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Conical spin order, where the spin components along the conical axis form magnetization while the
spiral parts induce ferroelectric polarization, possesses multiferroicity with inherent magnetoelectric
coupling. A Monte Carlo simulation performed using a classical Heisenberg spinel (AB2O4) model
reveals a multiple conical spin order, i.e., three modulations with different cone angles and wavelengths
on A sites and two alternate B sites. The spin order not only exists as the ground state but also survives
locally stably in a larger parameter region. The whole existence range can be effectively expanded by
anisotropy to cover the cases of CoCr2O4 and MnCr2O4. The multiple conical spin order is well
maintained and finely tuned by frustration and anisotropy over the whole existence range, and the
magnetic and ferroelectric properties are influenced correspondingly.
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1 Introduction

Conical spin order provides a special realization of mul-
tiferroicity, where a net magnetization is formed by the
spin components along the conical axis, while the spiral
parts induce ferroelectric polarization in the spiral plane.
This conical magnetism-driven multiferroicity was first
observed in the spinel compound CoCr2O4 [1–3], where
the conical spin order is inherent and stable even with-
out magnetic field. Later, the intrinsic or magnetic field-
induced conical spin structure was found to play essential
roles in the multiferroic behaviors of many other materi-
als [4–8]. In particular, the attractive low-field magneto-
electric effect at room temperature, observed in Z-type
and M-type hexaferrites, originates from the conical spin
structure [9–11]. The magnetic origin of ferroelectricity
in the conical spin order determines the inherent magne-
toelectric coupling, which is advantageous for realizing
various mutual controls between magnetism and ferro-
electricity [1, 12–16].

The cubic spinel structure with the general formula
AB2O4 (Fig. 1) is a basic structure for realizing the in-
trinsic conical spin order. It was suggested by Lyons,
Kaplan, Dwight, and Menyuk (LKDM) that the conical

spin order has the lowest energy among a large set of
possible spin configurations in the spinel structure un-
der the condition that 8/9 < u < 1.298, where u =
4jBBsB/(3jABsA) [17, 18]. sA and sB are the spin mag-
nitudes at the A and B sites, respectively, and only the
nearest-neighboring antiferromagnetic A-B (jAB) and B-
B (jBB) exchange interactions are considered. However,
the u values obtained by fitting the experimental data to
the theoretical spin structure are approximately 2.0 for
CoCr2O4 and 1.6 or 1.5 for MnCr2O4 [19–21]. These val-
ues are beyond the u-range of the conical spin order pre-
dicted by the LKDM theory. Various efforts have been
directed towards solving this puzzle [22, 23]. Our previ-
ous work revealed that anisotropy played an important
role in stabilizing the conical spin order [24]. Because
anisotropy always exists in these compounds with con-
ical spin order [1, 3, 21], further studies on the conical
spin order under the influence of anisotropy are required.
In the present study, a simulation presents in detail a
multiple conical spin order, revealing three modulations
with different cone angles and wavelengths on A sites and
two alternate B sites in the spinel lattice, which not only
exists as the ground state but also survives locally sta-
bly over a larger parameter region. Its whole existence
range can be effectively expanded by anisotropy, where
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Fig. 1 A sketch of spinel structure (half-cubic unit cell)
with A and B sites as well as JBB, JAB and JAA. Here 1 and
2 mark B sites on the alternate layers along z-axis. The cone
angle φ is illustrated in the inset.

the conical spin order is well maintained and finely tuned
by anisotropy and frustration, which correspondingly in-
fluences the magnetic and ferroelectric properties.

2 Model and simulation

Considering the relatively nearest-neighboring antiferro-
magnetic A-B and B-B exchange interactions as JBB =
jBBsBsB and JAB = jABsAsB, the Hamiltonian is writ-
ten as

H = JBB
∑
[i,j]

SBi · SBj + JAB
∑
[i,j]

SAi · SBj

−K
∑
i

[(Sz
Bi)

2 + (Sz
Ai)

2]. (1)

Here SBi and SAi are the ith normalized classic spins
on the B and A sites of the spinel lattice, and [i, j]
denotes the summation over all the nearest-neighboring
spin pairs. The third term on the right side of Eq. (1) is
the energy of single-ion anisotropy along the z-axis with
strength K. For convenience, JAB is chosen to be unity,
and the other parameters are scaled accordingly.

A Monte Carlo simulation is performed for a three-
dimensional (3D) spinel lattice with classical Heisen-
berg spins using the Metropolis algorithm with periodic
boundary conditions applied. Systems of different sizes
are calculated to confirm that the lattice size does not
influence the main results, and the effects of the lattice
size on the detailed magnetic structure are examined. To
explore the ground state at every parameter point, the
system is subjected to a gradual cooling procedure un-
der weak poling electric and magnetic fields, and then
the minimization algorithm for the energy without ex-
ternal fields is applied to further push the system to the

limit of zero temperature. The ground state is estimated
by comparing states evolved from different initial states
under poling fields of different magnitudes. The local
stability, i.e., the stability against arbitrary small devia-
tions of all the spin vectors from their original directions,
is confirmed if the conical spin structure can survive the
thermal fluctuation of T = 0.01.

3 Results and discussion

In the spinel structure AB2O4, B sites are arranged in
a pyrochlore sub-lattice, and A sites form a diamond
sub-lattice. When A and B sites are both occupied by
magnetic ions, the exchange interactions between them
compete with each other, providing a particular condi-
tion to form an inherent conical spin order. The simula-
tion presents a multiple conical spin order, as shown in
Fig. 2, with JBB = 0.833 33 and K = 0 in the parame-
ter range given by the LKDM theory. As illustrated in
Fig. 2(a), three modulations emerge on A sites and two
different B sites: B1 and B2, as marked in Fig. 1. If the
sites of all the spins are moved to zero, three different
spin cones, i.e., the surface of the cone on which the spin
vectors lie, are formed by the spins on the B1, B2, and
A sites [Fig. 2(d)]. The orientation of the B1 cone is
parallel to the B2 cone and antiparallel to the A cone.
All the three conical spin orders are aligned in the same
direction k, and k can be any one of twelve symmetric
⟨110⟩ directions. To clarify the spin configuration in de-
tail, one layer of B2-site spins is plotted in Fig. 2(b),
and one layer of spins on B1 and A sites is illustrated
in Fig. 2(c). Perfect spiral components of spins are ob-
served along k, and different wavelengths are observed
on the three sites. Furthermore, snapshots along k and
k′ (the direction perpendicular to k on the spiral plane)
are presented in Figs. 2(e) and (f), where B1 and B2 lay-
ers are alternately stacked with A sites inserted between
them. The spins on the lines along k′ overlap completely
with each other, while the spins on the lines along k show
different orientations, that is, a conical modulation along
k. To characterize this multiple conical spin order effec-
tively, the average cone angle (φ as illustrated in Fig. 1)
is calculated for spins on B1, B2, and A sites — φB1,
φB2, and φA, respectively — which can also be used to
distinguish other states.

To observe the ground states under the influence of
anisotropy, φB1, φB2, and φA are evaluated as functions
of JBB for different K values, as shown in Figs. 3(a)–
(e). For K = 0−0.4, as JBB increases, four phases are
distinguished by the feature of the cone angles. The first
is the Neel (N) phase with the typical spin configuration
shown in Fig. 3(f), where φB1 = φB2 = 180◦ and φA = 0
with nearly no error bar. In this phase, all the A-site
spins are parallel to each other and antiparallel to all
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Fig. 2 The detailed spin configuration with JBB = 0.83333
and K = 0. The pink, black and blue arrows show spin
vectors on B1, B2 and A sites, where the site locations are
marked by small dots. k denotes the direction of conical mod-
ulation, while k′ marks the direction perpendicular to k on
the spiral plane. (a) The snapshot for partial spin configura-
tion with one layer of B1-site spins, one layer of B2-site spins
and one layer A-site spins together. (b) One layer of spins on
B2 sites, where the arrows show the projections of spins onto
spiral plane. (c) One layer of B1-site spins and one layer of
A-site spins, where the arrows show the projections of spins
onto spiral plane, which are magnified by 3.2 to present an
appropriate magnitude. (d) If sites of all the spins are moved
to zero, then the spin vectors on B1, B2 and A sites respec-
tively lie on the surfaces of three different cones. (e) The
snapshot viewed along k. (f) The snapshot viewed along k′.

the B-site spins. The second is the Conical (C) phase,
which is characterized by three different values for φA,
φB1, and φB2 with very small error bars, correspond-
ing to three perfect spin cones formed by spins on B1, B2,
and A sites, respectively, as illustrated in Fig. 3(g). The
third is the Ferrimagnetic (F) phase with the typical spin
configuration shown in Fig. 3(h), where φB1 ≈ φB2 ̸=
φA with obvious error bars. This is a complex state
with mixed modulations. The fourth is the Disordered
(D) phase, as plotted in Fig. 3(i) with φB1 ≈ φB2 ≈
φA ≈ 90 and very large error bars. The anisotropy has
obvious effects on the F and C phases: the C phase is
well stabilized in a larger JBB range and moves slightly

Fig. 3 (a–e) The averaged cone angles of spins on A sites
(φA) and two B sites (φB1 and φB2) as functions of JBB at
different K from 0 to 0.4. The typical spin configurations
with their sites moved to zero are plotted for (f) N, (g) C,
(h) F and (i) D phases. The pink, black and blue arrows
show spin vectors on B1, B2 and A sites.

to a higher JBB, while the F phase is suppressed. The
magnetic phase diagram in the parameter space of K
and JBB is summarized in Fig. 4(a), where the whole
parameter space is divided into four main parts: N, C,
F, and D.

Notably, the multiple conical spin order not only exists
as the ground state but also can be locally stable over
a larger parameter range in the spinel structure [18, 24].
In Fig. 4(a), its locally stable range is plotted as the
shaded area, appearing immediately above the region of
the ground-state C phase. Figures 4(b)–(d) show φA,
φB1, and φB2 calculated for the whole existence range,
including the ground state and the locally stable parts.
In the case of K = 0, the conical spin order exists in
the range of JBB = 0.666 67 to 0.9667, which agrees
well with the LKDM theory [18]. Although the spin
cone is slightly compressed, the anisotropy can locally
stabilize the conical spin order very effectively. In par-
ticular, the multiple conical spin order is maintained to
JBB = 1.2 with K ≥ 0.2 and JBB = 1.5 with K ≥ 0.4,
which correspond to u = 1.6 in MnCr2O4 and u = 2.0
in CoCr2O4. When JBB = 1.2, φA = 24.11◦, 23.22◦,
and 22.35◦; φB1 = 152.69◦, 153.36◦, and 153.98◦; and
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Fig. 4 (a) The simulated magnetic phase diagram on the parameter space of JBB and K, which is divided into four parts,
namely N, C, F, and D phases. The shaded region above C phase shows the locally stable range of multiple conical spin
order. (b) φA, (c) φB1, and (d) φB2 as functions of JBB at different K from 0 to 0.4, which are calculated on the whole
existence range of conical spin order, including ground state and locally stable parts.

φB2 = 102.71◦, 103.53◦, and 104.43◦ for K = 0.2, 0.3,
and 0.4, respectively, which is well consistent with a pre-
vious report regarding MnCr2O4 (φA = 24◦, φB1 = 152◦,
and φB2 = 104◦) [19]. When JBB = 1.5 and K = 0.4,
φA = 28.23◦, φB1 = 151.77◦, and φB2 = 90◦, which
is consistent with a previous report regarding CoCr2O4

(φA = 32◦, φB1 = 150◦, φB2 = 90◦) [20]. In addition, at
K = 0.4, φB2 crosses 90◦ at approximately JBB = 1.5,
i.e., the flipping of B2 spin cone, and then the B1 and B2
spin cones show opposite orientations, which is similar to
another possibility discussed for CoCr2O4 [21]. There-
fore, the anisotropy can be a very important factor for
stabilizing the conical spin order at the large u values
expected in real materials. Because u indicates the com-
petition between B-B coupling and B-A coupling, a large
u indicates a relatively strong frustration.

The multiple conical spin order is well maintained over
the whole existence range, as confirmed in Figs. 4(b)–
(d). The three conical modulations show different wave-
lengths on B1, B2, and A sites, which are defined as
λB1, λB2, and λA in units of the distance between
two nearest-neighboring B sites. The simulation al-
ways shows λB1 = λA ̸= λB2, and the values are ap-
proximately incommensurate with the lattice periodic-
ity. These wavelengths are sensitive to the lattice size
(L×L×L) because of the periodic boundary conditions.
For example, when K = 0.2 and JBB = 1.2 are fixed,
if L = 52, λB1 = λA = 5.200 and λB2 = 3.250, but if
L = 36, λB1 = λA = 4.500 and λB2 = 3.600. To over-
come the effect of the boundary conditions, lattices of
different sizes (L = 20−76) are simulated to obtain con-
ical spin structures with different wavelengths. Figure

5(a) presents the energy (E) as a function of the ratio of
λB2 to λB1. We observe that the minimum of E appears
around λB2/λB1 = 0.7, where λB1 = λA = 4.857 and
λB2 = 3.400, which could be the optimal ratio for the
multiple conical spin order in the case of K = 0.2 and
JBB = 1.2. This optimal ratio is not very sensitive to
JBB. When K is increased, the optimal ratio decreases
slightly. The effect of λB2/λB1 on the spin configura-
tion is shown in Figs. 5(b)–(d). Here, we observe that
as λB2/λB1 increases, φB1 and φB2 decrease, but φA in-
creases.

According to the spin configuration, the multiferroic
properties of the multiple conical spin order are evalu-
ated over its existence range, as shown in Fig. 6. The
magnetization (M) is evaluated as

M =
∑
i

(SAi + SBi). (2)

The orientation of M is along the z-axis, i.e., perpen-
dicular to the spiral plane formed by k and k′. The
magnitude of M (|M |) decreases as JBB increases, as
plotted in Fig. 6(a). When the B2 spin cone flips at ap-
proximately JBB = 1.5 with K = 0.4, M also changes
its sign. The ferroelectric polarization (P ) is calculated
according to the spin-current model and the theory of
inverse Dzyaloshinskii–Moriya interaction [25, 26]:

P = −
∑
[i,j]

eij × (Si × Sj), (3)

where eij denotes the vector connecting the neighboring
Si and Sj . For convenience, only the spin current be-
tween the spins of the B site is considered in the poling
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Fig. 5 (a) The energy (E), (b) φA, (c) φB1, and (d) φB2 as functions of λB2/λB1 at K = 0.2 and JBB = 1.2.

Fig. 6 The absolute value of magnetization (a) |M |, the absolute values of ferroelectric polarizations (b) |PAA|, (c) |PBB|
and (d) |PBA| as functions of JBB for different K = 0−0.4 on the existence range of conical spin order, including ground
state and locally stable parts.

procedure. Because different conical modulations coex-
ist at different sites, ferroelectricity can occur not only
on B-B bonds but also on other bonds. PAA, PBB, and
PBA — calculated for A-A, B-B, and B-A bonds, respec-
tively — are all aligned along the k′ direction, but PBB
and PAA have an orientation opposite to that of PBA.
Figures 6(b)–(d) plot their magnitudes as functions of
JBB with K = 0−0.4. As JBB increases, |PAA| increases
monotonously. |PBB| and |PBA| also increase but gradu-
ally form a broad peak as K increases, and the maximum
of |PBB| is located at a JBB smaller than that for |PBA|.
The different behaviors suggest the possibility of produc-

ing a complex ferroelectric phenomenon in experiments
[3].

4 Conclusion

Monte Carlo simulation is performed using a 3D classical
Heisenberg model to investigate the multiferroic conical
spin order in a spinel lattice. It is confirmed that the
existence range of the conical spin order, including the
ground state and locally stable parts, can be effectively
expanded by anisotropy up to cover the cases of CoCr2O4
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and MnCr2O4. The multiple conical spin order shows
three modulations with different cone angles and wave-
lengths emerging on A sites and two alternate B sites
and is well maintained and finely tuned by frustration
and anisotropy over the whole existence range, which
correspondingly influences the magnetic and ferroelec-
tric properties. Because the spinel blocks, which always
exist in Y-, M-, and Z-type hexaferrites, are observed
to play an essential role in producing the magnetoelec-
tric conical spin structure [27, 28], our results will help
to clarify the conical magnetism and the corresponding
multiferroicity in additional materials.
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