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The aim of this exposition is to provide a detailed description of the use of combinatorial algebra in
quantum field theory in the planar setting. Particular emphasis is placed on the relations between
different types of planar Green’s functions. The primary object is a Hopf algebra that is naturally
defined on variables representing non-commuting sources, and whose coproduct splits into two half-
coproducts. The latter give rise to the notion of an unshuffle bialgebra. This setting allows a description
of the relation between full and connected planar Green’s functions to be given by solving a simple
linear fixed point equation. We also include a brief outline of the consequences of our approach in the
framework of ordinary quantum field theory.

Keywords planar field theory, Green’s functions, free probability, Hopf algebra, shuffle algebra,
partitions

PACS numbers 03.65.Fd, 02.10.Hh, 02.10.Ox

1 Introduction

The intention for this exposition is to present a purely
Hopf algebraic description of the well-known relations
between full and connected Green’s functions in quantum
field theory (QFT) in the planar setting. Because our
approach may also shed new light on the classical setting,
we also include a short outline addressing ordinary QFT.
That is, field theories in the non-planar setting.

We mention that the relations between connected and
one-particle irreducible (1PI) planar Green’s functions
can be described by similar methods with some technical
differences, as described in the final part of an earlier
version of this article1) . As suggested by the referee, these
ideas are worthy of a separate treatment, and will be
developed systematically in a forthcoming work.

In the early 1980s, Cvitanovic et al. [1, 2] proposed a
perturbative approach to quantum field theories in the

*Special Topic: Dyson–Schwinger equations in modern physics and
mathematics (edited by Craig Roberts & Mario Pitschmann).

1)These notes are based on talks given at the workshop “Dyson–
Schwinger Equations in Modern Mathematics & Physics”, Euro-
pean Centre for Theoretical Studies in Nuclear Physics and Re-
lated Areas (ECT*), Trento, Italy, September 22–26, 2014. arXiv:
1509.08678 [math-ph]

planar setting. This was largely motivated by a desire
to properly encode the behavior of the planar sector of
quantum chromodynamics (QCD), based on ’t Hooft’s
seminal 1974 paper [3]. An interesting feature of pla-
nar field theories is the manner in which the calculus
of symmetry factors differs (and becomes simpler) com-
pared to classical field theories. Planarity is reflected in
the strictly non-commutative nature of the theory, which
results in a rather substantial deviation from the classi-
cal description of the relations between different types
of Green’s functions. Cvitanovic et al. observed that the
functional relation between the generating functionals of
the full and connected planar Green’s functions is en-
coded by a fixed point type equation, which is solved
by the generating functionals. This fixed point equation
replaces the common exponential map that relates the
generating functionals of the full and connected Green’s
functions in classical theories (in this article, classical will
refer to non-planar field theories and their associated ob-
jects, such as Green’s functions, Feynman diagrams, and
amplitudes).

The exponential relation between classical generating
functionals is analogous to the moments-cumulants rela-
tion in classical probability theory [4]. Singer [5] realized
the existence of a similar connection between planar field
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theories and Voiculescu’s theory of free probability [6–8].
This link has been explored in subsequent works; see,
e.g., [9, 10]. It turns out that the description given by
Cvitanovic et al. of the relations between planar Green’s
functions is closely related to Speicher’s combinatorial
approach to the relations between moments and cumu-
lants in free probability [11–16].

The description of the relations between planar
Green’s functions presented in these notes is based on
our recent work on the algebraic and combinatorial struc-
tures underlying the relations between moments and cu-
mulants in free and classical probability theory [17, 18].
In those references, it was shown that these relations can
be understood algebraically in terms of a linear fixed
point equation and its solution as seen in two different
settings, i.e., (co)commutative and non-(co)commutative
(un)shuffle Hopf algebras, which respectively correspond
to classical and free probability. It turns out that in
both cases the linear fixed point equation has a proper
exponential solution. In the classical case, this expo-
nential solution coincides with the standard exponen-
tial that relates classical moments and cumulants. In
the non-classical setting, the relation between free cumu-
lants and moments is also portrayed by an exponential,
which is defined with respect to a non-commutative shuf-
fle product. The difference between these two exponen-
tials is analogous to the difference between exponential
solutions of scalar- and matrix-valued non-autonomous
linear differential equations. Here, we propose a similar
approach to the–Hopf–algebraic understanding of the re-
lations between full and connected Green’s functions in
planar QFT.

We begin by recalling the relation between full and
connected Green’s functions [19, pp. 4 & 28] in classical
QFT. We refer the reader to Refs. [20–22] for introduc-
tions to the theory of quantum fields. Let Z

(n)
k1···kn

and
W

(n)
k1···kn

denote the full respectively connected Green’s
functions of order n. The indices ki represent all of the
discrete and continuous variables that specify an exter-
nal particle, e.g., momentum, spin, mass.

The generating functional for full Green’s functions,
Z

(n)
k1···kn

, is denoted by

Z(j) := 1 +
∑
k>0

1

k!
Z

(k)
s1···skjs1 · · · jsk ,

with js denoting an external source (behaving commuta-
tively so that js1js2 = js2js1 ; we remark that this prop-
erty does not hold in the planar case)2) . We follow the
presentation of Refs. [1, 2], where the index of the source

2)The notion of sources relates to the concept of particle creation
in QFT, and goes back to Schwinger [23]. Here, we consider
them merely as auxiliary functions, which permit the extraction
of Green’s functions by taking functional derivations.

represents discrete as well as continuous variables, and
Einstein’s summation convention is employed. That is,
repeated indices imply summations and integrations over
the discrete and continuous variables, respectively, that
characterize the actual Green’s functions. The generat-
ing functional for connected Green’s functions, W (m)

k1···km
,

is denoted by

W (j) :=
∑
m>0

1

m!
W

(m)
s1···smjs1 · · · jsm .

In both cases, the Green’s functions are symmetric in the
indices si, and are obtained by taking functional deriva-
tions, e.g., the full Green’s function of order n is given
by

∂n

∂jk1
· · · ∂jkn

∣∣∣∣∣
j=0

Z(j) = Z
(n)
k1···kn

.

Note that on the right hand side, Z
(n)
k1···kn

is the full
Green’s function of order n with respect to the specific
set of values (k1, . . . , kn). We refer the reader to the
aforementioned references for further details regarding
functional calculus in QFT. It turns out that the above
generating functionals are related through the exponen-
tial map:

Z(j) = exp(W (j)). (1)

Taking functional derivations, we find the following up
to order four:

Z(0) = 1,

Z
(1)
k1

= W
(1)
k1

,

Z
(2)
k1k2

= W
(1)
k1

W
(1)
k2

+W
(2)
k1k2

= W
(1)
k1

Z
(1)
k2

+W
(2)
k1k2

Z(0),

Z
(3)
k1k2k3

= W
(1)
k1

W
(1)
k2

W
(1)
k3

+W
(1)
k1

W
(2)
k2k3

+W
(1)
k2

W
(2)
k1k3

+W
(1)
k3

W
(2)
k1k2

+W
(3)
k1k2k3

= W
(1)
k1

Z
(2)
k2k3

+W
(2)
k1k2

Z
(1)
k3

+W
(2)
k1k3

Z
(1)
k2

+W
(3)
k1k2k3

Z(0),

Z
(4)
k1k2k3k4

= W
(1)
k1

Z
(3)
k2k3k4

+W
(2)
k1k2

Z
(2)
k3k4

+W
(2)
k1k3

Z
(2)
k2k4

+W
(2)
k1k4

Z
(2)
k2k3

+W
(3)
k1k2k3

Z
(1)
k4

+W
(3)
k1k2k4

Z
(1)
k3

+W
(3)
k1k3k4

Z
(1)
k2

+W
(4)
k1k2k3k4

Z(0). (2)

Three remarks are in order. First, the exponential rela-
tion (1) between full and connected Green’s functions is
representative of a general principle of combinatorial na-
ture, which applies beyond QFT. In a nutshell, the gener-
ating function of “all objects” is given as the exponential
of the generating function of “irreducible objects”. See
Refs. [13, 14, 24] for further details. Second, the polyno-
mial expressions giving full Green’s functions in terms of
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connected ones constitute a multivariate generalization
of the classical Bell polynomials that relate, among oth-
ers, moments and cumulants in classical probability [25].
The recursive structure featured in the order four case
(4) in place of the complete expansion displays the full
Green’s function in terms of lower order connected ones,
and will be explained in more detail below in the context
of the tensor algebra approach.

The generating functionals for full and connected
Green’s functions of field theories in the planar setting
are given by

Z[j] := 1 +
∑
k>0

Z(k)
l1···lkjl1 · · · jlk resp.

W[j] :=
∑
m>0

W(m)
l1···lmjl1 · · · jlm .

We note that no inverse factorials appear here. This is
due to the fact that the external source jl is of a strictly
non-commutative nature, i.e., we have that jl1jl2 ̸= jl2jl1
for l1 ̸= l2. Therefore, neither Z(k)

l1···lk nor W(m)
l1···lm are

symmetric functions with respect to the source indices.
Einstein’s summation convention is again in place. This
implies that one may employ different symbolic nota-
tions, Z(k)

s1···skjs1 · · · jsk and Z(k)
1···kj1 · · · jk. The latter is

employed, for instance, in Ref. [2], where the correspond-
ing non-commutative functional calculus is explained in
detail. Cvitanovic noted in Ref. [1] that the planar na-
ture of this setting yields a different functional relation
between the two planar generating functionals Z[j] and
W[j], which is given in terms of the fixed point equation

Z[j] := 1 + W[jZ[j]]. (3)

Owing to the non-commutative nature of the external
source, a different but equivalent form is given by Z[j] :=
1 + W[Z[j]j]. We will work foremost with equality (3),
which up to order four yields the following relations:

Z(0) = 1,

Z(1)
k1

= W(1)
k1

,

Z(2)
k1k2

= W(1)
k1

Z(1)
k2

+ W(2)
k1k2

Z(0)

= W(1)
k1

W(1)
k2

+ W(2)
k1k2

,

Z(3)
k1k2k3

= W(1)
k1

Z(2)
k2k3

+ W(2)
k1k2

Z(1)
k3

+ W(2)
k1k3

Z(1)
k2

+W(3)
k1k2k3

Z(0)

= W(1)
k1

W(1)
k2

W(1)
k3

+ W(1)
k1

W(2)
k2k3

+ W(2)
k1k2

W(1)
k3

+W(2)
k1k3

W(1)
k2

+ W(3)
k1k2k3

,

Z(4)
k1k2k3k4

= W(1)
k1

Z(3)
k2k3k4

+W(2)
k1k2

Z(2)
k3k4

+W(2)
k1k3

Z(1)
k2

Z(1)
k4

+W(2)
k1k4

Z(2)
k2k3

+W(3)
k1k2k3

Z(1)
k4

+W(3)
k1k2k4

Z(1)
k3

+W(3)
k1k3k4

Z(1)
k2

+ W(4)
k1k2k3k4

Z(0). (4)

Note that differences from the analogous polynomials
in the non-planar case first appear at order four. In-
deed, compare the terms W

(2)
k1k3

Z
(2)
k2k4

and W(2)
k1k3

Z(1)
k2

Z(1)
k4

appearing in lines (2) and (4), respectively. A precise
description of the combinatorial nature of the recursive
structure that is on display here will be elaborated on be-
low, in terms of a double tensor Hopf algebra equipped
with a non-cocommutative unshuffle coproduct.

Our approach may be summarized as follows. In a
purely algebraic manner, it captures the functional cal-
culus employed to describe the relations between full and
connected planar Green’s functions. For this purpose, we
depart from the functional approach and now, for exam-
ple, consider W[j] as a generating series – a formal power
series over a family J of variables jli . Relations such as
(3) will then be interpreted as relations between formal
power series, ultimately giving rise to relations between
coefficients, such as

Z(2)
l1l2

= W(1)
l1

W(1)
l2

+ W(2)
l1l2

.

These relations hold generically. That is, they hold ir-
respective of the actual physical values associated to the
parameters l1, l2. Identities such as (4) can therefore be
recovered from usual formal power series analysis, analo-
gously to the approach used in functional calculus, where
they follow by applying functional derivations to the gen-
erating functionals.

More concretely, starting with an alphabet J , we
demonstrate that the double tensor algebra T̄ (T (J)) and
the tensor algebra T̄ (J), equipped with suitable non-
cocommutative and cocommutative unshuffle coprod-
ucts, respectively, provide the appropriate Hopf alge-
braic setting to “algebraize” the relations between the
generating functionals for full and connected Green’s
functions in the planar and classical settings, respec-
tively. To this end, the generating series for Green’s
functions are considered as linear forms over the two
aforementioned tensor algebras, T̄ (T (J)) and T̄ (J). In
both cases, the usual relations between generating func-
tionals are recovered in Hopf algebraic terms through
linear fixed point equations of the same type, which are
solved by the corresponding linear maps. In the pla-
nar case, the linear map τZ that represents Z[j] is a
multiplicative unital map, i.e., a Hopf algebra charac-
ter over T̄ (T (J)) with values in, for example, the com-
plex numbers. Note that we completely ignore possible
renormalization problems for Green’s functions in QFT
[20, 26, 27]. The linear map τW, representing W[j], is
an infinitesimal Hopf algebra character. It turns out
that these are related through a fundamental linear fixed
point equation, defined in terms of a so-called left half-
shuffle product≺:

τZ = ε+ τW ≺ τZ. (5)

Kurusch Ebrahimi-Fard and Frédéric Patras, Front. Phys. 11(6), 110310 (2016)
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Its solution is given by the exponential map

τZ = exp⋆
(
Ω′(τW)

)
.

The map Ω′ reflects the non-commutative nature of the
associative product ⋆ that is used to define the expo-
nential. This is a natural generalization of the Magnus
expansion, which is well-known in the context of linear
non-autonomous initial value problems [28, 29]. In the
classical case, we find that the linear maps τZ and τW
solve an analogous left half-shuffle equation:

τZ = ε+ τW ≺ τZ

with the exponential solution

τZ = exp

∃ (
τW

)
.

In this case, the exponential map is defined with respect
to a commutative shuffle product ∃ , and the absence of
the map Ω′ is a consequence of the commutative nature
of the underlying shuffle algebra.

Our approach has several interesting implications for
planar QFT. First, it once again emphasizes the struc-
tural similarity of planar QFT with the theory of free
probability – making clear, for example, how non-
crossing partitions appear naturally in the expansion of
planar amplitudes. Second, it permits the use of group
theoretical methods to study the relations between full
and connected Green’s functions. The linear map cor-
responding to the former can be interpreted as an el-
ement in a group of Hopf algebra characters, and the
relation between full and connected Green’s functions
is described in terms of a noncommutative generaliza-
tion of the exponential map. The latter can be seen as
a map between the aforementioned group of characters
and its corresponding Lie algebra. Similar phenomena
occur when considering 1PI Green’s functions and the
associated functional calculus. As already mentioned,
this will be the subject of future work.

Now, we will briefly outline the organization of this
article. In Section 2, we introduce various mathemati-
cal notions, ranging from classical Hopf algebras to the
lesser-known unshuffle bialgebras. We explain several
key properties of the latter, and illustrate these no-
tions on the tensor and double tensor algebras. Section
3 investigates the relations between full and connected
Green’s functions. We also introduce the notion of non-
crossing Green’s functions, and show how the free prob-
ability analysis of the relations between free moments
and free cumulants can be transferred to planar QFT
using the unshuffle calculus that underlies our approach.
We conclude the article by presenting our conclusions in
Section 4.

In the following, K denotes a ground field of charac-
teristic zero, e.g., K can be C or R. All structures are
described over this ground field. We also assume any

algebra A to be associative and unital, unless otherwise
stated. The unit in A is denoted by 1A. Identity mor-
phisms are denoted by id.

2 Green’s functions and connected graded
Hopf algebras

2.1 Hopf algebras

We begin this section by recalling a few basic facts re-
garding Hopf algebras, which will also serve to fix our
notation. For further details, the reader is referred to
[30–32]. However, one remark is first in order. As the pri-
mary object of interest in our approach to planar Green’s
functions, our work focuses exclusively on a particular
connected graded non-commutative non-cocommutative
Hopf algebra with some extra structure, defined on the
double tensor algebra over an alphabet. This is related to
(non-commutative) Fock spaces, and can be thought of
as a kind of generalization thereof. In particular, both its
algebraic structure and combinatorics are different from
those underlying the modeling of the Bogoliubov recur-
sion in the BPHZ renormalization process, by means of
Hopf algebras of Feynman diagrams and Rota–Baxter
algebras. We refer readers that are interested in learn-
ing about the Hopf algebraic approach to renormaliza-
tion in perturbative quantum field theory of Connes and
Kreimer to the original papers [33–35]. In addition, see
Refs. [36–38].

A coalgebra consists of a vector space C and two maps,
the coproduct ∆ : C → C ⊗ C, which is coassociative,

(∆⊗ id) ◦∆ = (id ⊗∆) ◦∆, (6)

and the counit ε : C → K, subject to the relation
(ε ⊗ id) ◦ ∆ = (id ⊗ ε) ◦ ∆ = id. A coalgebra is called
cocommutative if ∆ = τ ◦∆, where τ is the switch or flip
map, τ(x⊗y) := y⊗x. Iterated coproducts are described
by ∆0 := id and ∆n : C → C⊗n+1, with

∆n := (id ⊗∆n−1) ◦∆.

A bialgebra is a vector space B that is both an alge-
bra and a coalgebra subject to certain compatibility rela-
tions, for instance, both the algebra product m : B⊗B →
B and the unit map e : K → B should be coalgebra mor-
phisms. See Ref. [32] for further details. The unit of B is
denoted by 1 = e(1). A bialgebra is called graded if there
exist vector spaces Bm such that B =

⊕
n≥0 Bn, where

m(Bp ⊗ Bq) ⊆ Bp+q and ∆(Bn) ⊆
⊕

p+q=n Bp ⊗ Bq.
Elements x ∈ Bn are said to be of degree |x| = n. De-
fine B+ :=

⊕
n>0 Bn. A graded bialgebra B is called

connected if the degree zero component is one dimen-
sional, i.e., if B0 = K1. In this case, the coproduct for
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an element x ∈ B+ of degree |x| = n is of the form

∆(x) = x⊗ 1 + 1 ⊗ x+∆′(x) ∈
⊕

k+l=n

Bk ⊗Bl,

where ∆′(x) := ∆(x) − x ⊗ 1 − 1 ⊗ x ∈ B+ ⊗ B+ is
the reduced coproduct. Furthermore, the augmentation
ideal is given by Ker(ε) = B+. By definition, an element
x ∈ B is called primitive if ∆′(x) = 0, and it is called
group-like if ∆(x) = x⊗ x.

Suppose that A is an algebra, with product mA and
unit map eA(1) = 1A, e.g., A = K or A = B, where B is
a bialgebra. Then, the vector space Lin(B,A) of linear
maps fromB toA together with the convolution product
Φ ⋆Ψ := mA ◦ (Φ⊗Ψ) ◦∆ : B → A, (7)

for Φ,Ψ ∈ Lin(B,A), forms an associative algebra with
unit ι := eA ◦ ε.

A Hopf algebra is a bialgebra H that is equipped
with a linear map S : H → H, called the antipode,
which is characterized as the inverse of the identity map
id ∈ Lin(H,H) with respect to the convolution product.
That is, id ⋆ S = S ⋆ id = e ◦ ε, where
S ⋆ id = mH ◦ (S ⊗ id) ◦∆.

It is a well-known fact that any connected graded bial-
gebra is automatically a connected graded Hopf algebra.
See, e.g., [30, 32].

Let H =
⊕

n≥0 Hn be a connected graded Hopf alge-
bra, and suppose that A is a commutative unital alge-
bra. The subset g0 ⊂ Lin(H,A) of linear maps α that
send the unit to zero, α(1) = 0, forms a Lie algebra
in Lin(H,A). The exponential exp⋆(α) =

∑
j≥0

1
j!α

⋆j

defines a bijection from g0 onto the group G0 = ι + g0
of linear maps γ that send the unit of H to the alge-
bra unit, γ(1) = 1A. The neutral element is denoted
by ι := eA ◦ ϵ, defined by ι(1) = 1A and ι(x) = 0 for
x ∈ H+ =

⊕
n>0 Hn. An infinitesimal character with

values in A is a linear map ξ ∈ g0 such that for x, y ∈ H+,
ξ(mH(x ⊗ y)) = 0. The linear space of infinitesimal
characters is a Lie subalgebra of g0, denoted by gA. An
element Φ in G0 is called a character if for x, y ∈ H,
Φ(mH(x ⊗ y)) = mA(Φ(x) ⊗ Φ(y)). The set of charac-
ters is denoted by GA ⊂ G0. This forms a pro-unipotent
group for the convolution product, with (pro-nilpotent)
Lie algebra gA. The exponential map exp⋆ restricts to a
bijection between gA and GA. The inverse of Φ ∈ GA is
given by composition with the Hopf algebra antipode S,
i.e., Φ⋆−1 = Φ ◦ S. See Refs. [36, 37] for further details
and additional results.

2.2 Tensor Hopf algebras

Next, we briefly present two examples of connected
graded Hopf algebras, i.e., the tensor and double ten-
sor algebras over an arbitrary set. These will later play

a key role. Let J := {js1 , js2 , js3 , . . .} be a set of let-
ters (also called an alphabet). Elements in this set can
be thought of as corresponding to copies of the physi-
cal source js, displayed in the generating functionals of
Green’s functions in the introduction. Recall that the in-
dex s of the source js represents a list of parameters
and variables characterizing external particles. In the
alphabet J , we consider the si as formal labels. The
vector space spanned by J is denoted by J . Let us
define T (J) := ⊕n>0J⊗n to be the nonunital tensor
algebra over J . The full tensor algebra is denoted by
T̄ (J) := ⊕n≥0J⊗n, with J⊗0 = K1. Elements in T (J)
are written as linear combinations of words w = w1 · · ·wl

with letters wi ∈ J . The degree of a word w = w1 · · ·wn

is defined to be its length n =: |w|, and we write
w ∈ Tn(J) = J⊗n. The space T (J) is a graded alge-
bra, with the non-commutative product defined by con-
catenating words w = w1 · · ·wn ∈ Tn(J) and w′ =
w′

1 · · ·w′
m ∈ Tm(J):

w ·w′ : = w1 · · ·wn · w′
1 · · ·w′

m

= w1 · · ·wnw
′
1 · · ·w′

m ∈ Tn+m(J).

The tensor algebra T̄ (J) becomes a unital connected
non-commutative but cocommutative Hopf algebra if it is
equipped with the unshuffle coproduct, which is defined
by declaring the elements in J ↪→ T̄ (J) to be primitive,
i.e., ∆ ∃

(jsi) := jsi ⊗ 1 + 1 ⊗ jsi . This definition is ex-
tended multiplicatively to all of T̄ (J). For instance, at
length two, for the word w = w1w2 with letters wi ∈ J
we find
∆

∃

(w1w2)=∆

∃

(w1)∆

∃

(w2)

=w1w2 ⊗ 1+1 ⊗ w1w2+w1 ⊗ w2+w2 ⊗ w1.

The general form for an arbitrary word w ∈ T (J) is given
as follows:

∆

∃

(w) =
∑
u,v

⟨u ∃

v,w⟩u⊗ v. (8)

The sum is taken over words u,v ∈ T (J), and the co-
efficient on the right-hand side is defined through the
linearly extended bracket ⟨u,v⟩ := 1 if u = v, and is
zero otherwise. The product ∃

: T̄ (J) ⊗ T̄ (J) → T̄ (J)
displayed in (8) is the shuffle product of words [31],
which is defined iteratively for any word w, by 1 ∃

w :=
w

∃ 1 := w. For words u,u′ and letters w1, w
′
1 ∈ J such

that w = w1u and w′ = w′
1u

′,

w1u

∃

w′
1u

′ := w1(u

∃

w′) + w′
1(w

∃

u′). (9)

In low degrees, for letters w1, w2, w
′
1, w

′
2 ∈ J we find

w1

∃

w′
1 = w1w

′
1 + w′

1w1,

w1

∃

w′
1w

′
2 = w1w

′
1w

′
2 + w′

1(w1

∃

w′
2)

= w1w
′
1w

′
2 + w′

1w1w
′
2 + w′

1w
′
2w1,

w1w2

∃

w′
1w

′
2 = w1(w2

∃

w′
1w

′
2) + w′

1(w1w2

∃

w′
2).
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The shuffle product of words is associative and commu-
tative.

Later, we will see that (9) constitutes the commu-
tative version of a more general shuffle product. The
name “shuffle algebra” refers to general, possibly non-
commutative, shuffle algebras, and we refer explicitly
to “commutative shuffle algebras” in the commutative
case. In fact, we will mainly be interested in the non-
commutative case (which is the relevant one for planar
QFT).

Next, we augment the complexity of our word algebra
T (J) by defining the double tensor algebra T (T (J)) :=
⊕n>0T (J)

⊗n. We employ a bar-notation to denote el-
ements w1| · · · |wn ∈ T (T (J)), where wi are words
in T (J), for i = 1, . . . , n. The algebra T (T (J)) is
equipped with a concatenation type product. For a =
w1| · · · |wn and b = w′

1| · · · |w′
m, we denote the concate-

nation product in T (T (J)) by a|b. That is, a|b :=
w1| · · · |wn|w′

1| · · · |w′
m. This algebra is multi-graded,

i.e., T (T (J))n1,...,nk
:= Tn1(J) ⊗ · · · ⊗ Tnk

(J), as well
as graded:

T (T (J))n :=
⊕

n1+···+nk=n

T (T (J))n1,...,nk
.

Similar observations hold for the unital case, T̄ (T (J)) =
⊕n≥0T (J)

⊗n, and without further comment we will iden-
tify a bar symbol such as w1|1|w2 with w1|w2.

The double tensor algebra is made into a Hopf alge-
bra by defining an additional unshuffle-type coproduct,
which is a refinement of the unshuffling coproduct in (8).
Given two (canonically ordered) subsets S ⊆ U of the
set of positive integers N+, we call a maximal sequence
s1, . . . , sn in S such that there are no 1 ≤ i < n and
u ∈ U with si < u < si+1 a connected component of
S relative to U . In particular, a connected component
of S in N+ is simply a maximal sequence of successive
elements s, s+ 1, . . . , s+ n in S.

Consider a word w = w1 · · ·wn ∈ T (J) with letters
wi ∈ J . For a nonempty set S := {s1, . . . , sp} ⊆ [n], we
define wS := ws1 · · ·wsp (in particular, w∅ := 1). Denot-
ing the connected components of [n] − S by J1, . . . , Jk,
we also set wJS

[n]
:= wJ1 | · · · |wJk

. More generally, for
S ⊆ U ⊆ [n] set wJS

U
:= wJ1 | · · · |wJk

, where Ji are now
the connected components of U − S in U .
Definition 1. For a word w = w1 · · ·wn ∈ T (J), the
map δ : T (J) → T̄ (J)⊗ T̄ (T (J)) is defined by

δ(w1 · · ·wn) : =
∑
S⊆[n]

wS ⊗wJ1 | · · · |wJk

=
∑
S⊆[n]

wS ⊗wJS
[n]
. (10)

The coproduct is then extended multiplicatively to all of
T̄ (T (J)), i.e., for w1| · · · |wm ∈ T (T (J)) with wi ∈ T (J)

for i = 1, . . . ,m,

δ(w1| · · · |wm) := δ(w1) · · · δ(wm),

with δ(1) := 1 ⊗ 1.

Theorem 2. [17, 18] The graded algebra T̄ (T (J)) equipped
with the coproduct (10) is a connected graded non-
commutative and non-cocommutative Hopf algebra.

2.3 Splitting of unshuffle coproducts

As we have already indicated, both of the coproducts (8)
and (10) are considered to be of unshuffle-type. In the
latter case, we keep track of the subsets of letters that
have been extracted from a word w in T (J) by “filling
in the holes” by bars. We will show that this simple op-
eration, i.e., going from T (J) to T (T (J)), is sufficient
to understand the different natures of the relations be-
tween full and connected Green’s functions in the con-
text of planar field theories. In fact, we will see that
these relations, whether in the planar or classical case,
are encoded by a particular linear fixed point equation
defined on either T (J) or T (T (J)), which is derived from
a rather natural splitting of the coproducts (8) and (10).

Indeed, the unshuffle-type coproducts (8) and (10)
share the coalgebraic property that they can both be split
into a sum of left and right unshuffle half-coproducts.
Let us introduce first this splitting for the coproduct (8),
where it is easily defined by noting that when applied to
a word w = w1 · · ·wn ∈ T (J) with wi ∈ J , (8) can be
written in more set-theoretic terms as

∆

∃

(w1 · · ·wn) =
∑
I⊆[n]

wI ⊗w[n]−I . (11)

As previously, for subsets S = {s1, . . . , sk} ⊂ [n], wS

denotes the word ws1 · · ·wsk . Now, we define the left
unshuffle half-coproduct ∆

∃

≺ : T (J) → T (J)⊗ T̄ (J):

∆

∃

≺(w) =
∑
I⊆[n]
1∈I

wI ⊗w[n]−I . (12)

The right unshuffle half-coproduct is defined by ∆

∃

−
∆

∃

≺ =: ∆

∃

≻ : T (J) → T̄ (J) ⊗ T (J). In an explicit form,
this is given by

∆

∃

≻(w) =
∑
I⊂[n]
1/∈I

wI ⊗w[n]−I , (13)

so that the splitting of the unshuffle coproduct (8) in
terms of these two operations becomes

∆

∃

= ∆

∃

≻ +∆

∃

≺. (14)

This gives rise to an unshuffle bialgebra structure on
T̄ (J), the formal definition of which will be presented
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further below. The fine structure of this mathematical
notion is studied in Ref. [39]. Note that in the following,
we shall use both appellations, the (left) right unshuffle
half-coproduct and (left) right half-unshuffle.

Before we move on to the double tensor algebra
T (T (J)), let us provide a few examples for words w =
w1 · · ·wl in T (J) of up to order four, with letters wi in
J :

∆

∃

≺(w1) = w1 ⊗ 1,
∆

∃

≺(w1w2) = w1 ⊗ w2 + w1w2 ⊗ 1,
∆

∃

≺(w1w2w3) = w1 ⊗ w2w3 + w1w2 ⊗ w3

+w1w3 ⊗ w2 + w1w2w3 ⊗ 1,
∆

∃

≺(w1w2w3w4) = w1 ⊗ w2w3w4 + w1w2 ⊗ w3w4

+w1w3 ⊗ w2w4 + w1w4 ⊗ w2w3

+w1w2w3 ⊗ w4 + w1w2w4 ⊗ w3

+w1w3w4 ⊗ w2 + w1w2w3w4 ⊗ 1,
which should be compared with (2). For the right half-
unshuffle ∆

∃

≻, for words w = w1 · · ·wn with wj ∈ J up
to order three, we find

∆

∃

≻(w1) = 1 ⊗ w1,

∆

∃

≻(w1w2) = w2 ⊗ w1 + 1 ⊗ w1w2,

∆

∃

≻(w1w2w3) = w2 ⊗ w1w3 + w3 ⊗ w1w2

+w2w3 ⊗ w1 + 1 ⊗ w1w2w3.

Remark 1. Observe that τ ◦∆ ∃
≻ = ∆

∃

≺, which amounts
to the cocommutativity of the coproduct (8), τ ◦∆

∃

=
∆

∃ .

Let us now consider the coproduct (10), which splits
into left and right unshuffle half-coproducts as

δ = δ≻ + δ≺, (15)

analogously to (14). The left unshuffle half-coproduct
δ≺ : T (J) → T (J) ⊗ T̄ (T (J)) is defined for words w =
w1 · · ·wn in T (J) by

δ≺(w1 · · ·wn) : =
∑
S⊆[n]
1∈S

wS ⊗wJ1 | · · · |wJk

=
∑
S⊆[n]
1∈S

wS ⊗wJS
[n]
, (16)

and extended to T̄ (T (J)) by δ≺(w1| · · · |wn) :=
δ≺(w1)δ(w2) · · · δ(wn). The right unshuffle half-
coproduct δ≻ : T (J) → T̄ (J) ⊗ T (T (J)) is defined
by

δ≻(w1 · · ·wn) : =
∑
S⊂[n]
1/∈S

wS ⊗wJ1 | · · · |wJk

=
∑
S⊂[n]
1/∈S

wS ⊗wJS
[n]
, (17)

and similarly extended to T̄ (T (J)).

Remark 2. Note that by symmetry considerations, one
can define a companion left half-unshuffle:

δ≺̄(w1 · · ·wn) : =
∑
S⊆[n]
n∈S

wS ⊗wJ1 | · · · |wJk

=
∑
S⊆[n]
n∈S

wS ⊗wJS
[n]
, (18)

and correspondingly an additional right half-unshuffle
δ≻̄(w1 · · ·wn) :=

∑
S⊂[n]
n/∈S

wS ⊗wJS
[n]
.

Let us provide a few examples for words w =
w1 · · ·wn ∈ T (J) of length up to n = 4:

δ≺(w1) = w1 ⊗ 1,
δ≺(w1w2) = w1 ⊗ w2 + w1w2 ⊗ 1,

δ≺(w1w2w3) = w1 ⊗ w2w3 + w1w2 ⊗ w3

+w1w3 ⊗ w2 + w1w2w3 ⊗ 1,
δ≺(w1w2w3w4) = w1 ⊗ w2w3w4 + w1w2 ⊗ w3w4

+w1w3 ⊗ w2|w4 + w1w4 ⊗ w2w3

+w1w2w3 ⊗ w4 + w1w2w4 ⊗ w3

+w1w3w4 ⊗ w2 + w1w2w3w4 ⊗ 1.

Note the difference between the terms w1w3 ⊗ w2|w4 ∈
T (J)⊗T (T (J)) and w1w3⊗w2w4 ∈ T (J)⊗T (J), which
distinguishes the two left unshuffle half-coproducts δ≺
and ∆

∃

≺ at order four. This distinction parallels the one
that we already observed (in (2) and (4)) between the
expansions at order four of the full Green’s functions
in terms of the connected ones, in the planar and non-
planar cases.

For the right unshuffle half-coproduct for words w =
w1 · · ·wn of length up to n = 4, we find

δ≻(w1) = 1 ⊗ w1,

δ≻(w1w2) = w2 ⊗ w1 + 1 ⊗ w1w2,

δ≻(w1w2w3) = w2 ⊗ w1|w3 + w3 ⊗ w1w2

+w2w3 ⊗ w1 + 1 ⊗ w1w2w3,

δ≻(w1w2w3w4) = w2 ⊗ w1|w3w4 + w3 ⊗ w1w2|w4

+w4 ⊗ w1w2w3 + w2w3 ⊗ w1|w4

+w2w4 ⊗ w1|w3 + w3w4 ⊗ w1w2

+w2w3w4 ⊗ w1 + 1 ⊗ w1w2w3w4.

Remark 3. Note that, contrary to Remark 1, we al-
ready observe at order three that τ ◦ δ≻ ̸= δ≺. This dif-
ference, i.e., the fact that (8) is cocommutative but (10)
is not, algebraically distinguishes the non-planar from
the planar setting of QFTs.

In the light of coassociativity (6) of the coproducts (8)
and (10), the respective splittings in (14) and (15) imply
general properties that should be satisfied by the left and
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right unshuffle half-coproducts, which will be stated in
the following two definitions [40].
Definition 3. A counital unshuffle coalgebra is a coaug-
mented coassociative coalgebra C̄ = C ⊕K1 with coprod-
uct

∆(c) := ∆̄(c) + c⊗ 1 + 1 ⊗ c, (19)

such that on C the reduced coproduct splits as ∆̄ = ∆̄≺+
∆̄≻, with
(∆̄≺ ⊗ id) ◦ ∆̄≺ = (id ⊗ ∆̄) ◦ ∆̄≺, (20)
(∆̄≻ ⊗ id) ◦ ∆̄≺ = (id ⊗ ∆̄≺) ◦ ∆̄≻, (21)
(∆̄⊗ id) ◦ ∆̄≻ = (id ⊗ ∆̄≻) ◦ ∆̄≻. (22)

The maps ∆̄≺ and ∆̄≻ are called augmented left and right
unshuffle half-coproducts, respectively. A cocommutative
unshuffle coalgebra satisfies ∆̄≺ = τ ◦ ∆̄≻.

Definition 4. An unshuffle bialgebra is a unital and
counital bialgebra B̄ = B⊕K1 with product mB(x⊗y) =:
x ·B y and coproduct ∆, as well as a counital unshuffle
coalgebra such that ∆̄ = ∆̄≺ + ∆̄≻. Moreover, the fol-
lowing compatibility relations hold:
∆≺(a ·B b) = ∆≺(a) ·B ∆(b), (23)
∆≻(a ·B b) = ∆≻(a) ·B ∆(b), (24)

where
∆≺(a) := ∆̄≺(a) + a⊗ 1, (25)
∆≻(a) := ∆̄≻(a) + 1 ⊗ a, (26)

and ∆ = ∆≺ +∆≻.

For example, together with the concatenation product,
(11) defines the structure of a cocommutative unshuffle
bialgebra on T̄ (J).
Theorem 5. [17] With its coproduct (10) split into left
and right unshuffle half-coproducts δ = δ≺ + δ≻, as de-
fined in (16) and (17), the bialgebra T̄ (T (J)) is an un-
shuffle bialgebra.

Remark 4. The left unshuffle half-coproduct (16) can
be further split as

δ̄≺(w1 · · ·wn) = δ̂≺(w1 · · ·wn) + δ̃≺(w1 · · ·wn), (27)

where δ̂≺(w1 · · ·wn) ∈ T (J) ⊗ T̄ (J) is the right-linear
part, and the remaining part δ̃≺(w1 · · ·wn) ∈ T̄ (J) ⊗⊕

n>1 T (T (J))n. The right-linear part is best described
in terms of intervals:

δ̂≺(w1 · · ·wn) =
∑

I1
⨿

I2
⨿

I3=[n]

1∈I1,I2 ̸=∅

wI1
⨿

I3 ⊗wI2 . (28)

Here, I1, I2, I3 are three disjoint intervals such that
I1

⨿
I2

⨿
I3 = [n] and I3 is possibly empty. Moreover,

the minimal elements of each interval satisfy min(I1) =
1 < min(I2) < min(I3).

2.4 Green’s functions revisited

Recall that the main mathematical purpose of QFT is to
calculate Green’s functions, from which physical quan-
tities can ultimately be computed. A Green’s function
of order n, also called an n-point correlation function,
is defined as the vacuum expectation value of the time-
ordered product of n field operators [22]. In the follow-
ing, wherever physical Green’s functions occur the reader
should consider the base field K to be C.

As mentioned in the introduction, in this article we in-
terpret the generating functional for Green’s functions of
planar (respectively classical) field theories as elements
in the dual space Lin(T̄ (T (J)),K) =: T̄ ∗(T (J)) of linear
maps from the Hopf algebra T̄ (T (J)) to K (respectively
Lin(T̄ (J),K) =: T̄ ∗(J)). This approach allows algebraic
identities to be considered between Green’s functions us-
ing the machinery of Hopf algebras and unshuffle bialge-
bras.

Note that the problem of (ultraviolet) divergences and
its solution in terms of renormalization [26, 27, 41] re-
quires regularization procedures, which involve replacing
the field of complex numbers as the target space of lin-
ear maps by some commutative unital C-algebra A. For
example, the algebra of Laurent series C[ϵ−1, ϵ]] in a di-
mensional regularization parameter ϵ. We point out that
changing the target algebra from C to such an algebra A
would not change the underlying algebraic and combina-
torial framework. Thus, the forthcoming developments
also apply in this more general setting.

To make this more precise, we first consider
Lin(T (J),K) = T ∗(J). A linear form F over T (J)
can then be encoded by the formal power series F̄ :=∑

w F (w) w, where w = w1 · · ·wn runs over words of
letters from the alphabet J . From this perspective, gen-
erating functionals of Green’s functions are viewed as
elements of T ∗(J), with the full and connected Green’s
functions as coefficients. For a word w = w1 · · ·wl with
wk = jsik ∈ J ,

τZ(w) := Z
(l)
si1 ···sil ,

τW (w) := W
(l)
si1 ···sil .

We call these linear maps the (formal) classical full
and connected Green’s functions, respectively. “Formal”
refers to the fact that these coefficients, i.e., W (l)

si1 ···sil or
Z

(l)
si1 ···sil , are in fact functions whose variables sik run

implicitly over the set of all possible physical parameters
characterizing the particles (or fields) of the theory.

Let us now focus on the planar case. Here, one may
again apply the above interpretation of generating series
of Green’s functions as linear forms. When restricted to
words in T (J) ↪→ T (T (J)), one sets

τZ(w) := Z(m)
si1 ···sim ,

110310-8
Kurusch Ebrahimi-Fard and Frédéric Patras, Front. Phys. 11(6), 110310 (2016)



Research article

τW(w) := W(m)
si1 ···sim ,

The critical step consists in extending these maps to all
of T̄ (T (J)). Indeed, the first step in clarifying the re-
lations between these linear maps from a Hopf algebra
point of view is to consider full Green’s functions as a
multiplicative map on T̄ (T (J)). That is, to extend the
linear map of full Green’s functions τZ multiplicatively
to all of T̄ (T (J)):

τZ(1) = 1, τZ(w1| · · · |wn) := τZ(w1) · · · τZ(wn).

For τZ ∈ GK, which denotes the group of characters on
T̄ (T (J)), we shall see later that it is natural to require
that τW be an infinitesimal character.

Recall the convolution product (7), introduced above
in the context of the space of linear maps on a Hopf al-
gebra with values in a commutative unital algebra, for
instance, the complex numbers. This makes T̄ ∗(T (J))
into a non-commutative unital algebra, where the prod-
uct is defined in terms of the coproduct (10), i.e., for
α, β ∈ Lin(T̄ (T (A)),K),

α ⋆ β := mK ◦ (α⊗ β) ◦ δ. (29)

Here, mK denotes the product map in K.
The splitting of the coproduct (10) into left and right

unshuffle half-coproducts (15) can be lifted to the algebra
T̄ ∗(T (J)). Considering this, we define the left and right
half-shuffle convolution products

α ≺ β := mK ◦ (α⊗ β) ◦ δ≺, (30)
α ≻ β := mK ◦ (α⊗ β) ◦ δ≻, (31)

such that (15) implies that

α ⋆ β = α ≻ β + α ≺ β. (32)

Remark 5. The same construction applies on the dual
space of an arbitrary unshuffle bialgebra.

Definition 3 implies the following relations for the bi-
nary operations ≻ and ≺. Note that, with the aim of
emphasizing the shuffle-type behavior, we replace the no-
tation ⋆ for the product by the classical notation ∃ for
the shuffle product. That is, ⋆ =

∃ .

(a ≺ b) ≺ c = a ≺ (b

∃

c), (33)
(a ≻ b) ≺ c = a ≻ (b ≺ c), (34)
a ≻ (b ≻ c) = (a

∃

b) ≻ c, (35)

where

a

∃

b := a ≺ b+ a ≻ b. (36)

These are the axioms defining the abstract notion of
a shuffle, or dendrimorphic algebra [17, 18], which is a
vector space D together with two bilinear compositions ≺

and ≻, the so-called left and right half-shuffle products,
that satisfy (33), (34), and (35). In fact, these axioms
imply that any shuffle algebra is an associative algebra
for the shuffle product defined in (36), and we call ∃

the shuffle product on D.
A commutative shuffle algebra is a shuffle algebra for

which the left and right half-shuffles are identified as fol-
lows:

x ≻ y = y ≺ x,

so that, in particular, the shuffle product ∃ is commu-
tative, x ∃

y = x ≺ y + x ≻ y = y

∃

x. The standard
example of a commutative shuffle algebra structure was
introduced on T̄ (J) in (9). We remark that the same
structure can be obtained as the dual to the one on T̄ (J),
when equipped with the concatenation product and the
unshuffle coproduct.

Shuffle algebras are not naturally unital. This is be-
cause it is impossible to “split” the unit equation 1 ∃

a =
a

∃ 1 = a into two equations involving the left and right
half-shuffle products ≻ and ≺. This issue can be circum-
vented by using the “Schützenberger trick”. That is, for
a shuffle algebra D, D̄ := D ⊕ K1 denotes the shuffle
algebra augmented by a unit 1 such that for a ∈ D,

a ≺ 1 := a =: 1 ≻ a 1 ≺ a := 0 =: a ≻ 1, (37)

which implies that a

∃ 1 = 1 ∃

a = a. By convention,
1 ∃ 1 = 1. However, 1 ≺ 1 and 1 ≻ 1 cannot be de-
fined consistently in the context of the axioms of shuffle
algebras. In light of (30) and (31), we arrive at the next
result.
Proposition 6. The space (Lin(T̄ (T (J)),K),≺,≻) is a
shuffle algebra.

Remark 6. We state the proposition for T̄ (T (J)), be-
cause we always attempt to place the emphasis on planar
QFT. However, the proof depends only on the fact that
T̄ (T (J)) is an unshuffle bialgebra, and therefore applies
for an arbitrary unshuffle bialgebra B with B̄ = B⊕K1.
In particular, the property holds for Lin(T̄ (J),K).

Proof. For arbitrary α, β, γ ∈ T ∗(T (J)),

(α ≺ β) ≺ γ = mK[3] ◦ ((α ≺ β)⊗ γ) ◦ δ≺
= mK[3] ◦ (α⊗ β ⊗ γ) ◦ (δ≺ ⊗ id) ◦ δ≺,

where mK[3] denotes the product map from K⊗3 to K.
Similarly,

α ≺ (β

∃

γ) = mK ◦ (α⊗ (β

∃

γ)) ◦ δ≺
= mK[3] ◦ (α⊗ β ⊗ γ) ◦ (id ⊗ δ) ◦ δ≺,

where δ(u) = δ(u)−u⊗1−1⊗u is the reduced coproduct.
Then, the identity (α ≺ β) ≺ γ = α ≺ (β

∃

γ) follows
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from (δ≺⊗id)⊗δ≺ = (id⊗δ)◦δ≺, and the other identities
characterizing shuffle algebras follow in a similar manner.

We equip the shuffle algebra (T ∗(T (J)),≺,≻) with the
unit ε. Recall that ε is the canonical projection on the
scalars T (J)⊗0 ∼= K1. That is, for an arbitrary α in
T̄ ∗(T (J)),

α ≺ ε = α = ε ≻ α, ε ≺ α = 0 = α ≻ ε.

2
Let us introduce some useful notation. Let La≻ (b) :=

a ≻ b =: R≻b (a). The shuffle axioms yield that

La≻Lb≻ = La

∃

b≻, R≺aR≺b = R≺b

∃

a.

Recall that a left pre-Lie algebra [42, 43] is a vector
space V equipped with a bilinear product ◃: V ⊗V → V ,
such that for arbitrary a, b, c ∈ V ,

a ◃ (b ◃ c)− (a ◃ b) ◃ c = b ◃ (a ◃ c)− (b ◃ a) ◃ c.

(38)

This implies that the bracket [a, b] := a ◃ b − b ◃ a
satisfies the Jacobi identity. Right pre-Lie algebras are
defined similarly. Note that any associative algebra is
pre-Lie. For several reasons, pre-Lie algebras play a key
role, e.g., in the understanding of recursive equations
such as Bogoliubov’s counterterm formula in perturba-
tive QFT [44, 45]. The next lemma follows directly from
the axioms (33)–(35) of shuffle products.
Lemma 7. Let D be a shuffle algebra. Then, the product
◃: D ⊗D → D

a ◃ b := a ≻ b− b ≺ a

is left pre-Lie. We write its left action as La◃ (b) = a ◃
b = La≻ −R≺a.

Note that [a, b] = a ◃ b − b ◃ a = a

∃

b − b

∃

a for
all a, b ∈ D. The pre-Lie product is trivial (null) on
commutative shuffle algebras, because then we have that
a ≻ b = b ≺ a.

The following set of left and right half-shuffle words in
D̄ are defined recursively for fixed elements x1, . . . , xn ∈
D, n ∈ N+:

w
(0)
≺ (x1, . . . , xn) := 1 =: w

(0)
≻ (x1, . . . , xn),

w
(n)
≺ (x1, . . . , xn) := x1 ≺

(
w

(n−1)
≺ (x2, . . . , xn)

)
,

w
(n)
≻ (x1, . . . , xn) :=

(
w

(n−1)
≻ (x1, . . . , xn−1)

)
≻ xn.

In the case that x1 = · · · = xn = x, we simply write
x≺n := w

(n)
≺ (x, . . . , x) and x≻n := w

(n)
≻ (x, . . . , x).

In the unital algebra D̄, both the exponential and log-
arithm maps are defined in terms of the associative prod-

uct (36):

exp

∃

(x) := 1 +
∑
n>0

x

∃ n

n!
resp.

log

∃

(1 + x) := −
∑
n>0

(−1)n
x

∃ n

n
. (39)

Notice that we do not consider convergence issues. In
practice, we will apply such formal power series compu-
tations either in a purely algebraic setting (formal con-
vergence arguments would then apply), or when dealing
with graded algebras (then, the series will reduce to a fi-
nite number of nonzero terms when restricted to a given
graded component).

It is also convenient to introduce the “(time-)ordered”
exponential:

exp≺(x) := 1 +
∑
n>0

x≺n.

Similarly, we also define exp≻(x) := 1 +
∑

n>0 x
≻n.

This corresponds to the usual time-ordered exponential
in physics, when the shuffle product is defined with re-
spect to products of, say, matrix- or operator-valued
iterated integrals [46]. Notice that X = exp≺(a) and
Z = exp≻(a) are respectively the formal solutions of the
two linear fixed point equations:

X = 1 + a ≺ X,

Z = 1 + Z ≻ a.
(40)

The solution of equation (40) can also be written in terms
of the exponential map (39). In what follows, we will see
that (40) is the key ingredient in our approach to a Hopf
algebraic description of the functional relations between
(non-)planar Green’s functions. This point of view paves
the way to new formal results on the combinatorics of
Green’s functions.
Lemma 8. Let D be a shuffle algebra, and let D̄ be its
augmentation by a unit 1. For x ∈ D, we have that

exp≻(−x)

∃ exp≺(x) = 1.

Proof. Indeed, we see that

exp≻(−x)

∃ exp≺(x)− 1
=

∑
n+m≥1

(−1)n
{
(x≻n) ≺ (x≺m) + (x≻n) ≻ (x≺m)

}
=

∑
n>0,m≥0

(−1)n(x≻n) ≺ (x≺m)

+
∑

n≥0,m>0

(−1)n(x≻n) ≻ (x≺m).

Now, because (−1)n(x≻n) ≺ (x≺m) = (−1)n((x≻n−1) ≻
x) ≺ (x≺m) = (−1)n(x≻n−1) ≻ (x≺m+1), the result fol-
lows. 2
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Another useful result follows from the computation of
the composition inverse of the time-ordered exponential.
Lemma 9. Let D be a shuffle algebra, and let D̄ be its
augmentation by a unit 1. Then, for x ∈ D and Y :=
exp≺(x)− 1,

x = Y ≺
(∑
n≥0

(−1)nY

∃ n
)
.

Proof. We follow Ref. [39]. From X := 1 +
∑

n>0 x
≺n,

by solving X = 1 + x ≺ X we obtain that X − 1 =
Y = x ≺ X. On the other hand, the (formal) inverse
of X for the shuffle product is given by X−1 = 1

1+Y =∑
k≥0(−1)kY

∃ k. Finally, we obtain that

x = x ≺ 1 = x ≺ (X

∃

X−1) = (x ≺ X) ≺ X−1

= Y ≺
(∑
n≥0

(−1)nY

∃ n
)
.

2
2.5 Towards a group theoretical view on planar field

theory

Recall that T̄ ∗(T (J)) := Lin(T̄ (T (J)),K). A linear form
ϕ ∈ T̄ ∗(T (J)) is called a character if it is unital, i.e.,
ϕ(1) = 1, and multiplicative, i.e., for all a, b ∈ T̄ (T (J)),
ϕ(a|b) = ϕ(a)ϕ(b). A linear form κ ∈ T̄ ∗(T (J)) is called
an infinitesimal character if κ(1) = 0 and κ(a|b) = 0 for
all a, b ∈ T (T (J)). Characters and infinitesimal charac-
ters are bijectively related through the exponential map
defined with respect to the convolution product. We
write Ch(κ) for the obvious extension of a linear form
on T (J) (e.g., the restriction to T (J) of an infinitesimal
character) to a character, defined by Ch(κ)(1) := 1 and
Ch(κ)(w1| · · · |wk) := κ(w1) · · ·κ(wk). Conversely, for
an arbitrary F ∈ T̄ ∗(T (J)) let us write Res(F ) for the
infinitesimal character, which is defined by the restriction
of F to T (J) and the null map on other tensor powers
of T (J) in T̄ (T (J)).

The linear fixed point equation (40) is characterized
in the following theorem.
Theorem 10. There exists an additional natural bijec-
tion between the group of characters and the Lie algebra
of infinitesimal characters on T̄ (T (J)). Indeed, for a
character ϕ there exists an unique infinitesimal charac-
ter κ such that

ϕ = ε+ κ ≺ ϕ, (41)

which implies that ϕ = exp≺(κ). Conversely, for an
infinitesimal character κ, the linear map

ϕ := exp≺(κ)

is a character.

In the following, we will employ the “Hopf- or
Sweedler-type” notation δ≺(w) =: w1,≺ ⊗ w2,≺ as a
shorthand.
Proof. We know from Lemma 9 that the implicit equa-
tion ϕ = ε + κ ≺ ϕ yields that ϕ = exp≺(κ), and has a
unique solution κ in T̄ ∗(T (J)). Let us consider the in-
finitesimal character µ := Res(κ), and let us show that
µ also solves ϕ = ε + µ ≺ ϕ. Then, the first part of the
statement in the theorem will follow.

Indeed, for an arbitrary w = w1| · · · |wn ∈ T (T (J)),
wi ∈ T (J), notice first that from definition of the prod-
uct ≺ and the fact that µ vanishes on any tensor power
T (J)⊗k for k ̸= 1, we have that

(µ ≺ ϕ)(w) = µ(w1,≺
1 )ϕ(w2,≺

1 |w2| · · · |wn)

= κ(w1,≺
1 )ϕ(w2,≺

1 |w2| · · · |wn).

Furthermore, we have that

ϕ(w1) = (ε+ κ ≺ ϕ)(w1) = κ(w1,≺
1 )ϕ(w2,≺

1 )

= µ(w1,≺
1 )ϕ(w2,≺

1 ),

so we immediately obtain that

ϕ(w1| · · · |wn) = ϕ(w1)ϕ(w2| · · · |wn)

= µ(w1,≺
1 )ϕ(w2,≺

1 |w2| · · · |wn))

= (ε+ µ ≺ ϕ)(w1| · · · |wn),

for any i > 1. Then, the desired property follows. Con-
versely, we have that

exp≺(κ)(w1| · · · |wn)=(ε+ κ ≺ exp≺(κ))(w1| · · · |wn)

=κ(w1,≺
1 ) exp≺(κ)(w2,≺

1 | · · · |wn).

Assuming by induction that the property
exp≺(κ)(w′

1| · · · |w′
k) = exp≺(κ)(w′

1) · · · exp≺(κ)(w′
k)

holds for elements w′
1| · · · |w′

k ∈ T (T (J)) of total degree
less than the degree of w1| · · · |wn yields that

exp≺(κ)(w1| · · · |wn)

=κ(w1,≺
1 ) exp≺(κ)(w2,≺

1 ) exp≺(κ)(w2) · · · exp≺(κ)(wn)

=exp≺(κ)(w1) exp≺(κ)(w2) · · · exp≺(κ)(wn).

2
The next result shows that Eq. (40) has a solution in

terms of the exponential map defined in (39) with respect
to the convolution (29), which splits as a shuffle product
(32) in the sense of (36). We recall that La�(b) := a�b =
a ≻ b− b ≺ a, where the product a � b satisfies the pre-
Lie relation (38). See Refs. [42, 43] for further details
and results concerning pre-Lie algebras.
Theorem 11. [47, 48] Equation (41) admits the expo-
nential solution

ϕ = exp⋆
(
Ω′(κ)

)
,

Kurusch Ebrahimi-Fard and Frédéric Patras, Front. Phys. 11(6), 110310 (2016)
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where Ω′(κ) is the pre-Lie Magnus expansion, which
obeys the following recursive equation:

Ω′(κ) =
LΩ′�

exp(LΩ′�)− 1
(κ) =

∑
m≥0

Bm

m!
Lm
Ω′�(κ).

Here, the Bl terms are the Bernoulli numbers, B0 = 1,
B1 = − 1

2 , B2 = 1
6 , B4 = − 1

30 , . . ., where B2k+1 = 0 for
k ≥ 1.

For a proof of this theorem, we refer the reader to
[47, 48]. Note that for a commutative shuffle algebra the
pre-Lie product is the null product, and Ω′(κ) reduces
to the identity map. In this case, the solution to (41) is
given by ϕ = exp⋆(κ). Let us mention that the pre-Lie
Magnus expansion Ω′(κ) can also be understood from
the point of view of enveloping algebras of pre-Lie alge-
bras [49]. As a historical remark, we mention that in
Ref. [29] Wilhelm Magnus proposed a particular differ-
ential equation for the matrix valued function Ω(s;A),
such that the solution of the linear non-autonomous ini-
tial value problem Ẏ = AY , Y (0) = Y0 is given by
X(t) = exp(

∫ t

0
Ω̇(x;A)dx)Y0, where Ω(0;A) = 0 and

Ω̇(s;A) = A(s) +
∑
n>0

Bn

n!
ad

(n)∫ s
0
Ω̇(x;A)dx

(A(s))

=
adΩ(s;A)

exp(adΩ(s;A))− 1
(A(s)).

Iterated Lie brackets are denoted by ad
(n)
U (W ) :=

[U, [U, · · · [U,W ]] · · · ]. See Ref. [28] for details.

3 From full to connected and noncrossing
planar Green’s functions

3.1 From full to connected Green’s functions

Recall the fixed point equation relating the generating
functionals Z[j] and W[j] in the planar context:

Z[j] = 1 + W[jZ[j]]. (42)

When expanded to compute the planar n-point function
Z(n)
i1···in , the equation reads:

Z(n)
i1···in =

∑
A={1=a1,...,ak}⊂[n]

W(k)
ia1 ia2 ···iak

Z(a2−a1−1)
ia1+1···ia2−1

· · ·Z(n−ak)
iak+1···in . (43)

We employ the half-(un)shuffle machinery to rewrite
this convoluted relation in a rather natural way. Recall
that T̄ ∗(T (J)) is a unital shuffle algebra for the left and
right half-shuffle products ≺,≻, defined in terms of the
unshuffle half-coproducts (16) and (17) respectively.

Let the linear map τW ∈ T̄ ∗(T (J)) associated to con-
nected planar n-point functions be defined by τW(w) :=

W(n)
si1 ···sin for any word w = w1 · · ·wn ∈ Tn(J) with

τW(1) = 0, where τW is zero on the components
Tn(T (J)) for n ≥ 2. The latter requirement is natural,
in view of the desired connectedness. Hence, the map
τW defines an infinitesimal character with respect to the
Hopf algebra T̄ (T (J)). On the other hand, recall that the
full planar Green’s function τZ(w1 · · ·wn) := Z(n)

si1 ···sin is
supposed to be multiplicative. Then, we find that by
the definition of the left half-shuffle product ≺, the rela-
tion between full and connected planar Green’s functions
(42) is equivalently encoded, from the point of view of
generating series, by the linear fixed point equation

τZ = ε+ τW ≺ τZ. (44)

This claim follows immediately from the unfolding of (44)
when evaluated on the word w = w1 · · ·wn ∈ Tn(J). For
simplicity, we choose wi = jsi ∈ J . Indeed, the definition
of the left half-unshuffle (16) on T̄ (T (J)), together with
the multiplicativity of τZ, implies that

Z(n)
s1···sn = τZ(w1 · · ·wn) = (τW ≺ τZ)(w1 · · ·wn)

=
∑

K={1=k1,...,kl}⊂[n]

τW(wK)

τZ(wk1+1 · · ·wk2−1) · · · τZ(wkl+1 · · ·wn) (45)
=

∑
K={1=k1,...,kl}⊂[n]

W(l)
sk1

sk2
···skl

Z(k2−k1−1)
sk1+1···sk2−1 · · ·Z

(n−kl)
skl+1···sn . (46)

This exemplifies the naturalness of the (half-)unshuffle
structure in the context of the relation between full and
connected planar Green’s functions.
Remark 7. (1) The companion equation Z[j] = 1 +

W[Z[j]j] is encoded in terms of the second left half-
unshuffle defined in Remark 2, Eq. (18).

(2) Theorem 11 implies that the full planar Green’s
function can be written as an exponential in terms
of the connected planar Green’s function:

τZ = exp⋆
(
Ω′(τW)

)
.

Recall that the associative shuffle product a ⋆ b =
a ≺ b + a ≻ b, which is the convolution product in
T̄ ∗(T (J)), is non-commutative.

(3) The last item should be regarded from the viewpoint
of the non-planar setting, in which the full and con-
nected Green’s functions are also related through
the exponential map. We refer the reader to sub-
section 3.5.

Let us illustrate equation (46) by expanding its so-
lution in terms of the time ordered exponential of the
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infinitesimal character of connected planar Green’s func-
tions, τZ = exp≺(τW), up to order four (compare with
the identities obtained using the relation (42) at the be-
ginning of this article). At order one, for the one letter
word w = w1, we have that

τZ(w1) = (ε+τW+τW ≺ τW+τW ≺ (τW ≺ τW)+· · · )(w1)

= τW(w1),

because ε(w1) = 0, as are powers of left half-shuffle prod-
ucts beyond order one applied to the letter w1, because
τW(1) = 0. For the two letter word w = w1w2, we get
that δ≺(w1w2) = w1w2 ⊗ 1 + w1 ⊗ w2, so that

τZ(w1w2) = τW(w1w2) + τW(w1)τW(w2).

For the order three word w = w1w2w3 with three letters
wi ∈ J , we get that

τZ(w1w2w3) = τW(w1w2w3) + τW(w1)τW(w2w3)

+τW(w1w3)τW(w2) + τW(w1w2)τW(w3)

+τW(w1)τW(w2)τW(w3).

In addition, for the order four word w = w1w2w3w4 with
letters wi ∈ J , the left half-unshuffle product results in
the lengthy expansion

τZ(w1w2w3w4)

= τW(w1w2w3w4) + τW(w1w2)τZ(w3w4)

+τW(w1w3)τZ(w2)τZ(w4) + τW(w1w4)τZ(w2w3)

+τW(w1)τZ(w2w3w4) + τW(w1w2w3)τZ(w4)

+τW(w1w2w4)τZ(w3) + τW(w1w3w4)τZ(w2)

= τW(w1w2w3w4) + τW(w1w2)τW(w3w4)

+τW(w1w4)τW(w2w3) + τW(w1w3)τW(w2)τW(w4)

+τW(w1w2)τW(w3)τW(w4) + τW(w1w4)τW(w2)τW(w3)

+τW(w3w4)τW(w1)τW(w2) + τW(w2w3)τW(w1)τW(w4)

+τW(w2w4)τW(w1)τW(w3)

+τW(w1)τW(w2)τW(w3)τW(w4)

+τW(w1)τW(w2w3w4) + τW(w1w2w3)τW(w4)

+τW(w1w2w4)τW(w3) + τW(w1w3w4)τW(w2). (47)

Recall the definitions of τW and τZ, and compare lines
(47) and (4). Note that the multiplicativity of τZ en-
ters at order four in the term τW(w1w3)τZ(w2)τZ(w4)
corresponding to the tensor product w1w3 ⊗ w2|w4 ∈
T (J)⊗ T2(T (J)).

3.2 A bialgebra of non-crossing partitions

The following sections aim to further develop the combi-
natorics underlying planar theories, through the notion
of non-crossing partitions. Recall that a partition L of
a (finite) set [n] := {1, . . . , n} consists of a collection
of (non-empty) subsets L = {L1, . . . , Lb} of [n], called

blocks, which are mutually disjoint, i.e., Li ∩ Lj = ∅ for
all i ̸= j, and whose union ∪b

i=1Li = [n]. See Refs. [4, 24]
for details. The number of blocks of the partition L is
denoted by |L| := b, and |Li| is the number of elements
in the ith block Li. Given p, q ∈ [n], we will write that
p ∼L q if and only if they belong to the same block. The
lattice of set partitions of [n] is denoted by Pn. This
has a partial order of refinement: L ≤ K if L is a finer
partition than K. The partition 1̂n = {L1} consists of a
single block, i.e., |L1| = n, and is the maximum element
in Pn. The partition 0̂n = {L1, . . . , Ln} has n singleton
blocks, and is the minimum partition in Pn. A set par-
tition L = {L1, . . . , Lk} of [n] (L1

⨿
· · ·

⨿
Lk = [n]) is

called non-crossing if for p1, p2, q1, q2 ∈ [n], the following
property does not occur:

1 ≤ p1 < q1 < p2 < q2 ≤ n

and

p1 ∼L p2 �L q1 ∼L q2.

The set of non-crossing partitions of [n] will be denoted
by NCn, and we set NC := ∪n∈NNCn. The reader is
referred to the standard reference [12] for further de-
tails. In addition, see Refs. [13, 14, 24]. The common
pictorial representation of (non-crossing) partitions is in-
voked. For example,

1 1 2 1 2 3

The first represents the singleton 0̂1 = 1̂1 = {1} in P1.
The second is the single block partition, i.e., the max-
imal element 1̂2 = {1, 2} ∈ P2. The third represents
the minimal element in P3, i.e., the partition of the set
[3] into singletons, 0̂3 = {{1}, {2}, {3}}. The partition
{{1, 3}, {2, 4}} is represented by

and is not a non-crossing partition, whereas {{1, 9},
{2, 6, 8}, {3, 5}, {4}, {7}} and {{1, 3, 7}, {2}, {4, 5, 6}}
are proper non-crossing partitions, i.e., partitions with-
out crossings.

Non-crossing partitions of arbitrary subsets of the inte-
gers are defined similarly. For example, {{1, 6, 10}, {2},
{7, 9}} is a non-crossing partition of {1, 2, 6, 7, 9, 10}. We
will implicitly use various elementary properties of non-
crossing partitions [12]. In particular, we will use the
fact that if L is a non-crossing partition of [n], then its
restriction to an arbitrary subset S of [n] (by intersecting
the blocks of L with S) defines a non-crossing partition
of S.
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The full n-point Green’s function with its external legs
decorated by (s1, . . . , sn) is usually represented by

Z(n)
s1···sn =

s1 s2

• • •

sn

(48)

Recall that the indices s1, . . . , sn may represent discrete
and continuous variables, as well as parameters specify-
ing the amplitude. In the perturbative approach, this
diagram represents the sum of all Feynman diagrams
with n legs and external parameters s1, . . . , sn. Then,
the planarity constraint in QFT translates into the prop-
erty that the various propagators joining external sources
in the diagrammatic expansion of planar Green’s func-
tions never cross. In particular, given a Feynman graph
Γs1···sn in the expansion of the full n-point Green’s func-
tion Z(n)

s1···sn with k connected components, the partition
of the external legs according to them belonging to one
common connected component of the graph induces a
non-crossing partition N(Γs1···sn) = (L1, . . . , Lk) of [n].
For example, in planar Φ4 theory, for the non-crossing
partition of the set [6] given by

we have the following Feynman diagram:

We denote a Feynman diagram with n external legs
by Γ

(n)
s1···sn . Its corresponding amplitude γ

(n)
s1···sn is given

by Feynman rules, and is normalized by the appropri-
ate symmetry factor. The sum of all amplitudes when
Γ
(n)
s1···sn runs over all diagrams with n external legs gives

the full Green’s function Z(n)
s1···sn , which is depicted as a

coefficient in (48) (resp. the connected Green’s function
W(n)

s1···sn when the sum runs over connected diagrams).
Summing up all these amplitudes γ

(n)
s1···sn of the Feyn-

man diagrams associated to a given non-crossing parti-
tion L = {L1, . . . , Lk} of [n] defines a new Green’s func-
tion,

N(n)
s1···sn(L) = N(n)

s1···sn(L1, . . . , Lk) :=
∑

N(γ)=L

γ
(n)
s1···sn ,

so that by setting WK := W(p)
sk1

···skp
for K = {k1, . . . ,

kp} ⊂ [n], one obtains that

N(n)
s1···sn(L1, . . . , Lk) =

k∏
i=1

WLi .

Furthermore, full Green’s functions split according to
non-crossing partitions

Z(n)
s1···sn =

∑
L∈NCn

N(n)
s1···sn(L).

This is the phenomenon that will be investigated in this
section from a combinatorial point of view.

Let L = {L1, . . . , Lk} be an arbitrary non-crossing
partition of [n] := {1, . . . , n} with inf(Li) < inf(Li+1)
for i = 1, . . . , n− 1. Let us write Li < Lj if ∀a ∈ Li and
∀b ∈ Lj we have that a < b. This defines a first par-
tial order, the linear ordering of blocks of the partition.
We then define a second partial order <L on the blocks
Li, the nesting order, by Li <L Lj if and only if for all
m ∈ Li, inf(Lj) < m < sup(Lj). The definition of non-
crossing partitions ensures that this partial order is well-
defined. Moreover, given two distinct blocks Li, Lj ∈ L,
exactly one of the following inequalities holds:

Li < Lj , Lj < Li, Li <L Lj , Lj <L Li.

As an example, we consider the particular non-crossing
partition L ∈ P10 with five blocks L = {L1, L2, L3, L4,
L5} = {{1, 3, 8}, {2}, {4, 6, 7}, {5}, {9, 10}}:

The block L5 > Li for i = 1, 2, 3, 4. In addition, L2 <L

L1 and L4 <L L3 <L L1.
A splitting (which from now on will be called a cut) of

the blocks of L into two (possibly empty) subsets

L = Q
⨿

T = {Q1, . . . , Qi}
⨿

{T1, . . . , Tk−i}

will be called admissible if and only if for all p ≤ i and
q ≤ k − i, Qp ̸<L Tq. That is, either Tq <L Qp or
the two subsets of [n] are incomparable for the partial
order. Then, we write L = Q

⨿
adm

T . Admissible cuts of

non-crossing partitions of arbitrary finite subsets S of
the integers are defined accordingly. Returning to the
above example, we have that (note that the list is not
exhaustive)

L = {L1, L2, L3, L4}
⨿
adm

{L5}

= {L1, L2, L5}
⨿
adm

{L3, L4}

= {L1, L5}
⨿
adm

{L2, L3, L4}.
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Given two (canonically ordered) subsets S ⊆ U of
the set of positive integers N+, recall that a connected
component of S relative to U is a maximal sequence
s1, . . . , sn in S such that there exist no 1 ≤ i < n and
t ∈ U with si < t < si+1. In particular, a connected
component of S in N+ is simply a maximal sequence of
successive elements s, s+ 1, . . . , s+ n in S.

For an admissible cut L = Q
⨿

admU as above, we
consider the connected components J1, . . . , Jk(L,Q) of
[n]− (Q1 ∪ · · · ∪Qi), for which we will slightly abuse ter-
minology by calling the connected components of [n]−Q
from now on. The definition of <L implies that Ji ∩ Uj

is empty or equal to Uj . We write JL,Q
i for the set of

all non-empty intersections Ji ∩Uj , j = 1, . . . , k− i, and
notice that because L is a non-crossing partition of [n],
JL,Q
i is, by restriction, a non-crossing partition of the

component Ji. For the same reason, Q is a non-crossing
partition of Q1 ∪ · · · ∪Qi.

Let us recall now that given a finite subset S of car-
dinality n of the integers, the standardization map st
is the (necessarily unique) increasing bijection between
S and [n]. By extension, we also write st for the in-
duced map on the various objects associated to [n] (such
as partitions). For example, the standardization of the
non-crossing partition L := {{3, 6, 10}, {4, 5}, {8}} of the
set {3, 4, 5, 6, 8, 10} is the non-crossing partition st(L) :=
{{1, 4, 6}, {2, 3}, {5}} of [6] = st({3, 4, 5, 6, 8, 10}).

The linear span NC of all non-crossing partitions can
then be equipped with a coproduct map ∆ from NC to
NC ⊗ T (NC), defined by (using our previous notations
as well as the bar-| notation for elements in T (NC))

∆(L) =
∑

Q
⨿

adm
U=L

st(Q)⊗
(
st(JL,Q

1 )| · · · |st(JL,Q
k(L,Q))

)
.

A few examples are in order at this stage.

∆({{1, 4}, {2, 3}})
= {{1, 4}, {2, 3}} ⊗ 1 + 1 ⊗ {{1, 4}, {2, 3}}
+{1, 2} ⊗ {1, 2}∆({{1, 5}, {2}, {3, 4}})

= {{1, 5}, {2}, {3, 4}} ⊗ 1 + 1 ⊗ {{1, 5}, {2}, {3, 4}}
+{{1, 3}, {2}} ⊗ {1, 2}+ {{1, 4}, {2, 3}} ⊗ {1}
+{1, 2} ⊗ {{1}, {2, 3}},

∆({{1, 2}, {3}, {4}})
= {{1, 2}, {3}, {4}} ⊗ 1 + 1 ⊗ {{1, 2}, {3}, {4}}
+{1, 2} ⊗ {{1}{2}}+ 2{{1, 2}, {3}} ⊗ {1}
+{1} ⊗ {{1, 2}, {3}}+ {1} ⊗ {1, 2}|{1}
{{1}, {2}} ⊗ {1, 2}

The graphical notation of the coproduct simplifies the
calculus, because it is automatically standardized (note
that the bar notation is formatted in bold to distinguish
it from the single element partition)

∆( ) = ⊗ 1 + 1 ⊗ ∆( ) = ⊗ 1 + 1 ⊗

∆( ) = ⊗ 1 + 1 ⊗ + ⊗

∆( ) = ⊗ 1 + 1 ⊗ + ⊗

∆( ) = ⊗ 1 + 1 ⊗

+ ⊗ + ⊗

+ ⊗

∆( ) = ⊗ 1 + 1 ⊗ + ⊗ + ⊗

+ ⊗ + 2 ⊗ + ⊗
The map ∆ is then extended multiplicatively to a co-

product on T̄ (NC), as

∆(L1| · · · |Ln) := ∆(L1) · · ·∆(Ln), ∆(1) = 1 ⊗ 1.

Here, T̄ (NC) is equipped with the structure of a free
associative algebra over NC by the concatenation map,
(L1| · · · |Lk)·(Lk+1| · · · |Ln) := (L1| · · · |Lk|Lk+1| · · · |Ln).
Theorem 12. [18] The graded algebra T̄ (NC) equipped
with the coproduct ∆ is a connected graded non-
commutative and non-cocommutative Hopf algebra.

This coproduct can be split into two parts as follows.
On NC, define the left half-coproduct by

∆≺(L) =
∑

Q
⨿

adm
U=L

1∈Q1

st(Q)⊗
(
st(JL,Q

1 )| · · · |st(JL,Q
k(L,Q))

)
,

(49)

and

∆̄≺(L) := ∆≺(L)− L⊗ 1. (50)

The right half-coproduct is defined by

∆≻(L) =
∑

Q
⨿

adm
U=L

1/∈Q1

st(Q)⊗
(
st(JL,Q

1 )| · · · |st(JL,Q
k(L,Q))

)
,

(51)

and

∆̄≻(L) := ∆≻(L)− 1 ⊗ L. (52)

This yields that ∆ = ∆≺ +∆≻, and for L ∈ NC,

∆(L) = ∆̄≺(L) + ∆̄≻(L) + L⊗ 1 + 1 ⊗ L.

This is extended to T̄ (NC) by defining
∆≺(L1| · · · |Lm) := ∆≺(L1)∆(L2) · · ·∆(Lm) (53)
∆≻(L1| · · · |Lm) := ∆≻(L1)∆(L2) · · ·∆(Lm). (54)

Theorem 13. [18] The bialgebra T̄ (NC) equipped with
∆≻ and ∆≺ is an unshuffle bialgebra.
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3.3 Non-crossing Green’s functions

At the beginning of this section, we have introduced
the notion of Green’s functions parametrized by non-
crossing partitions L ∈ NCn and N(n)

s1···sn(L). We will
simply call these non-crossing Green’s functions. These
Green’s functions are naturally parametrized by the pair
of a non-crossing partition L ∈ NCn of [n] and a word
of n letters, w = w1 · · ·wn, wi ∈ J , which will be de-
noted from now on by L(w1 · · ·wn), and called deco-
rated non-crossing partitions. The latter are represented
graphically by adding decorations to the graphical rep-
resentations of non-crossing partitions. For example, for
L = {{1, 3}, {2, 4}}, L(w1 · · ·w4) is represented by

w1w2w3w4

.

In the present section, we will demonstrate how, for
such data, to mimic the analogue of the calculus that
has been developed previously in order to understand the
link between full and connected Green’s functions from
a Hopf algebraic and group-theoretical point of view.

For an alphabet J = {jsi}i>0, let us write NC(J)
for the graded vector space spanned by J-decorated (or
simply decorated) non-crossing partitions. For S =
{k1, . . . , kl} ⊂ [n] and w := w1 · · ·wn, we set wK :=
wk1 · · ·wkl

. Similarly, for a non-crossing partition Q =
{Q1, . . . , Qi} of the set K, we write wQ := wS .

The definitions and results in the previous paragraph
carry over to decorated non-crossing partitions in a
straightforward way. For example, the coproduct map
∆ is defined on NC(J) by

∆(L(w1 · · ·wn)) =
∑

Q
⨿

adm
U=L

(
st(Q)⊗wQ

)
⊗
(
st(JL,Q

1 )

⊗(wJL,Q
1

)| · · · |st(JL,Q
k(L,Q))

⊗(wJL,Q
k(L,Q)

)
)
,

where L is a non-crossing partition of [n]. As an example
we calculate:

∆
(

w1w2w3w4

)
=

w1w2w3w4

⊗ 1 + 1 ⊗
w1w2w3w4

+
w1 w4

⊗
w2 w3

This is then extended to T (NC(J)) multiplicatively, as
in the previous sections. The other structural maps on
T (NC) are extended similarly to T (NC(J)), and are
written using the same symbols as before. Finally, we
obtain the following theorem.
Theorem 14. The bialgebra T̄ (NC(J)) equipped with
∆≻ and ∆≺ is an unshuffle bialgebra.

Because T̄ (NC(J)) is in particular a Hopf algebra,
the set of linear maps Lin(T̄ (NC(J)),K) is an alge-
bra with respect to the convolution product, which is
defined in terms of the coproduct ∆, i.e., for f, g ∈
Lin(T̄ (NC(J)),K),

f ⋆ g := mK ◦ (f ⊗ g) ◦∆,

where mK stands for the product map in K. Note that,
motivated by the next proposition, we will also later em-
ploy a shuffle notation for this product, f ⋆ g =: f

∃

g.
We define accordingly the left and right convolution half-
products on Lin(T (NC(J)),K):

f ≺ g := mK ◦ (f ⊗ g) ◦∆≺,

f ≻ g := mK ◦ (f ⊗ g) ◦∆≻.

Proposition 15. The space T ∗(NC(J)) :=
Lin(T (NC(J)),K) equipped with (≺,≻) is a shuffle
algebra.

For completeness, and in view of the importance of
this proposition for forthcoming developments, we briefly
recall its proof, which is analogous to the proof of Propo-
sition 8. For arbitrary f, g, h ∈ T ∗(NC(J)),

(f ≺ g) ≺ h = mK ◦ ((f ≺ g)⊗ h) ◦∆≺

= mK[3] ◦ (f ⊗ g ⊗ h) ◦ (∆≺ ⊗ I) ◦∆≺,

where mK[3] stands for the product map from K⊗3 to K.
Similarly,

f ≺ (g

∃

h) = mK ◦ (f ⊗ (g

∃

h)) ◦∆≺

= mK[3] ◦ (f ⊗ g ⊗ h) ◦ (I ⊗∆) ◦∆≺,

so that the identity (f ≺ g) ≺ h = f ≺ (g

∃

h) follows
from (∆≺⊗I)⊗∆≺ = (I⊗∆)◦∆≺. The other identities
characterizing shuffle algebras follow similarly.

As usual, we equip the shuffle algebra T ∗(NC(J)) with
a unit. That is, we set T̄ ∗(NC(J)) := T ∗(NC(J))⊕K1 ∼=
Lin(T̄ (NC(J)),K), where in the last isomorphism the
unit 1 ∈ T̄ ∗(NC(J)) is identified with the augmenta-
tion map ε ∈ Lin(T̄ (NC(J)),K), which is the projection
on the scalars NC(J)⊗0 ∼= K orthogonal to T (NC(J)).
Moreover, for an arbitrary f in T ∗(NC(J)),

f ≺ ε = f = ε ≻ f, ε ≺ f = 0 = f ≻ ε.

Now, let ϕ be a linear form on NC(J). For example, we
have τnc associated with non-crossing Green’s functions,
and defined for the word w = w1 · · ·wn, wl = jsil by

τnc(L(w)) := N(n)
si1 ···sin (L).

This extends uniquely to a multiplicative linear form Φ
on T (NC(J)) (still written as τnc when ϕ = τnc), by
setting

Φ(w1| · · · |wn) := ϕ(w1) · · ·ϕ(wn).
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(It also extends to a unital and multiplicative linear form
on T̄ (NC(J)), by setting Φ(1) := 1.) Conversely, any
such multiplicative map Φ gives rise to a linear form on
NC(J) by restriction of its domain.
Definition 16. A linear form Φ ∈ T̄ (NC(J)) is called a
character if it is unital, i.e., Φ(1) = 1, and multiplicative,
i.e., for all a, b ∈ T (NC(J)), Φ(a|b) = Φ(a)Φ(b). A lin-
ear form κ ∈ T̄ (NC(J)) is called an infinitesimal charac-
ter if κ(1) = 0 and for all a, b ∈ T (NC(J)), κ(a|b) = 0.

We write GNC for the set of characters in T̄ (NC(J)),
and gNC for the corresponding set of infinitesimal char-
acters. Notice that, by its definition, an infinitesimal
character is entirely determined by its restriction to
NC(J) ⊂ T (NC(J)).
Theorem 17. [18] There exists a natural bijection be-
tween GNC , the set of characters, and gNC , the set of
infinitesimal characters, on T̄ (NC(J)). More precisely,
for Φ ∈ GNC , ∃!κ ∈ gNC such that Φ = ε + κ ≺ Φ, and
conversely, for κ ∈ gNC(J),

Φ :=ε+ κ+ κ ≺ κ+ κ ≺ (κ ≺ κ)

+κ ≺ (κ ≺ (κ ≺ κ)) + · · ·
=: exp≺(κ)

is a character.

Recall that the analogous result in Theorem 13 holds
for the group GC of characters and Lie algebra gC of
infinitesimal characters with target space the complex
numbers.

In view of the importance of Theorem 17 for our forth-
coming developments, we include a sketch of the proof.
Because we are dealing with graded structures, the im-
plicit equation Φ = ε + κ ≺ Φ can be shown recursively
to have a unique solution κ in T̄ ∗(NC(J)). Let us con-
sider the infinitesimal character µ := Res(κ), and let us
show that µ also solves Φ = ε+ µ ≺ Φ. The first part of
the theorem will follow.

Indeed, for an arbitrary w = w1| · · · |wn ∈ T (NC(J)),
we have that

Φ(w1) = (ε+ κ ≺ Φ)(w1) = κ(w1,≺
1 )Φ(w2,≺

1 )

= µ(w1,≺
1 )Φ(w2,≺

1 ),

so that for any n > 1,

Φ(w1| · · · |wn) = Φ(w1)Φ(w2| · · · |wn)

= µ(w1,≺
1 )Φ(w2,≺

1 |w2| · · · |wn))

= (ε+ µ ≺ Φ)(w1| · · · |wn),

from which the property follows. Conversely,

exp≺(κ)(w1| · · · |wn) = (ε+ κ ≺ exp≺(κ))(w1| · · · |wn)

= κ(w1,≺
1 ) exp≺(κ)(w2,≺

1 | · · · |wn).

Assuming (by induction on the total tensor degree
of the expressions) that exp≺ acts as a character on
(w2,≺

1 | · · · |wn), we obtain:

exp≺(κ)(w1| · · · |wn)

=(κ(w1,≺
1 ) exp≺(κ)(w2,≺

1 )) exp≺(κ)(w2) · · · exp≺(κ)(wn)

=exp≺(κ)(w1) exp≺(κ)(w2) · · · exp≺(κ)(wn).

3.4 From full to non-crossing Green’s functions

We now turn to the relationship between full and con-
nected planar Green’s functions viewed through the
prism of non-crossing partitions.
Definition 18. The splitting map Sp is the map from
T (J) to NC(J) defined on w = w1 · · ·wn ∈ T (J) as
follows:

Sp(w1 · · ·wn) :=
∑

L∈NCn

L(w1 · · ·wn).

This is extended multiplicatively to a unital map Sp from
T̄ (T (J)) to T̄ (NC(J)), i.e., for w1, . . . ,wk,

Sp(w1| · · · |wk) := Sp(w1)| · · · |Sp(wk).

The name “splitting map” is chosen because on dual
spaces it permits the “splitting” of the value of a lin-
ear form ϕ on T (J) (typically the full Green’s function)
into a sum of terms indexed by non-crossing partitions
(typically, the non-crossing Green’s functions).
Theorem 19. [18] The map Sp from T̄ (T (J)) to
T̄ (NC(J)) is an unshuffle bialgebra morphism.

The previous constructions are dual to each other.
That is, the linear dual of an unshuffle coalgebra is a
shuffle algebra, and a morphism f between two unshuf-
fle coalgebras induces a morphism of shuffle algebras,
written f∗, between the linear duals. In particular, we
have the following.
Lemma 20. The map Sp from T (T (J)) to T (NC(J))
induces a morphism, Sp∗, of shuffle algebras with units,
from T̄ ∗(NC(J)) to T̄ ∗(T (J)).

Lemma 21. The map Sp∗ restricts to maps from GNC

to GK and from gNC to gK.

Indeed, the map Sp from T (T (J)) to T (NC(J)) is in-
duced multiplicatively by a map from T (J) to NC(J).
With the same notation as at the beginning of this sec-
tion, we find that Sp(w1| · · · |wn) = Sp(w1)| · · · |Sp(wn).
Therefore, for Φ ∈ GNC we have that

Sp∗(Φ)(w1| · · · |wn) = Φ ◦ Sp(w1| · · · |wn)

= Φ(Sp(w1)| · · · |Sp(wn))

= Φ ◦ Sp(w1) · · ·Φ ◦ Sp(wn)

= Sp∗(Φ)(w1) · · ·Sp∗(Φ)(wn),
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and Sp∗(Φ) ∈ GK. A similar argument holds for in-
finitesimal characters.

Notice that elements in GNC and gNC are entirely
characterized by their restrictions to NC(J). Similarly,
elements in GK and gK are characterized by their restric-
tions to T (J). It follows that any section σ of the map
Sp∗ from Lin(NC(J),K) to Lin(T (J),K) induces a sec-
tion to the map Sp∗ from GNC (resp. gNC) to GK (resp.
gK). The existence of such sections, and the surjectivity
of Sp∗, follow by direct inspection.
Theorem 22. The bijections of Theorems 10 and 17
commute with Sp∗, in the sense that given Φ and κ,

Sp∗(Φ) = ε+ Sp∗(κ) ≺ Sp∗(Φ) = exp≺(Sp∗(κ)).

The theorem follows from Lemma 20 and Lemma 21.
In view of Theorems 22, 17, and 10, and of the previous

results in this section, one can use any section σ of the
map Sp∗ from Lin(NC(J),K) to Lin(T (J),K) to lift the
equation τZ = ε + τW ≺ τZ relating full and connected
Green’s functions to non-crossing partitions. That is, to
Lin(NC(J),K).

For that reason, we introduce a so-called “standard
section”. In free probability, this leads to a new pre-
sentation of the classical Möbius-inversion type relations
between free moments and free cumulants [18]. Other
choices of sections are theoretically possible, which would
lead to different lifts for non-crossing partitions of the re-
lations between full and connected planar Green’s func-
tions. Whether or not such sections may yield interesting
result, for example from an algebraic or combinatorial
point of view, is yet to be investigated. However, for the
subject of the present article, planar QFT, the choice
of a section is governed by physics, and seems to be es-
sentially unique from this point of view. Introducing
sections than the “standard section” that follows would
probably be pointless.
Definition 23. Let κ be a unital map from T (J) to K.
We call the linear form sd(κ) on NC(J) the standard
section of κ, which for w = w1 · · ·wn is defined by

sd(κ)(L(w)) := κ(w1 · · ·wn)

if L is the trivial non-crossing partition (L = [n]), and
zero otherwise.

For an arbitrary non-crossing partition L = {L1, . . . ,

Lk} of [n], we write κL(w1 · · ·wn) :=
∏k

i=1 κ(wLi). We
write ϕ for the solution to ϕ = ε+κ ≺ ϕ with the notation
of Theorem 10.
Proposition 24. The solution Ψ of the equation Ψ =
ε + sd(κ) ≺ Ψ in Lin(T̄ (NC(J)),K) satisfies, for an
arbitrary non-crossing partition L ∈ NCn,

Ψ(L(w1 · · ·wn)) = κL(w1 · · ·wn). (55)

Therefore, we obtain the following identity:

Ψ(Sp(w1 · · ·wn)) =
∑

L∈NCn

κL(w1 · · ·wn)

= ϕ(w1 · · ·wn). (56)
The identity Ψ(Sp(w1 · · ·wn)) = ϕ(w1 · · ·wn) follows

from Theorem 22, because
Ψ ◦ Sp = Sp∗(Ψ) = ε+ Sp∗ ◦ sd(κ) ≺ Sp∗(Ψ)

= ε+ κ ≺ Sp∗(Ψ),

from which we obtain (by unicity of the solution) that
Sp∗(Ψ) = ϕ.

The first identity, from which Ψ(Sp(w1 · · ·wn)) =∑
L∈NCn

κL(w1 · · ·wn) is deduced, follows by induction
on [n]. Let us assume that the identity (55) holds for
non-crossing partitions of [p] with p < n. Then, we ob-
tain:
Ψ(L(w1 · · ·wn))

=
∑

Q
⨿

adm
P=L

sd(κ)
(
st(Q)(wQ)

)
Ψ
(
st(JL,Q

1 )(wJL,Q
1

)| · · · |st(JL,Q
k(L,Q)(wJL,Q

k(L,Q)
)
)
.

However, because sd(κ) vanishes on all non-crossing par-
titions except for trivial ones, terms on the right hand-
side vanish except when Q is the component of L con-
taining 1, and the expression finally reduces to
Ψ(L(w1 · · ·wn))

= sd(κ)(st(L1)(wL1)Ψ(st(L2)(wL2)| · · · |st(Lk)(wLk
))

= κ(wL1)Ψ(st(L2)(wL2)| · · · |st(Lk)(wLk
)),

where L = {L1, . . . , Lk}. From the induction hypothesis
and the multiplicativity of Ψ, we obtain the expected
identity:

Ψ(L(w1 · · ·wn)) =
k∏

i=1

κ(wLi).

Corollary 25. Let κ be the infinitesimal character on
T (J), defined by the connected Green’s function:

κ(w1 · · ·wn) := W(n)
si1 ···sin .

We have sd(κ)(L(w1 · · ·wn)) = W(n)
si1 ···sin if L = [n], and

it is equal to zero otherwise. Moreover, the solution to
Ψ = ε+ sd(κ) ≺ Ψ is the non-crossing Green’s function;
that is,

Ψ(L(w1 · · ·wn)) = N(n)
si1 ···sin (L).

In addition, we recover from the properties of the splitting
map Sp the relation linking full and non-crossing Green’s
functions:

Z(n)
si1 ···sin = Ψ(Sp(w1 · · ·wn)) =

∑
L∈NCn

N(n)
i1···in(L).
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3.5 From full to connected (classical case)

Recall that in the classical setting, the relation between
full and connected Green’s functions in the functional
framework is given by

Z(j) = exp
(
W (j)

)
. (57)

By functional derivation, we obtain that
∂

∂jk1

Z(j) = (
∂

∂jk1

W (j))Z(j).

Because the underlying algebra is commutative, the
usual Leibniz rule of differential calculus applies, and
we obtain that

Z
(n)
i1···in =

∂n

∂jin · · · ∂ji1

∣∣∣∣∣
j=0

exp
(
W (j)

)
=

∂n−1

∂jin · · · ∂ji2

(
(∂ji1W (j))Z(j)

)∣∣∣∣∣
j=0

=
∑

S={1,s2,...,sk}⊂[n]

W
(k)
i1is2 ···isk

Z
(n−k)
i2···is2−1is2+1···isk−1isk+1···in

=
∑

S={1=s1,...,sk}⊂[n]

W
(k)
is1 ···isk

Z
(n−k)
il1 ···iln−k

,

where L = {l1, . . . , ln−k} and L
⨿

S = [n].
We will now show that the relation between classi-

cal full and connected Green’s functions is naturally de-
scribed in the context of the cocommutative unshuffle
bialgebra T̄ (J) with coproduct (14). Indeed, the cocom-
mutativity of the coproduct ∆xxy

≻ = τ ◦∆xxy
≺ implies that

for arbitrary α, β ∈ T ∗(J), we have that

α ≺ β = β ≻ α.

Thus, T̄ ∗(J) = Lin(T̄ (J),K) is a unital commutative
shuffle algebra for the left and right half-shuffle products
≺ and ≻ defined in (12) and (13), respectively. Now, let
ϕ : T̄ (J) → K be a unital map in T̄ ∗(J), and consider
the linear fixed point equation

ϕ = ι+ τ ≺ ϕ. (58)

Here, the map ι : T̄ (J) → K is the projection onto K1
orthogonally to T (J). Let w = ji ∈ J ↪→ T (J) be a
letter. Then, ∆xxy

≺(ji) = ji ⊗ 1. With ϕ(1) = 1, we find
that

ϕ(jk1) = τ(jk1).

Next, we examine the word w = w1w2 ∈ T2(J). Recall
that we have the left half-unshuffle ∆xxy

≺(w1w2) = w1w2⊗
1 + w1 ⊗ w2, such that

ϕ(w1w2) = τ(w1w2) + τ(w1)τ(w2).

For the order three word w = w1w2w3 ∈ T3(J), the left
half-unshuffle yields that

ϕ(w1w2w3) = τ(w1w2w3) + τ(w1)τ(w2w3)

+τ(w1w3)τ(w2) + τ(w1w2)τ(w3)

+τ(w1)τ(w2)τ(w3).

In addition, for the order four word w = w1w2w3w4 ∈
T4(J), the left half-unshuffle gives that

ϕ(w1w2w3w4)

= τ(w1w2w3w4) + τ(w1w2)ϕ(w3w4)

+ τ(w1w3)ϕ(w2w4) + τ(w1w4)ϕ(w2w3)

+ τ(w1)ϕ(w2w3w4) + τ(w1w2w3)ϕ(w4)

+ τ(w1w2w4)ϕ(w3) + τ(w1w3w4)ϕ(w2)

= τ(w1w2w3w4) + τ(w1w2)τ(w3w4)

+ τ(w1w4)τ(w2w3) + τ(w1w3)τ(w2w4)

+ τ(w1w3)τ(w2)τ(w4) + τ(w1w2)τ(w3)τ(w4)

+ τ(w1w4)τ(w2)τ(w3) + τ(w3w4)τ(w1)τ(w2)

+ τ(w2w3)τ(w1)τ(w4) + τ(w2w4)τ(w1)τ(w3)

+ τ(w1)τ(w2)τ(w3)τ(w4) + τ(w1)τ(w2w3w4)

+ τ(w1w2w3)τ(w4) + τ(w1w2w4)τ(w3)

+ τ(w1w3w4)τ(w2).

Next, observe that by defining the linear map τ(w) :=

τW (w) := W
(|w|)
i1···in for w = w1 · · ·wn ∈ Tn(J) and

wk = jik ∈ J , with τ(1) := 0, we obtain that the above
relations are the same as the relations (2) between the
classical full and connected Green’s functions up to order
four, i.e., ϕ(w) = τZ(w) := Z

(|w|)
i1···in .

Hence, analogously to the planar case, we obtain that
the relation between classical full and connected Green’s
functions τZ and τW , respectively, is encoded by the lin-
ear fixed point equation

τZ = ι+ τW ≺ τZ , (59)

in T̄ ∗(J). Indeed, by the definition of the left half-shuffle
product ≺, this equation gives that for any word w =
w1 · · ·wn ∈ Tn(J),

Z
(n)
i1...in

= τZ(w) = (τW ≺ τZ)(w)

=
∑

S={1=s1,...,sk}⊂[n]

τW (wS)τZ(w[n]−S)

=
∑

S={1=s1,...,sk}⊂[n]

W
(k)
is1 is2 ···isk

Z
(n−k)
i2···is2−1is2+1···isk−1isk+1···in . (60)

The solution to this fixed point equation is given by
exponentials.
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Theorem 26. Expanding the linear fixed point equation
(59) yields that

τZ = exp≺ (
τW

)
. (61)

A closed solution is given in terms of the exponential
map, defined with respect to the commutative shuffle
product ∃

: T̄ ∗(J)⊗ T̄ ∗(J) → T̄ ∗(J):

τZ = exp

∃ (
τW

)
, (62)

which is the convolution product in T̄ ∗(J), defined in
terms of the left and right half-shuffles defined in (12)
and (13) respectively, i.e., ∃

=≺ + ≻.

Proof. The first statement is obvious, and follows from
comparing the expansions of (61) with the iteration of
(59). The second statement follows from the fact that
the unshuffle coproduct (8) is cocommutative. In the
resulting commutative shuffle algebra, Theorem 11 gives
that Ω′(τW ) = τW . It is easy to verify that the shuffle
algebra identity a

∃ n = n! a≺n holds.
Note the following interesting identity for exponen-

tials:

Z
(n)
i1···in =

∂n

∂jin · · · ∂ji1

∣∣∣∣∣
j=0

exp
(
W (j)

)
= exp

∃

(τW )(w),

for w = w1 · · ·wn. This follows immediately from the
Leibniz rule.

3.6 Partition Green’s function (classical case)

We have seen that the relation between full and con-
nected Green’s functions can be refined in the planar
case by introducing non-crossing Green’s functions. The
corresponding relations can be refined in a similar man-
ner in the classical case. The approach we develop here
appears to be new. We will sketch the arguments, which
follow along the same lines as for the planar case.

A Feynman graph Γ in a given QFT splits into n ≥
k ≥ 1 connected components. Grouping external legs
according to when they belong to a common connected
component defines a partition L = {L1, . . . , Lk} of [n].
From now on, we assume that Li are ordered according
to their minimal elements, so that 1 ∈ L1. Summing
over all partitions of [n] (the set of partitions of [n] is
written Pn), we get that

Z
(n)
i1···in =

∑
L∈Pn

k∏
i=1

W
|Li|
li1···li|Li|

,

where Li = {li1, . . . , li|Li|}. We abbreviate W
|Li|
li1···li|Li|

to
WLi from now on, and define the partitioned Green’s

functions as

P
(n)
s1···sn(L) :=

k∏
i=1

WLi ,

so that

Z
(n)
s1···sn =

∑
L∈Pn

P
(n)
s1···sn(L).

Notice that we deliberately employ a similar notation as
for the planar case, because it will always be clear from
the context whether we are working in the setting of a
planar or non-planar theory.

The corresponding bialgebra of partitions is defined as
follows. We write P (resp. P̄) for the linear span of the
Pn, for n ∈ N+ (resp. in N). The product is the shifted
concatenation of partitions. For a partition [n] of L =
{L1, . . . , Lk} and a partition [m] of K = {K1, . . . ,Kl},
L · K is the partition {L1, . . . , Lk,K1 + n, . . . ,Kl + n}
of [n + m], where for a subset S = {s1, . . . , sp} of the
integers, S + n stands for {s1 + n, . . . , sp + n}. The co-
product acting on partitions is simply the (standardized)
unshuffling coproduct:

∆(L) = ∆({L1, . . . , Lk}) =
∑

I
⨿

J=[n]

st(LI)⊗ st(LJ),

where LI = {Li1 , . . . , Lik} for I = {i1, . . . , ik}. This
coproduct is a map of algebras from P to P ⊗ P, and is
coassociative:
(∆⊗id)⊗∆(L) =

∑
I
⨿

J
⨿

K=[n]

st(LI)⊗st(LJ)⊗st(LK)

= (id ⊗∆) ◦∆(L).

It splits naturally into two half-coproducts, as

∆≺(L) :=
∑

I
⨿

J=[n]
1∈I

st(LI)⊗ st(LJ),

and ∆≻ := ∆−∆≺.
Decorated partitions are defined exactly as in the case

of non-crossing partitions, and the previously given con-
structions also hold in the presence of decorations. Fi-
nally, we obtain the following theorem.
Theorem 27. The algebra P and its decorated version
P(J) equipped with the concatenation product and the
coproduct ∆ = ∆≺ +∆≻ are unshuffle bialgebras.

Using mutatis mutandis the same notations as for the
planar case, the splitting map Sp is now defined as a
map from T (J) to P(J) as

Sp(w1 · · ·wn) :=
∑
L∈Pn

L(w1 · · ·wn),

and we obtain the following proposition (the proof of
which is left to the reader).
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Proposition 28. The splitting map Sp is a map of un-
shuffle bialgebras from T̄ (J) to P̄(J).

The standard section of a unital map κ from T (J) to
the scalars is defined for a word w = w1 · · ·wn ∈ T (J),
by

st(κ)(L(w1 · · ·wn)) := κ(w1 · · ·wn)

if L is the trivial partition (L = [n]), and zero otherwise.
For an arbitrary partition L = {L1, . . . , Lk} of [n], we
write

κL(w1 · · ·wn) :=
k∏

i=1

κ(wLi).

Finally, we obtain the following result.
Proposition 29. Let κ be the linear form on T (J), de-
fined by the connected Green’s function

κ(w1 · · ·wn) := W
(n)
i1···in .

Then, we have that sd(κ)(L(w1 · · ·wn)) = W
(n)
i1···in if L =

[n], and it is zero otherwise. Moreover, the solution to
the linear fixed point equation

Ψ = ι+ sd(κ) ≺ Ψ

gives the partitioned Green’s function. That is,

Ψ(L(w1 · · ·wn)) = P
(n)
i1···in .

From the properties of the splitting map Sp, we recover
the relation linking full and partitioned Green’s functions:

Z
(n)
i1···in = Ψ(Sp(w1 · · ·wn)) =

∑
L∈Pn

P
(n)
i1···in .

To simplify notation, we have assumed that for the word
w = w1 · · ·wn ∈ T (J), the letters wk = jik ∈ J . Recall
that Z(l)

i1···il are actually functions, whose variables ik run
implicitly over the set of all possible physical parameters
characterizing the particles (or fields) of the theory.

4 Conclusion

It has recently been shown [17, 18] that Hopf algebra and
half-shuffle techniques can be used to shed new light on
the relationship between moments and cumulants in free
probability. In the present article, the same approach
has been applied to field theories in the planar setting.
Generating series for the full and connected Green’s func-
tions are related through a linear fixed point equation,
with respect to a suitably defined half-shuffle product.
This approach allows the notion of non-crossing Green’s

functions to be introduced naturally. This also facili-
tates an understanding of the combinatorics of theories
in the planar sector, from a group theoretical point of
view. That is, full Green’s functions are now viewed as
the components of a character on an appropriate Hopf
algebra. The same approach can be developed for classi-
cal field theories, leading to similar results. Finally, we
remark that one-particle irreducible (1PI) Green’s func-
tions can be analyzed using similar techniques. These
will be the subject of forthcoming work.
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