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Controlling the balanced gain and loss in a PT -symmetric system is a rather challenging task. Utilizing
Floquet theory, we explore the constructive role of periodic modulation in controlling the gain and
loss of a PT -symmetric optical coupler. It is found that the gain and loss of the system can be
manipulated by applying a periodic modulation. Further, such an original non-Hermitian system
can even be modulated into an effective Hermitian system derived by the high-frequency Floquet
method. Therefore, compared with other PT symmetry control schemes, our protocol can modulate
the unbroken PT -symmetric range to a wider parameter region. Our results provide a promising
approach for controlling the gain and loss of a realistic system.
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1 Introduction

Parity-time (PT ) symmetry, which is the invariance un-
der simultaneous parity and time reversal transforma-
tion, plays an important role in non-Hermitian (NH)
quantum mechanics and optics [1–3], with potential ap-
plications in optical beam engineering, mode conver-
sion, image processing, laser mode selection, asymmetric
transmission, and other fields [4–18]. The PT symmetry
of a Hamiltonian is defined as PT H = HPT with the
parity operator (P̂ : x̂→ −x̂, p̂→ −p̂) and time-reversal
operator (T̂ : x̂→ x̂, p̂→ −p̂, i → −i, t→ −t), where x̂ is
the position operator, p̂ is the momentum operator, and
t denotes time. As the operators PT and H may share
common eigenfunctions, a broad class of non-Hermitian
PT -symmetric Hamiltonians can still have entirely real
eigenvalue spectra. However, depending on the values of
the gain and loss parameters, the PT -symmetry may be
spontaneously broken [19, 20], and then the eigenvalues
become complex. In the last few years, PT -symmetry
and PT -symmetry-breaking have been observed in sev-
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eral optical experiments [21–24].
An important issue in a PT -symmetric system is the

ability to control and tune the PT phase transition. One
possibility is obviously to vary the level of gain and loss in
the system; however, this is a rather challenging task, as
the gain and loss should remain balanced and thus must
be tuned simultaneously. In recent years, it has been pro-
posed that periodic modulations can be used to control
PT -symmetry in two-state systems [25–30]. It has been
found that pseudo-PT -symmetry may appear whether
or not the original system is PT -symmetric, and sponta-
neous PT -symmetry-breaking sensitively depends on the
modulation parameters [26]. These methods are based
on the high-frequency Floquet method to rescale the cou-
pling strength. Therefore, the unbroken PT -symmetric
range only can be modulated narrow. Another means
of control is to geometrically twist the fiber [31], which
can introduce additional Peierls phases in the coupling
constants among the fiber, and thus the transition from
unbroken to broken PT -symmetric phases can be conve-
niently controlled. Although there are several studies on
the manipulation of PT -symmetry, how to control the
balanced gain and loss is still lacking.

In this paper, we investigate how to control the bal-
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anced gain and loss in a PT -symmetric optical coupler
by periodically modulating the coupling strength be-
tween two waveguides. Using the high-frequency Floquet
method, the modulated system is effectively described
by an effective averaged system whose gain and loss can
be modulated by adjusting the modulation amplitude
or frequency. Such an original non-Hermitian system
can even be modulated into an effective Hermitian sys-
tem. The spontaneous PT -symmetry-breaking transi-
tion is analytically derived and is well consistent with
the numerical simulation. It is revealed that the unbro-
ken PT -symmetric range can be modulated to a wider
parameter region.

The structure of this article is as follows. In Section 2,
we explore the constructive role of periodic modulation in
controlling the gain and loss of a PT -symmetric optical
coupler. In Section 3, we study the Floquet modulation
of PT -symmetry and the corresponding dynamics. In
Section 4, the possibility of experimentally observing our
theoretical predictions is discussed. In the last section,
we briefly summarize our results.

2 Control of the gain and loss

We consider a periodically modulated linear PT -
symmetric coupler that is described by the following
coupled-mode equation:

idc1dz =

[
υ

2
+
F cos(ωz)

2

]
c2 + iγc1,

idc2dz =

[
υ

2
+
F cos(ωz)

2

]
c1 − iγc2. (1)

Here, c1(z) and c2(z) are the complex amplitudes and z
is the coordinate in the propagation direction. Parame-
ter υ is the interchannel coupling strength, γ is the gain
or loss strength, F is the modulation amplitude, and ω
is the modulation frequency. Obviously, by defining the
parity operator as P̂ , which interchanges the two chan-
nels labeled by 1 and 2, and the time-reversal operator
as T̂ : i → −i, z → −z, which reverses the propagation
direction, the Hamiltonian Ĥ of system (1) is PT sym-
metric because P̂T̂ ĤP̂T̂ = Ĥ. To simplify, below we
only consider the case of υ > 0, as the system is invari-
ant under the transformation c2 → −c2, υ → −υ and all
the parameters are dimensionless throughout this paper.

By making use of the linear combinations ψ1 = c1− c2
and ψ2 = c1 + c2, we can rewrite Eq. (1) as

i d
dz

(
ψ1

ψ2

)
=

−υ+F cos(ωz)
2

iγ

iγ υ+F cos(ωz)
2

(ψ1

ψ2

)
.

(2)

Under the condition γ ≪ max[ω,
√

|F |ω], one can per-
form high-frequency Floquet analysis. Then, by intro-
ducing the transformation

ψ1 = ψ′
1 exp

[
i F
2ω

sin(ωz)
]
,

ψ2 = ψ′
2 exp

[
−i F

2ω
sin(ωz)

]
(3)

and averaging the high-frequency terms, one can obtain
the effectively unmodulated system

i d
dz

(
ψ′
1

ψ′
2

)
=

 −υ
2

iγeff

iγ∗eff
υ

2

(ψ′
1

ψ′
2

)
(4)

with the rescaled gain and loss parameter

γeff = γ
∞∑

k=−∞

(ieiωt)kJk(F/ω). (5)

Here, Jk(F/ω) are ordinary Bessel functions. Therefore,
the modulus of γeff depends on the values of F/ω, and
can change from γ to zero at some specific values of F/ω
(such as F/ω ≃ 2.4 and 5.52), as shown in Fig. 1. When
|γeff | = 0, the effective system corresponds to a Her-
mitian system. Surprisingly, in contrast to our conven-
tional understanding, we find that the gain and loss of
system can be manipulated by applying a periodic mod-
ulation, and even an original non-Hermitian system can
be modulated into an effective Hermitian system. As is
well known, the change of the gain and loss parameter
is connected to the transition from unbroken to broken
PT symmetry. Our results imply that the unbroken PT -
symmetric range can be modulated wide, which is differ-
ent from previous results [26–29], where the unbroken
PT -symmetric range only can be modulated narrow.

Fig. 1 Parametric dependence of the effective gain and loss
|γeff | for γ = 1 and ω = 10.
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3 Manipulation of PTPTPT symmetry and
dynamics

By diagonalizing the Hamiltonian for effective model (4),
two eigenvalues can be easily determined by

ε = ±|γeff |

√(
υ

2|γeff |

)2

− 1. (6)

Obviously, dependent on the values of υ/2|γeff |, the two
eigenvalues can be real or complex. The two eigenval-
ues are real if υ > 2|γeff |, and they become complex
if υ < 2|γeff |. Therefore, υ = 2|γeff | is the criti-
cal point for the phase transition between the real and
complex spectra in the effective system, which corre-
sponds to original system (2) under high-frequency mod-
ulation. The spontaneous PT -symmetry-breaking tran-
sition takes place in effective model (4) when the imag-
inary part |Im(ε)| changes from zero to nonzero. Note
that because |γeff | can be modulated from γ to 0, the
unbroken PT -symmetric range can be modulated wide
by tuning the amplitude of periodic modulation for a
fixed υ.

To show the parametric dependence of |Imε|, in
Figs. 2(a) and (b), we show |Im(ε)| as a function of F/ω
and γ for both a small coupling strength υ = 0.1 and
large coupling strength υ = 1 with ω = 10. First, it
is clear that, compared with a PT -symmetric system
with no modulation, the region of PT symmetry in our
modulated system can obviously be manipulated to be
wider by tuning F/ω, which is different to previous re-
sults [26, 28, 29]. Second, near a minimum of |γeff | such
as F/ω ≃ 2.4, despite the size of υ and γ, there always
exists a completely real quasienergy spectrum.

According to the Floquet theorem, one can use a nu-

Fig. 2 The imaginary parts of the quasienergies |Im(ε)|
as a function of F/ω and γ for different coupling strengths
υ = 0.1 (a) and υ = 1 (b). The other parameter is fixed as
ω = 10. The white curves are the boundary (γeff = υ/2)
between |Im(ε)| = 0 and |Im(ε)| ≠ 0.

merical method to calculate the Floquet states and their
quasienergies for arbitrary modulation amplitude and
frequency. The Floquet states of modulated system (1)
satisfy cj(z) = e−iεz c̃j(z) for j = 1, 2, where propaga-
tion constant ε is designated as the quasienergy, and
complex amplitudes c̃j(z) are periodic with modulation
period T = 2π/ω. The quasienergies and amplitudes of
modulated system (1) are then given by

F c̃j(z) = εc̃j(z), j = 1, 2, (7)

with the Floquet operator

F = −i d
dz +H(z). (8)

To verify the validity of the above high-frequency Flo-
quet analysis, we compare the numerical quasienergies
obtained from original model (1) and analytical formula
(6) obtained from effective model (4). As an example,
we show the real parts Re(ε) and imaginary parts Im(ε)
of quasienergies ε as a function of γ for different driv-
ing amplitudes F = 5, 15, and 24 in Fig. 3. The other
parameters are chosen as υ = 0.1 and ω = 10. Obvi-
ously, in the high-frequency regime γ ≪ max[ω,

√
|F |ω]

the analytical (solid lines) and numerical (circles) val-
ues for the quasienergies ε are in good agreement. This
clearly shows that below the critical point (|γeff | < υ/2),
both the numerical and analytical results confirm the en-
tirely real quasienergy spectrum, and the transition from
a completely real quasienergy spectrum (|Im(ε)| = 0) to
a complex spectrum (|Im(ε)| ̸= 0) can take place when γ
increases. In particular, in contrast to a PT -symmetric
system without periodic modulation, the spontaneous
PT -symmetry-breaking transition can be manipulated
by tuning the modulation parameter. For small F , for
example F = 5 in Fig. 3(b), one clearly sees that there
exists a narrow real quasienergy spectrum region, and
the spontaneous PT -symmetry-breaking transition takes
place at γ .

= 0.05. For a bigger F , such as F = 15, the
region of the real quasienergy spectrum broadens and
the spontaneous PT -symmetry-breaking transition oc-
curs at γc

.
= 0.1 [see Fig. 3(d)]. The quasienergy spec-

trum is always completely real regardless of the size of γ
for F = 24, which is equivalent to a Hermitian case, as
shown in Fig. 3(f).

To understand this concept from another angle, we
also show the quasienergy dependence on modulation pa-
rameter F/ω for different parameters υ in Fig. 4. The
other parameters are chosen as γ = 1 and ω = 10. As
shown in Figs. 4(a) and (b), for a small coupling strength
υ = 0.1, the PT symmetry can spontaneously break
when parameter F/ω changes. If the coupling strength
is increased to υ = 1, a completely real quasienergy spec-
trum always appears when modulation parameter F/ω
exceeds a critical value. These results show that the
region of PT symmetry can be manipulated wider by
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Fig. 3 The real parts Re(ε) and the imaginary parts Im(ε)
of the complex quasienergies as a function of γ for different
driving amplitudes F = 5 (top row), F = 15 (middle row)
and F = 24 (bottom row). The solid lines correspond to
analytical results given by the formula (6) for the effective
model (4) and the circles correspond to numerical results ob-
tained from the original model (1). The other parameters are
υ = 0.1 and ω = 10.

Fig. 4 The real parts Re(ε) and the imaginary parts Im(ε)
of the complex quasienergies as a function of F/ω for two
different coupling strengths υ = 0.1 (top row) and υ = 1
(bottom row). The solid lines correspond to analytical re-
sults given by the formula (6) for the effective model (4) and
the circles correspond to numerical results obtained from the
original model (1). The other parameters are chosen as γ = 1
and ω = 10.

tuning F/ω in the case of bigger coupling strength for a
fixed parameter γ.

In the following, through numerical integration, we
analyze the light propagation in unbroken and broken
PT -symmetric parameter regions. To do this, we de-
fine the two intensities in coupled-mode system (1) as

I1(z) = |c1(z)|2 and I2(z) = |c2(z)|2, the total inten-
sity as It(z) = I1(z) + I2(z), and the time-averaged
total intensity as Iavt (z) = 1

Ts

∫ z+Ts

z
It(z̃)dz̃ with Ts =

2π/|Re(ε2) − Re(ε1)| being the two real parts of ε. In
Fig. 5, for υ = 1, γ = 1, and ω = 10, we show the
evolution in intensity from initial states c1(0) = 1 and
c2(0) = 0 for F/ω = 1.52 [broken PT -symmetric pa-
rameter, see Fig. 2(b)] and F/ω = 2.0 [unbroken PT -
symmetric parameter, see Fig. 2(b)]. We can see that
the light propagation sensitively depends upon the PT
symmetry. Stationary light propagations of bounded in-
tensity oscillations appear if the PT symmetry of the
Hamiltonian is unbroken, where all quasienergies are real
[see Fig. 5(b)]. Nonstationary light propagations of un-
bounded intensity oscillations appear if the PT symme-
try of the Hamiltonian is broken, where at least one of
the quasienergies is complex [see Fig. 5(a)]. Therefore,
the propagation dynamics of our modulated system (1)
also can be manipulated by tuning the modulation pa-
rameter.

4 Optical realization

Below, we discuss the experimental possibility of observ-
ing our theoretical predictions. Recently, several PT -
symmetric optical systems were experimentally realized
[21, 22, 32–34]. The complex refractive index of gain
or loss effects can be obtained from quantum-well lasers
or photorefractive structures through two-wave mixing
[35, 36]. Further, periodic modulations can be intro-
duced by out-of-phase harmonic modulations of the real
refractive index [37–40] or periodic curvature along the

Fig. 5 Intensity evolution from Eq. (1) for the initial state
of c1(0) = 1 and c2(0) = 0. Upper row: long-distance time
averaged total intensity evolution for (a) F/ω = 1.52 and (b)
F/ω = 2.0. Lower row: short-distance intensity evolution for
(c) F/ω = 1.52 and (d) F/ω = 2.0. The other parameters
are chosen as υ = 1, γ = 1 and ω = 10.
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propagation direction [37, 38, 41, 42]. In our system, the
propagation of a light wave along the z axis obeys the
wave equation for its dimensionless electric field ampli-
tude ϕ(x, z):

i∂ϕ(x, z)
∂z

= − 1

2k

∂2ϕ(x, z)

∂x2
+ V (x, z)ϕ(x, z) (9)

with refractive index V (x, z) = VR(x, z) + iVI(x). The
real part is VR(x, z) = V0(x)+V1(x, z) with the symmet-
ric double-well function V0(x) and periodic modulation
V1(x, z), which periodically changes the distance between
two waveguides. The imaginary part VI(−x) = −VI(x)
consists of antisymmetric functions, and in order to guar-
antee the PT -symmetry of our system, we defined f(z)
to be a periodic even function. In our numerical simula-
tions, we chose

V0(x) = −ρ

(
exp

[
−
(
x+ ωs

2

ωx

)6
]

+ exp
[
−
(
x− ωs

2

ωx

)6
])

,

V1(x, z) = −ρα

exp

−(x+ f(z)
2

ωx

)6


+ exp

−(x− f(z)
2

ωx

)6
 ,

VI(x) = −ρβ

(
exp

[
−
(
x+ ωs

2

ωx

)6
]

− exp
[
−
(
x− ωs

2

ωx

)6
])

,

f(z) = ωs − µA cos(ωz). (10)

Here, (ρ, α, β, µ) are four parameters describing the re-
fractive index, and ωx is the waveguide width. Fur-
ther, f(z) denotes the modulation of the refractive in-
dex where ωs is the distance between two waveguides.
Parameters A and ω are the modulation amplitude and
frequency, respectively. Parity operator P̂ : x̂→ −x̂ and
p̂ → −p̂ has the effect of reversing the transverse direc-
tion. Time-reversal operator T̂ : x̂ → x̂, p̂ → −p̂, i → −i
and z → −z, has the effect of reversing the propaga-
tion direction. Therefore, the waveguide would be PT -
symmetric if V (x, z) = V ∗(−x,−z), where the asterisk
“∗” represents complex conjugation.

To demonstrate how to control PT symmetry by pe-
riodically modulating the distance between two waveg-
uides, we simulated the two-channel coupler by directly
integrating the continuous wave equation (9). In our nu-
merical simulation, the initial states were chosen to be
the lowest Wannier modes for isolated individual waveg-
uides, and parameter k was set to k = 1. Fixing ωs = 3.2,

ωx = 0.3, µ = 0.4, ρ = 2.78, α = 1, β = 0.0252, and
ω = 0.22, we simulated continuous wave equation (9) for
different modulation amplitudes A. As in Refs. [39, 40],
ωx and ωs are in units of 10 µm, and ρ = 2.78 corre-
sponds to a real refractive index of 3.1× 10−4.

According to the analytical analysis in Section 3, if the
PT symmetry of the Hamiltonian is unbroken, the light
propagations are stationary oscillations, and nonstation-
ary light propagations of the unbounded intensity oscil-
lations appear if the PT symmetry of the Hamiltonian is
broken. As an analogy, we numerically explore the light
propagation in a PT -symmetric coupler under different
modulation amplitudes. In Fig. 6, the left column shows
the refractive index distributions V (x, z) and the right
column shows the light propagation |ϕ(x, z)|2 obtained
by numerically integrating continuous wave equation (9).
First, for comparison, in Figs. 6(a) and (b) we use the un-
modulated system in the region of broken PT symmetry
as a reference system. Light propagation |ϕ(x, z)|2 shows
nonstationary oscillations with a growing total intensity
for this unmodulated waveguide [see Fig. 6(b)]. In con-
trast to the unmodulated case A/ω = 0, the stationary
periodic oscillations of light propagation |ϕ(x, z)|2 con-
firm the existence of PT symmetry in the modulated
cases A/ω = 1.5 and A/ω = 2.4 [Figs. 6(d) and (f)].
Specifically, when the modulated parameter approaches
the zero point of the Bessel function, light propagation
|ϕ(x, z)|2 demonstrates more periodic oscillations with
propagation behavior that is similar to that of a mod-
ulated Hermitian coupler. This means that the unbro-
ken PT -symmetric range can be modulated to span a
wider parameter region by periodically modulating the

Fig. 6 Light propagation in a PT -symmetric two-channel
coupler. First row: (a) the refractive index distribution
V (x, z) and (b) the light propagation |ϕ(x, z)|2 for unmodu-
lated waveguides. Second row: (c) the refractive index dis-
tribution V (x, z) and (d) the light propagation |ϕ(x, z)|2 for
modulated waveguides with A/ω = 1.5. Third row: (e) the
refractive index distribution V (x, z) and (f) the light propa-
gation |ϕ(x, z)|2 for modulated waveguides with A/ω = 2.4.
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coupling strength of the PT -symmetric optical coupler.
Therefore, our simulated results are qualitatively con-
sistent with those predicted by coupled-mode equation
(1).

5 Summary

In summary, we have investigated how to control the
balanced gain and loss in a PT -symmetric optical cou-
pler by periodically modulating the coupling strength be-
tween two waveguides. Using the high-frequency Floquet
method, the modulated system is effectively described
by an effective averaged system whose gain and loss can
be modulated by adjusting the modulation amplitude or
frequency, and such an original non-Hermitian system
can even be modulated into an effective Hermitian sys-
tem. The spontaneous PT -symmetry-breaking transi-
tion was analytically derived and is quite consistent with
the numerical simulation. It is revealed that the unbro-
ken PT -symmetric range can be modulated to span a
wider parameter region. Furthermore, we discuss the
experimental possibility of observing these theoretical
results. The simulated results obtained by directly in-
tegrating the continuous wave equation are qualitatively
consistent with the ones predicted by the coupled-mode
equation. Our results may provide a promising approach
for controlling the gain and loss of a realistic system.
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