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By coupling with a qubit, we demonstrate that qubit decoherence can unambiguously detect the
occurrence of ground-state degeneracy in many-body systems. We first demonstrate universality using
the two-band model. Consequently, several exemplifications, focused on topological condensed matter
systems in one, two, and three dimensions, are presented to validate our proposal. The key point is
that qubit decoherence varies significantly when energy bands touch each other at the Fermi surface.
In addition, it can partially reflect the degeneracy inside the band. This feature implies that qubit
decoherence can be used for reliable diagnosis of ground-state degeneracy.
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1 Introduction

Ground-state degeneracy is closely related to the exotic
features in many-body systems. Particularly, topologi-
cal order and related boundary modes are observed when
ground-state degeneracy occurs [1-3]. Thus, detecting
the occurrence of ground-state degeneracy is an interest-
ing issue. One can directly calculate the energy spectrum
in an exact manner. However, this is not possible for re-
alistic situations. Numerical or first-principle calculation
of the energy band is another typical method. However,
the obtained results are often ambiguous and indecisive
because of computational precision. In experiments, high
resolution angle-resolved photoemission spectroscopy is
extensively used in real materials. However, these ma-
terials impose a considerable requirement on the experi-
ment [4]. In addition, this method is insensitive to bulk
properties in systems. Thus, finding a simple and effi-
cient method to detect ground state degeneracy is im-
portant.

Quan et al. showed that the qubit coherence, char-
acterized by the Loschmidt echo, decays rapidly when
the spin-chain environment exhibits phase transition
[5]. This implies the possibility of indirect detection of

*arXiv: 1605.06196.

ground-state degeneracy in many-body systems. In this
study, we first demonstrate that this feature is univer-
sal, using the two-band theory. Then, through exempli-
fications, we demonstrate that qubit decoherence can be
used for reliable detection of ground-state degeneracy.
This finding is interesting for theoretical or experimen-
tal consideration as a qubit is weakly coupled with the
system that we studied. Moreover, this study is also in-
teresting to the recent topic of preserving spin coherence

[6].

2 Two-band theory

It is natural to use the two-band model as the starting
point, which can be written as

H= ZCL‘%,ZE'COCU (1)
where ¢\l = (c+,c_)z(ﬂ, specified by concrete Hamil-

tonians, defines a pair of fermion annihilation (creation)
operators at site x. € o is a 2 x 2 matrix, which can
be written as

t A
%,w/ = <)\J? t_> 5 (2)
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where ty ;o0 =13 ./, and Ay = A}, with the require-
ment of hermiticity. Despite being simple, Hamiltonian
Eq. (1) has a wide range of applications, such as the
Bogoliubov—de Gennes Hamiltonian in superconductiv-
ity, and graphite systems [7].

Without loss of generality, it is conventional to im-
pose a periodic boundary condition. Then using the
Fourier transformation, ¢, = 1/V/N Y, e*"c;, where
k =2mn/N with n = 1,2,--- /N, Eq. (1) can be writ-
ten as H = ), cl%”(k)ck. Introducing a four-vector,
R, (k)(nu=0,z,y, z), we obtain

HE) =3 Ru(k)o, (3)

where k spans the first Brillouin zone, o¢ denotes a 2 x 2
unit matrix, and o,(av = x,y, z) represents the Pauli
matrices. Eq. (3) can be diagonalized using the eigen-
vectors, vy, of R(k) - o,

— 1 (Rz(k) iRy(k)> (4)
V2R(E)(R(F) T R.(k)) \£R(k) — R=(k) )’

where R(k) = |R(k)|, and eigenvalues Ey (k) = Ro(k) +
R(k). The ground state is defined as the filled Fermi sea,
19) = Tl BT 10}, where BT, = cfv_ and [0), is
the vacuum state. Clearly, there is an energy gap, 2R(k),
between two bands, E (k) and F_ (k). Ground-state de-
generacy occurs when R(k) = 0. For topologically non-
trivial systems, energy level crossing induces boundary
states, which exhibit nontrivial topological features, e.g.,
chirality or dissipationless transport [8, 9].

To detect the occurrence of degeneracy, a qubit is in-
troduced,

Hipy =06[1) (1| @ > clozca, (5)

L &=

where |1) denotes the higher energy level of the qubit
[5]. We suppose that the qubit interacts differently with
each primitive unit cell in a lattice. Thus, § denotes
the difference between couplings, which is significantly
weaker than typical couplings in H. Eq. (5) corresponds
to dephasing of the qubit, and is a clear choice as it
contributes only to the diagonal elements in J#(k), and
thus, cannot change the physics in H. Then, the total
Hamiltonian is

H:H+Hint~ (6)

Suppose the initial state is |(t =0)) = (co|0) +
c1[1)) @1g), then

() = e (co |0) + 1 [1)) @ |g)
= (co|0) et 1 [1) e ) @ |g) .

Then, up to a trivial phase factor for a non-diagonal
element, the decoherence factor can be defined as

L(t) = (gle™™"|g). (7)
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The eigenstates and eigenvalues of H can be obtained by
replacing R (k) with 6 + R, (k) in Eq. (3). Then

£(t) = JJem ™ £ue), (®)
k

where

R(k)* — dR.(k)
R(k)R(k,0)

R(k, 8) = \/Ru(k)? + Ry(k)? + [(Ra (k) + 3],

Ly (t) = cos[R(k,)t] + i sin[R(k, d)t],

It is clear that a singularity exists when R(k) = 0, for
which the energy gap vanishes. Then, modulus £(¢) and
Li(t) change abruptly.

3 Exemplifications

The Su—Schrieffer—Heeger (SSH) model depicts a one-
dimensional system, which can exhibit topological fea-
tures. The tight-binding Hamiltonian is [12]

H =3 (=14 (-1)'é)(cerss + hc, (9)
=1

where ¢; represents the dimerization at the [-th site, and
the alternating sign of the hopping elements represents
the dimerization between carbon atoms in a molecule.
Without loss of generality, it is convenient to neglect the
kinetic energy of the system and consider ¢; = ¢ [13].
Using a periodic boundary condition, the SSH model can
be written as [13]

_ 0 —(146)— (1)t
7 (’“)‘<—<1+¢>—<1—¢>eik 0 ) !
(10)

where k € [~ 7). Then, R(k) = 2\/cos2 k4 ¢2sin? £,

It is clear that there exists a band crossing at boundary
k = m when ¢ = 0. Furthermore, even though the Chern
number cannot be defined for one-dimensional systems,
the ground states can be identified as two distinct phases
by introducing the quantized Berry phase, which is 7 for
¢ € [—1,0) and 0 for ¢ € (0,1] [13].

By coupling with a qubit, we obtain

L) =1]Lx)
K

:H {cos[R(k,(S)t]—l—iR]?](ck?s) sin[R(k, 5)t]} , (11)
k )

where

2

k k¢
— 2% 2g6in2 &~
R(k,6) 2\/(:05 2—|—gz§ sin 2—|— 1
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As shown in Fig. 1, the modulus of L(t) exhibits a cusp
at the critical point, ¢ = 0. |Lx(¢)|?> exhibits strong
decay close to k = =7, which is a characteristic of the
occurrence of degeneracy.

For an open boundary, the SSH model exhibits two de-
generate boundary states, as shown in Fig. 2(b), which
originate from the topology in the model. |L£(t)|? and
the energy spectrum are shown in Fig. 2(a), obtained
using exact calculation. Owing to limitations in comput-
ing resource, a finite lattice number is considered. Even
though the phase transition point deviates from ¢ = 0
because of the finite lattice number, |L£(t)|? represents
different features in the regions ¢ < 0 and ¢ > 0.

Qi-Wu—Zhang (QWZ) model. Using a periodic bound-
ary condition, the Hamiltonian can be written as [10, 11]

(k) =0y sinky+o0ysinky+0,(24+M —cosk, —cos ky),
(12)

@ -1

which characterizes a topological insulator in a two-
dimensional system. Eq. (12) is fully gapped except
at the following critical values of M: at M = 0 for
(k:vvky) = (an)’ at M = —2 for (kmaky) = (71—70)’ (07’”);
and at M = —4 for (k;,ky) = (7w, 7). The degeneracy
points separate three distinct regions represented by the
following Chern numbers: 0 for M >0 and M < —4; 1 for
—4 <M< —2;and —1 for —2 < M < 0. The Chern num-
ber can be changed only by closing the energy gap, for
which the topological edge states, which connect lower
and upper bands, can occur at the boundary.
By coupling with a qubit, we obtain

R(k,\) :\/sin2 Ky +sin® ky +(2+ M+ —cos k, —cos k) 2.

A plot of the modulus of L£(t) is presented in Fig. 3, in
which there are three cusps, which occur exactly at the
critical points. It should be noted that we use the log-
arithm of |£(¢)|?> with base 10 in this graph as |£(t)|?

(b)
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Fig. 1 (a) |£(t)]* and (b) |£x(t)|* for SSH model when N = 200 and § = 0.1. For (b) we chose ¢ = 0.
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Fig. 2 (a) |£(t)|? for open-boundary SSH model when 6 = 0.1. For (b) the two boundary states are presented for ¢ = 0.5.
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log(| £ (OP)

Fig. 3 The logarithm of |£(t)|* and |Lx(t)|* for different M in QWZ model when N, =

N
i

ek
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y = 100 and § = 0.1. For

plottings of (b)—(d), ¢t = 20 is chosen and the lattice constant is set to be 1.

tends toward zero rapidly for large N, x N,. The cor-
responding (k;, k,) can be observed clearly by plotting
|Lk(t)]?, as shown in Figs. 3(b), (c), and (d). It is clear
that | L (t)|> changes abruptly when approaching the de-
generacy points.

Chiral edge states can occur at an open boundary
[10, 11]. At the phase transition points, the energy gap
displays avoided crossings at certain values of k, because
of a finite number of lattice points, as shown in Fig. 4.
|L1(t)|? varies significantly when the energy gap tends
to close. In addition, it should be noted that the de-
generacy inside the band reduces |Ly(t)|?, as shown for
kya = £m/2 in Fig. 4(c). This feature implies that qubit
decoherence can partially reflect the property inside the
band. A similar phenomenon is observed in the following
studies:

Kane-Mele (KM) model. A more interesting case is
incorporating spin-orbit interaction in the model. Kane
and Mele studied this issue first, and found that there
exist edge states connecting the valence and conduction
bands without breaking time-reversal invariance, which
is currently well known as the quantum spin Hall effect
(QSHE) [14, 15]. Consider the following Hamiltonian of
graphene [14, 15]:

H= Y c.ciat D ilsovisigelacip
(i.g).a ({,)) 00,8

Hdr > als xdij)zci+ Ay Y &Gclei,  (13)

</L‘)]’>7a
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where (i,7) and ((,j)) denote the nearest and next-
nearest neighbor sites, respectively, s* is the electron
spin, v;; = —v;; = £1, depending on whether the elec-
tron turns left (+1) or right (—1) when traveling from
site j to ¢, and d;; is a vector that connects sites i and j.
With a zig-zag boundary in the x direction, two band-
touching points are observed at the Fermi surface adja-
cent to the point k,a = 7, where a is the lattice constant,
as shown in the top panel in Fig. 5.
By coupling with a qubit, we obtain

Hint =0 |]-> <1| Z(Cgi—l,aCQi*La - C;i,aCQi#l)? (14)
[N

where the odd and even sites correspond to two primi-
tive unit cells, A and B, respectively, in graphene. As
shown in Fig. 5, |£1(¢)|? increase abruptly at the degen-
erate points, where the energy levels are crossing through
Fermi surface £ = 0. Moreover, it decreases rapidly at
kya = 7, at which no level crossing occurs at the Fermi
surface; however, there is degeneracy in the band. A
similar feature is observed in the QWZ model, as shown
in Fig. 4(c). This implies that £ (¢)|? is sensitive to the
degeneracy in the band.

Weyl semimetal model. Generalizing the QSHE for a
three-dimensional case, a new topological phase can oc-
cur when either inversion or time-reversal symmetry is
broken, which is referred to as Weyl semimetal phase. A
typical feature of a Weyl semimetal is that the degener-
acy points at the Fermi surface occur in pairs. Thus, a

Hai-Tao Cui and Xue-Xi Yi, Front. Phys. 12(1), 120304 (2017)
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Fig. 4 The energy spectrum and |y (t)|* for open-boundary QWZ model when N = 16 and § = 0.1, which are obtained
by exact evaluation. We have chosen that the systems is open at z direction. For panel (a) M = 0. As for panels (b),
M = —2 and only three special regions of kya are chosen to plot. The situation for M = —4 is similar to that of M = 0, and

thus does not be shown in this place.

surface state can be introduced instead of an edge state
in a two-dimensional case, which exhibits distinct chiral-
ity across band-touching points [16, 17].

For simplicity, we focus on a tight-binding model intro-
duced in Ref. [18], which supports a pair of Weyl nodes.
The Hamiltonian is

H (k) = Ay (k) + A1 (k),
(k) = 2o, (sy sink, — sy sink,)
+2X;0ysink, + o, My,
Hi(k) = booysy — b10ySy + baogsy + bss., (15)

where My, = — 2t Za:z’y’z cosk, and o, and s, char-
acterize the orbital and spin dimension, respectively.
(k) represents a three-dimensional topological insu-
lator, regularized in a simple cubic lattice. In 527 (k),
the term including by breaks inversion symmetry and
preserves time-reversal symmetry, while the remaining
terms have the opposite effect. Hence, because of 77 (k),
the degenerate band-touching points can be separated in
moment or energy dimensions, as shown in Figs. 6(b)
and (c), which is a characteristic of a Weyl semimetal.
The energy spectrum is shown in Fig. 6.

Introducing a qubit with different coupling to each in-
stance lattice, we obtain

%(k‘) = 5Uz~ (16)
In Fig. 7, |Lx(t)|? is plotted for a case that clearly ex-

Hai-Tao Cui and Xue-Xi Yi, Front. Phys. 12(1), 120304 (2017)
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Fig. 5 A plotting of |£x(t)|* for KM model when 6 = 0.1
and t = 20, for which Aso = 0.06, Ag = 0.05 and A\, =
O.l/\/g. For the upper plotting, N4 = Np = 100 at y di-
rection and Ngo = N = 8 at z direction. For the lower
plotting, Na = Np = 25 at y direction and Ny = Np = 8 at
x direction are chosen in this exact evaluation.
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—7t/2

Fig. 6 The energy spectrum of Eq. (15) for (a) s (k) =0
and € = 6t, in which the band-touching points are doubly
degenerate; (b) € = 6t, b. = 1.8¢ and by = 0, in which the
band-touching points are momentum-seperated; (¢) ¢ = 6t,
b. = 0 and by = 1.4t, in which the band-touching points are
energy-seperated; (d) e = 5.5¢, b. = 0 and bo = 1.4¢, in which
an energy gap between upper and lower bands is opened. For
all plottings, A = A, = 2 and by = by = 0 are chosen. The
lattice constant is set to be 1.

hibits distinct features. There is a sharp valley when
two band-touching points overlap, as shown in Fig. 7(a);
and there are two valleys when the band-touching points
are momentum separated, as shown in Fig. 7(b). For
the other two cases shown in Figs. 6(c) and (d), |Lx(t)|?
exhibits different features. A more detailed analysis is
shown in Fig. 8. A common feature is that rapid oscilla-
tion in | Lk (¢)]? is accompanied with energy level crossing
at the Fermi surface, whereas it tends to be one when the
energy band is gapped. In addition, it is noted from Fig.
7(d) that rapid oscillation around point I" corresponds to
the degeneracy inside the bands. Moreover, this feature
indicates that qubit decoherence can partially detect the
degeneracy inside the energy band.

4 Conclusion

We explicitly demonstrate the ability of qubit decoher-
ence for detecting ground state degeneracy in topolog-

120304-6

ical systems. The primary observation is that |Lj(t)|?
exhibits distinct behaviors depending on whether or not
energy level crossing occurs at the Fermi surface. This
can be understood using a two band model, in which
|Lk(t)]? depends strongly on R(k), as shown in Eq. (9).
When the topology of the system varies because of the
closing of the energy gap, corresponding to the vanish-
ing of R(k), L(t) becomes singular. When the topology
does not vary, £(t) tends to be one. In addition, |Lj(t)|?
can also reflect the degeneracy inside the band, as dis-
cussed previously, for the QWZ, KM, and Weyl mod-
els. Qubit decoherence can be used for indirect detection
of degeneracy in many-body systems, for energy level
crossing at the Fermi surface and for substantial band
degeneracy.

|£k(t)]? was measured experimentally in an ultra-cold
atomic ensemble [19]. In recent years, several models
have been proposed, in which the degenerate points were
identified unambiguously by tunable spin-orbit couplings
in optical lattices [20] or by measuring the variation in
atom number [21-24]. Fluctuation in atom number in-
duces decoherence in a qubit, which can be measured
using | L (t)|%.

In recent years, using the concepts and methods de-
veloped in quantum information, physicists have gained
new viewpoints on exotic effects in condensed matter sys-

ek

G

Fig. 7 The decoherence factor | Ly (t)|? for Weyl semimetal
with 6 = 0.5. The parameters are same to that in plotting
of Fig. 6. Please note that the value of |£x(t)|? is shown by
reversed order.
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and the energy band along the momentum path (kg, ky, k.): Z = (7,0,7) —

I'=(0,0,0) = M = (0,0,7) — Z. The parameters are same to that in Figs. 6 and 7.

tems, as it is recognized that the wave function of many-
body system is more fundamental. This work is our con-
tribution to this viewpoint. Future work involves deter-
mining whether there exists a similar method to detect
topological numbers in condensed matter systems, e.g.,
Chern number. Different from the local feature of en-
ergy degeneracy, a global method must be developed to
characterize the topological numbers. A possible method
is to study decoherence of proper entanglement [25, 26],
as quantum entanglement is a manifestation of nonlocal
features in quantum states.
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