 is given, we could work out
the characteristic function of p; o based on Eq. (7), which
is a new method of calculating the CF [37].
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If p1 2 = |¥)(¥] , by making use of equation (A8), we
have
Q(z1,22)

2., %2 2., %2
— ane—|z1|2—|22|2—% tanhrl—ﬁ tanh ro
2m

~ 9 t2+tl (72 tanh r1 452 tanh o)

armopm

Xe—t(TZ; tanh ri+sz; tanhro)—t’(721 tanh ri+sz2 tanh )

'=0-
(8)

Substituting Eq. (8) into Eq. (7) and utilizing integration
of Eq. (A11), we have

2m
9 eC(t2+t'2)+Dt7D*t’+Ett'
NG otmot'm o

9)

x(e, f) =

where we have set
G = coshrj cosh Tze_%(lalz cosh 2r1+|B|” cosh 2r2)

Xe—%[(a*2+o¢2) sinh 27, 4+(3*246?) sinh 2r2]
1
C= -1 (7% sinh 2r; + 52 sinh 27y),
D = 7(a* sinh 7y coshry + « sinh? 1)
+s(8* sinhrg coshra + 3 sinh? r2),
E = 72sinh® ) 4 52 sinh® 7y. (10)
In order to obtain a simpler expression of Eq. (9), we

exponentially expand ¢t and make use of the generation
function of the single-variable Hermitian polynomial:

e

Fre exp{C’t2 + Dt}|t=o

2
- (—i\@)mHm (—23/6) , (11)
we l;ave Gi T' 2Elcm] l

X Hop—1 (M) H, (%) ) (12)

where finally we use the recursion relation of the single-
variable Hermitian polynomial

d! 2im!
dat T (m=1)!
Equation (12) reveals that the CF of the coherent

photon-subtraction superposition single-mode squeezed
state shows strong correlation with the single-variable
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Hermitian polynomial. Therefore, we have derived the
coherent state representation of the CF and the CF of
the photon-subtraction coherent superposition squeezed
states. Owing to the introduction of the photon subtrac-
tion and the coherent superposition operation, the CF
becomes related to the single-variable Hermitian poly-
nomial, and therefore shows non-Gaussian properties.

4 Fidelity of the quantum teleportation

We investigate the fidelity of quantum teleportation
by using the photon-subtraction coherent superposition
squeezed states as the entangled resources. Here we make
use of the Kimble-Brauntein scheme [38, 39]. In this
scheme, we first use the symmetric beam-splitter and
the results of unit gain measurement to realize the uni-
tary transformation, and then generate the final quan-
tum state that we require. We let the input and output
states of the quantum teleportation be p;, and poy. If
we use tr(pinpout) to describe the quantum teleportation
fidelity with input state p;, and output state pyy:, the
fidelity could be written as

F/d;_)\in(A)Xout()\)a (14)

where x;n(A\) and xout(—A) are the CFs of p;, and poyt,
respectively. Through the Weyl order of the density op-
erator, it shows that x.n(A), Xout(—A) and x1,2 have the
following relation [40, 41]: Xout(A) = Xin(A)x1,2(A*, A),
where x1,2 is the CF of the entangled resource. There-
fore, the fidelity of the quantum teleportation is given
by

F= [ @A -, )

From Eq. (15), one can see that when the CFs of both
the input state and entangled resource are obtained, one
can analytically calculate the fidelity of teleportation by
performing the above integration.

In order to clearly discuss the performance for quan-
tum teleportation of the current entangled resource, we
need to specify the input state to be teleported. For
quantum system with continuous variables, both coher-
ent states and squeezed states are usually used as the
target states. Generally, the teleportation fidelity for
certain states depends on the parameter related to the
states. This is true for teleporting coherent qubits using
the same scheme. One can refer to Refs. [31, 42, 43] for
discussions on teleportation of coherent qubits. Next,
for simplicity, we investigate the fidelity by consider-
ing the coherent state |y) input to be teleported. An
ideal Kimble-Brauntein scheme (including the symmet-
ric beam-splitter) demonstrates that the fidelity is not
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associated with the amplitude of the coherent state when
the input is a coherent state. Thus, we can use the co-
herent vacuum state as the input and its CF is

Yo () = Tr [[0) (0] ] = exp (—§ |A|2) - (16)

Substituting Eq. (16) into Eq. (15), we then have the
fidelity of the teleportation

F= [ S ep(- A" - (1)

Equation (17) indicates that we can determine the fi-
delity as long as the two-mode entangled source p; 2 is
given.

For the entangled resource |¥), the CF x1,2(—A*, =)
can be obtained from x(a, () in Eq. (12) by replacing
a, B with —\*, — )\, respectively. After the replacements,
we see

o 2 1/.y#2 4,2
G — cosh 7y cosh rge™ (o DA =3 (A 4ATws

D — —)\*wl — )\U.)Q, (18)

)

where, for simplicity, we let

2 2
wg = cosh” rq 4+ cosh” rq,

. 192 .
w1 = Tsinh® r; + scoshry sinh ro,

wy = ssinh? ry + 7 cosh ry sinh 71,

1
wg = E(sinh 271 + sinh 2r3). (19)

Substituting Eq. (18) into Eq. (17) and using Eq. (3), we
have

NQ 92m

= VA B Ry 0tmorm
NQ
=—" __m!D"P,,(E/D), 20
VAT, P 20
in which Ry = w? — w3, 4; =1 - tanh2r1, B =1-
tanh2ry, C = C+ Ry, E= E+ Ry, D = (B —4C")V/2,
and

C(t2+t")+Ett’
Fon (B

0

1
Rl = m[?wgwlwg — (w% + w%)wg],
1
Ry = R70[2W1LUQW3 — (w% + wg)wo]. (21)

Equation (20) is the analytical expression of the quan-
tum teleportation fidelity for a coherent state realized
with the CPS-SSV. We can see that the fidelity is re-
lated to the Legendre polynomial P, (x). In particular,
when m = 0, which means no coherent superposition
operation (no entanglement), the fidelity is

Fy = [cosh 271 + cosh 27 + cosh?(r; — 1) + 1}_%. (22)

Cun-Jin Liu, et al., Front. Phys. 12(5), 120307 (2017)
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This is the fidelity obtained without entanglement.
Equation (22) reveals that the fidelity is always smaller
than the maximum value of the fidelity without entangle-
ment (1/2). When ry =7y =1, Fy = 1/(2coshr), which
is the maximum value of the fidelity and will decrease
with the increasing of the squeezing parameter.

We then study how the non-Gaussian operation —
photon-subtraction superposition would affect the quan-
tum teleportation fidelity; namely, we investigate how
7 and s, squeezing parameters r1, ro, and the coherent
superposition order would affect the fidelity. In Fig. 1,
we show the picture of fidelity as a function of squeez-
ing parameters r1, ro for a given value of 7/s = 1, and
several different values of m. It is clearly seen that only
for even numbers m, there are three regions near the
center of phase space spanned by r; and 73, in which
the fidelity could be higher than the classic limit value
(1/2), whereas the region with r; = ro is wider than
others. However, for odd numbers m, there is no region
over the limit. These results show that we can get an
effective fidelity over 1/2 along the axis of r; = ry rather
than ry = —ry for the case 7/s = 1. We should note
here that for the case of 7/s = —1, we can get the same
pictures as Fig. 1 by replacing (r1,72) with (—ry, —r2).
In fact, the different values of 7/s could obviously affect
the distribution form of fidelity and its symmetry (as an
example, see Fig. 2). In addition, the case 7/s = 1 is
optimal for teleporting a coherent state when r; = rs.

In order to clearly compare the effects of different val-
ues of m on the fidelity of teleportation, now we further

Fig. 1 Fidelity as a function of two squeezing parameters
ri, r2. (a), (b), (c¢), and (d) correspond to m = 1,2,3,4,
respectively, where 7/s = 1.

Cun-Jin Liu, et al., Front. Phys. 12(5), 120307 (2017)

Fig. 2 Fidelity as a function of two squeezing parameters
r1, r2 and 7/s = 0.3.

take 11 = ro = —r and 7/s = 1, and plot the fidelity
as a function of r in Fig. 3. Figure 3 shows that: (i)
When the order of the photon-subtraction superposition
is odd, the fidelity is worse than the that without the
superposition operation, but the fidelity would increase
as the value of m increases, and it is interesting to note
that although there is entanglement for odd number m,
the teleportation fidelity cannot be enhanced; (ii) For
the even-order superposition case, the fidelity could be
better than that without superposition operation when
the squeezing parameters are in a small region. For ex-
ample, when m = 2,4 and the squeezing parameters
are smaller than 0.68 and 0.45, respectively, the fidelity
could be enhanced. This threshold will decrease as the
value of m increases. In addition, when m = 2,4 and the
squeezing parameters are smaller than 0.39 and 0.34, re-
spectively, the fidelity could be higher than the classic
fidelity (1/2). From (i) and (ii), one can see that higher
entanglement does not always improve the fidelity, and
sometimes it can make the fidelity even worse. (iii) As
the value of m increases, we could obtain a better fidelity
when the squeezing parameter is small (< 0.25). On the
contrary, when the order is odd, the fidelity would in-
crease as the value of m increases, regardless of the values
of the squeezing parameters.

0.6 ]

0.5 7

Fidelity
o o

w N

1

e
[\
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e
—_
I

0.0 0.5 1.0 1.5 2.0

Fig. 3 Fidelity dependence on the squeezing parameters
ri = rg = —r for different values of m = 0, 1, 2, 3, 4 with
T/s=1.
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5 Quantification of entanglement

Next, we consider the quantification of entanglement for
the CPS-SSV. In order to realize our purpose, we appeal
to the linear entropy, which is actually the upper bound
of the von Neumann entropy and monotonous for pure
bipartite states. For the two-mode quantum system p; o
shown in Eq. (2), the linear entropy is defined as

E=1-Ti(p?), (23)

where p; = Tra(p1,2) is the reduced density operator.
To obtain the analytical expression of the linear en-
tropy for the states in Eq. (2), using Eq. (A5), we have

P1,2 :|¢> <W|
:M ,%(72 tanh 71 +s2 tanh rz)m
8tmat/m t=t/=0
(24)
where we have set
pi = o (e H ) tanhr ) (¢ Te ) tank
5 = e—(tsbf-i-b%z) tanh rp |0> <0|e—(t/sb+%) tanh ro . (25)

d2 2 .
e e

Tr{piDs ()] = T [m

™

Further using the coherent state completeness relation,
it is easy to derive

2 . a2 *2
TI‘Q(,O_Q) _ d ae—\odz—(t'soc—i-tsa +°‘T+°‘T)tanh'r‘2
T
2,2
tt/ — 2 tanhry)s? sinh?
= cosh rqel 2 tanhrz)s”sinhry (26)

where we have used the integration formula (A11). Thus,
the corresponding reduced density operator for p; o is
given by

p1 = Tra(p12)

2m 2
= cosh 79 —e_¥ ("'2 tanhri+s® tanh r2)
otmot'™
N, )2 (tt'_% tanh rg)s? sinh? ro— o7
x(Nem)e e
t=t/=0

In order to calculate E, we employ the CF; from Eq. (14),
one can see that

2Oé
1) = [ ua@n(-a). (29)

where x1(«) is the CF of the reduced density operator p;.
Thus, we need to derive Tr[py D («)]. Using the coherent
state representation of the displacement operator Eq. (6),
we can get

2 2 2 *2
_ e% / d Ze—\z\2—o¢*z+o¢z*e—(zt/r—i-z*tr—i-%)tanhm

= coshrie

Thus, by combining Egs. (29) and (27), we have

2 .
% —(a*+t'7 tanh 1) (a—t7 tanh 1) cosh? ry ~ e—% [(a*+t'7 tanh r1)%+(a—t7 tanh r1)?] (29)

2 ’ /7
Y1 (a) _ (Nm)2 %G—L? 2 (r% tanh 71 +s2 tanh o) % cosh Tge(ttl_it 2;’52 tanh ro)s? sinh? ry Tr[,o_1D1 (a)]
8t 8t t=t/=0
— (N )2 82m —%(72 tanh 71 +s2 tanh ry) (tt'— t/2;'t2 tanh r5)s? sinh? ry
(Nm) Femgpm© x coshry coshrae
Xe#—(a*+t’r tanh r1)(a—tr tanh ry) cosh? ry « e—ism}f” [(a*+t'7 tanh 71 )%+ (a—tT tanh 71 )?] (30)
t=t/=0
and x, (—«) is not shown, which can be obtained from where we have set
Eq. (30) by replacing o* and « by —a* and —«, respec- 9im P
tively. Here, we should note the difference between the R= HmOrmOr o exp {A(t R )}
differential variables. B _ L
Substituting Eq. (31) and x,(—«a) into Eq. (28) and x exp { B(tt' 4 ') + w(tt’ + it')} s
using the integration formula (A11), we finally obtain t:t’:t:t/:0(32)

Tr(p?) = R, (31)

120307-6

which leads to the linear entropy E,, for Eq. (4), given
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by
E, =1—€R, (33)
where A = —;11(82 sinh 2ry + 72sinh 2ry), B =52 sinh? ry,

@ = 72sinh® r; and

|1 (B2 _ 442\ 7 B )] '

e = |mi (B2 - 442) P’”(m e
In particular, when m = 0, by using Egs. (32) and (33)
as well as (34), we see that Ey = 0 due to 2R = 1,
as expected, since the case corresponds to two separable
SSVs. While for the case of m = 1 and s = 7, by using
Egs. (33) and (34), we are able to calculate the linear
entropy Fi, i.e.,

2sinh? r1 sinh? ro

B = = : (35)

(sinh2 r1 + sinh? ro

Equation (35) indicates that there is entanglement be-
tween the two-mode states after the coherent superpo-
sition only when the two squeezing parameters, both r;
and ro, are not equal to zero, but the maximum is always
less than 0.5. This is to say, the non-Gaussian operation
can effectively entangle two separable quantum states.
In addition, when s = 7, the degree of entanglement of
|¥) is independent of s or 7 for any m. Equation (35) is
just a special example. Here, we should note that when
71 Or 79 is zero, there is no entanglement.

Using Eq. (33), we can further discuss the entangle-
ment property for different values of r1, ro, m, and 7/s.
For simplicity, and without loss of generality, we take
s = 1 in the following discussions. In Fig. 4, we plot
the linear entropy as a function of r; and r, for a given
7/s = 1 and several different values of m = 1,2,3. From
Fig. 3, it is clear that the entanglement distribution in
the space of 1 and 79 is symmetrical about the two axes,
both r;1 = r9 and r; = —ry. This point can be made
clearer by recalling the definitions of A, B, and w. In

addition, it is interesting to note that there are two max-
imal values for E,, when ;1 = r9 or r; = —ry. However,
the maximal value E_ for the latter (r;, = —rg) is al-
ways larger than that E, for the former. For instance,
at points with r; = 4+ro = 1.0, these maximal values
(Ey,E_) are (0.5,0.5) (0.43,0.63) (0.52,0.69), respec-
tively, for different values of m = 1,2,3. Furthermore,
it is interesting to note that E_ increases with increas-
ing m, while the changing of F, depends on the even
and odd state of m. These results indicate that under
the symmetrical coherent photon-subtraction case with
s = T, one can obtain a higher degree of entanglement
for the case of r; = —ry. In other words, the phase differ-
ence of squeezing parameters for the two SSVs may be an
important factor for generating optimal entanglement.

In order to see clearly the effects of parameters 7 and
s on the entanglement F,,, we plot the linear entropy
as a function of r; and ry for several different values of
7/s and m = 1,2 in Fig. 5. Here, for simplicity, we only
consider the case with 7/s < 1, because 7/s > 1 provides
a symmetrical description. From Fig. 4, it can be seen
that, owing to the effect of asymmetrical superposition
(/s < 1), (i) the linear entropy does not have the sym-
metrical axis 71 = r9 or 11 = —7rg, which implies how the
parameters 7/s affect the distribution of linear entropy
in the space of r; and ry; (ii) in a certain center region
of the squeezing parameter space, the maximum values
of linear entropy become smaller than those with sym-
metrical superposition (7/s = 1). These show that for
a small squeezing parameter, the symmetrical superpo-
sition of photon-subtraction shows a better performance
than the asymmetrical one for generating higher entan-
glement.

Finally, we make a comparison between the fidelity and
entanglement. From Figs. 1 and 4 with 7/s = 1, it is in-
teresting to note that effective fidelity over 1/2 can be ob-
tained in only one region characteristics of 1 = 73(< 0),
while entanglement can be generated in four regions
characteristics of r; = ro and ry = —rs. In addition,
in the common region characteristics of r; = r3(< 0), al-

(@) 2 (b) 2

(©) 2+

Fig. 4 Linear entropy of the CPS-SSV as a function of r1 and r2 for (a) m =1, (b) m =2, (c) m =3, as well as 7 = s.
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Fig. 5 Linear entropy of the CPS-SSV as a function of 1
and 2 for (a) m =1, 7/s = 0.3; (b) m =1, 7/s = 0.5; (c)
m=2,7/s=0.3; (d) m=2,7/s=0.5.

though the fidelity can exceed the classical limit of 1/2,
the maximum value of entanglement cannot be obtained.
As shown above, the maximum entanglement is present
in the region characteristics of 1 = —ry. This indi-
cates that a higher degree of entanglement cannot al-
ways lead to higher fidelity of teleportation. This has
been pointed out in other literature [44, 45]. Thus, real-
izing either maximum fidelity or entanglement requires
different choices of 1 and rs.

6 Conclusion

In this paper, we introduced a new non-Gaussian
quantum state with continuous variable — photon-
subtraction superposition squeezed state. This state is
realized theoretically by operating the photon superpo-
sition operator (Ta+sb)™ on two independent SSVs. We
derived the normalization coefficient by using the normal
ordering of the squeezed states and the completeness re-
lation of the coherent state, which is very important to
investigate the nonclassical properties of quantum states.
It is shown that the coeflicient could be expanded by
the Legendre polynomial function P, (x). In addition,
it is interesting to note that the new state can be con-
sidered as a Hermite superposition-excited squeezed vac-
uum state.

By exploiting the antinormal ordering form of the dis-
placement operator, we introduced the coherent state
representation of the CF, and then we obtained the CF
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of the CPS-SSV, which could be expressed with two
single-variable Hermitian polynomials. As an applica-
tion, based on the Kimble-Brauntein quantum telepor-
tation scheme, we discussed the teleportation of the co-
herent states by taking the CPS-SSV as the quantum en-
tangled source. We also investigated the relationship be-
tween the fidelity and the squeezing parameters based on
the analytical expression of the fidelity. It is found that:
(i) the fidelity reaches its maximum when the squeez-
ing parameters are equal to one another; (ii) the odd-
order operation makes the fidelity lower than the fidelity
without the superposition operation, while for the even
order operation, the fidelity could be higher than the fi-
delity without entanglement when the squeezing param-
eters are in a certain region, and it could be even higher
than the maximum classical fidelity (1/2); (iii) the fi-
delity can be improved as the value of m increases. In
short, the efficient fidelity of teleportation can be realized
only for the case associated with r; = ro and even-order
operation.

Finally, we investigated the degree of entanglement
for the new state by using the linear entropy. These re-
sults show that the entanglement can be formed by the
photon-subtraction superposition only when r; # 0 and
r9 # 0. Under the symmetrical case, i.e., 7/s = 1, one
can find the maximal degree of entanglement in the re-
gion characteristics of ry = —ry rather than r; = ro,
which increases with increasing m. This provides an
effective way to prepare an optimal entanglement un-
der symmetrical photon-subtraction superposition. A
comparison between the fidelity and entanglement shows
that a higher degree of entanglement cannot always lead
to a higher fidelity of teleportation, and the methods
of improving fidelity and entanglement may be differ-
ent from one another. In addition, the parameters 7
and s present clearly a kind of modulating effect on the
entanglement and fidelity of teleportation. It would be
interesting to further examine some applications of the
proposed non-Gaussian state in the fields of quantum
information and quantum computation.
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Appendix A Derivation of Egs. (4) and (3)

In order to get the value of N,,, we firstly work out
the normal ordering form of p;2 = [¥)(¥|, which is the
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density operator of the quantum state |¥). By using
the normal ordering form of the single-mode squeezing
operator S;(r;),

_af2 taal a2
51(7'1) — e % tanhrle(a a+2)lnsechrle 5 tanh'r‘l,

_»of2 Tprl b2
SQ(’I’Q) — e 3 tanhTQe(b b+2)1nsechrge 5 tanh'r'Q’ (A].)

the single-mode squeezed vacuum state (SSV) could be
written as

S152|00) = (sechrysechrs) 3 a(al tanhri b1 tanhrs) |00).
(A2)

On the other side, we could write the high-order coherent
photon-subtraction superposition operation in a differen-
tial form:

(ta+ sb)™ = (,?t—me(erSb)t . (A3)
t=0

According to Egs. (A2) and (A3), Eq. (2) could be writ-
ten as

|!I/> _ Nm om e(q—a+sb)te—# tanh 7‘1—¥ tanh ra ‘00> ,
otm =0

A4)

where, for simplicity, we let N,, = N,, (sech 7‘1)%

-(sech 73)2 . Based on the identical equations e*@ate=*e =
at + X and eA*8 = eAeBe_Lf], in which [A, [A, B]] =
[B,[A, B]] = 0 [34], we can then write Eq. (A4) as
= o t?
W) = Nmat_m exp {—5(72 tanhr; 4 s tanhrg)}

X exp {—t(TCLT tanh7; 4 sb' tanh 7‘2)}

at? bi2
X exp {—7 tanhry — Ttanhrz} |00)

t=0
(A5)

On one hand, by combining the SSV in Eq. (A2),
Eq. (A5) could be written as

o t?
|7) :Nmat_m exp {—5(72 tanhr; + s tanhrg)}

xexp {—t(ral tanhr +sb' tanh )} S1.55|00)

t=0
(A6)
Notice the generation function of single-variable Hermi-
tian polynomial:
M

o exp{At + Bt*}

- )
(A7)

t=0
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therefore, Eq. (A6) could be written as Eq. (4).

On the other hand, in the coherent state {«, 3| rep-
resentation, the wavefunction of the state vector |¥) in
Eq. (A5) could be written as

— 1 2 2, x2 *2
(a, BIW) = N ezl +IB +a”  tanhr 457" tanhr2)

om 12
X e exp {—5(7'2 tanhr; + s% tanh rg)}

x exp {—t(Ta* tanhr; 4+ s8* tanhra)}

t=0

(A8)

Considering the completeness relationship of the coher-
ent states:

[ by =1, (A9)

T2

the normalization coefficient of the non-Gaussian quan-
tum |¥) state could be obtained by

N, ?=N,? /

Using the integration formula:

A%«

™

d2
T8 (102 (A10)

d2z
/ — exp (Cl2]? + &2 +m2" + f22 4 g2™2)

S S, (—C€n+£29+n2f
V2 —4fg ¢ —4fg

N,.2 could finally be written as

) . (A1)

N, = % exp{—A (* + %) + Bit'} i
(A12)
where
A= _411 (32 sinh 2r4 + 72 sinh 2r1) ,
B = 7%sinh® r; 4 s%sinh? ry. (A13)

By utilizing the new Legendre polynomial generation
function proposed in Ref. [3], Eq. (A12) could be sim-
plified to Eq. (3).
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