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Overlaying commensurate optical lattices with various configurations called superlattices can lead to
exotic lattice topologies and, in turn, a discovery of novel physics. In this study, by overlapping the
maxima of lattices, a new isolated structure is created, while the interference of minima can gener-
ate various “sublattice” patterns. Three different kinds of primitive lattices are used to demonstrate
isolated square, triangular, and hexagonal “sublattice” structures in a two-dimensional optical super-
lattice, the patterns of which can be manipulated dynamically by tuning the polarization, frequency,
and intensity of laser beams. In addition, we propose the method of altering the relative phase to adjust
the tunneling amplitudes in “sublattices”. Our configurations provide unique opportunities to study
particle entanglement in “lattices” formed by intersecting wells and to implement special quantum
logic gates in exotic lattice geometries.
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1 Introduction

The system of ultracold atoms trapped in optical lattices
is a versatile tool to simulate systems in condensed mat-
ter physics and quantum information processing [1–4].
The lattice is generated by the atom-photon interaction
and the setup can be one-, two-, or three-dimensional.
While primitive Bravais lattices are constructed in most
experiments with a single site per unit cell [5, 6], there
has been a growing theoretical and experimental effort to
build non-standard optical lattices with a few-site basis
called superlattices and study the quantum information
processing therein [7–9]. One- and two-qubit gates have
been realized in a standard two-dimensional (2D) super-
lattice [10–12]. The potential application is so diverse
that a search for more exotic superlattices and a higher
degree of tunability in the lattice parameters have been
of significant interest.

In contrast to the coupling strengths in conventional
2D superlattices, those of two neighboring particles are
the same along all directions and the isolated structures
have different interplaquette coupling strengths; there-
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fore, we can study the interaction between two singlets
[12] in isolated square superlattices. Furthermore, since
the triangular and hexagonal superlattices are framed by
three laser beams, there are three equivalent directions
in such structures [13–17]. Therefore, we can find the
entanglement of three particles or three dimers, which is
similar to the Efimov state [18].

In this paper, we propose several schemes to realize
isolated structures in a 2D optical superlattice. The lat-
tice potentials are calculated using the E[2+ϵ] method
[19, 20], which takes atom-photon interactions as well
as hyperfine interactions into account and is therefore
appropriate for computing the light shift of hyperfine
energy levels. By overlapping the maxima of lattices,
the isolated structures are created, while the interfer-
ence of minima can generate various “sublattice” pat-
terns. We can also control the superlattice parameters
such as symmetries and barrier height of “sublattices”
by simply tuning the relative phase of the laser beam.
In a 2D optical lattice, structures such as hexagonal, tri-
angular, and square have been realized experimentally;
hence, we overlay two such structures with different peri-
ods and construct the isolated hexagonal lattice, isolated
triangular lattice, and isolated square lattice by using the
superlattice techniques.
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The remainder of this manuscript is organized as fol-
lows. In Section 2, we briefly introduce the E[2+ϵ] method
for calculating the ac Stark shift of hyperfine levels of
alkali-metal atoms. In Section 3, we show how to realize
various isolated lattice structures and how the geometry
of the sublattice can be tuned dynamically. In Section
4, we discuss the potential application of our configura-
tions.

2 The EEE[2+ϵ][2+ϵ][2+ϵ] method for optical lattice
potentials

An optical lattice is a light-induced periodic potential
in space. In order to calculate the potential “felt” by
an atom in its hyperfine states, we have to treat both
the atom–photon interaction and hyperfine interaction
as perturbations. Here, we briefly introduce the E[2+ϵ]

method, which can be used to calculate the lattice po-
tential for hyperfine levels of alkali-metal atoms.

In the dipole approximation, the Hamiltonian of atom-
photon interaction is He = p ·E, where p = −er is the
electric dipole moment, r the position of the electron,
e the elementary charge, and E the electric field vec-
tor. Using the Born–Oppenheimer approximation and
the long-wavelength approximation, this expression can
be further simplified as
E(R, t) = K(R)e−iωLt +K†(R)e−iωLt,

K(R) =
∑
i

ϵ̂ieiki·R, (1)

where R is the position of the nuclei. Here, we only
consider the far-off-resonance laser fields with the same
angular frequency ωL/2 but with different wave vectors
ki and polarizations ϵ̂i. The total light shift of an atom
is simply the sum of light shifts induced by laser fields
with different frequencies.

We now calculate the lattice potential for the energy
level |i⟩ = |niIJiFiMFi⟩, where n is the principal quan-
tum number, I is the nuclear spin, J is the electronic
total angular momentum, and F = I + J is the total
angular momentum. MI , MJ , and MF are the projec-
tions of I, J , and F on the z axis, respectively, where the
z axis is taken as the quantization axis. For hyperfine
structures, both the hyperfine interaction and the atom-
photon interaction should be treated as perturbations,
and the optical lattice potential Ui(R) is

Ui(R)=−3πc2IL
∑
j ̸=i

AJji(2Fj+1)(2Fi+1)(2Jj+1)ωFji

ω3
Jji

(ω2
Fji

−ω2)

×

{
Ji Jj 1

Fj Fi I

}2 ∑
p=0,±1

(
Fj 1 Fi

MFj p −mFi

)2

|Kp(R)|2,

(2)

where IL = (~Nω)/(ϵ0V ) is the light intensity, AJji is
the Einstein coefficient for the fine-structure transition
between |i⟩ and |j⟩, ~ωJji is the difference between fine-
structure energies, and ~ωFji is ~ωJji plus the differ-
ence between hyperfine energy corrections. The term
inside curly brackets is a 6J symbol, while that inside
the large round brackets is the 3J symbol, which de-
scribes the selection rules and relative strength of the
transitions. The only term concerning the light fields is
Kp(R), which is the pth (p = 0,±1) spherical component
of the rank-1 tensor K(R). From another perspective,
it also stands for the different polarization components
of the laser fields (p = 1, 0,−1 for right-handed, linear,
and left-handed polarization, respectively). As we can
see, E[2+ϵ] has a very compact form and can easily in-
corporate experimental atomic structure data; therefore,
it is useful for the lattice-potential calculations of many
elements.

Here, we take the hyperfine ground states |F =
1,mF = 0,±1⟩ of 87Rb as an example and further sim-
plify Eq. (2). Because 5s2S1/2 − 5p2P1/2 and 5s2S1/2 −
5p2P3/2 are the two primary transition lines with a much
larger Einstein coefficient AJ and much smaller transi-
tion energy ωJ , we can neglect other excited energy levels
and only consider these two lines as a good approxima-
tion. In the following sections, a beam is regarded as red
or blue detuned only when it is red or blue detuned to
both the transition lines. The formula Eq. (2) includes
the scalar, vector, and tensor light shifts.

3 Adjusting superlattice parameters for novel
lattice geometries

To construct the isolated structures, we need to not only
overlay commensurate lattices with different periodicity,
but also tune their relative positions and depth, which re-
quires a high degree of tunability in experimental setups.
One advantage of the optical lattice is that the lattice
parameters can be controlled by adjusting the intensity,
polarization, and relative phase of the laser beam, and
an even richer variety of lattice structures can be con-
structed and controlled if we operate in superlattices.
Here, we take double wells in a 2D hexagonal lattice as
an example and demonstrate the new lattice geometries
created in these superlattices.

A hexagonal optical lattice can be constructed using
three laser beams with equal intensity and equal fre-
quency that intersect in the xy plane with mutually
enclosing angles of 2π/3 [6]. The lattice potential is
modulated for different Zeeman levels [21]. As shown in
Fig. 1(a), the double-well configuration can be realized
for the mF = 0 state by using two sets of three-laser-
beam systems: one with wave vectors ki and in-plane po-
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larizations ϵ̂1, and the other with the same wave vectors
but out-of-plane polarizations ϵ̂2. The in-plane polarized
beams have intensity I1 and phases θi, while the out-of-
plane polarized beams have intensity I2 and phases ϕi.
Each set will generate a hexagonal lattice, and changing
the phase of a certain beam will cause the lattice to shift
in the direction of the corresponding wave vector.

Since there is no interference for mF = 0, by changing
the relative phase δϕi = θi − ϕi between corresponding
laser beams of two lattices, we can shift the in-plane lat-
tice and place its minima between any two out-of-plane
lattice minima; consequently, a double-well configura-
tion can be created, as shown in Fig. 1(b), where we
demonstrate a left-right double-well configuration. The
labels A–F are the six sites in one unit cell. In Fig. 1(c),
the optical potentials inside one hexagonal unit cell for
the left-right, lower-left, as well as lower-right double-
well configurations are calculated, and the phase setups
are presented, where the double well is formed by two
potential minimums with a lower barrier between them.

The tilt of the double well can be controlled as well
through an adjustment of the relative phases. For ex-

ample, in the left-right double well, we can adjust δϕ1

while keeping δϕ2,3 = 0, as shown in Fig. 1(d). The
barrier height of the double well can also be adjusted
by changing the relative laser intensity of in-plane and
out-of-plane laser beams I1/I2.

4 Isolated structures in superlattice

The construction of isolated structures in 2D requires
an overlapping of multiple commensurate lattices with
different periodicities. In general, the barrier between
isolated structures is created by overlaying the maxima
of lattices, while the structure inside one “sublattice” is
determined by the interference pattern of the minima.
In the experiment, the tuning of the relative position be-
tween lattices can be realized by changing the relative
phases between laser beams, as demonstrated in the pre-
vious section. Because hexagonal, triangular, and square
structures have been realized in a 2D Bravais lattice,
overlaying two such lattices with different periodicities
can generate the isolated hexagonal lattice, isolated tri-

Fig. 1 The double well configuration in a hexagonal lattice. (a) The setup for mF = 0 state. The lattice is formed
by two sets of three-laser-beam systems with in-plane and out-of-plane polarizations. (b) The 2D optical potential for a
left-right double well configuration is shown with a scaled colormap. A unit cell contains six sites labeled A,B,C,D,E
and F . The double well is formed between two potential minimums such as F–A and D–C. (c) Optical potential along the
channel A–B–. . .–F–A. Adjusting the relative phases and making one δϕi = θi − ϕi = π, i = 1, 2, 3, meanwhile keeping the
other two δϕi = 0 allows a site pairing with all three nearest neighbors, therefore the left-right (blue dot-dashed), lower-left
(black dashed) and lower-right (red solid) double well configurations can be created, respectively. A double well is formed by
two sites with a lower barrier between them. (d) Optical potential along the channel A–B–. . .–F–A. Small deviation of δϕi

from π can break the double well symmetry and the relative offset between adjacent sites can be tuned. A demonstration
using left-right double well configuration is shown where the symmetry in F–A or D–C is broken. The value of δϕ1 deviate
from π while δϕ2,3 = 0.
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angular lattice, and isolated square lattice, respectively.

4.1 Isolated square superlattice

The 2D square superlattice can be constructed using
eight beams in four perpendicular directions and with
two frequencies ωL and 2ωL. Here, we recommend the
setup introduced in Fig. 2(a) for each frequency, where
the lattice is formed by two standing waves reflected
by mirrors M1 or M2. For the x direction, the wave
vectors of incoming beams are kx and 2kx, and the ef-
fective distance is d1 before the beam returns to the
atomic cloud. For the y direction, the wave vectors
are ky and 2ky and the effective distance is d2, where
|ky| = |kx| = k = ωL/c, with c representing the speed
of light in vacuum. The retro-reflected beams provide
intrinsic topological phase stability while providing suffi-
cient freedom for parameter adjustments. Because of the
absence of the cross terms, the total light shifts equal the
sum of the light shifts induced by laser fields with differ-
ent frequencies. Therefore, by changing the relative posi-
tion and light intensity, we can generate different lattice
configurations such as isolated squares, isolated double
wells, or isolated crosses, as demonstrated in Fig. 2(b).

Here, we focus on the isolated square lattice for the
mF = 0 atoms. We can use either in-plane or out-of-
plane lattices to generate this structure. We take an
in-plane lattice as an example, where the red-detuned

ωL beams E1 and the blue-detuned 2ωL beams E2 are
both polarized in the xy plane. The spatial dependence
of the electric field is
E1 ∝ [ei(kx+θ1) + ei(−kx+θ1+2kd1)]ŷ

+[ei(ky+θ2+2kd2) + ei(−ky+θ2)]x̂

E2 ∝ [ei(2kx+ϕ1) + ei(−2kx+ϕ1+4kd1)]ŷ

+[ei(2ky+ϕ2+4kd2) + ei(−2ky+ϕ2)]x̂ (3)
When θ1 = ϕ1, θ2 = ϕ2, a symmetric sublattice struc-

ture of isolated squares is formed, as shown in Fig. 2(b),
where the four sites in one unit cell of the superlattice
are labeled A,B,C, and D. Notice that the change of d1
and d2 does not change the geometry but only shifts the
lattice as a whole. The height of the barrier is mostly de-
termined by the intensity of basis-frequency laser beams,
and the depth of the square lattice wells is primarily af-
fected by the intensity of double-frequency laser beams.
The symmetry of the isolated square can be controlled
by shifting the relative position of the two lattices. For
instance, we can break the y-axis symmetry by setting
θ1 = ϕ1, θ2 − ϕ2 = 0.2π, which makes the site depths
UA = UB ̸= UC = UD, or we can break x-axis symme-
try by setting θ1 − ϕ1 = 0.2π, θ2 = ϕ2, which results in
UA = UD ̸= UC = UB . The optical potential along the
channel A–B–C–D–A of the symmetric, x-axis nonsym-
metric, and y-axis nonsymmetric structures is shown in
Fig. 2(c).

Fig. 2 The isolated square superlattice. (a) The setup includes two standing waves for each frequency. Different polar-
izations and detunings can generate different geometries, such as (b) the isolated square (left), the isolated crosses (middle)
and the isolated double wells (right). The isolated square configuration using in-plane polarizations. ki lasers are red de-
tuned, meanwhile 2ki lasers are blue detuned, with i = x, y. A unit cell of the superlattice contains four sites A,B,C and
D. (c) Optical potential along the channel A–B–C–D in the isolated square. Adjustment of the relative phases [θ1 − ϕ1,
θ2 − ϕ2] changes the relative depth between different sites. The x-axis symmetry (red dashed) or the y-axis symmetry (blue
dashed) can be broken using different phase setups. The black solid line is the optical potential for a symmetric square
sublattice.
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4.2 Isolated triangular superlattice

The setup requires two sets of three-laser-beam systems:
one set with wave vectors ki (i = 1, 2, 3), frequency ωL,
and phases θi, and the other one with k′

i, frequency ω′
L =√

3ωL, and phases ϕi, as shown in Fig. 3(a). For the
mF = ±1 state, each set of beams can be either in-
plane or out-of-plane polarized, but both need to be red
detuned. For mF = 0 states, each set can be either out-
of-plane polarized and red detuned or in-plane polarized
and blue detuned.

The ωL and ω′
L lasers both generate a triangular lat-

tice. By changing the relative phases of laser beams and
placing the minimum of the ωL lattice at the center of
the three minima of the ω′

L lattice, we can create the iso-
lated triangular lattice structure, as shown in Fig. 3(b),
where the three sites in one unit cell of the superlattice
are labeled by A,B, and C. The barrier height inside one
triangular “sublattice” largely depends on the intensity
of the ω′

L beams, while the outer barrier between two
triangular “sublattices” depends on the intensity of ωL

beams.
In Fig. 3(c), we calculate the 2D optical potential along

the channel A–B–C–A, and the lattice potential of a
symmetric isolated triangular is shown with a blue dot-
dashed line, where the sites A,B, and C have the same
depth and same barrier height. By shifting the ωL lat-
tice away from the center, we can break the triangular
symmetry and adjust the relative depth of three min-
ima at will. For example, by altering δϕ = θ1 − ϕ1, we
can horizontally shift the ωL lattice and make the depth
of site A larger (blue dashed) or smaller (red dashed)

than those of sites B and C, which is demonstrated in
Fig. 3(c). Similarly, a change of θ2 − ϕ2 or θ3 − ϕ3 can
make the depth of site B or C different from those of the
other two.

4.3 Isolated hexagonal superlattice

We can use a similar setup to form an optical lattice
with isolated hexagonal structures. The setup requires
two sets of three-laser-beam systems: one set with wave
vector ki (i = 1, 2, 3) and frequency ωL, which is red
detuned, and the other one with k′

i and frequency ω′
L =√

3ωL, which is taken to be blue detuned. The two sets
are perpendicular to each other, as shown in Fig. 4(a).
For the mF = 0 state, all ωL and ω′

L laser beams need
to be out-of-plane polarized, while for mF = ±1, each
set can be either in-plane or out-of-plane polarized. The
ωL and ω′

L lasers generate a triangular and hexagonal
lattice, respectively. By changing the relative phase be-
tween the two sets of laser beams and overlapping the
maximum of the ω′

L lattice with that of the minima of
the ωL lattice, we can create a 2D lattice with isolated
hexagonal structures, as shown in Fig. 4(b).

The essence of creating the isolated structures is to
build a high barrier between “sublattices”, which could
be a result of increasing the depth of the “bigger” lat-
tice or a result of overlapping the maxima of different
lattices. The pattern inside each “sublattice”, however,
is a superposition of minima; therefore, a change of rela-
tive depth and position can greatly influence its shape as
well as symmetry. In theory and experiments, the pat-
tern inside each “sublattice” is usually more interesting

Fig. 3 The isolated triangular superlattice. (a) The setup for mF = 0,±1 states. The lattice is formed by two sets of
three-laser-beam systems. The detuning and polarization depend on the mF state trapped. (b) The 2D optical potential for
the isolated triangular configuration. A unit cell of the superlattice contains three sites A,B and C. (c) Optical potential
along the channel A–B–C–A. By altering δϕ = θ1 − ϕ1, we can make A site depth larger (blue dashed), smaller (red dashed)
or equal (black solid) compared to B and C site.
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Fig. 4 The isolated hexagonal superlattice. (a) The setup for mF = 0,±1 states. The lattice is formed by two sets
of three-laser-beam systems, one red detuned and the other blue detuned. (b) The 2D optical potential for the isolated
hexagonal configuration with a scaled colormap.

and important than the pattern of “sublattices”. How-
ever, only three patterns are introduced in this section
because these three patterns are very basic and repre-
sentative. Many other structures that are more complex
can be created in a similar manner.

5 Discussion and conclusions

We demonstrated the lattice potential for the ground hy-
perfine state of 87Rb by using the E[2+ϵ] method to calcu-
late the light shift of hyperfine energy levels and, thereby,
lattice potential. In fact, since the hyperfine corrections
are very small, conventional second-order perturbation
theory E[2] applied to hyperfine structures serves the
purpose, and we can replace ωFji in Eq. (2) with ωJji .
However, when we are concerned with the different lat-
tice potentials “felt” by two hyperfine energy states of
the ground state, only E[2+ϵ] can provide the difference,
while E[2] provides identical results for the two states
owing to the absence of hyperfine interactions. Such a
situation may arise when we study the dynamics of a
spinor Bose–Einstein condensate (BEC) trapped in an
optical lattice.

The isolated lattices are good candidates for studying
multiple-particle entanglement and few-body physics.
Once the barrier height exceeds the chemical potential,
the atoms are trapped in one isolated sublattice, which
can be seen as an isolated subsystem, and its static as
well as the dynamic properties can be measured. On one
hand, we can adjust the symmetry of the sublattice and
create different degrees of entanglement between differ-
ent pairs of atoms. On the other hand, by loading a BEC
into the 2D isolated “sublattices”, we can study the dy-
namics of this system of coupled bosonic wells, the pairs
and triplets of coupled wells of which have been stud-
ied extensively in the literature [22, 23]. This isolated
structure provides unique opportunities to observe many
novel phenomena such as self-trapping, the macroscopic
effects of population inversion, and the Efimov state.

In conclusion, compared with the 1D double-well su-

perlattice studied previously, we proposed new schemes
to realize isolated structures in 2D optical superlattices
by overlapping the maxima of commensurate optical lat-
tices, and various “sublattice” patterns are generated
by the interference of minima. By using three differ-
ent kinds of primitive lattices, we demonstrated the con-
struction of isolated hexagonal, triangular, and square
superlattices. These configurations not only generate
non-standard lattice geometry, but also provide conve-
nient access for dynamically tuning the lattice parame-
ters, especially to regulate the symmetry of sublattices
by adjusting the relative phase. We believe they give an
opportunity to observe and study novel physics, and in
the future, the lattices presented here can be used for ap-
plications in quantum simulation and quantum informa-
tion processing, especially for constructing new quantum
logic gates.
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