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In this paper we present a new unified theory of electromagnetic and gravitational interactions. By
considering a four-dimensional spacetime as a hypersurface embedded in a five-dimensional bulk space-
time, we derive the complete set of field equations in the four-dimensional spacetime from the five-
dimensional Einstein field equation. Besides the Einstein field equation in the four-dimensional space-
time, an electromagnetic field equation is obtained: ∇aF

ab − ξRb
aA

a = −4πJb with ξ = −2, where
F ab is the antisymmetric electromagnetic field tensor defined by the potential vector Aa, Rab is the
Ricci curvature tensor of the hypersurface, and Ja is the electric current density vector. The elec-
tromagnetic field equation differs from the Einstein–Maxwell equation by a curvature-coupled term
ξRb

aA
a, whose presence addresses the problem of incompatibility of the Einstein–Maxwell equation

with a universe containing a uniformly distributed net charge, as discussed in a previous paper by
the author [L.-X. Li, Gen. Relativ. Gravit. 48, 28 (2016)]. Hence, the new unified theory is physically
different from Kaluza–Klein theory and its variants in which the Einstein–Maxwell equation is derived.
In the four-dimensional Einstein field equation derived in the new theory, the source term includes the
stress-energy tensor of electromagnetic fields as well as the stress-energy tensor of other unidentified
matter. Under certain conditions the unidentified matter can be interpreted as a cosmological constant
in the four-dimensional spacetime. We argue that, the electromagnetic field equation and hence the
unified theory presented in this paper can be tested in an environment with a high mass density, e.g.,
inside a neutron star or a white dwarf, and in the early epoch of the universe.
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1 Introduction

Since Einstein [1, 2] discovered the theory of general rel-
ativity, many people (including Einstein himself) have
attempted to develop a theory that unifies all of the fun-
damental interactions in nature (see Ref. [3] for a re-
view). The success of general relativity in interpreting
gravity as the geometry of spacetime made Einstein en-
thusiastic about geometrzing electromagnetic fields and
combining the electromagnetic interaction with the grav-
itational interaction (the only long-range forces known
to exist in nature) in a unified geometric frame. To ac-
complish this goal, Einstein chose to extend the metric
tensor of a four-dimensional spacetime to accommodate
the electromagnetic field, e.g., by introducing a complex,
Hermitian metric tensor [4] or a real but asymmetric
metric tensor [5]. Einstein was not alone in pursuing the
unified theory for gravitational and electromagnetic in-
teractions. Many others, including Weyl [6], Eddington
[7], and Schrödinger [8], have worked along similar or dis-
tinct ways in the frame of a four-dimensional spacetime
[3], and some of their work predates that of Einstein.
None of these efforts have turned out to be successful,
since the derived theory cannot describe the physical re-
ality.

After Nordström [9], Kaluza [10] explored the possi-
bility of unifying gravity and electromagnetism in a five-
dimensional spacetime: Starting from a vacuum Einstein
field equation in a five-dimensional spacetime, he was
able to derive the Maxwell equation and the Einstein field
equation in a four-dimensional spacetime with the stress-
energy tensor of an electromagnetic field and an uniden-
tified scalar field as the source. Of the total 15 inde-
pendent components of the symmetric five-dimensional
metric tensor, 10 were interpreted as the components of a
four-dimensional spacetime metric, four were interpreted
as proportional to the components of an electromagnetic
field potential vector in the four-dimensional spacetime,
and one was interpreted as an unidentified scalar field.

In his original work Kaluza adopted the so-called cylin-
der condition, in which one assumes that all metric com-
ponents do not depend on the fifth dimension. Klein
[11, 12] proposed a quantum interpretation for Kaluza’s
theory. He introduced the hypothesis that the fifth space-
time dimension is compactified with a very small circum-
ference (e.g., on the order of the Planck length). Then,
all components of the metric were expanded in a Fourier

series and the nth Fourier mode was interpreted as the
nth excited state according to quantum theory. Because
of the extreme smallness of the size of the fifth dimension,
all excited states (i.e., all n ≥ 1 states) would correspond
to extremely high energy (e.g., the Planck energy) states
so would not be accessible to experiments even in high-
energy physics. Then, only the ground state with n = 0
was accessible and Kaluza’s cylinder condition was in-
terpreted. For comprehensive reviews on Kaluza–Klein
theory and its variants, see Refs. [13, 14].

Although Kaluza–Klein theory has not been accepted
as the ultimate theory for the unification of electromag-
netism and gravity, the idea of extra dimensions has be-
come popular in modern theories attempting to unify all
of the fundamental interactions in nature (the electro-
magnetic, weak, strong, and gravitational interactions),
including supergravity theory, superstring theory, and
brane world theory. In both supergravity theory and su-
perstring theory it is assumed that the spacetime con-
tains four macroscopic dimensions (one dimension of
time and three dimensions of space) and a number of
compactified extra space dimensions (seven in supergrav-
ity theory and six in superstring theory) that are hypo-
thetically of Planck length scales so that we cannot see
the extra dimensions under laboratory conditions [14].

Since 1998, researchers started to realize that large
extra dimensions (i.e., extra dimensions of scales much
larger than the Planck length) are possible, provided that
the standard model particles are confined in the macro-
scopic four-dimensional spacetime (a four-dimensional
membrane) and only the gravitational interaction can
propagate in extra dimensions [15, 16]. The theory of
large extra dimensions was proposed to explain the very
weakness of gravity relative to the other three kinds of
interactions and to address the hierarchy problem in the-
oretical physics. A more interesting scenario — called
brane gravity or brane world — was proposed in 1999
by Randall and Sundrum [17, 18]: The four-dimensional
spacetime in which we live is in fact a four-dimensional
membrane (a hypersurface with a surface stress-energy
density) embedded in a five-dimensional anti-de Sitter
space. As in the large extra dimension model, it is hy-
pothesized that the standard model particles are con-
fined in the four-dimensional brane so that we do not see
the fifth dimension. However, in the brane world model,
the fifth dimension need not be compactified. It is the
curvature of the five-dimensional bulk spacetime that
makes gravity on the four-dimensional brane weak and
appear four-dimensional on scales larger than the curva-
ture radius of the bulk spacetime.

In this paper, we propose a new unified theory of
electromagnetic and gravitational interactions. Similar
to the brane world model, we assume that the four-
dimensional spacetime in which we live is a hypersurface
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embedded in a five-dimensional bulk spacetime. How-
ever, we do not assume that the standard model particles
are confined in the four-dimensional spacetime a priori.
We also do not attempt to address the hierarchy prob-
lem as in brane world theory. Instead, similar to what
is done in Kaluza–Klein theory, we derive the electro-
magnetic field equation from the vacuum Einstein field
equation in the five-dimensional bulk spacetime. The ap-
proach can be outlined as follows: Through projection,
the metric tensor in the five-dimensional bulk spacetime
naturally induces a metric tensor on the four-dimensional
spacetime hypersurface embedded in the bulk space. The
five-dimensional metric tensor has in total 15 indepen-
dent components. The four-dimensional metric tensor
has 10 independent components when it is expressed in
a coordinate system in the four-dimensional spacetime.
Of the remaining five independent components of the
five-dimensional metric tensor, as in Kaluza–Klein the-
ory, four are interpreted as proportional to the compo-
nents of an electromagnetic potential vector in the four-
dimensional spacetime and the remaining one is a scalar
function. Then, on the four-dimensional spacetime hy-
persurface, we derive an electromagnetic field equation
of the form
∇aF

ab − ξRb
aA

a = −4πJb (1)
with ξ = −2, where F ab is the usual antisymmetric elec-
tromagnetic field tensor defined by the potential vec-
tor Aa, Rab is the Ricci curvature tensor of the four-
dimensional spacetime, and Ja is the electric current
density vector.

Technically, the approach adopted in this paper is sim-
ilar to that adopted in the Hamiltonian formulation of
general relativity (see, e.g., [19]), where a scalar “lapse”
function N and a “shift” vector Na tangent to the hy-
persurface are introduced. However, in the Hamiltonian
formulation of general relativity, a spacetime is foliated
along a spacelike direction; i.e., the normal to the hyper-
surface is a timelike vector. For the problem studied in
this paper, a five-dimensional spacetime is foliated along
a timelike direction, i.e., the normal to the hypersurface
is a spacelike vector. In the theory presented in this pa-
per, the “shift” vector Na is interpreted as proportional
to the electromagnetic potential vector Aa on the hy-
persurface: Na = 2NAa in Planck units. Then, when
N is constant on the hypersurface (but can vary with
the fifth dimension), the electromagnetic field Eq. (1) is
derived from the five-dimensional vacuum Einstein field
equation, as will be detailed in the paper.

Generally, for an n-dimensional spacetime as a hyper-
surface embedded in an (n + 1)-dimensional spacetime,
the n-dimensional spacetime has two curvatures: a Rie-
mann curvature, determined by the metric tensor (also
called the first fundamental form in differential geome-

try) on the hypersurface, and an extrinsic curvature (also
called the second fundamental form), determined by the
normal to the hypersurface and the metric tensor in the
(n + 1)-dimensional spacetime. The Riemann curvature
tensor of the hypersurface depends on the intrinsic geom-
etry of the hypersurface (the metric and the derivative
operator associated with it). The extrinsic curvature ten-
sor depends on the way the hypersurface is embedded in
the bulk space [20, 21]. In the theory presented in this
paper, electromagnetic fields are contained in the extrin-
sic curvature of the four-dimensional spacetime. As in
standard general relativity, gravitational fields are repre-
sented by the Riemann curvature. The electromagnetism
in the four-dimensional spacetime arises from the grav-
ity in a five-dimensional spacetime containing the four-
dimensional spacetime. So, unlike in brane world theory,
in our theory electromagnetic fields are not assumed to
be confined in a four-dimensional membrane a priori,
and the hypersurface representing the four-dimensional
spacetime need not be a discontinuous surface layer with
a surface stress-energy tensor.

The electromagnetic field Eq. (1) is the most impor-
tant result of this paper. It differs from the Einstein–
Maxwell equation [Eq. (20) in Section 2] by the presence
of a term with Aa coupled to the Ricci tensor Rab and
thus is a new electromagnetic field equation. The elec-
tromagnetic field equation of the form (1) with an unde-
termined dimensionless factor ξ was proposed by Li [22]
to address the incompatibility of the Einstein–Maxwell
equation with a homogeneous and isotropic universe: If a
homogeneous and isotropic universe contains a uniformly
distributed net charge, Fab = 0 by the symmetry of the
spacetime but Jb ̸= 0; then Eq. (1) is violated if the
ξRb

aA
a term is not present. In the theory presented in

this paper, from a five-dimensional Einstein field equa-
tion we can derive an electromagnetic field equation that
has exactly the form of Eq. (1), but with a fixed ξ = −2.

The fact that an electromagnetic field equation in the
form of Eq. (1) is derived also indicates that the the-
ory presented in this paper is distinctly different from
Kaluza–Klein theory. In fact, in Kaluza–Klein theory,
the four-dimensional spacetime metric appearing in the
decomposition of a five-dimensional metric is not defined
on the spacetime hypersurface mentioned above. The
electromagnetic potential vector in Kaluza–Klein theory
is also not a vector tangent to the hypersurface. They
are in fact defined on a different hypersurface and are
not related to the tensor variables used in this paper by
diffeomorphisms, as will be proved in the paper. Hence,
the theory presented in this paper is physically distin-
guishable from Kaluza–Klein theory.

To some degree, the present work was motivated by an
attempt to “unify” Kaluza–Klein theory and brane world
theory, i.e., to derive an electromagnetic field equation
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on a spacetime brane. Although the theory presented in
this paper cannot be considered as a unification or merg-
ing of Kaluza–Klein and brane world theories, it borrows
essential ingredients from each of them: derivation of the
electromagnetic field equation from the five-dimensional
Einstein field equation as in Kaluza–Klein theory, and
derivation of the gravitation field equation in a four-
dimensional spacetime by direct projection of the Ein-
stein field equation in a five-dimensional bulk spacetime
onto a hypersurface as in brane world theory.

The paper is organized as follows. In Section 2, we
revisit the Maxwell equation in a flat Minkowski space-
time and its generalization to a curved spacetime. We
show that the Maxwell equation can also be expressed in
terms of a symmetric tensor instead of the antisymmetric
electromagnetic field tensor. When the Maxwell equation
expressed in the symmetric tensor is extended to a curved
spacetime, the field Eq. (1) is naturally obtained, with
ξ = −2. In Sections 3–6 we describe the theory proposed
in this paper in detail, including the 4+1 decomposition
of the five-dimensional gravity described by the vacuum
Einstein field equation, the action and the Lagrangian
density expressed in terms of the scalar curvature and
the extrinsic curvature of the four-dimensional spacetime
as a hypersurface, derivation of electromagnetic fields
and the electromagnetic field equation, and the Einstein
field equation in the four-dimensional spacetime with the
stress-energy tensor including electromagnetic fields and
other matter as the source. In Section 7, the relation and
difference between Kaluza–Klein theory and the theory
presented in this paper are discussed. In Section 8, we
analyze and discuss gauge and diffeomorphic transfor-
mations of electromagnetic fields and gravity.

In Section 9, we discuss the remaining terms in the
total Lagrangian density, i.e., the terms in addition to
those representing four-dimensional gravity and electro-
magnetism. We show that, under certain conditions, they
may represent a cosmological constant. In Section 10,
we present a discussion of the electromagnetic field Eq.
(1). In particular, we check under what conditions and
in what kind of environments the field Eq. (1) can be
tested with experiments and observations. In Section 11
we summarize the results obtained in this paper and
draw our conclusions.

The paper contains three Appendixes. In Appendix A,
which is included as a supplement to Section 7, we de-
scribe the geometric interpretation of the metric decom-
position in Kaluza–Klein theory and derive its relation to
the variables used in our theory. In Appendix B, we de-
rive the field equations in four-dimensional spacetime by
projection of the five-dimensional Einstein field equation
and discuss their relationships to the equations derived
from the Lagrangian formulation in Sections 5 and 6. In
Appendix C, we present a pseudo-Hamiltonian formula-

tion of the new theory and show that the field equations
derived from the pseudo-Hamiltonian formulation con-
firm the results obtained in Sections 5 and 6.

Throughout the paper we use Planck units with G =
c = h̄ = 1, where G is the gravitational constant, c is
the speed of light, and h̄ is the reduced Planck constant.
However, in a few places the units are restored to get the
magnitudes and dimensions of physical quantities.

2 Electromagnetic field equations and general
relativity

In the paper we adopt the abstract index notation for
tensors as used in Ref. [19]. That is, a tensor will be
denoted by a letter followed by lowercase Latin indices,
e.g., va, Tab, etc. The component of a tensor in any basis
is denoted by a letter followed by Greek letter indices
(occasionally by lowercase Latin letters from i and on-
ward and capital Latin letters, as will be manifested in
the text), e.g., vµ, Tµν , etc. The summation convention
for tensor components is also adopted: An index appear-
ing in both subscripts and superscripts is summed over
all dimensions represented by the index.

2.1 Revisiting Maxwell’s equations in a flat spacetime

In terms of the electric field E and the magnetic field B,
in a global inertial frame in a flat spacetime, Maxwell’s
equations can be written as

∇ ·E = 4πρe, (2)

∇×B − ∂E

∂t
= 4πJ , (3)

∇ ·B = 0, (4)

∇×E +
∂B

∂t
= 0, (5)

where ρe is the charge density and J is the current den-
sity vector.

In the theory of special relativity, the electric field E
and the magnetic field B are combined to form an an-
tisymmetric electromagnetic field tensor Fab, with com-
ponents in Cartesian coordinates

Fµν =


0 −Ex −Ey −Ez

Ex 0 Bz −By

Ey −Bz 0 Bx

Ez By −Bx 0

 . (6)

The charge density and the current density vector are
combined to form a four-dimensional current density vec-
tor Ja, with components (ρe, Jx, Jy, Jz).

With the antisymmetric field tensor Fab, the inhomo-
geneous Maxwell Eqs. (2) and (3) are equivalent to the
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equation

∂aF
ab = −4πJb, (7)

where ∂a is the ordinary derivative operator of the global
inertial coordinates. The homogeneous Maxwell Eqs. (4)
and (5) are equivalent to the equation

∂aFbc + ∂bFca + ∂cFab = 0. (8)

Note that ∂a is associated with the Minkowski metric
tensor ηab (i.e., ∂aηbc = 0).

The action of ∂b on the Maxwell Eq. (7) leads to the
equation for charge conservation,

∂aJ
a = 0 =

∂ρe
∂t

+∇ · J . (9)

By the converse of the Poincaré lemma, Eq. (8) indicates
that there must exist a four-dimensional potential vector
Aa so that (see, e.g., [19])

Fab = ∂aAb − ∂bAa. (10)

If Aa is taken to be the fundamental variable, Eq. (8) is
automatically satisfied and hence trivial. Then Eq. (7) is
the only equation determining the evolution of electro-
magnetic fields.

It is well known that Maxwell’s equations are invari-
ant under the gauge transformation. That is, under the
gauge transformation Aa → Aa + ∂aχ, where χ is any
scalar function, Fab is unchanged and hence Maxwell’s
equations are unchanged.

By adopting Aa as the fundamental variable, the
Maxwell Eq. (7) can also be expressed with a symmet-
ric tensor Hab instead of the antisymmetric tensor Fab,
where Hab is defined by [22]

Hab ≡ ∂aAb + ∂bAa. (11)

By the definitions of Fab and Hab, we have

Fab = Hab − 2∂bAa. (12)

Hence,

∂aF
ab = ∂aH

ab − ∂bH, (13)

where H ≡ ηabH
ab = 2∂aA

a. The Maxwell Eq. (7) can
then be written as

∂aH
ab − ∂bH = −4πJb. (14)

Although in a flat spacetime Eqs. (7) and (14) are
equivalent, in the next section we will see that they lead
to different equations for the electromagnetic field in a
curved spacetime. In particular, later we will see that
expressing the electromagnetic field equation in terms of
a symmetric tensor makes it easier to derive electromag-
netism from five-dimensional gravity.

2.2 Electromagnetic field equations in a curved space-
time

In the theory of general relativity, a spacetime is defined
by a manifold M with a symmetric metric tensor gab
on it. With a derivative operator ∇a associated with the
metric (i.e., ∇agbc = 0), the Riemann curvature of the
spacetime is defined and hence so is the Ricci tensor Rab.
By Einstein’s field equations, Rab is related to the stress-
energy tensor of matter, Tab, by

Gab ≡ Rab −
1

2
Rgab = 8πTab, (15)

where the Ricci scalar R ≡ gabRab. By the Bianchi iden-
tity ∇aG

ab = 0, the Einstein field equation leads to the
equation for the conservation of stress-energy:

∇aT
ab = 0. (16)

An equation of physics in a flat spacetime is trans-
planted into a general curved spacetime usually by the
“minimal substitution rule” (not applied to the equation
of gravity, of course), i.e., by replacing the Minkowski
metric tensor ηab appearing in the equation by a general
spacetime metric tensor gab and replacing the derivative
operator ∂a associated with ηab by the derivative opera-
tor ∇a associated with gab [19]. This is essentially reflec-
tion of the equivalence principle [23, 24]: At any point
in a curved spacetime, it is possible to choose a local
inertial frame so that within a sufficiently small region
around that point the laws of nature take the forms as
in a flat Minkowski spacetime. The critical point is that
the region must be sufficiently small (i.e., much smaller
than the radius of the spacetime curvature) so that any
term of matter coupled to the spacetime curvature can
be ignored. So, with the minimal substitution rule, it is
not possible to recover terms of matter coupled to the
spacetime curvature, if those terms exist in the laws.

Applying the minimal substitution rule to Eqs. (10)
and (11), we get the definitions of Fab and Hab in a
curved spacetime:

Fab = ∇aAb −∇bAa (17)

and

Hab = ∇aAb +∇bAa. (18)

The definition of Fab in Eq. (17) leads to

∇aFbc +∇bFca +∇cFab = 0, (19)

which is identical to the equation obtained by application
of the minimal substitution rule to Eq. (8).

Application of the minimal substitution rule to Eq. (7)
leads to an inhomogeneous electromagnetic field equa-
tion in a general curved spacetime:

∇aF
ab = −4πJb, (20)

Li-Xin Li, Front. Phys. 11(6), 110402 (2016)
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which implies conservation of charge in a curved space-
time:

∇aJ
a = 0, (21)

since ∇a∇bF
ab = 0. Equation (20) was originally pro-

posed by Einstein [5, 25]. Since then it was widely ac-
cepted as the standard generalization of the Maxwell
equation in a curved spacetime and is sometimes called
the Einstein–Maxwell equation.

However, if we apply the minimal substitution rule
to Eq. (14), we get the following electromagnetic field
equation in a curved spacetime:

∇aH
ab −∇bH = −4πJb, (22)

where

H = gabHab = 2∇aA
a. (23)

By the identity

∇aH
ab −∇bH = ∇aF

ab + 2Rb
aA

a, (24)

we find that Eq. (22) is equivalent to

∇aF
ab + 2Rb

aA
a = −4πJb. (25)

Equation (25) differs from Eq. (20) by a curvature-
coupled term 2Rb

aA
a on the left-hand side, but it is

identical to Eq. (1) with ξ = −2.
The action of ∇b on Eq. (25) leads to ∇aJ

a
eff = 0,

where

Ja
eff ≡ Ja +

1

2π
Ra

bA
b (26)

can be interpreted as an effective current density vector.
The usual equation of charge conservation, ∇aJ

a = 0, is
preserved if and only if

∇a
(
RabA

b
)
= 0, (27)

which is equivalent to

RabH
ab +Ab∇bR = 0, (28)

after application of the Bianchi identity.
Both Eqs. (20) and (25) are generally covariant and

return to the Maxwell Eq. (7) in a flat spacetime. We
have seen that, starting from the same equation in the
flat spacetime, we can get different corresponding equa-
tions in a curved spacetime with the minimal substitu-
tion rule. This is easily understood since the Maxwell Eq.
(7) contains second-order derivatives of Aa and the order
of derivatives of a vector matters in a curved spacetime.
That is, ∂a∂bAa becomes ∇a∇bAa in a curved spacetime,
but ∂b∂aAa becomes ∇b∇aA

a = ∇a∇bAa − Rb
aA

a, al-
though ∂a∂

bAa = ∂b∂aA
a. So, the difference between

Eqs. (20) and (25) shows the ambiguity in deriving an
equation of physics in a curved spacetime from the cor-
responding equation in a flat spacetime. Although it is
not possible to decide which equation is correct a pri-
ori, in Ref. [22] it has been shown that Eq. (20) is not
compatible with a universe with a uniformly distributed
charge, but Eq. (25) is.

Equations (20) and (25) are not the only possible equa-
tions obtained by extension of the Maxwell equation to a
curved spacetime, even if the minimal substitution rule is
forced. Since ∂a∂bAa = (1+ ξ)∂a∂

bAa − ξ∂b∂aA
a, where

ξ is any number, ∂aF ab = ∂a∂
aAb − ∂a∂

bAa can be sub-
stituted by ∇a∇aAb − (1 + ξ)∇a∇bAa + ξ∇b∇aA

a =
∇aF

ab − ξRb
aA

a in a curved spacetime, according to
the minimal substitution rule. Then Eq. (1) is obtained.
Since ξ is arbitrary (and can even be a function), there
are an infinite number of possible equations in a curved
spacetime corresponding to the Maxwell equation in a
flat spacetime. It is worth pointing out that these equa-
tions do not violate the equivalence principle, since, in
a region of size much smaller than the spacetime curva-
ture radius, the curvature-coupled term in the equation
is negligibly small for an electromagnetic field with a co-
herent space scale smaller than or comparable to the size
of the region.

The electromagnetic field Eq. (22) can be recast in a
neater form

∇aΘ
ab = −4πJb, (29)

where

Θab = Θba ≡ Hab −Hgab. (30)

Then, conservation of charge demands that

∇a∇bΘ
ab = 0. (31)

Because of the presence of the curvature-coupled term,
in a spacetime with a nonvanishing Rab the field Eq. (25)
[identically, Eqs. (22) and (29)] is not invariant under
gauge transformations. This issue will be discussed in
detail in Section 8.

2.3 The stress-energy tensor of electromagnetic fields

The Einstein field equation and the electromagnetic field
equations discussed in previous subsections hold in a
spacetime of any integer number dimensions, although
the representation of electromagnetic fields in terms
of the vectors E and B is applicable only to a four-
dimensional spacetime. Here we present the stress-energy
tensor of electromagnetic fields in an n-dimensional
spacetime, where n is any integer ≥ 4 (then we have
gabgab = n).
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It can be checked that the electromagnetic field Eq.
(29) [identical to Eqs. (22) and (25)] can be derived from
an action

SEM =

∫
LEM(gab, Aa)e (32)

by variation with respect to Aa, where e is a fixed volume
element and

LEM(gab, Aa)

=
√
−g
(
−1

4
FabF

ab +RabA
aAb + 4πAaJ

a

)
(33)

=
√
−g
[
−1

4

(
HabH

ab −H2
)
+ 4πAaJ

a

]
(34)

=
√
−g
[
−1

4

(
ΘabΘ

ab − 1

n− 1
Θ2

)
+ 4πAaJ

a

]
(35)

is the Lagrangian density of electromagnetic fields. Here,
g is the determinant of the component matrix of gab in
the coordinate system associated with e, and

Θ ≡ gabΘab = −(n− 1)H. (36)

The stress-energy tensor of electromagnetic fields is de-
rived from the action by variation with respect to gab (af-
ter ignoring the source term 4πAaJ

a in the Lagrangian
density) [19]:

TEM,ab = − 1

2π
√
−g

δ

δgab
SEM(Ja = 0). (37)

Then, for the action defined by Eqs. (32)–(35), we get

TEM,ab=
1

4π

(
FacF

c
b − 1

4
gabFcdF

cd

)
− 1

4π

{
∇c∇c(AaAb)− 2∇c∇(a(Ab)Ac)

+4AcRc(aAb)+gab
[
∇c∇d(A

cAd)−RcdA
cAd

]}
;

(38)
or, equivalently,

TEM,ab =
1

4π

(
ΘacΘ

c
b − 1

n− 1
ΘΘab

)
− 1

16π

(
ΘcdΘ

cd − 1

n− 1
Θ2

)
gab

− 1

4π
∇c
(
2A(aΘb)c −AcΘab

)
. (39)

In Eqs. (38) and (39), the parentheses in the indexes of
a tensor denote symmetrization of the tensor.

The term in the first line on the right-hand side of
Eq. (38) is just the usual stress-energy tensor of electro-
magnetic fields described by the Einstein–Maxwell Eq.
(20). The terms in the second line are derived from the
curvature term in Eq. (35), RabA

aAb, which was dis-
cussed in Ref. [22] in detail. The divergence of TEM,ab,
i.e., ∇aTEM,ab, was also calculated and discussed in Ref.
[22] (see also Section 10 of this paper).

3 4+1 decomposition of five-dimensional
gravity

By considering the 4+1 decomposition of the Ein-
stein field equation in a five-dimensional (5D) space-
time, Kaluza [10] and Klein [11, 12] were able to de-
rive the four-dimensional Einstein–Maxwell equation and
the four-dimensional Einstein field equation from five-
dimensional gravity. In other words, electromagnetic
fields and gravity were unified into five-dimensional grav-
ity in Kaluza–Klein theory, at least formally.

The strategy of Kaluza and Klein was to, without loss
of generality, take a five-dimensional coordinate system
{x0, x1, x2, x3, x4 = w} and express a five-dimensional
spacetime metric tensor g̃AB (A,B = 0, 1, 2, 3, 4) in the
form

g̃AB =

(
kgµν + ϕ2AµAν ϕ2Aµ

ϕ2Aν ϕ2

)
, (40)

where µ, ν = 0, 1, 2, 3. Kaluza and Klein interpreted kgµν
as the spacetime metric in the four-dimensional space-
time defined by the coordinates {x0, x1, x2, x3}, Aµ as
the electromagnetic field potential vector in the four-
dimensional spacetime, and ϕ as an unidentified scalar
field. By the assumption that kgµν and Aµ do not de-
pend on the w coordinate and ϕ = constant, Kaluza
and Klein have shown that the vacuum five-dimensional
Einstein field equation is equivalent to the combination
of a four-dimensional Einstein–Maxwell equation and a
four-dimensional Einstein field equation with the stress-
energy tensor of electromagnetic fields as the source. This
is the basis of Kaluza–Klein theory.

In this paper, we consider a different 4+1 decomposi-
tion of a five-dimensional spacetime, which is constructed
by direct projection of the five-dimensional metric onto a
timelike hypersurface embedded in the five-dimensional
spacetime. The scheme we take is much like that in the
Hamiltonian formulation of general relativity and canon-
ical quantization of gravity (see, e.g., [19, 24, 26]), except
that in the latter case the hypersurface is spacelike, i.e.,
has a timelike normal but here the hypersurface is time-
like (i.e., has a spacelike normal). Assuming that the bulk
spacetime is described by the vacuum five-dimensional
Einstein field equation, we investigate the field equations
induced on the spacetime hypersurface by projection. We
will find that, in addition to a four-dimensional Einstein
field equation, an electromagnetic field equation in the
form of Eq. (25) is derived. The electromagnetic field
equation is equivalent to the Eq. (25) but different from
the Einstein–Maxwell Eq. (20). As will be explained in
detail in Section 7 and Appendix A, our procedure is dis-
tinctly different from that of Kaluza and Klein, and, as
a result, the derived field equations are also different.
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For generality, we consider an (n + 1)-dimensional
spacetime (M̃, g̃ab) that is (locally at least) covered by a
coordinate system {x0, . . . , xn−1, xn = w} and a hyper-
surface M in it defined by w = constant [27]. We denote
the unit normal to M by na, which is a spacelike vector
and hence satisfies the condition

nana = 1. (41)

Then, the tangent vector of the w-coordinate line, wa =
(∂/∂w)a, can be decomposed as

wa = Nna +Na, (42)

where N is a scalar function and the vector Na is tangent
to M, i.e.,

naNa = 0. (43)

In the Hamiltonian formulation of general relativity, N
is called the lapse function and Na is called the shift
vector.

Given g̃ab and na, an n-dimensional metric tensor gab
is naturally induced on M:

gab ≡ g̃ab − nanb, (44)

which satisfies

gabn
b = 0. (45)

Then, (M, gab) forms an n-dimensional spacetime. By
definition, Na is a vector field on M, i.e., Na ∈ T (M)
[28]. The inverse metric tensor on M is

gab = g̃acg̃bdgcd = g̃ab − nanb. (46)

It can be checked that

g b
a ≡ g̃bcgac = gacg

bc = δ̃ b
a − nan

b, (47)

where δ̃ b
a is the identity operator on M̃. The tensor

g b
a = δ b

a defined above is the identity operator on M;
i.e., for any vector va ∈ T (M), we have g b

a v
a = vb.

Note that, for any tensor ∈ T (M̃), the index can
be raised and lowered by g̃ab and g̃ab. For any tensor
∈ T (M), the index can be raised and lowered by g̃ab

and g̃ab or, equivalently, by gab and gab. The metric ten-
sor gab can be used as a projection operator to project a
tensor on M̃ onto M.

With the metric tensor gab defined above, the matrix
representation of the (n + 1)-dimensional metric tensor
g̃ab in the coordinate system {x0, . . . , xn−1, xn = w} can
be written as

g̃AB =

(
gµν Nµ

Nν N2 +NρN
ρ

)
, (48)

where µ, ν, ρ = 0, 1, . . . , n − 1 and A,B = 0, 1, . . . , n.
By comparison with Eq. (40), we can see the difference
between our decomposition of the metric g̃AB and that
of Kaluza and Klein. The metric tensor gµν is defined on
M by projection of the bulk metric g̃AB, but kgµν in Eq.
(40) is not.

Given the spacetime metric tensor g̃ab, we can define a
derivative operator associated with g̃ab, which is denoted
by ∇̃a (i.e., ∇̃ag̃bc = 0). Since M is considered as a hy-
persurface embedded in an (n+1)-dimensional spacetime
M̃, we can define the extrinsic curvature tensor of M by
(see, e.g., [19])

Kab ≡ g c
a ∇̃cnb =

1

2
˜
ngab = Kba, (49)

where ˜
n denotes the Lie derivative with respect to the

vector na. The extrinsic curvature Kab defines how M is
embedded in M̃ and is tangent to M, i.e., naKab = 0.

By application of Frobenius’s theorem [19], it can be
derived that

∇̃anb = Kab + naab, (50)

where

ab ≡ na∇̃an
b, abnb = 0. (51)

The acceleration vector aa ∈ T (M) describes the curva-
ture of a curve orthogonally intersecting the hypersurface
M [24]. If the curve is a geodesic, we have aa = 0.

The derivative operator associated with gab on M, de-
noted by ∇a (i.e.,∇agbc = 0), is defined by [19]

∇cT
a1...ak

b1...bl
≡ ga1

d1
. . . g el

bl
g f
c ∇̃fT

d1...dk
e1...el

,

(52)

for any tensor T a1...ak

b1...bl
∈ T (M).

With the derivative operator ∇̃a, the Riemann curva-
ture tensor R̃ d

abc on M̃ is defined, and then the Ricci
tensor R̃ab and the Ricci scalar R̃ are defined. With the
derivative operator ∇a, the Riemann curvature tensor
R d

abc on M is defined and then the Ricci tensor Rab

and the Ricci scalar R are defined. It can be derived
that R̃ and R are related by (e.g., [19, 24])

R̃ = R−KabK
ab +K2 − 2∇̃av

a, (53)

where

K ≡ gabKab = ∇̃an
a (54)

and

va ≡ na∇̃cn
c − nc∇̃cn

a = Kna − aa. (55)

110402-8
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The Einstein-Hilbert action of gravity in the (n + 1)-
dimensional spacetime (M̃, g̃ab) is

S̃G =

∫ √
−g̃ R̃ ẽ

=

∫ √
−g̃
(
R−KabK

ab +K2
)
ẽ, (56)

where ẽ is a fixed volume element associated with the
coordinate system on M̃, and g̃ is the determinant of the
component matrix of g̃ab. In Eq. (56) we have substituted
Eq. (53) and ignored the term 2∇̃av

a since it does not
contribute to the action integral with suitable boundary
conditions. The field equation derived from δS̃G/δg̃

ab =
0 is just the vacuum Einstein field equation in the (n+1)-
dimensional spacetime:

G̃ab ≡ R̃ab −
1

2
R̃g̃ab = 0, (57)

which is equivalent to

R̃ab = 0. (58)

Substituting Eq. (42) into Eq. (49), we can express
Kab in terms of N , Na, and gab as

Kab =
1

2
N−1 (ġab −Mab) , (59)

where

ġab ≡
∂

∂w
gab ≡ g c

a g
d

b
˜
wgcd (60)

and

Mab ≡ ∇aNb +∇bNa. (61)

Both ġab and Mab are symmetric tensors tangent to M.
The trace of Kab is

K =
1

2
N−1

(
gabġab −M

)
, (62)

where

M ≡ gabMab = 2∇aN
a. (63)

Substituting Eqs. (59), (62), and
√
−g̃ = N

√
−g into

Eq. (56), we get

S̃G =

∫
L̃G(N,Na, gab)ẽ, (64)

where the Lagrangian density L̃G is defined by

L̃G(N,Na, gab)

=
√
−gN

[
R− 1

4
N−2

(
MabM

ab−M2
)]

− 1

4

√
−gN−1

×
(
gacgbd − gabgcd

)
(ġabġcd − 2ġabMcd) . (65)

In the following sections we will investigate the field
equations derived from the action defined by Eqs. (64)
and (65) by variation with respect to N , Na, and gab.
We will show that electromagnetic fields are contained in
Mab and M . The variation of S̃G with respect to N , Na,
and gab leads to a scalar constraint equation, the electro-
magnetic field equation, and the Einstein field equation
on M, respectively.

4 Inspection of the Lagrangian

The Lagrangian density in Eq. (65) can be separated into
several parts as follows:

L̃G = LG + LEM + LOther, (66)

where
LG ≡

√
−gNR, (67)

LEM ≡ −1

4

√
−gN−1

(
MabM

ab −M2
)
, (68)

and

LOther ≡ −1

4

√
−gN−1

(
gacgbd − gabgcd

)
× (ġabġcd − 2ġabMcd) . (69)

The function LG in Eq. (67) will be interpreted as the
Lagrangian density of gravity on M, since it is propor-
tional to the n-dimensional Ricci scalar R. The function
LEM in Eq. (68) will be interpreted as the Lagrangian
density of electromagnetic fields on M, which will be ex-
plained in detail below. The function LOther in Eq. (69)
contains all other terms in the total Lagrangian density,
so will be interpreted as the Lagrangian density of other
matter fields on M and their interaction with the electro-
magnetic field, although the nature of the matter cannot
be determined.

Recall that the total Lagrangian density of gravity and
electromagnetic fields in an n-dimensional spacetime is
[see Eq. (35) and Ref. [19]]

L =
√
−g
[
l−n+2
P R−

(
HabH

ab −H2
)]
, (70)

where lP is the Planck length in the n-dimensional space-
time, which is related to the n-dimensional gravitational
constant by lP = G

1/(n−2)
n .

If we assume that ∇aN = 0 and let

Na = 2Nl
n/2−1
P Aa, (71)

then the LEM in Eq. (68) can be written as

LEM = −
√
−gNln−2

P
(
HabH

ab −H2
)
. (72)

Then we have
LG+LEM=

√
−gNln−2

P
[
l−n+2
P R−

(
HabH

ab−H2
)]
.

(73)
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Comparing Eqs. (70) and (73), we see that LG +LEM
is identical to the Lagrangian density of electromagnetic
fields and gravity, up to a constant multiplier in the to-
tal Lagrangian. This fact indicates that LEM can be in-
terpreted as the Lagrangian density of electromagnetic
fields on M. The Lagrangian LOther in Eq. (69) contains
a term proportional to Mcd and hence proportional to
Hcd, which can be interpreted as representing the inter-
action of electromagnetic fields with other matter. Vari-
ation of the total action with respect to Aa will then give
rise to an electromagnetic field equation in the form of
Eq. (25), at least in the case of ∇aN = 0 (see the next
section). Hence, we see that, in a spacetime as a hy-
persurface embedded in a higher dimensional spacetime,
electromagnetism is contained in the extrinsic curvature
tensor of the hypersurface.

Because the total Lagrangian can be defined only up
to a constant multiplier, the gravitational constant on
M cannot be determined from LG + LEM in Eq. (73).
However, this does not affect the field equations on M
derived from the action. With LG, LEM, and LOther de-
fined above, variation of the total action with respect to
gab (the details of which will be given in Section 6) leads
to the Einstein field equation on M:

Gab = 8πln−2
P (TEM,ab + TOther,ab) , (74)

where TEM,ab is the stress-energy tensor of electromag-
netic fields given by Eq. (39) [equivalent to Eq. (38)] and

TOther,ab = − 1

8πNln−2
P

√
−g

δ

δgab

∫
LOther ẽ (75)

is the stress-energy tensor of other matter fields, includ-
ing their interaction with electromagnetic fields.

Finally, we have some comments on the condition
∇aN = 0. By the definition of na, we have

na = Ndwa = N∇aw. (76)

Hence, we have

∇̃bna = N∇̃a∇̃bw + ∇̃aw∇̃bN. (77)

Since nana = 1, we get

0 = na∇̃bna = Nna∇̃a∇̃bw + na∇̃aw∇̃bN. (78)

From Eq. (76) we have ∇aw = N−1na. Substituting it
into Eq. (78), we get

0 = na∇̃anb +
1

N

(
∇̃bN − nbn

a∇̃aN
)

= na∇̃anb +
1

N
∇bN. (79)

Hence, by the definition of aa [Eq. (51)], we get

aa = −∇a lnN. (80)

Therefore, the condition ∇aN = 0 (i.e., N is constant
on M) is equivalent to the condition aa = 0; i.e., M is
orthogonal to a congruence of spacelike geodesics. This
condition must also be fulfilled if we require that LG in
Eq. (67) be equal to R multiplied by a constant on M.

5 Derivation of the electromagnetic field
equation

The Lagrangian density L̃G in Eq. (65), which contains
three independent variables N , Na, and gab, can be
divided into several parts according to Eqs. (66)–(69).
As discussed in Section 4, LG is interpreted as the La-
grangian density of gravity on M, LEM is interpreted
as the Lagrangian density of electromagnetic fields, and
LOther is interpreted as the Lagrangian density of other
matter fields and their interaction with electromagnetic
fields. The field equations on M are derived by varia-
tion of the action S̃G with respect to N , Na, and gab,
respectively.

The Lagrangian LOther can be further separated into
two parts as follows:

LOther = Lm + Lint, (81)

where

Lm ≡ −1

4

√
−gN−1

(
gacgbd − gabgcd

)
ġabġcd (82)

and

Lint ≡
1

2

√
−gN−1

(
gacgbd − gabgcd

)
ġabMcd. (83)

The Lagrangian Lm does not contain Na and is inter-
preted as the Lagrangian density of matter fields. The
tensor ġab is interpreted as representing a matter field,
although we do not know the nature of the matter (i.e.,
it could be normal matter, dark matter, or dark energy
whose presence in nature has been confirmed by astro-
nomical and cosmological observations). The Lagrangian
Lint contains both ġab and Na; hence it is interpreted as
representing the interaction between the electromagnetic
field and the matter field [29].

Then, the total Lagrangian density can be written as

L̃G = LG + LEM + Lm + Lint. (84)

Accordingly, the total action can be written as

S̃G = SG + SEM + Sm + Sint, (85)

where SG, SEM, Sm, and Sint are integrals of the corre-
sponding Lagrangian densities.

110402-10
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To simplify the derived equations, we define variables
Ψab ≡

1

2
N−1 (Mab −Mgab) ,

Ψ ≡ gabΨab = −1

2
(n− 1)N−1M,

(86)

and
Φab ≡ −1

2
N−1

(
g c
a g

d
b − gabg

cd
)
ġcd,

Φ ≡ gabΦab =
1

2
(n− 1)N−1gabġab.

(87)

The variable Ψab is used to replace Mab and hence repre-
sents the electromagnetic field, and Φab is used to replace
ġab and hence represents the presumed matter field.

Then, LEM, Lm, and Lint, can be rewritten as

LEM = −
√
−gN

(
ΨabΨ

ab − 1

n− 1
Ψ2

)
, (88)

Lm = −
√
−gN

(
ΦabΦ

ab − 1

n− 1
Φ2

)
, (89)

and

Lint = −2
√
−gN

(
ΨabΦ

ab − 1

n− 1
ΨΦ

)
, (90)

respectively.
The variable N appears in the Lagrangian density

only as a multiplication parameter. Variation of the La-
grangian density L̃G with respect to N leads to [30]

δL̃G =
√
−g
(
R+ΠabΠ

ab − 1

n− 1
Π2

)
δN, (91)

where

Πab ≡ Ψab + Φab, Π ≡ gabΠab = Ψ + Φ. (92)

Hence, δS̃G/δN=0 leads to a scalar constraint equation

R+ΠabΠ
ab − 1

n− 1
Π2 = 0. (93)

By Eq. (59), we have

Πab = −Kab +Kgab. (94)

Hence, Eq. (93) is equivalent to

R+KabK
ab −K2 = 0, (95)

which is in fact just G̃abn
anb = 0 (see Appendix B).

The electromagnetic field equation is obtained by vari-
ation of the action with respect to Na, which is contained
in Mab and Ψab. By Eqs. (61) and (63), we get

δMab = ∇aδNb +∇bδNa, δM = 2∇cδNc. (96)

Then, by Eq. (86), we get

δΨab =
1

2
N−1 (∇aδNb +∇bδNa − 2gab∇cδNc) (97)

and

δΨ = gabδΨab = −(n− 1)N−1∇cδNc. (98)

Hence,
δ
(
NΨabΨ

ab
)
= 2Ψab∇aδNb − 2Ψ∇cδNc,

δ

(
N

n− 1
Ψ2

)
= −2Ψ∇cδNc,

(99)

and
δ
(
NΨabΦ

ab
)
= Φab∇aδNb − Φ∇cδNc,

δ

(
N

n− 1
ΨΦ

)
= −Φ∇cδNc.

(100)

Therefore, we get

δLEM = −2
√
−gΨab∇aδNb

=
√
−g∇a[. . . ]

a + 2
√
−g
(
∇aΨ

ab
)
δNb (101)

and

δLint = −2
√
−gΦab∇aδNb

=
√
−g∇a[. . . ]

a + 2
√
−g
(
∇aΦ

ab
)
δNb. (102)

In Eqs. (101) and (102), the terms denoted with [. . . ] are
not written out since ∇a[. . . ]

a does not contribute to the
action integral. Since LG and Lm do not contain Na, we
have δLG = δLm = 0. Then, in terms of Ψab and Φab,
δL̃G can be written as

δL̃G
.
= 2

√
−g
(
∇aΠ

ab
)
δNb, (103)

where .
= means “equal up to a divergence term that does

not contribute to the action integral.”
Hence, δS̃G/δNa = 0 leads to a vector equation

∇aΠ
ab = 0, (104)

or, equivalently,

∇aΨ
ab = −∇aΦ

ab. (105)

Since Ψab is interpreted as the electromagnetic field, the
right-hand side of Eq. (105) can be interpreted as the
charge current density vector. If we define a current vec-
tor Jb by

Jb ≡ 1

4π
∇aΦ

ab, (106)

the vector Eq. (105) can be written as

∇aΨ
ab = −4πJb. (107)
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This equation will be interpreted as the electromagnetic
field equation according to the reasons given below.

According to Eq. (71), when ∇aN = 0 is satisfied we
have Mab = 2Nl

n/2−1
P Hab and M = 2Nl

n/2−1
P H, where

Hab is defined by Eq. (18). Hence, when ∇aN = 0, by
Eq. (86) we have

Ψab = l
n/2−1
P Θab, (108)

where Θab is defined by Eq. (30). Therefore, if we adopt
Planck units by setting lP = 1, Ψab is identical to Θab,
and Eq. (107) is identical to the electromagnetic field Eq.
(29), which is equivalent to Eq. (25).

By Eq. (94), Eq. (105) is equivalent to

∇aK
ab −∇bK = 0, (109)

which is in fact just gbcR̃cdn
d = 0 (which is equivalent

to gbcG̃cdn
d = 0; see Appendix B).

6 Derivation of the gravitational field
equation

The gravitational field equation on M is obtained by
variation of S̃G with respect to gab. For variation with
respect to gab, N and Na are treated as invariant quan-
tities, but

δNa = Nbδg
ab, δgab = −gacgbdδgcd, (110)

and

δ
√
−g = −1

2

√
−ggabδgab. (111)

The variation of SG with respect to gab is simple to
evaluate. The result is

1√
−g

δSG

δgab
= NGab −∇a∇bN + gab∇c∇cN. (112)

We denote the results of variation of SEM, Sm, and
Sint with respect to gab by κTEM,ab, κTm,ab, and κTint,ab,
respectively, where κ = 8π in Planck units. That is, we
define

κTEM,ab ≡ − 1

N
√
−g

δSEM
δgab

, (113)

κTm,ab ≡ − 1

N
√
−g

δSm

δgab
, (114)

and

κTint,ab ≡ − 1

N
√
−g

δSint
δgab

. (115)

Then, the gravitational field field equation on M is
Gab = κ (TEM,ab + Tm,ab + Tint,ab)

+
1

N
(∇a∇bN − gab∇c∇cN) . (116)

Since ∇aG
ab = 0, the divergence of the right-hand side

of Eq. (116) vanishes. Hence, the right-hand side can be
interpreted as the stress-energy tensor of matter. Then,
Eq. (116) is just the Einstein field equation in an n-
dimensional spacetime,

Gab = κTab, (117)

if we define the total stress-energy tensor

Tab ≡ TEM,ab + Tm,ab + Tint,ab

+
1

κN
(∇a∇bN − gab∇c∇cN) . (118)

When ∇aN = 0, the terms in the parentheses of Eq.
(118) vanish.

6.1 Derivation of TEM,ab

By the definition of Mab, for variation with respect to
gab we have{

δMab = −2NcδΓ
c
ab,

δM = −2Ncg
deδΓc

de +Mcdδg
cd,

(119)

where Γc
ab is the Christoffel symbol. Then, by the defi-

nition of Ψab, we have

δΨab = N−1
(
−NcδΓ

c
ab + gabNcg

deδΓc
de

)
−1

2
N−1 (gabMcd − gacgbdM) δgcd (120)

and

δΨ = N−1(n− 1)

(
Ncg

deδΓc
de −

1

2
Mcdδg

cd

)
. (121)

From Eqs. (120) and (121) we get

δ

(
ΨabΨ

ab − 1

n− 1
Ψ2

)
= −2N−1NcΨ

abδΓc
ab + 2ΨacΨ

c
b δgab

+N−1MΨabδg
ab. (122)

The variation of Γc
ab is given by [19]

δΓc
ab =

1

2
gcd (∇aδgbd +∇bδgad −∇dδgab) . (123)

Then, by integration by parts and substitution of Eq.
(86) for M , we get

δ

[
N

(
ΨabΨ

ab − 1

n− 1
Ψ2

)]
.
= −∇c (NaΨbc +NbΨac −NcΨab) δg

ab

+2N

(
ΨacΨ

c
b − 1

n− 1
ΨΨab

)
δgab. (124)
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Hence, by Eqs. (111) and (113) and the expression
for LEM in Eq. (88), we get the stress-energy tensor of
electromagnetic fields:

TEM,ab =
2

κ

(
ΨacΨ

c
b − 1

n− 1
ΨΨab

)
− 1

2κ

(
ΨcdΨ

cd − 1

n− 1
Ψ2

)
gab

− 1

κN
∇c
(
2N(aΨb)c −NcΨab

)
, (125)

which agrees with Eq. (39) when ∇aN = 0. The trace of
TEM,ab is

TEM =
2

κ

(
1− 1

4
n

)(
ΨcdΨ

cd − 1

n− 1
Ψ2

)
− 1

κN
∇c (2NaΨac −NcΨ) . (126)

When n = 4, we have

TEM = − 1

κN
∇c (2NaΨac −NcΨ) . (127)

6.2 Derivation of Tm,ab

By the definition of Φab, we have

δΦab = −1

2
N−1

(
gacgbd − gabgcd

)
δġcd −

1

2
N−1ġcd

×
(
gacδgbd + gbdδgac − gabδgcd − gcdδgab

)
.

(128)

Hence,

δ
(
ΦabΦ

ab
)
= −N−1

(
Φab − Φgab

)
δġab − 2ΦacΦ

c
b δg

ab

−N−1Φabġcd(2g
acδgbd − gabδgcd

−gcdδgab). (129)

By Eq. (87) we have

ġab = −2N

(
Φab −

1

n− 1
Φgab

)
. (130)

Substituting Eq. (130) into Eq. (129), we get

δ
(
ΦabΦ

ab
)
= −N−1

(
Φab − Φgab

)
δġab + 2ΦacΦ

c
b δg

ab

− 2

n− 1

(
nΦΦab − Φ2gab

)
δgab. (131)

By Eqs. (130) and (128), we get

δΦ2 = (n− 1)
(
N−1Φgabδġab − 2ΦΦabδg

ab
)

+2Φ2gabδg
ab. (132)

Hence,

δ

(
ΦabΦ

ab − 1

n− 1
Φ2

)
=−N−1Φabδġab+2

(
ΦacΦ

c
b − 1

n− 1
ΦΦab

)
δgab. (133)

Since

δġab = δ
∂

∂w
gab =

∂

∂w
δgab, (134)

by Eqs. (89) and (133) we get

δLm
.
= − ∂

∂w

(√
−gΦab

)
δgab

−2
√
−gN

(
ΦacΦ

c
b − 1

n− 1
ΦΦab

)
δgab

−N
(
ΦabΦ

ab − 1

n− 1
Φ2

)
δ
√
−g. (135)

Then, by Eqs. (110) and (111), we get

δLm
.
= gacgbd

∂

∂w

(√
−gΦcd

)
δgab

−2
√
−gN

(
ΦacΦ

c
b − 1

n− 1
ΦΦab

)
δgab

+
1

2

√
−gN

(
ΦcdΦ

cd − 1

n− 1
Φ2

)
gabδg

ab. (136)

Then, by Eq. (114), we get the stress-energy tensor of
the matter field:

Tm,ab = −gacgbd
1

κN
√
−g

∂

∂w

(√
−gΦcd

)
+
2

κ

(
ΦacΦ

c
b − 1

n− 1
ΦΦab

)
− 1

2κ

(
ΦcdΦ

cd − 1

n− 1
Φ2

)
gab. (137)

The trace of Tm,ab is

Tm = −gcd
1

κN
√
−g

∂

∂w

(√
−gΦcd

)
+
2

κ

(
1− 1

4
n

)(
ΦcdΦ

cd − 1

n− 1
Φ2

)
. (138)

When n = 4, we have

Tm = −gcd
1

κN
√
−g

∂

∂w

(√
−gΦcd

)
. (139)

6.3 Derivation of Tint,ab

By Eqs. (128) and (130), we get

ΨabδΦ
ab = −1

2
N−1

(
Ψab − Ψgab

)
δġab − ΨΦabδg

ab

+

[
2Φc(aΨ

c
b) − 1

n− 1
Φ (Ψab − Ψgab)

]
δgab

(140)

and

ΨδΦ =
1

2
(n− 1)

(
N−1Ψgabδġab − 2ΨΦabδg

ab
)

+ΦΨgabδg
ab. (141)
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Hence,

ΨabδΦ
ab− 1

n− 1
ΨδΦ

= −1

2
N−1Ψabδġab +

[
2Φc(aΨ

c
b) − 1

n− 1
ΦΨab

]
δgab.

(142)

By Eqs. (120) and (121), we get

ΦabδΨab −
1

n− 1
ΦδΨ

= −N−1NcΦ
abδΓc

ab +
1

2
N−1MΦabδg

ab. (143)

Combination of Eqs. (142) and (143) leads to

δ

(
ΨabΦ

ab − 1

n− 1
ΨΦ

)
=

[
2Φc(aΨ

c
b) − 1

n− 1
(ΦΨab + ΨΦab)

]
δgab

−1

2
N−1Ψabδġab−N−1NcΦ

abδΓc
ab, (144)

where Eq. (86) has been used to substitute for M .
Then, by Eq. (90), we have

δLint=
√
−gΨabδġab + 2

√
−gNcΦ

abδΓc
ab

−2
√
−gN

[
2Φc(aΨ

c
b) −

1

n− 1
(ΦΨab + ΨΦab)

]
δgab

−2N

(
ΨcdΦ

cd − 1

n− 1
ΨΦ

)
δ
√
−g. (145)

By Eqs. (110) and (134), we get

√
−gΨabδġab=

∂

∂w

(√
−gΨabδgab

)
− ∂

∂w

(√
−gΨab

)
δgab

.
=gacgbd

∂

∂w

(√
−gΨ cd

)
δgab. (146)

By Eq. (123), we get

2
√
−gNcΦ

abδΓc
ab

.
=

√
−g∇c

[
2N(aΦb)c −NcΦab

]
δgab.

(147)

Hence, we have

δLint
.
= gacgbd

∂

∂w

(√
−gΨ cd

)
δgab

+
√
−g∇c

[
2N(aΦb)c −NcΦab

]
δgab

−2
√
−gN

[
2Φc(aΨ

c
b) −

1

n− 1
(ΦΨab + ΨΦab)

]
δgab

+
√
−gN

(
ΨcdΦ

cd − 1

n− 1
ΨΦ

)
gabδg

ab, (148)

where Eq. (111) has been used.

Finally, by Eq. (15), we get the stress-energy tensor of
the interaction:

Tint,ab = −gacgbd
1

κN
√
−g

∂

∂w

(√
−gΨ cd

)
+
2

κ

[
2Φc(aΨ

c
b) − 1

n− 1
(ΦΨab + ΨΦab)

]
− 1

κ

(
ΦcdΨ

cd − 1

n− 1
ΦΨ

)
gab

− 1

κN
∇c
[
2N(aΦb)c −NcΦab

]
. (149)

The trace of Tint,ab is

Tint = −gcd
1

κN
√
−g

∂

∂w

(√
−gΨ cd

)
+
4

κ

(
1− 1

4
n

)(
ΦcdΨ

cd − 1

n− 1
ΦΨ

)
− 1

κN
∇c (2NaΦac −NcΦ) . (150)

When n = 4, we have

Tint = −gcd
1

κN
√
−g

∂

∂w

(√
−gΨ cd

)
− 1

κN
∇c (2NaΦac −NcΦ) . (151)

6.4 The total stress-energy tensor

Substituting Eqs. (125), (137), and (149) into Eq. (118),
we get the total stress-energy tensor

Tab = −gacgbd
1

κN
√
−g

∂

∂w

(√
−gΠcd

)
+
2

κ

(
ΠacΠ

c
b −

1

n− 1
ΠΠab

)
− 1

2κ

(
ΠcdΠ

cd − 1

n− 1
Π2

)
gab

+
1

κN
(∇a∇bN − gab∇c∇cN)

− 1

κN
∇c
(
2N(aΠb)c −NcΠab

)
. (152)

The trace of Tab is

T = −gcd
1

κN
√
−g

∂

∂w

(√
−gΠcd

)
− n− 1

κN
∇c∇cN

+
2

κ

(
1− 1

4
n

)(
ΠcdΠ

cd − 1

n− 1
Π2

)
− 1

κN
∇c (2NaΠac −NcΠ) . (153)

By identities

1√
−g

∂

∂w

√
−g =

1

2
gabġab =

1

n− 1
NΦ (154)
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and
∂

∂w
Πab=Ngacg

b
d
˜
nΠ

cd+N c∇cΠ
ab − 2Πc(a∇cN

b),

(155)

we get

κTab = −gacgbd ˜nΠ
cd + 2ΠacΠ

c
b −

3

n− 1
ΠΠab

−1

2

(
ΠcdΠ

cd − 1

n− 1
Π2

)
gab −

2

N
N(a∇cΠb)c

+
1

N
(∇a∇bN − gab∇c∇cN) . (156)

By the vector field Eq. (104), the term N(a∇cΠb)c in
Eq. (156) vanishes. Hence we have

κTab = −gacgbd ˜nΠ
cd + 2ΠacΠ

c
b −

3

n− 1
ΠΠab

−1

2

(
ΠcdΠ

cd − 1

n− 1
Π2

)
gab

+
1

N
(∇a∇bN − gab∇c∇cN) . (157)

Substituting Eq. (94) into Eq. (157) and making use
of the relation

gacgbd
˜
nΠ

cd = −
(
g c
a g

d
b − gabg

cd
) ˜

nKcd + 4KacK
c

b

−2KKab − 2KcdK
cdgab, (158)

we get

κTab = −2KacK
c

b +KKab +
1

2

(
3KcdK

cd −K2
)
gab

+
(
g c
a g

d
b − gabg

cd
) ˜

nKcd

+
1

N
(∇a∇bN − gab∇c∇cN) . (159)

By Eq. (80), we have

∇aab − aaab = − 1

N
∇a∇bN (160)

and

∇ca
c − aca

c = − 1

N
∇c∇cN. (161)

Hence, Eq. (159) is equivalent to

κTab = −2KacK
c

b +KKab +
1

2

(
3KcdK

cd −K2
)
gab

+
(
g c
a g

d
b − gabg

cd
) ˜

nKcd

−∇aab + aaab + (∇ca
c − aca

c) gab. (162)

The expression of κTab in Eq. (162) agrees with the right-
hand side of Eq. (B39) in Appendix B. Hence, the n-
dimensional Einstein field Eq. (117) derived from the La-
grangian formulation is equal to the full projection of the

(n+1)-dimensional vacuum Einstein field equation onto
M, up to addition of a term proportional to g c

b R̃cdn
d.

Equation (162) can be further simplified. By Eq. (162),
the trace of κTab is

κT =

(
3

2
n− 2

)
KcdK

cd −
(n
2
− 1
)
K2

−(n− 1)(gcd ˜nKcd −∇ca
c + aca

c). (163)

The trace of Eq. (117) gives rise to

κT = −
(n
2
− 1
)
R. (164)

Substituting Eq. (95) into Eq. (164), we get

κT =
(n
2
− 1
) (
KcdK

cd −K2
)
. (165)

Then, eliminating κT from Eqs. (163) and (165), we get

gcd ˜nKcd −KcdK
cd −∇ca

c + aca
c = 0. (166)

Substituting Eq. (166) into Eq. (162), we get

κTab = −2KacK
c

b +KKab +
1

2

(
KcdK

cd −K2
)
gab

+g c
a g

d
b

˜
nKcd −∇aab + aaab. (167)

Equation (166) is another scalar constraint equation
on M, which can be used to replace Eq. (95). In fact,
with Tab given by Eq. (167), the n-dimensional Einstein
field Eq. (117) implies Eq. (95). By Eq. (B21), the scalar
Eq. (166) corresponds to R̃abn

anb = 0.
It can be checked that the scalar Eq. (166) is equivalent

to

gcd
1√
−g

∂

∂w

(√
−gΠcd

)
= (3−n)N

(
ΠcdΠ

cd− 1

n−1
Π2

)
−(n− 1)∇c∇cN −∇c (2NaΠac −NcΠ) , (168)

i.e.,

gcdL̃nΠ
cd = −(n− 3)ΠcdΠ

cd +
n− 4

n− 1
Π2

−(n− 1)
1

N
∇c∇cN, (169)

after substitution of Eq. (104).
With the supplement of the scalar constraint Eq. (169)

[or, equivalently, Eq. (166)], the electromagnetic field Eq.
(107) [or, equivalently, Eq (109)] and the Einstein field
Eq. (117) with the stress-energy tensor Tab given by Eq.
(157) [or, equivalently, Eq. (167)] form a complete system
of field equations on M.

Li-Xin Li, Front. Phys. 11(6), 110402 (2016)
110402-15



Research article

7 Relation to Kaluza–Klein Theory

Since both the theory presented in this paper and
Kaluza–Klein theory are constructed from Einstein’s the-
ory of gravity in a five-dimensional bulk spacetime, and
in both theories electromagnetic field equations are de-
rived from the five-dimensional Einstein field equation,
the relation and difference between the two theories
should be clarified.

The geometric interpretation of Kaluza–Klein decom-
position of a five-dimensional metric is described in Ap-
pendix A. It is shown that the metric tensor constructed
from kgµν , i.e., kgab = kgµνdx

µ
adx

ν
b where µ, ν = 0, 1, 2, 3,

is a tensor ∈ T (Mk), where Mk is a hypersurface or-
thogonal to the integral curves of wa = (∂/∂w)a. Sim-
ilarly, Aa = Aµdx

µ
a is a vector ∈ T (Mk). Since when

Na ̸= 0 the hypersurface M defined by w = constant is
not orthogonal to wa, Mk and M are two hypersurfaces
intersecting at a three-dimensional manifold Σ (Fig. 1).

Fig. 1 Geometric relation between Kaluza–Klein theory
and the new unified theory presented in this paper. In coor-
dinate system {x0, x1, x2, x3, w} in a five-dimensional space-
time, a hypersurface M is defined by w = constant. If w-
coordinate lines, γ(w), are hypersurface orthogonal, there ex-
ists a hypersurface Mk orthogonal to the vector wa tangent
to γ(w). The Mk and M intersect at a three-dimensional
manifold Σ. Projection of the five-dimensional metric tensor
g̃ab onto M gives rise to a four-dimensional metric tensor
gab on M. Projection of g̃ab onto Mk gives rise to a four-
dimensional metric tensor kgab on Mk. Projection of wa onto
M gives rise to a four-dimensional vector field Na on M.
Projection of −N−1na (normal to M) onto Mk gives rise to
a four-dimensional vector field Aa on Mk [Eq. (A30)]. The
theory presented in this paper is defined by (M, gab, N

a, N),
where N = g̃abw

anb. Kaluza–Klein theory is defined by
(Mk, kgab, A

a, ϕ), where ϕ =
(
g̃abw

awb
)1/2. As discussed in

Section 7, the two theories are not related by diffeomorphisms
hence they represent different physics in a four-dimensional
spacetime.

By Eq. (40), in the Kaluza–Klein representation the
line element in the five-dimensional spacetime is

ds̃2 = kgµνdxµdxν+ϕ2 (Aµdxµ + dw) (Aνdxν + dw) ,
(170)

from which we derive the line element on the hypersur-
face M defined by w = constant:

ds2 =
(
kgµν + ϕ2AµAν

)
dxµdxν . (171)

Hence, in Kaluza–Klein theory, the metric tensor on M
is kgµν +ϕ

2AµAν , not kgµν . This indicates that Kaluza–
Klein theory is not a unified theory of electromagnetism
and gravity in the four-dimensional spacetime spanned
by the coordinates {x0, x1, x2, x3}.

By Eq. (A33), kgab is a projection operator onto Mk.
In contrast, gab is a projection operator onto M. They
are related by Eq. (A36). By Eq. (A30), Aa is related to
the normal to the hypersurface M, i.e., defined by the
projection of −N−1na onto Mk. In contrast, Na is the
projection of wa onto M. Aa and Na are related by Eq.
(A19).

Since the variables kgab and Aa are defined on Mk,
Kaluza–Klein theory is inherently defined on the hyper-
surface Mk. In contrast, the theory presented in this
paper is defined on M. The existence of Mk orthogo-
nal to the vector field wa requires that wa be hyper-
surface orthogonal; i.e., wa must satisfy the condition
w[a∇̃bwc] = 0 [19]. Hence, the new unified theory de-
scribed in this paper is more general than Kaluza–Klein
theory, since it does not require that wa be hypersurface
orthogonal.

The unit normal to M is the vector na defined by Eq.
(42), i.e.,

na =
1

N
(wa −Na). (172)

By Eq. (A13), the unit normal to Mk is

kn
a = ŵa =

1

ϕ
wa. (173)

Assume that the hypersurface Mk is defined by w =
f(xµ), i.e., by F (xµ, w) = f(xµ)−w = 0. Then we have

kn
a∝∇̃aF = g̃ab

(
∂f

∂xµ
dxµb − dwb

)
=

(
kg

µν ∂f

∂xµ
+Aν

)(
∂

∂xν

)a

−
(
Aµ ∂f

∂xµ
+

1

ϕ2
+AρA

ρ

)(
∂

∂w

)a

, (174)

where Eq. (A4) has been applied. Therefore, we get the
following equation that defines the function f(xµ):

∂f

∂xµ
= −Aµ. (175)
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From Eqs. (172) and (173) we get

g̃abn
a
kn

b =
N√

N2 +NcN c
=

1√
1 + ϕ2AcAc

. (176)

When Na and Aa are timelike, we have g̃abnaknb > 1 and
the inclination between the two hypersurfaces M and
Mk can be interpreted as relative motion between them,
with a relative velocity β = ϕ

√
−AcAc = N−1

√
−NcN c.

When Na and Aa are spacelike, we have g̃abnaknb < 1
and the inclination between M and Mk can be inter-
preted as relative spatial rotation, with the rotation an-
gle α = arccos

(
g̃abn

a
kn

b
)
. When Na and Aa are null, we

have g̃abnaknb = 1, with both Na and Aa being tangent
to Σ (Proposition 12 in Appendix A). M and Mk are
still two different hypersurfaces.

The fundamental variables on M are gab, Na, and
N . The fundamental variables on Mk are kgab, Aa, and
ϕ. From the results in Appendix A, we can derive the
relations between the two groups of variables, which are
given by

gab = kgab +
1

1 + ϕ2AcAc

×
(
AcA

cwawb +Aawb +Abwa − ϕ2AaAb

)
(177)

and
Na =

ϕ2

1 + ϕ2AcAc
(Aa +AcA

cwa) ,

N =
ϕ√

1 + ϕ2AcAc
.

(178)

Clearly, the transformations described by Eqs. (177) and
(178) are not diffeomorphic transformations. Diffeomor-
phisms map tensors by linear transformations (see, e.g.,
[19, 21]), but the transformations in (177) and (178) are
nonlinear.

Therefore, the new theory presented in this paper is
physically different from Kaluza–Klein theory, although
both aim at unifying the electromagnetic and gravita-
tional interactions in the framework of general relativity
in a five-dimensional spacetime. The two theories are de-
fined on two different hypersurfaces in a five-dimensional
spacetime and are not related by diffeomorphisms. In
general relativity, theories defined by tensor fields on
manifolds are physically identical only if they are re-
lated by diffeomorphic transformations (see Ref. [19]
and the next section of this paper). Since both theories
are derived from Einstein’s theory of gravity in a five-
dimensional spacetime, mathematically they are related
by the transformations in Eqs. (177) and (178). How-
ever, the two theories are physically distinguishable. This
is similar to the case of conformal transformations: Two
spacetimes related by conformal transformations are usu-
ally not identical in physics, unless the conformal factor

is a constant. For example, the Robertson–Walker space-
time metric of a universe is related to the flat Minkowski
spacetime metric by a conformal transformation, but the
physics in a curved universe is different from that in a
flat spacetime.

The physical difference between the two theories is
manifested by the fact that in Kaluza–Klein theory the
standard Maxwell equation is derived, but in our the-
ory the derived electromagnetic field equation contains a
term coupled to the spacetime curvature. The curvature-
coupled term cannot be eliminated by diffeomorphic
transformations. Only in a Ricci-flat four-dimensional
spacetime are the two field equations identical. In addi-
tion, Kaluza–Klein theory contains an unidentified scalar
field, and the total five physical degrees of freedom
of gravitons in the five-dimensional bulk spacetime are
shared by gravitons (two), photons (two), and the scalar
field (one) in the four-dimensional spacetime. In our the-
ory, the scalar field does not exist. The total five phys-
ical degrees of freedom of gravitons in the bulk space-
time are shared by gravitons (two) and photons (three)
in the four-dimensional spacetime. In our theory, pho-
tons have three degrees of freedom since the curvature-
coupled term in the field equation breaks the gauge sym-
metry and causes photons to acquire an effective mass.

In the two theories, the derived gravitational field
equations in a four-dimensional spacetime are also dif-
ferent, since the stress-energy tensors on the right-hand
side of the field equation are different. This can be di-
rectly verified by comparison of the stress-energy tensor
derived in this paper [Eqs. (118), (125), (137), and (149)]
with that in Kaluza–Klein theory [13, 14].

Finally, our theory and the procedure adopted in this
paper are more general than Kaluza–Klein theory and
the procedure used in it. As already mentioned above,
our theory does not require that the vector field wa be
hypersurface orthogonal, but Kaluza–Klein theory does.
In addition, the notation of “normal” or “orthogonality”
requires the existence of a prespecified metric tensor, but
in both theories the metric tensor needs to be solved
from field equations. This is also the reason why in the
Hamiltonian formulation of general relativity a Gaussian
normal coordinate system cannot be used to simplify the
problem.

8 Diffeomorphism and gauge symmetry

It is well known that the Maxwell theory of electromag-
netic fields is invariant under the gauge transformation

Aa → Aa +∇aχ, (179)

where χ is any scalar function. Under this gauge trans-
formation, the antisymmetric electromagnetic field ten-
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sor Fab defined by Eq. (17) is unchanged, and hence the
Einstein–Maxwell Eq. (20) is unchanged. In a Ricci-flat
spacetime, the electromagnetic field Eq. (1) reduces to
the Einstein–Maxwell Eq. (20) and so is invariant under
the gauge transformation. However, when the spacetime
is not Ricci-flat, the electromagnetic field Eq. (1) is not
invariant under the gauge transformation. So, in the the-
ory presented in this paper, it appears that the presence
of Ricci curvature leads to gauge symmetry breaking to
the electromagnetic field equation.

The above observation reminds us the Proca equa-
tion, which is a generalization of the Maxwell equation
in which a photon mass term has been introduced. The
presence of a photon mass term makes the Proca equa-
tion not invariant under the gauge transformation. How-
ever, it is possible to restore the gauge symmetry by
introducing a complex scalar field interacting with the
electromagnetic field [31, 32]. In a high-energy state, the
scalar field has a true vacuum at a zero value and pho-
tons remain massless. In a low-energy state, the scalar
field has a true vacuum at a nonzero value through spon-
taneous symmetry breaking, and photons acquire a mass
through the Higgs-like mechanism. Hence, a theory with
a broken gauge symmetry can be fitted into an underly-
ing and more fundamental theory with gauge symmetry.
This is a well known fact in quantum field theory.

For the theory presented in this paper we have a sim-
ilar situation. Despite the fact that the derived electro-
magnetic field equation in a four-dimensional spacetime
is not invariant under the gauge transformation defined
by Eq. (179), the underlying theory — Einstein’s the-
ory of gravity in a five-dimensional bulk spacetime from
which the electromagnetic field equation is derived —
is invariant under the gauge transformation defined by
diffeomorphisms in the bulk spacetime. The apparent
breakdown of gauge invariance for the electromagnetic
field Eq. (1) with ξ = −2 — then the field equation can
be derived from the Einstein field equation in the bulk
spacetime — originates from slicing of the bulk space-
time with timelike hypersurfaces.

One may wonder how the gauge transformation in Eq.
(179) is related to diffeomorphisms in a spacetime. In this
section, we show that the gauge transformation (179)
can be interpreted as a diffeomorphic transformation in
the background spacetime and hence can be regarded
as arising from diffeomorphisms of spacetime. Since the
electromagnetic field Eq. (1) is invariant under any dif-
feomorphism, it is invariant under the gauge transforma-
tion (179) provided that the corresponding diffeomor-
phism is applied to all variables appearing in the field
equation.

As a geometric theory, general relativity is known
to be invariant under diffeomorphic transformations. In
fact, all field equations expressed in tensors (including

scalar functions and vectors as special cases) defined on
a manifold are invariant under diffeomorphism. Hence,
diffeomorphisms comprise the gauge freedom of any the-
ory formulated in terms of tensor fields, including general
relativity itself [19–21]. Assume that (M, gab, ψ) defines
a spacetime (M, gab) and matter fields ψ on it, where ψ
can be scalar, vector, and tensor fields. Under a diffeo-
morphism ϕ : M → M, with the map ϕ and its inverse
ϕ−1 any tensor field T is transformed to T ′ = ϕ∗T . Then,
(M, gab, ψ) is transformed to (M, ϕ∗gab, ϕ∗ψ). According
to general relativity, (M, gab, ψ) and (M, ϕ∗gab, ϕ∗ψ) be-
long to the same equivalent class under diffeomorphisms
and represent the same physics.

Before demonstrating that the gauge transformation
(179) can be generated by a diffeomorphism on the man-
ifold where electromagnetic fields are defined, we present
some lemmas that ensure that any theory defined on a
manifold in terms of tensors is invariant under diffeomor-
phic transformations.

Lemma 1. On a manifold M, any action defined by

S =

∫
L ϵ (180)

is invariant under diffeomorphisms, where the La-
grangian density L is a scalar function and ϵ is a volume
element.

Lemma 1 is a direct consequence of the fact that the in-
tegral of any n-form on an n-dimensional manifold is in-
variant under diffeomorphisms [20]. It can also be proved
as follows. Let ϵ =

√
−g e, where e is a fixed volume on

M. Under an infinitesimal diffeomorphism generated by
a vector field va = (∂/∂τ)a, we have

δgab = −( vgab)δτ = −2∇(avb)δτ, (181)

where is the Lie derivative operator on M and ∇a is
the derivative operator associated with the metric tensor
gab. Then, by Eq. (111) we get δ√−g = −

√
−g(∇av

a)δτ .
On the other hand, we have δL = −( vL)δτ =
−(va∇aL)δτ . Hence, we get

δ
(√

−gL
)
= −

√
−g∇a(Lvaδτ). (182)

The term ∇a(Lvaδτ) in Eq. (182) is a boundary term
that has no contribution to the action integral by Gauss’s
theorem, if we set va = 0 on the boundary. Hence, we
get δS = 0 under the variation generated by a diffeomor-
phism.

Lemma 2. For any tensor field T a1...ak

b1...bl
on M,

ϕ∗
(
∇cT

a1...ak

b1...bl

)
= ∇′

c

(
ϕ∗T

a1...ak

b1...bl

)
, (183)

where ∇a is the derivative operator associated with gab
and ∇′

a is the derivative operator associated with ϕ∗gab
(see, e.g, [33]).
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Proof. Since ϕ∗(∇T ) = ϕ∗(∇(ϕ−1
∗ ϕ∗T )) ≡ f(ϕ∗T ),

ϕ∗(∇T ) is a map of ϕ∗T . It can be checked that
f(ϕ∗T ) satisfies the definition for a derivative opera-
tor on M, because ϕ is a linear map preserving ten-
sor type and the relations in the tensor algebra, and
∇ is a derivative operator. For example, the Leib-
nitz rule can be verified as follows: f(ϕ∗T1

⊗
ϕ∗T2) =

f(ϕ∗(T1
⊗
T2)) = ϕ∗(∇(T1

⊗
T2)) = ϕ∗(∇T1

⊗
T2 +

T1
⊗

∇T2) = ϕ∗(∇T1)
⊗
ϕ∗T2 + ϕ∗T1

⊗
ϕ∗(∇T2) =

f(ϕ∗T1)
⊗
ϕ∗T2 + ϕ∗T1

⊗
f(ϕ∗T2). Hence, we can write

ϕ∗(∇T ) = ∇′(ϕ∗T ), where ∇′ is a derivative operator.
Since ∇g = 0 everywhere, we get ∇′(ϕ∗g) = ϕ∗(∇g) = 0.
End of Proof.

Therefore, the action of diffeomorphisms preserves
both algebraic and derivative relations in tensors, if the
derivative operator is associated with the metric ten-
sor. As an example, diffeomorphic transformation of a
Riemann curvature tensor defined by a metric and the
derivative operator associated with it is equivalent to the
Riemann curvature tensor defined by the diffeomorphic
transformation of the metric tensor and the derivative
operator associated with it. That is, ϕ∗

(
R d

abc

)
= R′ d

abc ,
where R′ d

abc is defined by ϕ∗(gab) and ∇′
a, ∇′

a(ϕ∗gbc) =
0. Hence we have the following lemma:

Lemma 3. In a spacetime, physical laws expressed by
tensors and their derivatives defined by the derivative
operator associated with the metric tensor are invariant
under diffeomorphisms.

The above discussion and results apply to any space-
time of any dimension, including both the (n + 1)-
dimensional (M̃, g̃ab) and the n-dimensional (M, gab) as
a hypersurface embedded in (M̃, g̃ab). The Lie derivative
operator on M is related to the Lie derivative operator
˜ on M̃ by

vT
a1...ak

b1...bl
= ga1

c1 . . . g
dl

bl
˜
vT

c1...ck
d1...dl

, (184)

for any va and T a1...ak

b1...bl
∈ T (M).

Since the theory presented in this paper is based on an
(n+ 1)-dimensional Einstein field equation on M̃, Lem-
mas 1–3 guarantee that all the field equations derived
in previous sections are invariant under diffeomorphisms
on M̃. In particular, the derived electromagnetic field
Eq. (107) is invariant under the gauge transformation
defined by all diffeomorphisms on M̃.

Here we consider diffeomorphisms restricted to the n-
dimensional M, which are a subset of the diffeomor-
phisms on M̃. Let ϕτ be a one-parameter group of
diffeomorphisms, which is generated by a vector field
va = (∂/∂τ)a on M. Then, by Eq. (181), under an in-
finitesimal transformation the metric tensor gab is trans-
formed to g′ab = gab−2∇(avb)δτ . Any vector Na ∈ T (M)
is transformed to N ′

a = Na − ( vNa)δτ , with

vNa = ∇a (v
cNc) + vcFca, (185)

where the antisymmetric tensor

Fca ≡ ∇cNa −∇aNc. (186)

Lemma 4. For any vector field Na ∈ T (M) and any
smooth function χ on M, there exists a vector field va ∈
T (M) so that

vNa = ∇aχ. (187)

Proof. When Fca is nondegenerate, i.e., detFca ̸= 0,
there exists an inverse antisymmetric tensor F̂ab defined
by FcaF̂ab = δ b

c . Then, for any smooth function χ′,
the linear algebraic equation vcFca = ∇aχ

′ has a unique
solution va = F̂ca∇cχ

′. Substituting it into Eq. (185),
we get Eq. (187) with

χ = χ′ −NcF̂ca∇aχ
′. (188)

Given any function χ(x0, . . . , xn−1) on M, Eq. (188) can
be solved for χ′(x0, . . . , xn−1) as follows. Let xµ = xµ(s)
(µ = 0, . . . , n−1) define the integral curves of the vector
field ka ≡ −NcF̂ca. Then, kµ = dxµ/ds. By dχ′/ds =
(∂µχ

′)dxµ/ds, Eq. (188) is equivalent to the first-order
ordinary differential equation

e−s d
ds (e

sχ′(s)) = χ
(
x0(s), . . . , xn−1(s)

)
, (189)

whose solution is given by the integral

χ′(s) = e−s

∫
esχ

(
x0(s), . . . , xn−1(s)

)
ds. (190)

When Fca is degenerate, i.e., detFca = 0, the lin-
ear algebraic equation vcFca = 0 of vc has an infi-
nite number of solutions. Let vc1 be a solution. Then,
vc = χ′vc1 must also be a solution, where χ′ is any func-
tion. Hence, vcFca = 0, and Eq. (185) becomes Eq. (187)
with χ = χ′vc1Nc. End of Proof.

Theorem 1. For any vector field Na ∈ T (M) and any
smooth function χ on M, there exists a diffeomorphism
ϕ so that

ϕ∗Na = Na +∇aχ. (191)

Proof. By Lemma 4, for any function χ1 there exists
a vector field va = (∂/∂τ)a so that N ′

a = Na − δτ∇aχ1

under an infinitesimal diffeomorphism generated by va.
Then, at any point p on M, we have (e.g., [20])

ϕτ∗Na|p = Na|p −
∫ τ

0

ϕτ ′∗

(
vNa|ϕ−τ′(p)

)
dτ ′

= Na|p −
∫ τ

0

ϕτ ′∗

(
∇aχ1|ϕ−τ′(p)

)
dτ ′

= Na|p −
∫ τ

0

∇a|p ϕτ ′∗

(
χ1|ϕ−τ′(p)

)
dτ ′

= Na|p + ∇a|p χp, (192)
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where

χp ≡ −
∫ τ

0

ϕτ ′∗

(
χ1|ϕ−τ′(p)

)
dτ ′. (193)

Equation (193) indicates that χ1 = −ϕ−1
∗ (dχ/dτ). End

of Proof.
Theorem 2. For any closed two-form Fab on M, there

exists a symmetry transformation. That is, there exists
a vector field va on M so that

vFab = 0. (194)

Proof. By the converse of the Poincaré lemma, any
closed two-form Fab can be expressed as in Eq. (186),
i.e., F = dN . Since the exterior derivative operator d
commutes with the Lie derivative operator [20], we have

vF = d vN . By Lemma 4, there exists a vector field
va so that vN = dχ [Eq. (187)]. Then, by the Poincaré
lemma, we get vF = d2χ = 0. End of Proof.

Theorems 1 and 2 indicate that in a spacetime there al-
ways exists a diffeomorphism that gives rise to the gauge
transformation in Eq. (179) for electromagnetic fields,
where χ is any smooth function. The electromagnetic
field tensor Fab is invariant under the diffeomorphism.
Since the derivative operator in the definition of Fab,
i.e., Eq. (17), can be any derivative operator, we can
take it to be the ∇a before the diffeomorphism. If we
use gab before the diffeomorphism to raise the indexes of
Aa, ∇aχ, and Fab, then we get that Aa → Aa + ∇aχ,
and F ab is also invariant under the gauge transforma-
tion. Then, if in the field equation we take the metric
tensor to be gab and gab before the diffeomorphism, the
derivative operator to be the ∇a associated with gab, we
find that the Einstein–Maxwell Eq. (20) is invariant un-
der the gauge transformation. Thus, we have successfully
fitted the electromagnetic gauge symmetry into diffeo-
morphisms in the background spacetime.

Of course, the electromagnetic field Eq. (1) is not in-
variant under the gauge transformation if we stay on the
original spacetime background, unless Rab = 0. However,
if we apply the diffeomorphic transformation to all tensor
variables appearing in the equation, including the elec-
tromagnetic field vector and tensor, the current density
vector, and the metric tensor and quantities derived from
it, then Eq. (1) must be invariant according to Lemma
3.

9 The cosmological constant

We have interpreted ġab as the representation of a mat-
ter field on M, but we have not specified the nature of
the matter. It may represent dark matter that has been
observed to exist in galaxies and clusters of galaxies and
interact with ordinary matter only through the gravita-
tional interaction [34] or dark energy (equivalent to a

cosmological constant in some models) that is uniformly
distributed in the universe and responsible for the ob-
served accelerating expansion of the universe [35, 36]. It
is also possible that ġab represents some other kind of
unknown matter. In this section we investigate whether
ġab can behave as a cosmological constant in certain sit-
uations [37].

We consider a special case in which, in the neighbor-
hood of the hypersurface M defined by w = 0, the metric
tensors gab and gab can be approximated by{

gab(w) = gab(1 + λw),

gab(w) = gab(1− λw),
(195)

where gab = gab(w = 0), gab = gab(w = 0), λ is a con-
stant, and λw ≪ 1. Then, we have

ġab = λgab, ġab = −λgab, (196)

and

ġ b
a = g̈ab = g̈ab = 0. (197)

Then, by the definition of Φab, we have
Φab =

1

2
(n− 1)N−1λgab,

Φ =
1

2
n(n− 1)N−1λ,

(198)

and

Φ̇ab = −1

2
N−1

(
ġacgbd + gacġbd − ġabgcd − gabġcd

)
ġcd

−1

2
N−2Ṅ

(
gacgbd − gabgcd

)
ġcd

= −(n− 1)λ

(
λ+

1

2
N−1Ṅ

)
N−1gab, (199)

where Ṅ = ∂N/∂w.
By Eq. (154), we get

gacgbd
1√
−g

∂

∂w

(√
−gΦcd

)
=

1

n− 1
NΦΦab + gacgbdΦ̇

cd

= (n− 1)λN−1

[(n
4
− 1
)
λ− 1

2
N−1Ṅ

]
gab. (200)

By Eq. (198), we have

ΦcdΦ
cd − 1

n− 1
Φ2 = −1

4
n(n− 1)N−2λ2 (201)

and

ΦacΦ
c

b − 1

n− 1
ΦΦab = −1

4
(n− 1)N−2λ2gab. (202)
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Substituting Eqs. (200)–(202) into Eq. (137), we get

Tm,ab = − 1

2κ
(n− 1)λN−2

[(n
4
− 1
)
λ−N−1Ṅ

]
gab.

(203)

Letting n = 4, we have

Tm,ab =
3

2κ
λN−3Ṅgab, (204)

which corresponds to a cosmological constant

Λ = −3

2
λN−3Ṅ (205)

in the four-dimensional spacetime (M, gab).
By Eq. (198), we have

ΦcdΨ
cd − 1

n− 1
ΦΨ = −1

2
N−1λΨ (206)

and

2Φc(aΨ
c

b) − 1

n− 1
(ΦΨab + ΨΦab)

=
(n
2
− 1
)
N−1λΨab −

1

2
N−1λΨgab. (207)

By Eqs. (154) and (198), we derive that

gacgbd
1

κN
√
−g

∂

∂w

(√
−gΨ cd

)
=

1

κN
gacgbdΨ̇

cd +
1

2κ
nN−1λΨab. (208)

By Eq. (198) and the convention ∇aN = 0, we have
∇aΦbc = 0. Hence we get

1

κN
∇c
[
2N(aΦb)c −NcΦab

]
=

1

κ
N−1λ

[
(n− 1)Ψab −

1

2
Ψgab

]
. (209)

Substituting Eqs. (206)–(209) into Eq. (149), we get

Tint,ab = − 1

κN

[(n
2
+ 1
)
λΨab + gacgbdΨ̇

cd
]
. (210)

Setting n = 4, we get

Tint,ab = − 1

κN

(
3λΨab + gacgbdΨ̇

cd
)

= − 1

κN

(
λΨab + Ψ̇ab

)
. (211)

By Eqs. (106) and (198), we have 4πJb = ∇aΦ
ab = 0

(since ∇aN = 0). Then, the electromagnetic field Eq.
(107) becomes a source-free equation,

∇aΨ
ab = 0. (212)

Equations (204) and (205) indicate that, in appropri-
ate conditions, the matter represented by ġab behaves

like a cosmological constant Λ on M. However, by Eq.
(205), Λ ̸= 0 only if Ṅ = ∂N/∂w ̸= 0, and the sign
of Λ is determined by the sign of Ṅ . To get a positive
cosmological constant on M, we need to have Ṅ < 0.
Let us assume that Ṅ ∼ −λN , by Eq. (205) we have
Λ ∼ N−2λ2, and the mass density corresponding to Λ is
ρΛ = Λ/κ ∼ κ−1N−2λ2. Hence,
ρΛ
ρP

∼ κ−1N−2λ2l2P, (213)

where ρP = l−2
P = 5.2 × 1093 g cm−3 is the Planck mass

density. Observations from the Wilkinson Microwave
Anisotropy Probe (WMPA) and Planck satellites have
indicated that there may exist a positive cosmological
constant in the universe with an equivalent mass density
≈ 0.7ρcrit, where ρcrit is the critical mass density [35, 36],
which leads to ρΛ/ρP ≈ 10−123. Then, if we set the di-
mensionless function N ∼ 1 and κ = 8π, Eq. (213) leads
to

λ−1 ∼ 6.3× 1060lP ∼ 1028 cm, (214)

which is of the same order as the present Hubble dis-
tance.

However, if λ−1 is much smaller than the Hubble dis-
tance, Eq. (213) indicates a cosmological constant that
is much larger than that we have observed, being on the
order of

ρΛ
ρP

∼ 10−65

(
λ−1

1 mm

)−2

. (215)

Such an unrealistically large cosmological constant may
be canceled by a native cosmological constant in the
five-dimensional bulk spacetime, as has been assumed
in brane world theory [38].

The equations derived in Sections 5 and 6 can be ex-
tended to the case in which there is a cosmological con-
stant Λ̃ in the (n+1)-spacetime (M̃, g̃ab), i.e., when the
vacuum Einstein field equation on M̃ is G̃ab + Λ̃g̃ab = 0,
corresponding to the following action of gravity on M̃:

S̃G =

∫ √
−g̃(R̃− 2Λ̃)ẽ

=

∫ √
−g̃
(
R−KabK

ab +K2 − 2Λ̃
)
ẽ. (216)

The presence of Λ̃ in the action leads only to modification
of LG in Eq. (67), and the modified LG is

LG ≡
√
−gN(R− 2Λ̃). (217)

The Lagrangians LEM, Lm, and Lint defined in Eqs.
(88)–(90) are not changed.

It is easy to derive that, when Λ̃ is present, Eqs. (93)
and (95) become

R+ΠabΠ
ab − 1

n− 1
Π2 = 2Λ̃ (218)
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and

R+KabK
ab −K2 = 2Λ̃, (219)

Equations (107) and (109), which are interpreted as the
electromagnetic field equations, are not changed since,
in the Lagrangian density, Λ̃ is not coupled to Na. The
gravitational field equation on M, i.e., Eq. (117), be-
comes

Gab + Λ̃gab = κTab, (220)

where the stress-energy tensor Tab is unchanged [being
still given by Eqs. (118), (125), (137), and (149)].

Correspondingly, Eq. (166) becomes

gcd ˜nKcd −KcdK
cd −∇ca

c + aca
c +

2

n− 1
Λ̃ = 0,

(221)

Eq. (168) becomes

gcd
1√
−g

∂

∂w

(√
−gΠcd

)
= (3− n)N

(
ΠcdΠ

cd − 1

n− 1
Π2

)
− (n− 1)∇c∇cN

−∇c (2NaΠac −NcΠ)− 2NΛ̃, (222)

and Eq. (169) becomes

gcdL̃nΠ
cd = −(n− 3)ΠcdΠ

cd +
n− 4

n− 1
Π2

−(n− 1)
1

N
∇c∇cN − 2Λ̃. (223)

The effective cosmological constant on M is Λeff =
Λ̃+Λ, with Λ being determined by Eq. (205). With some
unknown fine-tuning mechanism (as in brane world the-
ory), Λeff may become zero or small enough to be com-
patible with the observations in cosmology.

10 Discussion: The new electromagnetic field
equation

This section focuses on a discussion of the new electro-
magnetic field Eq. (1), which is the most important equa-
tion derived in this paper and marks the physical differ-
ence between the new unified theory and Kaluza–Klein
theory. Although ξ = −2 is preferred since then the equa-
tion can be derived from the Einstein field equation in a
five-dimensional spacetime, here for generality we treat
ξ as an undetermined number of order unity (being ei-
ther positive or negative). Solutions to (1) will not be
provided here, except for a very simple case involving a
Killing vector field as a solution. Consequently, we will
not attempt to explore phenomenological signals explic-
itly and quantitatively predicted by solutions to the field

Eq. (1). Instead, we will only present a general discussion
and make some comments relevant to experimental tests
of the new field equation in a four-dimensional spacetime.

In terms of Aa, the electromagnetic field Eq. (1) can
be written as

∇a∇aA
b −∇b∇aA

a − (ξ + 1)Rb
aA

a = −4πJb. (224)

We know that a Killing vector ψa in a spacetime satisfies
Eqs. [19]

∇aψ
a = 0, ∇a∇aψ

b +Rb
aψ

a = 0. (225)

Comparison of Eqs. (224) and (225) leads to the result
that when ξ = −2, any Killing vector field in a spacetime
(M, gab) is a solution of the source-free electromagnetic
field Eq. (1). This is in contrast to the case of the Maxwell
Eq. (20), where a Killing vector field solves the source-
free equation only if the spacetime is Ricci-flat [19, 39].

The above result can be more easily derived from Eq.
(22), which is equivalent to the field Eq. (1) with ξ =
−2. If we set Aa = ψa, by the Killing equation ∇aψb +
∇bψa = 0 we get Hab = 0 and H = 0. Hence a Killing
vector ψa solves the electromagnetic field Eq. (22) when
Ja = 0.

The result can be somewhat generalized. Let ψa be a
conformal Killing vector field, i.e., ψa satisfies [19]

∇aψb +∇bψa = αgab, (226)

where α is any function. Setting Aa = ψa, we get Hab =
αgab and H = nα, where n = dimM. Substituting these
expressions into the electromagnetic field Eq. (22), we
find that Eq. (22) is solved when Ja = 0 if and only if
∇aα = 0. Hence, any conformal Killing vector field with
a constant α solves the source-free electromagnetic field
Eq. (1) with ξ = −2.

The above conclusion applies to a spacetime of any
dimensions. However, in the remaining part of this sec-
tion we assume that n = 4 since the focus will be on
experimental tests of the electromagnetic field Eq. (1) in
a four-dimensional spacetime.

The stress-energy tensor of electromagnetic fields de-
scribed by Eq. (1) was derived in Ref. [22]; it becomes Eq.
(38) when ξ = −2. For any value of ξ, the divergence of
the stress-energy tensor of electromagnetic fields is eval-
uated to be [22]

∇aTEM,ab = −FbaJ
a +Ab∇aJ

a, (227)

where the electromagnetic field equation (1) has been
applied. When the electric current is conserved (i.e.,
∇aJ

a = 0), Eq. (227) becomes

∇aTEM,ab = −FbaJ
a. (228)
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If we denote the total stress-energy tensor by Tab =
TEM,ab + TOther,ab, where TOther,ab represents the stress-
energy tensor of other matter fields, by the conservation
equation ∇aTab = 0 we get

∇aTOther,ab = FbaJ
a, (229)

which is just the Lorentz force law.
Hence, the curvature-coupled term in the electromag-

netic field equation does not affect the Lorentz force law.
The force of a charged particle or an electric current in an
electromagnetic field is determined by the antisymmet-
ric tensor Fab (i.e., by the electric field E and the mag-
netic field B) solving the electromagnetic field Eq. (1).
Although the potential vector Aa explicitly appears in
the electromagnetic field equation through the curvature-
coupled term, it interacts with charges and currents only
through the antisymmetric tensor Fab.

When the spacetime is Ricci-flat (Rab = 0, e.g., out-
side of a black hole or a star in a vacuum environment
[40]), Eq. (1) is equivalent to the Einstein–Maxwell Eq.
(20). Hence, in a flat spacetime or in a curved but Ricci-
flat spacetime, the new electromagnetic field equation is
identical to the Einstein–Maxwell equation. As a result,
the curvature-coupled term in the new equation has no
effect on experiments under laboratory conditions.

In a spacetime with Rab ̸= 0, the curvature-coupled
term can have an effect on the electromagnetic field so-
lution (e.g., inside a star or in a cosmological environ-
ment). To estimate the effect, we write

∣∣∇aF
ab
∣∣ ∼ |Ab|

l2e
,
∣∣ξRb

aA
a
∣∣ ∼ |Ab|

r2c
, (230)

where le is the spacetime scale on which the electromag-
netic field varies (e.g., the wavelength of an electromag-
netic wave and the size of the source) and rc is the space-
time curvature radius defined by the Ricci tensor, i.e.,
rc ≡

(
RabR

ab
)−1/4. So, we have∣∣ξRb

aA
a
∣∣

|∇aF ab|
∼ l2e
r2c
. (231)

When rc ≫ le, we expect that the term ξRb
aA

a is not
important. By the Einstein field equation, we can esti-
mate the order of rc by

rc ∼
lP√
8π

(
ρ

ρP

)−1/2

, (232)

where ρ is the mass density at the place where the elec-
tromagnetic field is present.

The density and curvature radius of some objects are
listed in Table 1. For comparison with the curvature ra-
dius, the sizes (radii or heights) of the selected objects

Table 1 Density ρ, radius (height) r, and the curvature
radius rc of some objects. The rc is estimated by Eq. (232),
except for the universe where both r and rc are taken to be
the Hubble distance dH .a

Object ρ (g · cm−3) r (cm) rc (cm)
Atmosphereb 0.001225 ∼ 106 6.6× 1014

Earthc 5.5 6.4× 108 1.0× 1013

Jupiterc 1.3 7.0× 109 2.0× 1013

Sunc 1.4 7.0× 1010 2.0× 1013

White Dwarfd 106 7× 108 2× 1010

Neutron Stare 5× 1014 106 1.0× 106

Universef 2× 10−29h2 9× 1027h−1 9× 1027h−1

aIn the case of the universe, the rc estimated by Eq. (232) is of the
same order as dH .

bThe density is measured at sea level and 15 ◦C. The r refers to
the approximate height above sea level.

cThe density ρ and radius r are averaged values.
dThe ρ is the averaged density, and r is the radius of a typical
white dwarf.

eThe ρ is the core density, and r is the radius of a typical neutron
star.

fThe ρ is taken to be equal to ρcrit, where h is the Hubble constant
in units of 100 km · s−1 · Mpc−1.

are also listed. It can be imagined that the curvature-
coupled term is important if the size of an object is larger
than or at least comparable to the curvature radius given
by Eq. (232). Thus, according to the results in Table 1,
we can expect that the curvature-coupled term in the
new electromagnetic field Eq. (1) will give rise to de-
tectable effects for white dwarfs, neutron stars, and the
universe. It is noteworthy that Turner and Widrow [41]
have shown that an electromagnetic field equation of the
form of Eq. (1) with a negative ξ can lead to fast growth
of a primordial magnetic field during the inflation epoch
through a mechanism akin to “superadiabatic amplifi-
cation”, which is not possible for the Maxwell equation
without a curvature-coupled term. This can be regarded
as evidence that the curvature-coupled term can lead to
detectable effects in the early universe.

In Table 1 we also list the atmosphere, which is rele-
vant for the experiments of electromagnetism under lab-
oratory conditions, and determination of the magnetic
field of the earth. For the density of the atmosphere, the
curvature radius is ∼106 times the radius of the earth
and the correction from ξRb

aA
a should be of the order

of <
∼
10−12 in a fraction of ∇aF

ab. According to [42],
the best constraint from laboratory tests on the reduced
Compton wavelength associated with the rest mass of
photons is >

∼
2 × 109 cm. Although the limit is distant

from rc for the atmosphere by five orders of magnitudes,
testing the effect of ξRb

aA
a under laboratory conditions

may become possible in the future with more advanced
techniques.

For a vacuum spacetime with a cosmological constant
Λ (e.g., a de Sitter spacetime or an anti-de Sitter space-
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time), by the Einstein field equation we have Rab = Λgab
and RabA

b = ΛAa. Then, the electromagnetic field equa-
tion (1) becomes

∇aF
ab − ξΛAb = −4πJb. (233)

In this case, the curvature-coupled term ξRabA
b is equiv-

alent to a photon mass term m2Aa, with

m2 = ξΛ. (234)

When ξΛ < 0, we have m2 < 0; i.e., the photon has
an imaginary mass. Then a photon will travel with a
speed faster than c. For instance, for a de Sitter space-
time (Λ > 0) with an electromagnetic field equation de-
rived from five-dimensional gravity we have ξ = −2 and
m2 = −2Λ < 0. We can then expect that photons can
travel superluminally in the de Sitter spacetime. For a
Λ value comparable to the observed one in the current
universe, m2 is sufficiently small and hence the strength
of the signal off the light cone should be very weak. How-
ever, in the very early universe, e.g., during the inflation-
ary phase, Λ is not small, so the signal off the light cone
may be appreciable.

11 Summary and conclusions

A new unified theory of electromagnetic and gravita-
tional interactions is presented in this paper. A four-
dimensional spacetime is assumed to be a hypersurface
embedded in a five-dimensional bulk spacetime. Then,
the field equations in the four-dimensional spacetime are
determined by the projection of the Einstein field equa-
tion in the five-dimensional spacetime onto the hyper-
surface and the contraction with the normal to the hy-
persurface. Three independent equations are obtained.
They form a complete set of field equations in the four-
dimensional spacetime, including determination of the
metric tensor off the hypersurface.

The first is a scalar constraint equation given by Eq.
(93) [or, equivalently, Eq. (95)], which relates the scalar
curvature to the extrinsic curvature tensor of the hy-
persurface. The second is a vector constraint equation
given by Eq. (104) [or, equivalently, Eq. (109)], which
can be interpreted as the electromagnetic field equation
in a four-dimensional spacetime [Eq. (107)]. The third is
a tensor equation, i.e., Eq. (117) with the stress-energy
tensor Tab given by Eqs. (118), (125), (137), and (149),
which can be interpreted as the Einstein field equation
with the stress-energy tensor of electromagnetic fields
and other matter as the source. The constraint Eq. (93)
[or, equivalently, Eq. (95)] can also be replaced by Eq.
(168) [or, equivalently, Eq. (166)], since the latter is
derived from the combination of Eqs. (93), (104), and
(117).

The most important result of the new unified the-
ory is that a new electromagnetic field equation in
a four-dimensional spacetime is derived from the five-
dimensional vacuum Einstein field equation. The new
electromagnetic field equation is given by Eq. (107),
which is equivalent to Eq. (1) with ξ = −2 with the
assumption ∇aN = 0 (i.e., N is constant in the four-
dimensional spacetime). The new field equation differs
from the Einstein–Maxwell Eq. (20) by a curvature-
coupled term ξRb

aA
a, which vanishes in a Ricci-flat

spacetime but can be important in an environment with
a high mass density. Although practical solutions to the
new electromagnetic field equation are not studied, we
have shown that a conformal Killing vector field with a
constant α (or a Killing vector field when α = 0) solves
the source-free field equation with ξ = −2. We have also
argued that the effect of the curvature-coupled term can
be detectable in electromagnetic processes inside a neu-
tron star or a white dwarf and in the early epoch of the
universe (see Table 1 and the relevant discussion in the
text).

The electromagnetic field Eq. (1) with an undeter-
mined ξ was originally proposed by Li [22] to address the
incompatibility problem in application of the Einstein–
Maxwell equation to a universe with a uniformly dis-
tributed net charge. The fact that it can be derived from
the five-dimensional Einstein field equation with a deter-
mined ξ = −2 supports the proposal of Eq. (1) as a solu-
tion to the inconsistency problem. Another support for
Eq. (1) comes from the fact that the Maxwell equation
in a flat spacetime can be expressed in terms of a sym-
metric tensor instead of an antisymmetric tensor. When
the Maxwell equation expressed in a symmetric tensor
is extended to a curved spacetime via the minimal sub-
stitution rule, the field Eq. (1) with ξ = −2 is naturally
obtained. Therefore, we believe that, the electromagnetic
field Eq. (1) and the unified theory of gravity and electro-
magnetism proposed in this paper deserve further study,
although whether they describe the real physical world
can only be ultimately determined by experiments and
observations.

Geometrization of electromagnetic fields and unifica-
tion of electromagnetic and gravitational interactions
had been Einstein’s ultimate goal for his life, which had
cost the entire latter half of his life to find the solu-
tion. The theory proposed and studied in this paper pro-
vides a new possible solution to the big problem. In the
theory, electromagnetic fields are contained in the ex-
trinsic curvature tensor of a four-dimensional spacetime
as a hypersurface in a high-dimensional spacetime. The
idea of interpreting a four-dimensional spacetime as a
hypersurface embedded in a five-dimensional bulk space-
time has also been explored in brane world theory. How-
ever, unlike in brane world theory, where electromagnetic
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fields are assumed to be confined in a four-dimensional
membrane a priori, here electromagnetic fields and the
electromagnetic field equation are derived from the five-
dimensional Einstein field equation and present them-
selves on the four-dimensional hypersurface. The the-
ory is also different from Kaluza–Klein theory, since in
Kaluza–Klein theory the Einstein–Maxwell equation was
derived.

Besides electromagnetic fields, the extrinsic curvature
of a four-dimensional spacetime hypersurface also con-
tains a term proportional to the derivative of the four-
dimensional spacetime metric with respect to the fifth
dimension (ġab), i.e., a term depending on the evolution
of the metric off the hypersurface. We have attempted
to interpret it as representing some unidentified matter
in the four-dimensional spacetime. The stress-energy ten-
sors of electromagnetic fields and the unidentified matter
and their interaction are derived. We have shown that,
under some conditions, the stress-energy tensor of the
unidentified matter may behave like a cosmological con-
stant.

It is well known that the five-dimensional Kaluza–
Klein theory can be generalized to a higher dimensional
theory to include the weak and strong interactions (see
[13] and references therein). It would be interesting to
extend the theory presented in this paper to the case of
a four-dimensional spacetime embedded in an n > 5 di-
mensional bulk spacetime and investigate whether non-
Abelian gauge interactions can be derived from an n-
dimensional Einstein field equation.
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Appendix A 5D metric in Kaluza–Klein
representation

In this Appendix we study the geometry of Kaluza–Klein
(KK) theory and derive the relation between Kaluza–
Klein decomposition of the 5D metric and that adopted
in this paper. We use the same coordinate system as in
Section 3, i.e., {x0, x1, x2, x3, w} for the 5D spacetime
(M̃, g̃ab). The coordinates {x0, x1, x2, x3} are defined on
the hypersurface manifold M (defined by w = constant)
and carried to the neighbor of M in the five-dimensional
M̃ with the map generated by the coordinate lines of w.

As stated in Section 3, the strategy of Kaluza–Klein

theory is to decompose the five-dimensional metric g̃ab
in the form of Eq. (40), or, equivalently, as

g̃ab=kgµνdx
µ
adx

ν
b+ϕ

2 (Aµdx
µ
a+dwa) (Aνdx

ν
b+dwb) .

(A1)

Let us define

g̃AB =

 kg
µν −Aµ

−Aν 1

ϕ2
+AρA

ρ

 , (A2)

where the 4-matrix kg
µν is the inverse of kgµν , i.e.,

kgµνkg
νρ = δ ρ

µ , and

Aµ ≡ kg
µνAν . (A3)

It can be checked that the matrix in Eq. (A2) is the
inverse of the matrix in Eq. (40). Hence, we have

g̃ab=kg
µν

(
∂

∂xµ

)a(
∂

∂xν

)b

−2Aµ

(
∂

∂xµ

)(a(
∂

∂w

)b)

+

(
1

ϕ2
+AρA

ρ

)(
∂

∂w

)a(
∂

∂w

)b

. (A4)

Equation (A3), along with the fact that kg
µν and kgµν

are inverse to each other, automatically leads to

kgµνA
ν = Aµ. (A5)

To understand the geometric nature of the KK vari-
ables defined above, we need to determine the KK metric
tensor kgab associated with the 4×4 matrix kgµν and the
vector Aa associated with the 4×1 matrix Aµ. Since kgab
and Aa are tensors and vectors on M̃, in general they
can be written as

kgab = kgµνdx
µ
adx

ν
b + 2kgµ4dx

µ
(adwb) + kg44dwadwb

(A6)

and

Aa = Aµdx
µ
a +A4dwa, (A7)

although some of the tensor components may turn out
to be zero.

Proposition 1. The vectors Aa and Aa are expressed
in coordinate components by

Aa = Aµdx
µ
a (A8)

and

Aa = Aµ

(
∂

∂xµ

)a

−AρA
ρ

(
∂

∂w

)a

, (A9)

where µ, ρ = 0, 1, 2, 3.
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Proof. By Eqs. (A4) and (A7), we have

Aa = g̃abAb = (kg
µνAν −A4A

µ)

(
∂

∂xµ

)a

−
[
AρAρ −A4

(
1

ϕ2
+AρA

ρ

)](
∂

∂w

)a

, (A10)

from which we get

Aµ ≡ Aadxµa = kg
µνAν −A4A

µ, (A11)

then by Eq. (A3) we must have A4 = 0. Hence we get
Eq. (A8).

Setting A4 = 0, by Eqs. (A10) and (A3) we get Eq.
(A9). End of Proof.

Proposition 2.

AaA
a = AρA

ρ, (A12)

which is directly derived from equations (A8) and (A9).
Proposition 3. The KK variables ϕ, Aµ, and Aµ are

related to N , Nµ, and Nµ by

ϕ2 = N2 +NρN
ρ = g̃abw

awb, (A13)

Aµ =
Nµ

ϕ2
=

Nµ

N2 +NρNρ
, (A14)

and

Aµ =
Nµ

N2
. (A15)

Proof. Comparison of Eqs. (48) and (40) leads to Eqs.
(A13) and (A14). The inverse of the matrix in Eq. (48)
is

g̃AB =

gµν +
1

N2
NµNν − 1

N2
Nµ

− 1

N2
Nν 1

N2

 . (A16)

Comparison of Eqs. (A16) and (A2) leads to Eq. (A15).
The second equality in Eq. (A13) follows from Eq. (42).
End of Proof.

Proposition 4.

AρA
ρ =

NρN
ρ

N2 (N2 +NρNρ)
, (A17)

AρA
ρ +

1

ϕ2
=

1

N2
, (A18)

which are directly derived from Eqs. (A13)–(A15).
Proposition 5. The vector Aa is related to Na by

Aa =
1

N2 +NρNρ

(
Na − NρN

ρ

N
na
)
. (A19)

Proof. By Eqs. (A9), (A15), and (42), we get

Aa =
Nµ

N2

(
∂

∂xµ

)a

−AρA
ρ (Nna +Na) . (A20)

Then, since Na = Nµ(∂/∂xµ)a, by Eq. (A17) we get

Aa =
Na

N2
− NρN

ρ

N2 (N2 +NρNρ)
(Nna +Na) , (A21)

which then leads to Eq. (A19). End of Proof.
Proposition 6.

Aana = − NρN
ρ

N (N2 +NρNρ)
= −NAρA

ρ. (A22)

The first identity follows from equation (A19) since
naN

a = 0 and nan
a = 1. The second identity follows

from Eq. (A17).
Since N ̸= 0, Eq. (A22) indicates that Aana = 0 (i.e.,

Aa is a vector tangent to the 4-manifold M) if and only
if (iff) NρN

ρ = 0, or, equivalently, AρA
ρ = 0. Then, by

Eq. (A12), we have the following proposition:
Proposition 7. The vector Aa is tangent to M iff Aa

is null, i.e., iff

AaAa = 0, (A23)

or, equivalently,

NaNa = 0, (A24)

Proposition 8.

kgab = kgµνdx
µ
adx

ν
b , (A25)

where µ, ν = 0, 1, 2, 3,

kg
ab = g̃acg̃bdkgcd = kg

µν

(
∂

∂xµ

)a(
∂

∂xν

)b

−2Aµ

(
∂

∂xµ

)(a(
∂

∂w

)b)

+AρA
ρ

(
∂

∂w

)a(
∂

∂w

)b

, (A26)

and

kg
c

a ≡ kgabkg
bc = g̃cbkgab

= dxµa

(
∂

∂xµ

)c

−Aµdx
µ
a

(
∂

∂w

)c

. (A27)

Proof. By Eqs. (A6), (A9), and (A5), we get

Aa = kgabA
b = (Aµ −AρA

ρ
kgµ4) dx

µ
a

+(Aρ
kg4ρ −AρA

ρ
kg44) dwa. (A28)

Comparison with Eq. (A8) leads to

kgµ4 = kg4µ = 0, kg44 = 0. (A29)

Then Eq. (A25) is proved. Equations (A26) and (A27)
are then derived by the application of Eq. (A4). End of
Proof.

110402-26
Li-Xin Li, Front. Phys. 11(6), 110402 (2016)



Research article

Proposition 9.

kgabn
b = −NAa. (A30)

Proof. By Eqs. (42) and (A25), we have

kgabn
b = kgµνdx

µ
adx

ν
b

1

N

[(
∂

∂w

)b

−Nρ

(
∂

∂xρ

)b
]

= − 1

N
kgµνN

νdxµa . (A31)

Then, by Eqs. (A15) and (A8), we get

kgabn
b = −NkgµνA

νdxµa = −NAµdx
µ
a . (A32)

End of Proof.
Equation (A30) leads to the conclusion that kgab is

not a 4-metric tensor field on the hypersurface M, unless
Aa = 0 (or, equivalently, Na = 0). In fact, we have the
following proposition:

Proposition 10. The tensor kgab is a 4-metric on a
hypersurface Mk orthogonal to wa (if wa is hypersurface
orthogonal), induced from the 5-metric tensor in the bulk
spacetime. Aa is a vector tangent to Mk. That is, if we
define ŵa = wa/ (wcw

c)
1/2 (so that ŵaŵ

a=1), we have

kgab = g̃ab − ŵaŵb (A33)

and

Aaŵa = 0. (A34)

Proof. By Eqs. (A26), (A4), and (A13), we have

kg
ab = g̃ab− 1

ϕ2

(
∂

∂w

)a(
∂

∂w

)b

= g̃ab− ŵaŵb, (A35)

since ŵa = wa/ϕ by Eq. (A13). By Eq. (A7), we have
Aaw

a = 0 and hence Eq. (A34). End of Proof.
The metric gab on M is induced from the five-

dimensional metric g̃ab by gab = g̃ab−nanb, as discussed
in Section 3. The two four-dimensional metrics kgab and
gab are related by

kgab = gab + nanb − ŵaŵb. (A36)

By Eq. (A36), we have gµν = kgµν + ŵµŵν for nµ =
0. Since wµ = g̃µw = Nµ by Eq. (48), and waw

a =
N2+NρN

ρ, by Proposition 3 we have ŵµŵν = ϕ2AµAν .
Hence, gµν = kgµν + ϕ2AµAν , which confirms Eq. (171).

So, Aa is a vector on Mk. Na is a vector on M. Mk

and M are orthogonal to, respectively, wa and na. They
intersect at a three-dimensional manifold, which we de-
note by Σ. Σ is a hypersurface in M (and Mk). The
above results are illustrated in Fig. 1.

Proposition 11. When NaN
a ̸= 0 [which is equiv-

alent to AaA
a ̸= 0 by Eq. (A17)], Na and Aa are two

independent normals to Σ.

Proof. For any va ∈ T (Σ), we have Nav
a = (wa −

Nna)v
a = wav

a = 0, where the last equality follows
from the fact that Σ is also a hypersurface in Mk and
hence va ∈ T (Mk). Then, by Eq. (A19), we have

Aav
a = − NρN

ρ

N (N2 +NρNρ)
nav

a = 0, (A37)

since va ∈ T (M). Hence, both Na and Aa are normals to
Σ. By Eq. (A19), Aa and Na are independent iff NaN

a ̸=
0. End of Proof.

Proposition 12. When NaN
a = 0 [which is equiv-

alent to AaA
a = 0 by Eq. (A17)], Na ∈ T (Σ) and

Aa ∈ T (Σ).
Proof. When NaN

a = 0, by Eq. (A22) we have
Aana = 0 so Aa ∈ T (M). Since Aa ∈ Mk also, we
must have Aa ∈ T (Σ). By Eq. (A19) we must also have
Na ∈ T (Σ). (See also Proposition 7.) End of Proof.

Appendix B nnn+1 decomposition of Einstein’s
field equations

In this Appendix we discuss direct decomposition of
the (n + 1)-dimensional Einstein field equation and de-
rive the equivalent equations in an n-dimensional space-
time. To make the results general, we assume that the
(n+1)-dimensional spacetime contains a matter field rep-
resented by an (n + 1)-dimensional stress-energy tensor
T̃ab.

The Einstein field equation on an (n+ 1)-dimensional
spacetime (M̃, g̃ab) is

G̃ab ≡ R̃ab −
1

2
R̃g̃ab = κ̃T̃ab, (B1)

where κ̃ is the gravitational coupling constant.
Contraction of Eq. (B1) with g̃ab leads to

R̃ = − 2κ̃

n− 1
T̃ , (B2)

where T̃ ≡ g̃abT̃ab is the trace of the stress-energy tensor.
Hence, the Einstein field Eq. (B1) can be written in an
equivalent form

R̃ab = κ̃

(
T̃ab −

1

n− 1
T̃ g̃ab

)
. (B3)

By Eq. (44), the (n+1)-dimensional metric tensor g̃ab
can be decomposed into components tangent and orthog-
onal to M by

g̃ab = gab + nanb, (B4)

where gabn
a = 0 and g̃abn

anb = 1. An (n + 1)-
dimensional tensor T̃ab can be decomposed into compo-
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nents tangent and orthogonal to M by

T̃ab = g̃ c
a g̃

d
b T̃cd = g c

a g
d

b T̃cd + na

(
g d
b ncT̃cd

)
+nb

(
g c
a n

dT̃cd
)
+ nanb

(
ncndT̃cd

)
. (B5)

Applying the above decomposition mechanism to the
(n + 1)-dimensional Einstein field Eq. (B1), we get the
following three independent equations on M:

g c
a g

d
b G̃cd = κ̃ g c

a g
d

b T̃cd, (B6)

a tensor equation obtained by full projection of the (n+
1)-dimensional Einstein field equation onto M;

g d
a ncG̃cd = κ̃ g d

a ncT̃cd, (B7)

a vector equation obtained from the (n+1)-dimensional
Einstein field equation with one index projected onto na
and the other index projected onto M; and

G̃cdn
cnd = κ̃ T̃cdn

cnd, (B8)

a scalar equation obtained by full projection of the (n+
1)-dimensional Einstein field equation onto na.

Alternatively, application of the decomposition mech-
anism to the (n+1)-dimensional Einstein field Eq. (B3)
leads to the following three independent equations on M:

g c
a g

d
b R̃cd = κ̃

(
g c
a g

d
b T̃cd −

1

n− 1
T̃ gab

)
, (B9)

g d
a ncR̃cd = κ̃g d

a ncT̃cd, (B10)

and

R̃cdn
cnd = κ̃

(
T̃cdn

cnd − 1

n− 1
T̃

)
. (B11)

The complete set of field equations on M must contain
a scalar equation [Eq. (B8) or (B11)], a vector equation
[Eq. (B7) or (B10)], and a tensor equation [Eq. (B6) or
(B9). In fact, Eqs. (B7) and (B10) are equivalent, since
g d
a ncG̃cd = g d

a ncR̃cd.

B.1 The scalar equation

For nana = 1, the Riemann tensor on M is related to
that on M̃ by [19, 24]

R d
abc = g e

a g f
b g g

c gdhR̃
h

efg +
(
KacK

d
b −KbcK

d
a

)
.

(B12)

From Eqs. (44) and (B12), we get

Rac=g
b

a g
d

c

(
R̃bd − nenf R̃bedf

)
−
(
K b

a Kbc−KKac

)
(B13)

and

R = R̃− 2R̃abn
anb −

(
KabK

ab −K2
)
. (B14)

Equation (B14) is equivalent to

G̃abn
anb = −1

2

(
R+KabK

ab −K2
)
. (B15)

Substituting Eq. (B15) into Eq. (B8), we get the scalar
equation on M,

R+KabK
ab −K2 = −2κ̃T̃abn

anb. (B16)

When T̃ab = 0, Eq. (B16) is equivalent to Eq. (95).
By definition of the Riemann tensor and the definition

of Kab, we have

R̃abn
anb = −nag̃cd

(
∇̃a∇̃c − ∇̃c∇̃a

)
nd

= ∇̃an
a∇̃cn

c − ∇̃cn
a∇̃an

c − ∇̃av
a

= −KabK
ab +K2 − ∇̃av

a, (B17)

where va is defined by Eq. (55). Substituting Eq. (55)
into Eq. (B17), we get

R̃abn
anb = −KabK

ab − ˜
nK + ∇̃aa

a, (B18)

where aa is defined by Eq. (51). Since

˜
nK = gab ˜nKab − 2KabK

ab (B19)

and

∇̃aa
a = ∇aa

a − aaa
a, (B20)

from Eq. (B18) we get

R̃abn
anb = −gab ˜nKab+KabK

ab+∇aa
a−aaaa. (B21)

Substituting Eq. (B21) into Eq. (B11), we get another
scalar equation on M,

gab ˜nKab −KabK
ab −∇aa

a + aaa
a

= −κ̃
(
T̃abn

anb − 1

n− 1
T̃

)
. (B22)

When T̃ab = 0, Eq. (B22) is equivalent to Eq. (166).
By Eqs. (B15) and (B17), we get
1

2
R̃ =

(
R̃ab − G̃ab

)
nanb

=
1

2

(
R−KabK

ab +K2
)
− ∇̃av

a, (B23)

which agrees with Eq. (53).

B.2 The vector equation

By the definition of Kab [Eq. (49)], we get

∇aK
a
b −∇bK = g d

b gce
(
∇̃c∇̃d − ∇̃d∇̃c

)
ne

= g d
b gceR̃ f

cde nf . (B24)
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Hence, we have

∇aK
a
b −∇bK = g c

b R̃cdn
d, (B25)

since R̃ f
cde nfn

e = 0 according to properties of the Rie-
mann tensor. Equations (B12) and (B25) are called the
Gauss–Codacci relations [19].

Substituting Eq. (B25) into Eq. (B10), we get the vec-
tor equation on M,

∇aK
a
b −∇bK = κ̃g a

b T̃acn
c. (B26)

When T̃ab = 0, Eq. (B26) is equivalent to Eq. (109).
Since g c

b G̃cdn
d = g c

b R̃cdn
d, Eq. (B7) leads to the

same vector Eq. (B26).

B.3 The tensor equation

From Eqs. (B13) and (B14) we get

Gac = g b
a g

d
c G̃bd + nbndR̃bdgac − g b

a g
d

c nenf R̃bedf

−
(
K b

a Kbc −KKac

)
+

1

2

(
KbdK

bd −K2
)
gac.

(B27)

The Riemann tensor on the (n+ 1)-dimensional M̃ can
be decomposed as (n+ 1 ≥ 3, [19])

R̃abcd = C̃abcd +
2

n− 1

(
g̃a[cR̃d]b − g̃b[cR̃d]a

)
− 2

n(n− 1)
R̃g̃a[cg̃d]b, (B28)

where C̃abcd is the traceless Weyl tensor on M̃. Substi-
tuting Eq. (B28) into Eq. (B27), we get

Gab =
n− 2

n− 1

[
g c
a g

d
b G̃cd +

(
ncndR̃cd −

1

2n
R̃

)
gab

]
− (K c

a Kcb −KKab) +
1

2

(
KcdK

cd −K2
)
gab

−Eab, (B29)

where

Eab ≡ g c
a g

d
b nenf C̃cedf , gabEab = 0. (B30)

If we substitute Eqs. (B1)–(B3) into Eq. (B29), we get
a tensor equation that agrees with Eq. (8) in [38]. How-
ever, before doing the substitution, we should express
Eab in Kab and its derivatives. This is necessary since,
as we will see, the expression for Eab contains R̃ab and
hence T̃ab.

By the definition of the Riemann tensor, we have

R̃cedfn
f =

(
∇̃c∇̃e − ∇̃e∇̃c

)
nd. (B31)

Then, by Eq. (50), we get

R̃cedfn
enf = −KedK

e
c −Kednca

e + ∇̃cad − ne∇̃eKcd

−ncne∇̃ead − acad. (B32)

Since

nc∇̃cKab=
˜
nKab−2KacK

c
b −Kacnba

c−Kbcnaa
c,

(B33)

from Eq. (B32) we get

g c
a g

d
b nenf R̃cedf = −g c

a g
d

b
˜
nKcd +KacK

c
b

+∇(aab) − aaab, (B34)

where the indexes a and b of ∇aab are symmetrized
since the left-hand side of the equation is symmetric
with respect to them. In fact, it can be verified that
∇aab = ∇baa.

Then, by Eqs. (B28), (B30), and (B34), we get

Eab = −g c
a g

d
b

˜
nKcd +KacK

c
b +∇(aab) − aaab

− 1

n− 1

(
g c
a g

d
b R̃cd + ncndR̃cdgab

)
+

1

n(n− 1)
R̃gab. (B35)

Equation (B35) and the identity gabEab = 0 leads to Eq.
(B21).

Substituting Eq. (B35) into Eq. (B29), we get

Gab = g c
a g

d
b G̃cd + ncndR̃cdgab − (2K c

a Kcb −KKab)

+
1

2

(
KcdK

cd −K2
)
gab + g c

a g
d

b
˜
nKcd

−∇(aab) + aaab. (B36)

Substituting Eq. (B21) into Eq. (B36), we get

Gab = g c
a g

d
b G̃cd − (2K c

a Kcb −KKab)

+
1

2

(
3KcdK

cd −K2
)
gab

+
(
g c
a g

d
b − gabg

cd
) ˜

nKcd

−∇(aab) + aaab + (∇ca
c − aca

c) gab, (B37)

from which we get the full projection of G̃ab onto M:

g c
a g

d
b G̃cd = Gab + (2K c

a Kcb −KKab)

−1

2

(
3KcdK

cd −K2
)
gab

−
(
g c
a g

d
b − gabg

cd
) ˜

nKcd

+∇(aab) − aaab

− (∇ca
c − aca

c) gab. (B38)

Substituting the Einstein field Eq. (B1) into Eq. (B37),
we get the tensor field equation on M,

Gab = κ̃g c
a g

d
b T̃cd − (2K c

a Kcb −KKab)

+
1

2

(
3KcdK

cd −K2
)
gab

+
(
g c
a g

d
b − gabg

cd
) ˜

nKcd

−∇(aab) + aaab + (∇ca
c − aca

c) gab. (B39)
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The right-hand side of Eq. (B39) can be interpreted
as representing the stress-energy tensor of matter on
M. When T̃ab = 0, Eq. (B39) is equivalent to the n-
dimensional Einstein field Eq. (117) with Tab given by
Eq. (167).

The tensor Eq. (B39) is obtained by full projection of
the (n+ 1)-dimensional Einstein field equation onto M.

Substituting Eq. (B22) into Eq. (B39), we get another
version of the tensor equation on M:

Gab = κ̃

[
g c
a g

d
b T̃cd +

(
T̃cdn

cnd − 1

n− 1
T̃

)
gab

]
− (2K c

a Kcb −KKab)+
1

2

(
KcdK

cd −K2
)
gab

+g c
a g

d
b

˜
nKcd −∇(aab) + aaab. (B40)

Equation (B40) can also be obtained by directly substi-
tuting Eqs. (B1) and (B3) into Eq. (B36).

Appendix C The pseudo-Hamiltonian
formulation

The procedure that we have used to derive the field equa-
tions on M is very similar to that in the Hamiltonian
formulation of general relativity: Define a hypersurface
in an (n + 1)-dimensional spacetime by the coordinate
w = constant and then decompose the metric and cur-
vature tensors in terms of N , Na, and the metric gab on
the hypersurface induced from the metric tensor in the
(n+1)-dimensional bulk spacetime [19, 24, 26]. However,
unlike in the Hamiltonian formulation, the w coordinate
used in this paper is a space coordinate instead of a time
coordinate. Even so, it does not prohibit us from formu-
lating the problem in a pseudo-Hamiltonian way. In this
Appendix we derive the field equations by application
of the pseudo-Hamiltonian formulation and confirm the
results that we have obtained in Sections 5 and 6.

The Lagrangian density in Eq. (65) contains three in-
dependent variables: gab, N , and Na. However, only gab
appears as a “dynamical” variable, since L̃G contains
the w derivative of gab only. The momentum canonically
conjugate to gab is

πab ≡ ∂L̃G

∂ġab
= −

√
−g
(
Kab −Kgab

)
=

√
−gΠab, (C1)

where Πab is defined by Eq. (94).
Since L̃G does not contain any w derivative of N and

Na, their conjugate momenta vanish identically. Hence,
we get the pseudo-Hamiltonian density
H̃G = πabġab − L̃G

= −
√
−gNR− N√

−g

(
πabπ

ab − 1

n− 1
π2

)
+πabMab, (C2)

where

π ≡ gabπ
ab =

√
−g(n− 1)K. (C3)

The Hamiltonian is defined by

H̃G ≡
∫
M

H̃G

(
gab, π

ab, N,Na

)
e. (C4)

Variation of H̃G with respect to N and Na leads to two
constraint equations:

0 =
δH̃G

δN
, 0 =

δH̃G

δNa
. (C5)

Variation of H̃G with respect to gab and πab leads to two
“dynamical” equations:

ġab =
δH̃G

δπab
, π̇ab = −δH̃G

δgab
. (C6)

C.1 Variation with respect to N and Na

Variation of H̃G with respect to N leads to the first con-
straint equation

R− g−1

(
πabπ

ab − 1

n− 1
π2

)
= 0, (C7)

which agrees with the scalar Eq. (93).
By Eq. (C2), for variation with respect to Na we get

δH̃G = πabδMab
.
= −2

√
−g
(
∇aΠ

ab
)
δNb. (C8)

Then, by Eq. (C5), variation of H̃G with respect to N
leads to the second constraint equation

∇a

(
1√
−g

πab

)
= 0, (C9)

which agrees with the vector equation (104).

C.2 Variation with respect to πab and gab

By Eq. (C2), for variation with respect to πab we get

δH̃G = − 2N√
−g

(
πab −

π

n− 1
gab

)
δπab +Mabδπ

ab.

(C10)

Then, by Eq. (C6), we get

ġab = − 2N√
−g

(
πab −

1

n− 1
πgab

)
+Mab. (C11)

This is just the same ġab derived from Eq. (59) and the
definition of πab.
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For variation with respect to gab, by Eq. (C2) we get

δH̃G = −Nδ
(√

−gR
)
+ πabδMab

−Nδ
[

1√
−g

(
πabπ

ab − 1

n− 1
π2

)]
. (C12)

Evaluation of the first term of variation leads to

−Nδ
(√

−gR
)

.
=

√
−g
(
NGab −∇a∇bN + gab∇c∇cN

)
δgab. (C13)

By the definition of Mab, we have

πabδMab
.
=
√
−g∇c

{
1√
−g

[
2N (aπb)c−N cπab

]}
δgab.

(C14)

Since δπab = 0 when the variation is taken with respect
to gab, we have{

δ
(
πabπ

ab
)
= πabδπab = 2πa

cπ
bcδgab,

δπ2 = 2πδπ = 2ππabδgab.
(C15)

Hence,

δ

[
1√
−g

(
πabπ

ab − 1

n− 1
π2

)]
=

2√
−g

(
πa

cπ
bc − 1

n− 1
ππab

)
δgab

− 1

2
√
−g

(
πcdπ

cd − 1

n− 1
π2

)
gabδgab. (C16)

Substituting Eqs. (C13), (C14), and (C16) into Eq.
(C12), we get

δH̃G
.
=

√
−g
(
NGab −∇a∇bN + gab∇c∇cN

)
δgab

+
√
−g∇c

{
1√
−g

[
2N (aπb)c −N cπab

]}
δgab

− N√
−g

[
2

(
πa

cπ
bc − 1

n− 1
ππab

)
−1

2

(
πcdπ

cd − 1

n− 1
π2

)
gab
]
δgab. (C17)

Therefore, by Eq. (C6), we get

π̇ab = −N
√
−gGab +

2N√
−g

(
πa

cπ
bc − 1

n− 1
ππab

)
− N

2
√
−g

(
πcdπ

cd − 1

n− 1
π2

)
gab

+
√
−g
(
∇a∇bN − gab∇c∇cN

)
−
√
−g∇c

{
1√
−g

[
2N (aπb)c−N cπab

]}
. (C18)

It can be checked that Eq. (C18) is identical to the
Einstein field equation on M with a stress-energy tensor
given by Eq. (152).

References and notes

1. A. Einstein, Zur allgemeinen Relativitätstheorie, Seits-
ber. Preuss. Akad. Wiss. Berlin, 1915, p. 778

2. A. Einstein, Die Feldgleichungen der Gravitation, Seits-
ber. Preuss. Akad. Wiss. Berlin, 1915, p. 844

3. H. F. M. Goenner, On the history of unified field theories,
Living Rev. Relativity 7, 2 (2004)

4. A. Einstein, A generalized theory of gravitation, Rev.
Mod. Phys. 20, 35 (1948)

5. A. Einstein, The Meaning of Relativity, 5th Ed., Includ-
ing the Relativistic Theory of the Non-Symmetric Field,
Princeton University Press, Princeton, 1955

6. H. Weyl, Gravitation und Elektrizität, Seitsber. Preuss.
Akad. Wiss. Berlin, 1918, p. 465

7. A. Eddington, A generalisation of Weyl’s theory of the
electromagnetic and gravitational fields, Proc. R. Soc.
Ser. A 99, 104 (1921)

8. E. Schrödinger, The final affine field laws I, Proc. Royal
Irish Acad. A 51, 163 (1947)

9. G. Nordström, Über die Moglichkeit, das electromag-
netische Feld und das Gravitationsfeld zu vereinigen,
Phys. Z. 15, 504 (1914)

10. T. Kaluza, Zum Unitätsproblem der Physik, Sitzungsber.
Preuss. Akad. Wiss, 1921, p. 966

11. O. Klein, Quantentheorie und fünfdimensionale Relativ-
itätstheorie, Z. Phys. 37, 895 (1926)

12. O. Klein, The atomicity of electricity as a quantum the-
ory law, Nature 118, 516 (1926)

13. D. Bailin and A. Love, Kaluza–Klein theories, Rep. Prog.
Phys. 50, 1087 (1987)

14. J. M. Overduin and P. S. Wesson, Kaluza–Klein gravity,
Phys. Rep. 283, 303 (1997)

15. N. Arkani-Hamed, S. Dimopoulos, and G. Dvali, The
hierarchy problem and new dimensions at a millimeter,
Phys. Lett. B 429, 263 (1998)

16. I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G.
Dvali, New dimensions at a millimeter to a fermi and
superstrings at a TeV, Phys. Lett. B 436, 257 (1998)

17. L. Randall and R. Sundrum, Large mass hierarchy from
a small extra dimension, Phys. Rev. Lett. 83, 3370 (1999)

18. L. Randall and R. Sundrum, An alternative to compact-
ification, Phys. Rev. Lett. 83, 4690 (1999)

19. R. M. Wald, General Relativity, University of Chicago
Press, Chicago, 1984

20. S. W. Hawking and G. F. R. Ellis, The Large Scale Struc-
ture of Space-Time, Cambridge University Press, Cam-
bridge, 1973

21. S. Carroll, Spacetime and Geometry: An Introduction to
General Relativity, Addison-Wesley, New York, 2003

22. L.-X. Li, Electrodynamics on cosmological scales, Gen.
Relativ. Gravit. 48, 28 (2016)

Li-Xin Li, Front. Phys. 11(6), 110402 (2016)
110402-31

http://adsabs.harvard.edu/abs/1915SPAW.......778E
http://adsabs.harvard.edu/abs/1915SPAW.......778E
http://adsabs.harvard.edu/abs/1915SPAW.......844E
http://adsabs.harvard.edu/abs/1915SPAW.......844E
http://dx.doi.org/doi:10.12942/lrr-2004-2
http://dx.doi.org/doi:10.12942/lrr-2004-2
http://dx.doi.org/10.1103/RevModPhys.20.35
http://dx.doi.org/10.1103/RevModPhys.20.35
http://adsabs.harvard.edu/abs/1918SPAW.......465W
http://adsabs.harvard.edu/abs/1918SPAW.......465W
http://adsabs.harvard.edu/abs/1921RSPSA..99..104E
http://adsabs.harvard.edu/abs/1921RSPSA..99..104E
http://adsabs.harvard.edu/abs/1921RSPSA..99..104E
http://www.einstein-schrodinger.com/schrodingerI.html
http://www.einstein-schrodinger.com/schrodingerI.html
http://arxiv.org/abs/physics/0702221
http://arxiv.org/abs/physics/0702221
http://arxiv.org/abs/physics/0702221
http://adsabs.harvard.edu/abs/1921SPAW.......966K
http://adsabs.harvard.edu/abs/1921SPAW.......966K
http://dx.doi.org/10.1007/BF01397481
http://dx.doi.org/10.1007/BF01397481
http://dx.doi.org/10.1038/118516a0
http://dx.doi.org/10.1038/118516a0
http://dx.doi.org/10.1088/0034-4885/50/9/001
http://dx.doi.org/10.1088/0034-4885/50/9/001
http://dx.doi.org/10.1016/S0370-1573(96)00046-4
http://dx.doi.org/10.1016/S0370-1573(96)00046-4
http://dx.doi.org/10.1016/S0370-2693(98)00466-3
http://dx.doi.org/10.1016/S0370-2693(98)00466-3
http://dx.doi.org/10.1016/S0370-2693(98)00466-3
http://dx.doi.org/10.1016/S0370-2693(98)00860-0
http://dx.doi.org/10.1016/S0370-2693(98)00860-0
http://dx.doi.org/10.1016/S0370-2693(98)00860-0
http://dx.doi.org/10.1103/PhysRevLett.83.3370
http://dx.doi.org/10.1103/PhysRevLett.83.3370
http://dx.doi.org/10.1103/PhysRevLett.83.4690
http://dx.doi.org/10.1103/PhysRevLett.83.4690
http://dx.doi.org/10.1007/s10714-016-2028-3
http://dx.doi.org/10.1007/s10714-016-2028-3


Research article

23. S. Weinberg, Gravitation and Cosmology, John Wiley
and Sons, New York, 1972

24. C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravi-
tation, W. H. Freeman, New York, 1973

25. A. Einstein, Die Grundlage der allgemeinen Relativität-
stheorie, Ann. Phys. 354, 769 (1916)

26. R. L. Arnowitt, S. Deser, and C. W. Misner, in: Grav-
itation: An Introduction to Current Research, Ed. L.
Witten, John Wiley and Sons, Inc., New York, 1962

27. According to Campbell’s theorem, any analytic n-
dimensional Riemannian space can be locally embedded
in an (n+1)-dimensional Ricci-flat space [43, 44]. Hence,
consideration of an n-dimensional spacetime embedded
in an (n+1)-dimensional spacetime does not seem to put
much constraint on the properties of the n-dimensional
spacetime.

28. In this paper tensor space on a manifold M will generally
be denoted by T (M), regardless of the type of tensor
(scalar, vector, dual vector, or tensor of any type).

29. The Lagrangian in Eq. (65) does not contain any deriva-
tives of N so we do not interpret N as a matter field.

30. Note that all ΨabΨ
ab, Ψ2, ΦabΦ

ab, Φ2, ΨabΦ
ab, and ΨΦ are

proportional to N − 2.
31. E. C. G. Stueckelberg, Théorie de la radiation de photon

de masse arbitrairement petite, Helv. Phys. Acta 30, 209
(1957)

32. M. E. Peskin and D. V. Schroeder, An Introduction to
Quantum Field Theory, Westview Press, New York, 1995

33. C. Liang and B. Zhou, An Introduction to Differential
Geometry and General Relativity, Vol. I, Science Press,
Beijing, 2006

34. J. Binney and S. Tremaine, Galactic Dynamics, Prince-
ton University Press, Princeton, 1987

35. G. Hinshaw, D. Larson, E. Komatsu, D. N. Spergel,
C. L. Bennett, et al., Nine-year Wilkinson Microwave
Anisotropy Probe (WMAP) observations: Cosmological
parameter results, Astrophys. J. Supp. 208, 19 (2013)

36. P. A. R. Ade, N. Aghanim, M. Arnaud, M. Ashdown, J.
Aumont, et al. (Planck Collaboration), Planck 2015 re-
sults. XIII. Cosmological parameters, arXiv: 1502.01589,
2015

37. The idea of interpreting the extra geometric terms in
a four-dimensional Einstein field equation derived from
5D gravity as representing induced matter in a four-
dimensional spacetime has been extensively investigated
by Wesson and his collaborators (see [14, 45] and refer-
ences therein). They proposed that the extra geometric
terms are the stress-energy tensors of the induced matter
and regarded the fifth dimension as being associated with
the rest mass of particles instead of a real space dimen-
sion. However, in their theory, they did not derive the
field equations of matter and electromagnetic fields.

38. T. Shiromizu, K. Maeda, and M. Sasaki, The Einstein
equations on the 3-brane world, Phys. Rev. D 62, 024012
(2000)

39. R. M. Wald, Black hole in a uniform magnetic field, Phys.
Rev. D 10, 1680 (1974)

40. Strictly, when an electromagnetic field is present the
spacetime cannot be exactly Ricci-flat, since the stress-
energy tensor of the electromagnetic field will make
Rab ̸= 0. However, if the electromagnetic field is weak
its effect on the spacetime curvature can be ignored and
the spacetime can be approximately Ricci-flat if the mass
density of other matter is sufficiently low.

41. M. S. Turner and L. M. Widrow, Inflation-produced,
large-scale magnetic fields, Phys. Rev. D 37, 2743 (1988)

42. A. S. Goldhaber and M. M. Nieto, Photon and graviton
mass limits, Rev. Mod. Phys. 82, 939 (2010)

43. J. E. Campbell, A Course of Differential Geometry,
Clarendon Press, Oxford, 1926

44. C. Romero, R. Tavakol, and R. Zalaletdinov, The embed-
ding of general relativity in five dimensions, Gen. Relativ.
Gravit. 28, 365, 1996

45. P. S. Wesson, The status of modern five-dimensional
gravity (A short review: Why physics needs the fifth di-
mension), Int. J. Mod. Phys. D 24, 1530001 (2015)

110402-32
Li-Xin Li, Front. Phys. 11(6), 110402 (2016)

http://dx.doi.org/10.1002/andp.19163540702
http://dx.doi.org/10.1002/andp.19163540702
http://www.e-periodica.ch/cntmng?pid=hpa-001:1957:30::985
http://www.e-periodica.ch/cntmng?pid=hpa-001:1957:30::985
http://www.e-periodica.ch/cntmng?pid=hpa-001:1957:30::985
http://dx.doi.org/10.1088/0067-0049/208/2/19
http://dx.doi.org/10.1088/0067-0049/208/2/19
http://dx.doi.org/10.1088/0067-0049/208/2/19
http://dx.doi.org/10.1088/0067-0049/208/2/19
http://arxiv.org/abs/1502.01589
http://arxiv.org/abs/1502.01589
http://arxiv.org/abs/1502.01589
http://arxiv.org/abs/1502.01589
http://dx.doi.org/10.1103/PhysRevD.62.024012
http://dx.doi.org/10.1103/PhysRevD.62.024012
http://dx.doi.org/10.1103/PhysRevD.62.024012
http://dx.doi.org/10.1103/PhysRevD.10.1680
http://dx.doi.org/10.1103/PhysRevD.10.1680
http://dx.doi.org/10.1103/PhysRevD.37.2743
http://dx.doi.org/10.1103/PhysRevD.37.2743
http://dx.doi.org/10.1103/RevModPhys.82.939
http://dx.doi.org/10.1103/RevModPhys.82.939
http://dx.doi.org/10.1007/BF02106973
http://dx.doi.org/10.1007/BF02106973
http://dx.doi.org/10.1007/BF02106973
http://dx.doi.org/10.1142/S0218271815300013
http://dx.doi.org/10.1142/S0218271815300013
http://dx.doi.org/10.1142/S0218271815300013

	Introduction
	Electromagnetic field equations and general relativity
	Revisiting Maxwell's equations in a flat spacetime
	Electromagnetic field equations in a curved spacetime
	The stress-energy tensor of electromagnetic fields

	4+1 decomposition of five-dimensional gravity
	Inspection of the Lagrangian 
	Derivation of the electromagnetic fieldequation
	Derivation of the gravitational fieldequation
	Derivation of TEM,ab
	Derivation of Tm,ab
	Derivation of Tint,ab
	The total stress-energy tensor

	Relation to Kaluza–Klein Theory
	Diffeomorphism and gauge symmetry 
	The cosmological constant
	Discussion: The new electromagnetic field equation
	Summary and conclusions
	5D metric in Kaluza–Kleinrepresentation
	n-.4+1 decomposition of Einstein's field equations
	The scalar equation
	The vector equation
	The tensor equation

	The pseudo-Hamiltonianformulation
	Variation with respect to N and Na
	Variation with respect to ab and gab

	References and notes

