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On the basis of the transport features and experimental phenomena observed in studies of molecular
motors, we propose a double-temperature ratchet model of coupled motors to reveal the dynamical
mechanism of cooperative transport of motors with two heads, where the interactions and asynchrony
between two motor heads are taken into account. We investigate the collective unidirectional trans-
port of coupled system and find that the direction of motion can be reversed under certain conditions.
Reverse motion can be achieved by modulating the coupling strength, coupling free length, and asym-
metric coefficient of the periodic potential, which is understood in terms of the effective potential
theory. The dependence of the directed current on various parameters is studied systematically. Di-
rected transport of coupled Brownian motors can be manipulated and optimized by adjusting the
pulsation period or the phase shift of the pulsation temperature.
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1 Introduction

The directed transport of Brownian motors in periodic
structures with the help of fluctuations with zero mean
has long been an important problem and has been widely
studied [1–4]. In recent years, much attention has been
given to theoretical studies of directed transport of cou-
pled Brownian motors in many different scientific areas,
such as molecular motors in biological systems, the diver-
gence of two polymers on a surface, and Josephson junc-
tion arrays, to name but a few [5–16]. A nonequilibrium
environment and broken symmetry of the system are in-
dispensable conditions for directional transport of par-
ticles in a ratchet model. Symmetry breaking generally
includes the symmetry breaking of the periodic potential
field, the symmetry breaking induced by nonequilibrium
perturbations, and the breaking induced by mutual cou-
pling between elements of the system [17–27].

In this work, we consider two interacting Brownian
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motors in a spatially periodic potential. We are moti-
vated by experimental observations of the motion pat-
terns of molecular motors (protein motors). It has been
found that most protein motors possess a dimer structure
in which each motor protein is composed of two interact-
ing identical monomers, and each monomer experiences
cyclic ATP hydrolysis [28, 29]. It has been found experi-
mentally that the coupling between two motor proteins,
which do not act independently but alternate in a se-
quential manner such that their catalytic cycles are out
of phase, plays a significant role in achieving directed
motion and even reversed motion. We noticed an im-
portant fact related to the symmetry breaking of dimer
molecular motors; i.e., it was also found that the hydrol-
ysis processes of two heads are continuous while they are
asynchronous [30, 31]. This gives us a hint for estab-
lishing a double-temperature ratchet model of coupled
motors in an asymmetric potential field.

In this paper, we analyze the effects of several parame-
ters, such as the coupling strength, asymmetry coefficient
of the potential, pulsation period, and phase shift of the
temperature, on the average velocity of coupled motors.
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Furthermore, the dynamical mechanism and reverse be-
havior of the coupled motor are reasonably explained us-
ing effective potential theory in the strong-coupling case.

2 The coupled double-temperature
Brownian motor model

2.1 Dynamical model

We consider the overdamped Brownian motion of two
coupled Brownian motors in contact with two reservoirs
with different temperatures in asymmetric periodic po-
tentials. The equations of motion of two mutually cou-
pled motors can be written as

ẋi = −∂V (xi)

∂xi
− ∂U0

∂xi
+ ξi(t), i = 1, 2, (1)

where xi is the coordinate of the i-th motor, and V (x) is
the asymmetric periodic potential originating from the
interaction between the motor and the track. The fol-
lowing simplified form of V (x) is chosen,

V (x) = −V0

[
sin

(
2π

L
x

)
+

∆

4
sin

(
4π

L
x

)]
, (2)

where L is the spatial period of the potential field V (x),
which is shown in Fig. 1, and ∆ is the asymmetry coeffi-
cient of the potential field V (x). U0(x1, x2) denotes the
interaction potential between the two motors, which is
set to have the following simple harmonic form:

U0(x1, x2) =
1

2
k(x1 − x2 − a)2, (3)

where k is the coupling strength, and a is the coupling
free length. The influence of the two reservoirs on the
Brownian motors is described in terms of the noises ξ1(t)
and ξ2(t), which are assumed to be independent, unbi-
ased Gaussian white noises with
⟨ξi(t)⟩ = 0,

⟨ξi(t)ξj(t′)⟩ = 2kBTi(t)δijδ(t− t′), i, j = 1, 2, (4)
where kBT is the thermal energy, and T1(t), T2(t) are
the following modulated harmonically varying functions:

T1(t) = T0

[
1 +A sin

(
2π

t0
t

)]2
,

T2(t) = T0

[
1 +A sin

(
2π

t0
t+∆θ

)]2
, (5)

where t0 is the pulsation period of the temperature, and
∆θ is the phase shift between two temperature fluctu-
ations. The mismatch between the two temperatures
denotes biologically the different ATP hydrolysis states
of the two motors. Throughout this paper, we set the
parameters T0 = 0.5 and A = 0.8.

Fig. 1 The asymmetric periodic potential V (x) which is
originated from the interaction between the motor and the
track.

2.2 Adiabatic elimination and mass-center dynamics in
strong-coupling case

It is difficult to directly analyze the cooperative ratch-
eting effect of two coupled Brownian motors theoreti-
cally. An effective method for dealing with the cooper-
ative ratcheting effect of coupled motors is to decrease
the degrees of freedom of the system to obtain a low-
dimensional description. By introducing the mass-center
coordinate X=(x1 + x2)/2 and the relative coordinate
Y =x1 − x2, one can transform Eq. (1) to

Ẋ = −1

2

∂

[
V

(
X +

Y

2

)
+ V

(
X − Y

2

)]
∂X

−
∂

[
V

(
X +

Y

2

)
− V

(
X − Y

2

)]
∂Y

+
1

2
[ξ1(t) + ξ2(t)], (6)

Ẏ = −
∂

[
V

(
X +

Y

2

)
− V

(
X − Y

2

)]
∂X

−2

∂

[
V

(
X +

Y

2

)
+ V

(
X − Y

2

)]
∂Y

−2k(Y − a) + ξ1(t)− ξ2(t). (7)

To understand the effect of the coupling between two
Brownian motors on the directed transport of the sys-
tem, it is instructive to study the dynamics in the limit
of a large but finite stiffness k. In this situation, the term
−2k(Y −a) in Eq. (7) implies a much faster decay of the
coordinate Y compared with the relaxation of the vari-
able X. This analysis indicates that Y is a fast variable
and can be adiabatically eliminated in terms of the slav-
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ing principle proposed by Haken [10, 27, 32]. Therefore,
in k → ∞, the dynamical equation of the mass center of
coupled motors can be described as

Ẋ = −1

2

∂
[
V
(
X +

a

2

)
+ V

(
X − a

2

)]
∂X

+
1

2
[ξ1(t) + ξ2(t)], (8)

with Y ≈ a.
The dynamical equation (8) can be simply expressed

as

Ẋ = f(X) + q(t), (9)

with

f(X) = −1

2

∂
[
V
(
X +

a

2

)
+ V

(
X − a

2

)]
∂X

,

q(t) =
1

2
[ξ1(t) + ξ2(t)].

Theoretically, this enables one to qualitatively calculate
the effect of multiple parameters, such as the coupling
free length a, the modulation period t0 of the two tem-
peratures, and the phase shift ∆θ between the two tem-
peratures, on the ratchet motion of the coupled Brown-
ian motors in terms of the dynamics of a single Brownian
motor (the mass-center dynamics).

According to the analyses in reference [4] of the tem-
perature ratchet of a single Brownian motor, when the
period t0 of the temperature fluctuation tends to infin-
ity, the temperature can be regarded as an approximate
constant in a small time interval, where the average ve-
locity of a single Brownian motor is zero in the periodic
potential with Gaussian white noise. When the period
t0 ≪ 1, one can readily find that

⟨Ẋ⟩ = t20Bk

∫ L

0

dX(V ′
k(X)[V ′′

k (X)]2) + o(t3), (10)

with

Bk =
4L

∫ 1

0
dh[

∫ h

0
dĥ( 1−T̂ (ĥ)

T̄
)]

η3
∫ L

0
dX(e

Vk(X)

kBT̄ )
∫ L

0
dX(e−

Vk(X)

kBT̄ )

and

T̄ =
1

t0

∫ t0

0

dtT (t) =
∫ 1

0

dhT̂ (h),

T̂ (h) = T (t) = T (t0h).

2.3 Effective potential theory in strong-coupling case

To explain the current reversal of the ratchet system,
it is convenient to introduce the effective potential [10,

24, 27]. In the above discussion, we know that in the
strong-coupling situation, the dynamics of the relative
coordinate Y occurs on a much faster time scale than
that of the mass-center coordinate X. One can obtain
the effective potential Veff (X) of X by replacing the X-
and Y -dependent potential with the potential averaged
with respect to the fast relative coordinate Y as

Veff (X) = −1

2
kBT̄ ln

(∫ ∞

−∞
dY ρ(X,Y )

)
, (11)

and

ρ(X,Y ) = e−
U(X,Y )

kBT̄ , (12)

U(X,Y ) =
1

2
k(Y − a)2 + V

(
X +

Y

2

)
+V

(
X − Y

2

)
. (13)

In the following discussions, we continue to study the
collective directed transport of coupled Brownian mo-
tors using numerical simulations and make comparisons
with theoretical discussions. In numerical simulations of
the stochastic dynamics, the second-order Runge–Kutta
numerical simulation algorithm is adopted [33, 34]; the
number of ensembles N is 1000, and the time step dt is
0.001. Throughout the numerical simulations, we set the
parameter V0 to 1 and L to 1. The average velocity or
the current can be obtained by obtaining both ensemble
and time averages of the instantaneous velocity as

⟨vc⟩ = ⟨Ẋc⟩ = lim
t→∞

1

Nt0

N∑
i=1

∫ t0

0

dt′Ẋci(t
′). (14)

3 Collective directed transport and current
reversal

In this section, we analyze the influence of the coupling
strength k of the coupled Brownian motors, the coupling
free length a, and the phase shift ∆θ of the two motor
heads on the average velocity. Theoretically, one can
discuss the current reversal using the effective potential
theory for the strong-coupling case.

3.1 Current reversal induced by the coupling strength

The coupling strength k plays a significant role in di-
rected transport of the ratchet system. Figure 2(a) shows
three curves of the average velocity against the coupling
strength k with phase shifts ∆θ = π, π/2, and 0. Figure
2(b) presents the curves of the effective potential with
coupling strengths k = 0, 300, and 1000 (corresponding
to the strong-coupling limit k → ∞ in the theoretical
analysis). For every curve in Fig. 2(a), the sign of the
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Fig. 2 The average velocity as a function of the coupling
strength k.

velocity, which corresponds to the direction of motion of
the coupled motors, can be reversed when the coupling
strength k reaches a certain value.

For weak coupling [e.g., 0.01 < k < 1 in Fig. 2(a)],
the average velocity v ≈ −0.22. This is because in the
weak-coupling case, the motion can be considered as a
simple combination of that of two single motors, where
each particle is immersed in a common periodic potential
V (x) and the Gaussian white noise, and the effective po-
tential Veff (X) [e.g., the curve with k = 0 in Fig. 2(b)]
of the mass center could be considered as the potential
V (x) of a single motor; the motion of two weakly coupled
motors is consistent with the relatively large gradient of
the potential V (x) in the temperature ratchet model of
a single motor [10]. With increasing coupling strength k
[e.g., k = 1−40 in Fig. 2(a)], the negative mean velocity
gradually increases and tends to zero, which shows that
the coupling between the two coupled motors affects the
symmetry breaking of the entire system. When the cou-
pling is large enough [e.g., k = 40−1000 in Fig. 2(a)], the
symmetry breaking is opposite to that when the coupling
is weak [k ∼ 0 to 40 in Fig. 2(a)], such that the effective
potential Veff (X) in the strong-coupling case exhibits
the opposite tendency of that in the weak-coupling case
in Fig. 2(b). Finally, the positive mean velocity reaches
saturation with increasing coupling strength k.

In addition, when k < 40, the three curves in Fig. 2(a)
almost overlap, and the effect of the phase shift ∆θ on
the average velocity is very small. That is because of the
single-particle behavior and the fact that the mean ve-
locity is independent of ∆θ for the weak-coupling case.
When k > 40, the mean velocity decreases with increas-
ing ∆θ in the range of [0, π] and tends to zero for ∆θ =
π. This can be interpreted in terms of the formulas for the
two temporally modulated temperatures T1(t) = T0[1 +
A sin(2πt/t0)]2 and T2(t) = T0[1 +A sin(2πt/t0 +∆θ)]2.
In the temperature ratchet model, the maximum temper-
ature represents the minimum binding of the potential

well to the coupled motors, and the minimum tempera-
ture corresponds to the strongest binding. According to
the two formulas with ∆θ = π, one temperature of the
coupled motors reaches the maximum value when the
other one is at the minimum, indicating that the cou-
pling reduces the motion of the coupled motor in this
case. For ∆θ = 0, the temperature fluctuation of both
motors is synchronized, which means that the average ve-
locity reaches the maximum value because the coupling
could enhance the motion.

3.2 Current reversal induced by changing the coupling
free length

The presence of coupling between two motor heads not
only provides cooperative directed motion, but also sig-
nificantly affects the current. The direction of the cur-
rent can even be determined by the free length of the
coupled motors, where the current reversal can be inter-
preted well in terms of the effective potential theory.

In Fig. 3(a), we give the average velocity versus the
coupling free length a with the other parameters given
in the plot, where the four curves correspond to different
coupling strengths k and phase shifts ∆θ between the two
temperatures, i.e., (k,∆θ) = (1, 0), (300, 0), (300, π/2),
and (300, π). It can be found from Fig. 3(a) that when
the coupling strength k is small (e.g., k = 1), the cou-
pling free length a cannot greatly influence the average
velocity, which has an almost constant negative value
(e.g., v = −0.2) for all values of a. This is because the
motion of coupled motors can be considered as a sim-
ple combination of that of two single motors in weak-
coupling cases. For the three curves with strong cou-
pling strengths k (e.g., k = 300) between the two motors
in Fig. 3(a), the average velocity first increases and then
decreases with a in the range of 0 to L/2, and the veloc-
ity is reversed when a = L/4. In addition, these curves

Fig. 3 The average velocity as function of the coupling free
length a.
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are symmetric about a = L/2. In Fig. 3(b), the aver-
age velocity versus the coupling free length a is theoret-
ically computed according to Eq. (10) with the parame-
ters given in the plot. Although this result differs from
the simulation results in Fig. 3(a), the theoretical results
can still qualitatively display the effects of the coupling
free length a on the average velocity. Note that the theo-
retical results agree well with that of the simulation only
when t0 is close to zero.

In Figs. 4, we give the effective potential Veff (X)
for coupling free lengths a of 0.1, 0.25, 0.3, and 0.5,
respectively, where the other parameters are k = 300,
∆ = 1, t0 = 0.1, and ∆θ = 0. We introduce an effec-
tive asymmetric coefficient ∆eff of the effective poten-
tial Veff (X), where the effective asymmetric coefficient
∆eff = (L2−L1)/L, which is shown in Fig. 4(a). In the
strong-coupling case, the asymmetric coefficient of the
effective potential Veff (X) periodically changes against
the coupling free length a with L in one cycle in Fig. 4.
Figure 4 shows that the asymmetric coefficient ∆eff is
less than zero when 0 < a < L/4, is greater than zero
when L/4 < a < L/2, and equals zero when a = L/4 and
L/2. The cyclic behavior of the average velocity agrees
well with the change in the asymmetric coefficient of the
effective potential Veff (X) for the strong-coupling sit-
uations shown in Fig. 4, which naturally leads to the
periodic variation of the average velocity.

The symmetry of the average velocity about a = L/2
can be understood well by analyzing the space-time
transformation invariance of the dynamical Eq. (1) [25,

27, 35, 36]. Rewriting Eq. (1) with a superscript corre-
sponding to the value of the coupling free length a yields

ẋ
(a)
1 = −∂V (x1)

∂x1
− k(x1 − x2 − a) + ξ1(t),

ẋ
(a)
2 = −∂V (x2)

∂x2
+ k(x1 − x2 − a) + ξ2(t). (15)

By replacing the free length a with L− a, we obtain

ẋ
(L−a)
1 = −∂V (x1)

∂x1
− k(x1 − x2 − L+ a) + ξ1(t),

ẋ
(L−a)
2 = −∂V (x2)

∂x2
+ k(x1 − x2 − L+ a) + ξ2(t). (16)

By inserting x11 = x1 − L into Eq. (16), we have

ẋ
(L−a)
11 = −∂V (x11)

∂x11
− k(x11 − x2 + a) + ξ1(t),

ẋ
(L−a)
2 = −∂V (x2)

∂x2
+ k(x11 − x2 + a) + ξ2(t). (17)

By further transforming Eq. (17) by first x11 → x1 and
then x1 ↔ x2, we obtain

ẋ
(L−a)
2 = −∂V (x2)

∂x2
+ k(x1 − x2 − a) + ξ1(t),

ẋ
(L−a)
1 = −∂V (x1)

∂x1
− k(x1 − x2 − a) + ξ2(t). (18)

Taking into account that ξ1 and ξ2 have the same statis-

Fig. 4 The curves of effective potential with the different coupling free lengths a.
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tical properties, we finally obtain that

ẋ
(L−a)
2 = −∂V (x2)

∂x2
+ k(x1 − x2 − a) + ξ2(t) = ẋ

(a)
2 ,

ẋ
(L−a)
1 = −∂V (x1)

∂x1
− k(x1 − x2 − a) + ξ1(t) = ẋ

(a)
1 .

(19)
That is,

v(L−a) = (ẋ
(L−a)
1 + ẋ

(L−a)
2 )/2 = v(a)

= (ẋ
(a)
1 + ẋ

(a)
2 )/2. (20)

This result makes it possible to interpret the symmetry
of the average velocity against the coupling free length
a, as shown in Fig. 3.

3.3 Current reversal induced by the potential
asymmetry coefficient

In studies of Brownian ratchets, the asymmetry coeffi-
cient ∆ of the potential V (x) significantly affects the di-
rectional current. In the above discussions, we observed
reversal of the directed motion by modulating the cou-
pling strength k and coupling free length a. In fact,
the direction can also be determined by the asymmet-
ric coefficient ∆ for a given a and k. In Fig. 5(a), the
average velocity against the asymmetric coefficient ∆ is
plotted for (k,∆θ) = (1, 0), (300, 0), and (300, π), where
the other parameters are t0 = 0.1 and a = 0.3.

In the weak-coupling case (e.g., k = 1), the curve for
k = 1, ∆θ = 0 in Fig. 5(a) shows that v > 0 when ∆ < 0,
v < 0 when ∆ > 0, and v = 0 when ∆ = 0. Thus,
the size and direction of the average velocity are deter-
mined by the asymmetric coefficient ∆ in this case. In
addition, the average velocity decreases approximately
linearly with increasing asymmetric coefficient ∆. Ac-
cording to the above analysis, the motion of coupled

Fig. 5 The average velocity varying with the asymmetric
coefficient ∆ of V (x).

Brownian motors can be approximately considered as the
motion of a single Brownian motor immersed in the peri-
odic potential V (x) and Gaussian white noise when the
coupling strength k is small, where the direction of the
velocity is determined by ∆ in the temperature ratchet
model of a single particle. In the strong-coupling case
(e.g., k = 300), the average velocity, the size and di-
rection of which are also determined by the asymmetric
coefficient ∆, increases linearly with increasing asymmet-
ric coefficient ∆. The curves of the average velocity are
reversed compared to those of the weak-coupling case
(e.g., k = 1). Moreover, the average velocity for ∆θ = 0
is larger than that for ∆θ = π when k = 300. Similarly,
Fig. 5(b) gives the theoretical curve of the average ve-
locity versus the asymmetric coefficient ∆ according to
Eq. (10), which agrees qualitatively with the simulation
results shown in Fig. 5(a).

The effects of the asymmetric coefficient ∆ on the av-
erage velocity can be explained by the effective potential
theory for the strong-coupling case. When ∆eff > 0, the
average velocity v > 0, and when ∆eff < 0, the velocity
v < 0 according to the dynamical mechanism of the tem-
perature ratchet model. The curve of the effective asym-
metric coefficient ∆eff versus the asymmetric coefficient
∆ is plotted in Fig. 6(a). One can easily find that the ef-
fective asymmetric coefficient increases linearly with the
asymmetric coefficient ∆, and when ∆ = 0, the effective
asymmetric coefficient ∆eff is also zero. Fig. 6(b), (c),
and (d) show the effective potential for different asym-
metric coefficients ∆ given in the plot. Fig. 6 shows that
the asymmetry of Veff (X) when ∆ < 0 is opposite to
that when ∆ > 0, and the effective potential Veff (X) is
symmetric when ∆ = 0. The asymmetry of the effective
potential decreases and it is close to symmetric when ∆
approaches zero. These results are in agreement with
the dependence of the averaged velocity on the asym-
metric coefficient ∆ for the strong-coupling case shown
in Fig. 5(a).

Moreover, it is noteworthy that every curve in Fig. 5(a)
is antisymmetric about ∆ = 0 for different coupling
cases. This can be explained well through an analysis
of the space-time transformation invariance. As we did
above, we rewrite Eq. (1), this time with a superscript
corresponding to the value of the asymmetric coefficient
∆, and obtain

ẋ
(∆)
1 = −∂V (x1,∆)

∂x1
− k(x1 − x2 − a) + ξ1(t),

ẋ
(∆)
2 = −∂V (x2,∆)

∂x2
+ k(x1 − x2 − a) + ξ2(t). (21)

Adding the two formulas in Eq. (21), one naturally gets

ẋ
(∆)
1 + ẋ

(∆)
2 = −

[
∂V (x1,∆)

∂x1
+

∂V (x2,∆)

∂x2

]
+ξ1(t) + ξ2(t). (22)
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Fig. 6 The effective potential Veff (X) with different asymmetric coefficient ∆.

By replacing the free length ∆ with L−∆, we have

ẋ
(−∆)
1 + ẋ

(−∆)
2 = −

[
∂V (x1,−∆)

∂x1
+

∂V (x2,−∆)

∂x2

]
+ξ1(t) + ξ2(t). (23)

Then, by putting V (x) = −V0[sin(2πx/L) +
(∆/4) sin(4πx/L)] into Eq. (23), we obtain

ẋ
(−∆)
1 +ẋ

(−∆)
2 =

2πV0

L

[
cos

(
2πx1

L

)
− ∆

2
cos

(
4πx1

L

)
+ cos

(
2πx2

L

)
− ∆

2
cos

(
4πx2

L

)]
+ξ1(t) + ξ2(t), (24)

ẋ
(−∆)
1 +ẋ

(−∆)
2 =−2πV0

L

[
cos

(
2πx1

L
−π

)
+
∆

2
cos

(
4πx1

L

)
+ cos

(
2πx2

L
− π

)
+

∆

2
cos

(
4πx2

L

)]
+ξ1(t) + ξ2(t). (25)

By further inserting x1 = x11 +L/2 and x2 = x21 +L/2
into Eq. (25), we have

ẋ
(−∆)
1 +ẋ

(−∆)
2 =−2πV0

L

[
cos

(
2πx11

L

)
+
∆

2
cos

(
4πx11

L

)
+ cos

(
2πx21

L

)
+

∆

2
cos

(
4πx21

L

)]
+ξ1(t) + ξ2(t). (26)

By then replacing x11 → x1 and x21 → x2, we find that

ẋ
(−∆)
1 +ẋ

(−∆)
2 =−2πV0

L

[
cos

(
2πx1

L

)
+

∆

2
cos

(
4πx1

L

)
+ cos

(
2πx2

L

)
+

∆

2
cos

(
4πx2

L

)]
+ξ1(t) + ξ2(t)

=

[
∂V (x1,∆)

∂x1
+

∂V (x2,∆)

∂x2

]
+ξ1(t)+ξ2(t)

=−(ẋ
(∆)
1 + ẋ

(∆)
2 ). (27)

Taking into account that the Gaussian white noises ξ1
and ξ2 have the same statistical properties, and compar-
ing with Eq. (22), eventually we find that

v(−∆) = (ẋ
(−∆)
1 + ẋ

(−∆)
2 )/2 = −(ẋ

(∆)
1 + ẋ

(∆)
2 )/2

= −v(∆). (28)

This implies that the relationship between the velocity of
the coupled Brownian motors and the asymmetric coef-
ficient ∆ is antisymmetric. For the special value ∆ = 0,
this leads to unbiased motion of the coupled motors, and
one has v(0) = 0. These results agree well with the effec-
tive potential analysis.

Chen-Pu Li, Hong-Bin Chen, and Zhi-Gang Zheng, Front. Phys. 12(6), 120507 (2017)
120507-7



Research article

4 Optimization and manipulation of
collective directed transport

It is interesting to investigate the dependence of the di-
rected transport of the system on the pulsation period
t0 and the phase shift ∆θ between the two motor heads.
In this section, we systematically determine how to op-
timize the motor motion by modulating the pulsation
period and phase shift.

4.1 Effect of the pulsation period of the temperature

The average velocity of the coupled motors against t0 is
plotted in Fig. 7 for different coupling strengths k and
phase shifts ∆θ, with ∆ = 1 and a = 0.3. The aver-
aged velocity is negative when k is small (e.g., k = 1),
whereas the direction of motion is reversed when the cou-
pling strength k is large (e.g., k = 300). These results
are consistent with the discussion above in terms of the
effective potential analysis shown in Fig. 2(b). For the
two curves with k = 300, the average velocity is larger
for the phase shift ∆θ = 0 than for ∆θ = π, and the
velocity is nearly zero for the latter.

In Fig. 7, we plot the average velocity as a function
of the pulsation period t0 of the temperature T . All the
curves of the mean velocity clearly have an optimal pul-
sation period tmax having the largest velocity, and the
averaged velocity approaches zero when t0 tends to zero
and infinity. This interesting behavior can be interpreted
as follows. For an infinitely large pulsation period t0, the
temperature pulsates so slowly that it can be regarded
as a constant. In this case, the coupled Brownian mo-
tors are immersed in a stationary periodic potential and
a white Gaussian noise with a constant intensity, where
the system has a null directed current regardless of the
coupling strength k. In contrast, when t0 tends to zero,
the temperature fluctuates too rapidly, and the change in

Fig. 7 The average velocity as the function of the pulsating
period t0 of the temperature T .

Fig. 8 The average velocity versus the phase shift ∆θ with
different the coupling strengths k.

the configuration of the coupled Brownian motors always
lags behind the rapid temperature fluctuation. This also
leads to an absence of directed motion. Moreover, the
solid curve in Fig.7 gives the theoretical result according
to formula (10) with t0 and k tending to zero and infin-
ity. The theoretical results agree well with that of the
simulation when t0 is close to zero.

4.2 Effect of the phase shift between the two
temperatures

The phase shift ∆θ between the temperatures of the two
motors significantly affects the current. In Fig. 8(a),
the average velocity versus the phase shift ∆θ is plotted
for coupling strengths of k = 1 and 300, and the other
parameters are ∆ = 1, a = 0.3, and t0 = 0.1. For a
very small coupling strength k (e.g., k = 1), the effect
of the phase shift ∆θ on the average velocity is almost
negligible, and the velocity is approximately a negative
constant, v = −0.2. For strong coupling (e.g., k = 300),
the phase shift ∆θ has important effects on the aver-
age velocity, as clearly shown in Fig. 8 for the curve
with k = 300. Moreover, the average velocity versus the
phase shift ∆θ is symmetric about ∆θ = π owing to the
temporal periodicity of the temperature T (t) about 2π,
where v first decreases and then increase as ∆θ increases
in the range of 0 to 2π. Fig. 8(b) shows the theoretical
average velocity versus the phase shift ∆θ according to
Eq. (10) with the parameters given in the figure, which
agrees qualitatively with the simulated data shown in
Fig. 8(a).

5 Concluding remarks

In this paper, we studied the mechanism of collaborative
directed transport of elastically coupled Brownian mo-
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tors in an asymmetric periodic potential under the mod-
ulation of two reservoirs with different and asynchronous
temperatures. We applied both invariance analysis of
the space-time transformation of the coupled dynamical
equations and the effective potential theory to study the
coupling-induced symmetry breaking and the consequent
collective directed transport and current reversal behav-
ior. The dynamical analysis indicated that ∆ ̸= 0 is the
precondition of directed motion of the coupled system
in this dynamical model, and the presence of coupling
between the two motors influences the symmetry break-
ing of the ratchet system. In the strong-coupling case,
the directional transport of the coupled motors can be
reversed by modulating the coupling strength, coupling
free length, or asymmetry coefficient, which can be ef-
fectively illustrated using the effective potential theory
and invariance analysis of the space-time transformation.
Moreover, the relationships between the average veloc-
ity and various parameters such as the pulsation period
and the phase shift between the temperatures of the two
reservoirs are investigated systematically, and the results
provide a valuable way of optimizing and manipulating
the collective directed transport by adjusting different
parameters in practice.
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