Front. Phys. 11(6), 110504 (2016)
DOI 10.1007/s11467-016-0597-y

RESEARCH ARTICLE

Effects of frustration on explosive synchronization

Xia Huang', Jian Gao?, Yu-Ting Sun?, Zhi-Gang Zheng?, Can Xu?'

! Department of Mathematics and Physics, North China Electric Power University, Beijing 102206, China
2 Department of Physics and the Beijing-Hong Kong-Singapore Joint Centre for Nonlinear and Complex Systems (Beijing),
Beijing Normal University, Beijing 100875, China
3 College of Information Science and Engineering, Huagiao University, Xiamen 861021, China
Corresponding author. E-mail: Tzucan@mail. bnu.edu.cn
Received April 28, 2016; accepted May 17, 2016

In this study, we consider the emergence of explosive synchronization in scale-free networks by con-
sidering the Kuramoto model of coupled phase oscillators. The natural frequencies of oscillators are
assumed to be correlated with their degrees and frustration is included in the system. This assumption
can enhance or delay the explosive transition to synchronization. Interestingly, a de-synchronization
phenomenon occurs and the type of phase transition is also changed. Furthermore, we provide an ana-
lytical treatment based on a star graph, which resembles that obtained in scale-free networks. Finally,
a self-consistent approach is implemented to study the de-synchronization regime. Our findings have
important implications for controlling synchronization in complex networks because frustration is a
controllable parameter in experiments and a discontinuous abrupt phase transition is always dangerous

in engineering in the real world.
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1 Introduction

Synchronization is one of the most captivating cooper-
ative phenomena and a universal concept in the non-
linear sciences and non-equilibrium physics, where it is
found widely in biological, chemical, physical, and social
systems [1-6]. Understanding the intrinsic mechanism
of synchronization has attracted much attention during
the last decades due to its theoretical importance and
relevance to real applications. In the 1970s, Kuramoto
proposed a mathematically tractable model as a phe-
nomenological theory, which comprises an ensemble of
coupled phase oscillators where their natural frequencies
{w;} and distribution vary according to some specific
probability density function g(w) (such as a unimodal
symmetrical distribution for the sake of simplicity) [7—
11]. The dynamic equation of each oscillator 6; is defined
as

do;
dt

N
zwi—i—)\ZAijsin(@j—Gi), izl,...,N, (1)
Jj=1

where )\ denotes the coupling strength, w; are the intrin-
sic frequencies, and A;; are the elements of the adjacency

matrix A, which represents the topological structure of
a network. The elements A;; = 1 if two nodes ¢ and j
are connected, whereas A;; = 0 when nodes 7 and j have
no physical connections. The original Kuramoto model
is a mean-field type, and thus it is an all-to-all connected
network. It has been proved that under these conditions,
when the coupling strength is higher than a threshold A,
the system will collectively lead to the onset of synchro-
nization, which emerges as a continuous phase transition
from an incoherent state to a synchronous state. The
mean-field approach is used to measure the degree of
synchronization in the system, and the complex-valued
order parameter is described as

N
T(t)elw(t) = N E elej; (2)
i=1

where 0 < r(t) < 1 measures the coherence of the oscil-
lator population and (¢) is the average phase. When
r(t) = 1, the system reaches a completely synchronous
state; otherwise, when r(t) ~ 0, the oscillator ensemble
exhibits an incoherent state, where the oscillators have
incoherent and almost independent behaviors.

Recent studies have shown that the topological struc-
tures of networks strongly influence the synchronization
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process [12-40]. A seminal study [12] investigated the
Kuramoto model based on complex networks and showed
that the positive correlation between the degree and fre-
quencies of nodes may lead to a first-order phase transi-
tion in scale-free networks. By contrast, Liu et al. [13]
considered the negative microscopic correlation between
the frequencies and degree of nodes, which showed that
explosive synchronization is replaced by a type of hier-
archical synchronization. When time delays exist among
the coupling of oscillators, the explosive synchronization
can be enhanced [14]. Thus, Leyva et al. [15] investi-
gated the emergence of dynamical abrupt transitions in
a general network and set appropriate conditions for the
transition from a continuous second-order transition to
a sharp and discontinuous first-order phase transition.
Zhu et al. [16] showed that explosive synchronization
can only occur when both the degrees and frequencies
of the network’s nodes are disassortative. Furthermore,
the frequency-weighted phase oscillator model can also
lead to explosive synchronization [17-20].

Previous investigations of explosive synchronization
have focused on the topological configuration of networks
and the coupled forms among oscillators [21-35], whereas
the effects of frustration on the synchronization process
have not been considered in detail [36, 41]. Frustra-
tion has important effects on the spin Heisenberg XY
model [42], coupled Josephson-junction arrays or lad-
ders, and other systems with potentially useful appli-
cations [43, 44]. Experimentally, frustration can be im-
plemented by adding a magnetic field [45]. In the present
study, we consider explosive synchronization in scale-free
networks by considering the effects of frustration from
two different aspects, i.e., the order parameter and the
effective frequency. We show that frustration influences
the synchronization process dramatically, where the nat-
ural frequencies of the nodes are positively correlated
with their degrees but without a lack of generality.

The remainder of this paper is organized as follows.
In Section 2, we introduce the model of coupled oscil-
lators by considering the effects of frustration in scale-
free networks and we describe the main results ob-
tained from numerical simulations. It has been shown
that synchronization may be enhanced when the frus-
tration is small, whereas in some phase interval, frustra-
tion can induce de-synchronization and even complete
incoherence. Moreover, the continuity and critical cou-
pling strength required for the onset of a phase transition
can also be changed dramatically. In Section 3, we pro-
vide an analytical treatment using a star graph, which
is similar to scale-free networks. Furthermore, a self-
consistent model is proposed to explain the mechanism of
de-synchronization. Our theoretical predictions are sup-
ported by extensive numerical simulations. In Section 4,
we give our conclusions and interpret the potential im-
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plications of this problem.

2 Coupled phase oscillators with frustration

We start by considering an undirected and unweighted
scale-free network of N coupled phase oscillators defined
by the following equations:

dé;
dt

N
:wiJr)\ZAijsin(Gj 791'70[),1':1,...,]\7, (3)

j=1

where « is the phase shift that represents the frustration
factor. According to the symmetry of the trigonometric
function, we only need to deal with the interactions of
the phase in [0,7]. In addition, we set w; = k;, and
the distribution of the degree obeys a power law, with
p(k) ~ k7%, v = 3. In this study, we consider the case
with an average degree (k) = 6.

Figure 1 shows the synchronization diagram r(\) for
a scale-free topology with N = 100 and N = 400. To
understand the synchronization process at a microscopic
level, we compute the effective frequency, which is de-
fined as

1 T+T .
= [ dma, @)

with a transient time 7" = 1000. For simplicity, we select
several typical nodes where the size of the network is
N = 100 because the results described in the follow-
ing do not change qualitatively for larger sizes of N.
The numerical integrations of coupled ordinary differ-
ential equations are performed using the fourth-order
Runge-Kutta method with a time step of 0.001, where
the initial conditions for the phase oscillators are ran-
dom. According to the panels in Figs. 1 and 2, it is clear
that the presence of frustration in small phase interac-
tions (a0 < 0.57) allows synchronization to be reached
with a smaller critical coupling strength, which is sim-
ilar to the case considered with time-delay coupling by
Peron and Rodrigues [14]. The continuity of the phase
transition is also changed. However, the system has
difficulty reaching synchronization with large frustra-
tion (a > 0.5m + «p), where aq is a specific phase, as
determined in the next section. In particular, the sys-
tem will never be synchronous when the frustration is
a = 0.5m, as shown in Fig. 1(d) and Fig. 2(d). More-
over, as a non-trivial phenomenon, the system exhibits
de-synchronization when the frustration lies in the inter-
val of o € (0.5m — ayg, 0.57), which implies that the order
parameter will decline from the high value in Fig. 1(c),
and thus the synchronous effective average frequency will
disperse with increases in the coupling strength, as shown
in Fig. 2(c).

Xia Huang, et al., Front. Phys. 11(6), 110504 (2016)
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Fig. 1 The panels show the order parameter in a scale-free
network with different frustration factors: (a) o = 0, (b)
a = 0.1m, (¢) @ =0.37, and (d) o = 0.57, where the size of
the system is N = 100 or N = 400.
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Fig. 2 The panels show the effective frequencies of different
nodes with different frustration factors: (a) a =0, (b) a =
0.1m, (¢) @ = 0.37, and (d) a = 0.57, where the size of the
system is N = 100.

3 Theoretical analysis

In order to investigate the effect of frustration on the
synchronization of oscillators and to obtain some analyt-
ical insights, we first analyze the two-oscillator system,
which serves as the foundation for comparisons and the
following discussion of many oscillators. The equations
of motion for two limit-cycle oscillators with frustration
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« are written as

: A
91=w1+§sin(92—91—a), (5)

. A
92=w2+§sin(91—92—a). (6)

By introducing the phase difference ¢, the above equa-
tions can be transformed into

b= Aw— %[Sin(qﬁ—l—a) + sin (¢ — )]
= Aw — Asin ¢ cos o, (7)

and without loss of generality, we assume that Aw > 0.
From Eq. (7), we obtain the condition for the synchro-
nization between oscillator ;(t) and 65(t), i.e., Aw <
Acos a, where the critical coupling strength is given by

Py (8)

cosa

Obviously, when a = 7/2, the critical coupling strength
Ae — o0 and thus the two oscillators will never be syn-
chronous. To quantitatively describe the influence of
frustration, it is instructive to obtain explicit expressions
for the order parameter r(a, \) and the synchronous ef-
fective average frequency §2(«, \), and according to the
definition of Eq. (2)

2
. 1 . . .
et =5 Zi_l % = (1+e), 9)

we have r> = 1(1 + cos¢). For the non-synchronized
state, Eq. (7) has no fixed points and the phase differ-
ence varies in the range of [0,27]. The probability of
finding the phase difference in the interval (¢, ¢ + d¢) is
proportional to QB, and thus its contribution to the order
parameter is

27
2 11 P($)d
= [ 50+ coso)Plos

I cos¢-C

2 +2 o Aw— Asingcosa ¢, (10)
where C' is the normalization constant. It is obvious
that the second term of Eq. (10) is zero. Similarly, for
the synchronized state, Eq. (7) has fixed points ¢ = 0,
which gives

Aw — Asin¢pcosa = 0. (11)

If « € (0,7/2), cosaw > 0, it is easy to see that
the stable solution with the phase difference satisfies
¢ € (—m/2,7/2). Thus, the synchronous order parame-
ter follows

1(1 + cos @)
Aw\? 1
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By contrast, if a € (7/2,7), cosa < 0, then the stable
solution with the phase difference is ¢ € (m,37/2), and
the synchronous order parameter takes the form
1
2

S

(14 cos¢)

Aw\® 1
1—y/1—-| — . 1
\/ ( A ) cos? a (13)
By summing Egs. (5) and (6), the effective frequency is
obtained as

r

N = N

w1 + wo A

n= 5 + Z[sin(q’)—a) —sin (¢ + )]
Wi + wo A .
=5 - Ecos¢sma. (14)

According to the discussion above, we can obtain the
effective average frequency as

_ A Awn2? 1 .
.Q:w:ti\/l—(T) msma, (15)
where @ = (w1 + wg)/2 is the average natural fre-

quency, the minus sign “—” corresponds to the phase

range « € (0,7/2), and the positive sign “+” denotes the
range « € (w/2, 7). According to the panels in Fig. 3 and
Fig. 4, we can see that the only effect of frustration is to
postpone the synchronization process. The system locks
the phase, so the average frequency will stay together
and the phenomenon of de-synchronization will not oc-
cur. In addition, when o < 0.57, the effective average
frequency extends downward, whereas when o > 0.5,
the frequency extends upward, and the two effective fre-
quencies will never intersect in the most extreme situa-
tion when o = 0.57. It should be noted that the order

(@ 1 (b) 1
0.5 L 0.5
—— Theory —— Theory
o Simulation o Simulation
0 - 0
0 4 8 0 4 8
A A
© 1 @ 1
—— Theory —— Theory
o Simulation o Simulation
L 0.5 po0o00000000000oq L 0.5
0 T 0 T
0 4 8 0 4 8
A A
Fig. 3  The panels show the order parameters for two

oscillators with different frustration factors: (a) a = 0, (b)
a=0.37, (c) a =0.57, and (d) a = 0.87.
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parameter is a mean field concept and the size of the sys-
tem should be within the thermodynamic limit N — oo.
Thus, when the system is small, the order parameter may
exhibit a fluctuation ~ y/1/N.

To obtain analytical insights into how the frustration
factor influences the synchronization process in network
coupled oscillators, we reduce the problem to the anal-
ysis of a star configuration, which is a special topology
structure with the main property of scale-free networks,
i.e., a central node hub connected with K leaves. In
the star network, the coupled form is one to one, which
is similar to the two oscillators. Thus, the size of the
system is N = K + 1, the peripheral node has degree
k; = 1, and the hub has degree k;, = K. Figure 5
shows the direct numerical simulation of the order pa-
rameter in a star network with different sizes. We can
see that the results obtained are similar to the scale-free
network. By setting the rotated frame with the average
phase ¥(t) = 2t + ¥(0), we define the phase difference
as ¢p = O, —9(t) for the hub and ¢; = 6; —(t) for the
leaves. These definitions allow us to rewrite Eq. (3) into
the set of equations given by

K
bn = (wh—Q)—l—/\Zsin(é?j—Hh—a), (16)
bj = (w; — 2) + Asin (0, — 0; — a). (17)

Without any loss of generality, we set ¢¥(0) = 0 after
an appropriate phase shift. Then, the order parameter

8 b) 8
@ o Simulation 1 ®) o Simulation 1
o Simulation 2 o Simulation 2
— Theory — Theory
-
0 - 0 :
0 4 8 0 4 8
A A
© 38 o Simulation 1 @3
o Simulation 2
— Theory
Q4
o Simulation 1
o Simulation 2
0 : 0 —, Theory
0 4 8 0 4 8
A A
Fig. 4  The panels show the effective frequency of two

oscillators with different frustration factors: (a) a = 0, (b)
a=0.37, (c) a =0.57, and (d) a = 0.87.
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defined in Eq. (2) can be written in another form

eieh _|_ Zj(:]_ ei(Gj—a)

ip(t) _
re 1 i K

(18)

After multiplying both sides of Eq. (18) by e%» and
taking the imaginary part, the equations for the hub and
leaves can be rewritten as

én = (wp — 2) — (1 + K)rAsinby, (19)
¢; = (w—902) + Asin (¢p, — ¢j — ). (20)
By imposing the stationary state solution ¢, = 0
. Wh — Q
_ 21
sin ¢p, MITE) (21)

and using the equations for the leaves, Eq. (20), we
can evaluate the expression for cos(¢; + a) in the locked
regime

cos(¢j+a)=cos(¢p; + a + ¢, — dn)

0w V(1=sin® 3)[A — (2-w)?]

= sin ¢p, £ 3

(22)

It should be noted that when the frustration a = 0, the
same results were obtained in previous studies [12, 26,
36]. Eq. (22) is valid only for A > |w — £2()\)[, and it can
be inferred that the necessary critical coupling strength
for the onset of synchronization is A, = |w — £2(X)].

@ 1 [ (b) 1 — SrEzzgeTEsTeey
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A
Fig. 5 The panels show the order parameter for a star

network with different sizes and frustration factors: (a) a =
0, (b) a =0.017, (c) @« =0.17w, (d) a = 0.37, (e) a = 0.57,
and (f) a = 0.87.
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To understand the de-synchronization regime, it is im-
portant to know the dependence of the effective average
frequency A\ and (2. When the system locks phase, all
of the nodes oscillate at the same effective average fre-
quency, i.e., 8, = 2t for the hub and ; = 2t,(i =
1,..., K) for the leaves. By substituting these solutions
in Eq. (19) and Eq. (20), and summing all the K + 1
equations, we obtain the average frequency (2

2K

2N =51

[1 — Asinacos(¢; — én)]. (23)
By imposing the synchronization condition for the leaf
nodes and after some algebraic calculations, it can be
inferred that the region of the stable solution (lock phase)
is

(95— on+a)e (-5.7). (24)

232
Finally, we obtain the function between A and {2

NN = k2_—|]—€1{1 — VA2 - [2(\) — w]?sinacosa

+[2(X) — w]sin® a}. (25)

When the frustration o = 0, the result obtained above
is 2 = 2k/(k + 1), which is independent of the cou-
pling strength A and it is also a general result of syn-
chronization [12, 26, 36]. According to the panels in
Fig. 6, the black imaginary line is the synchronization
boundary and the necessary condition for the system to

(a) 10 f5%%e;, (b) 10_\
% 0_\ )
-10 . _10
0 5 10 0 5 10
© 10F @ 106
s 0 0
-10 : 10 . S
0 5 10 0 5 10
© 201 oo.o.....
= Leeeo®®’
10 poooe®
3 /
0_ 5000000000000000000000
0 5 10 0 3 10

A A

Fig. 6 The panels show the simulated effective frequency
of the hub nodes (green) and the leaf nodes (yellow) with
different frustration factors: (a) o = 0, (b) a = 0.15m, (c)
a = 0.257, (d) a = 0.37, (e) @ = 0.57, and (f) a = 0.87,
where the red line represents Eq.(25).
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lock phase is that the final effective average frequency
must be located inside the black boundary. In Figs. 6(a)
and 6(f), the empty line represents hysteresis, which is a
remarkable characteristic of the first-order phase transi-
tion proposed in previous studies [12-20]. As shown in
Fig. 6(b)—(d), there is an upper branch inside the bound-
ary, which is nonphysical and unstable [36]. Analogous
to the two-oscillator system, a possible effect of frustra-
tion on the effective frequency is that the effective fre-
quency increases when a < 0.57; otherwise, the effec-
tive frequency declines when o > 0.57. It is interesting
that as the frustration increases, the extent of the up-
per branch also increases, while the extent of the lower
branch decreases and it tends to extrude the boundary.
Eventually, at a specific coupling strength, Ags, the co-
herent effective average frequency of the hub and nodes
will disperse within the restriction on the synchroniza-
tion boundary. In particular, when a = 0.57, the lower
branch vanishes and there is only a nonphysical branch
inside the boundary, which is related to the incoherent
state in Eq. (8). In order to obtain the exact expression
for the critical coupling strength of the onset of synchro-
nization, Eq. (25) can be written as

N = a2? +2b02 + ¢, (26)

where a = 1 4+ (2sina — £E)?/sin’20,b =
-1 + 2cos?a(2sin*a — EH)?/sin®20,c = 1 +
4cost af sin? 2a. According to the panels in Fig. 6, it is
obvious that the critical coupling strength for synchro-
nization is the vertex of a parabola, which refers to the
condition that dA/df2 = 0. By substituting this con-
dition into Eq. (26), the critical coupling strength for
a < 057 is A = /e—b%/a and the limit case is ob-
tained for small frustration [12, 26, 36]

. b2 K-1
e =%k (27)

With no frustration, hysteresis makes the forward crit-
ical coupling strength larger than Eq. (27). However,
the intrinsic difference is that the first-order phase tran-
sition will be changed and the hysteresis will vanish with
little frustration. The critical coupling strength is pro-
portional to « and its overall tendency is smaller than
the non-frustration case, so the enhancement effect of
frustration o < 0.57 is confirmed. In order to explain
the de-synchronization phenomenon and the discontin-
uous phase transition with o > 0.57, we can quanti-
tatively determine the de-synchronization point A\gs and
the backward phase transition point Aps. From Eq. (26),

110504-6

we obtain
b+(l b
Ads = = K , < 0.5, 28
d a—1 QSinQa—KI}H “ m (28)
b+a E
Xps = == K > 0.57. 29
T 1 a QSiHQOz——KI'(H7 a@=1or (29)

ap = arcsin /(K + 1)/(2K) is singular in Eq. (28), and
when 0 < a < ag, Ags < 0, this means that there is no
de-synchronization point in this interval. Similarly, in
Eq. (29) the singularity appears at m — «p, and when
0.5m < a <7 — ap, Aps < 0 means that the system can
never be synchronous in this angle interval.

To better understand the dynamic mechanism of de-
synchronization, we consider the special topological con-
figuration of a star network and we use a self-consistent
method to deal with the dynamic equations of the star
network. We assume that the hub is a host node where
its oscillation is influenced by frustration and the cou-
pling strength alone, and the peripheral nodes are driven
by the hub. Thus, Egs. (16) and (17) can be reduced to

6, = 25 = wp, + K\sin O, (30)
0; = w — Asin (0; — 24t + ). (31)

We assume that © = 0; — 0, — « is a constant, which
indicates that the feedback from the peripheral nodes to
the hub is negligible. We then define ¢ = 0; — 24t + «
and we obtain

0 = [w— 2n(N)] — Asin®). (32)

From Eq. (32), it is obvious that the necessary condition
for synchronization is A > |w — 2,(A\)]. In addition, it
can be concluded that the de-synchronization point is
the solution to A = |w — £2,(\)|, which implies that

(K?sin?© — 1)\* — 2K (1 — K)\sin?©

+ (K -1)2=0. (33)

The roots of the equation above can be expressed as

1-K

Mg =
2T KsnoFx1’

(34)
where \; is the point at which the effect of the frequency
will converge and Ag is the point of de-synchronization
that we consider. Considering the lock phase in Eq. (24),
we can assume that 6; — 6, = 7/2 — « on the edge of
synchronization. Based on this approximation, we obtain

K-1

o= ——8H 35
2 25111201—%}"1 (35)

which is the same as Eq. (28) and thus the assump-
tion is reasonable. According to the analysis above, the

Xia Huang, et al., Front. Phys. 11(6), 110504 (2016)
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de-synchronization phenomenon can be understood well
given that with some specific frustration, the increase in
A will reduce the hub’s ability to drive the leaves to syn-
chronization, and in an extreme case with 7/2 < a <
T — g, the hub can never drive the leaf to synchroniza-
tion regardless of the coupling strength.

4 Conclusion

It is helpful to understand the model proposed previously
by Gémez-Gardeties et al. [12] by considering frustration
using an analytical treatment. Thus, in this study, we in-
vestigated the effects of frustration on the explosive syn-
chronization of a scale-free network. It should be noted
that frustration can accelerate or delay the synchroniza-
tion process. Moreover, the type of phase transition may
be changed. In addition, we proposed a self-consistent
approach for explaining the de-synchronization regime
in a star network. Therefore, the inclusion of frustration
in the Kuramoto model of positive correlation with fre-
quency and degree allows the dynamic process to change
dramatically, thereby suggesting a feasible scheme for
manipulating critical phenomena when engineering net-
works. In future research, we will focus on the case where
the networked oscillators are influenced by stochastic
noise. Our study may facilitate research into similar
abrupt changes in dynamic structures in real-world net-
works.
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