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A framework for analytical studies of superconducting systems is presented and illustrated. The
formalism, based on the conformal transformation of momentum space, allows one to study the
effects of both the dispersion relation and the structure of the pairing interaction in two-dimensional
anisotropic high-T. superconductors. In this method, the number of employed degrees of freedom
coincides with the dimension of the momentum space, which is different compared to that in the
standard Van Hove scenario with a single degree of freedom. A new function, the kernel of the
density of states, is defined and its relation to the standard density of states is explained. The
versatility of the method is illustrated by analyzing coexistence and competition between spin-singlet
and spin-triplet order parameters in superconducting systems with a tight-binding-type dispersion
relation and an anisotropic pairing potential. Phase diagrams of stable superconducting states in
the coordinates 7 (the ratio of hopping parameters) and n (the carrier concentration) are presented
and discussed. Moreover, the role of attractive and repulsive on-site interactions for the stability of
the s-wave order parameter is explained.
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33 Phase di for stabl ducti tion processing. The new generation superconductors,
’ ase dlagrams lor stable superconducting such as copper-oxides, where charge carriers are effec-
states ) ) 8 tively confined within the CuOs planes, are usually de-
3.3.1 B'Csftype approxm.latl'on 9 scribed as quasi-two-dimensional (quasi-2D) systems of
3.3.2  Single-band tight-binding model 9 fermions [1-7]. This is due to the characteristic, strongly
4 Conclusions 13 anisotropic, layered structure of these materials with
Acknowledgements 14 the symmetry of the CuO, planes characterized by the
Appendix A: Curvilinear transformations 14 point group Cy, [8-12]. Currently, various approaches

(© Higher Education Press and Springer-Verlag Berlin Heidelberg 2016



wn
Q
or
wn
)
=
Ay
i
(=}
&
O
or=
2
=
(=}
Sl
=

REVIEW ARTICLE

are used to explain the different properties of new gen-
eration superconductors, including those with high crit-
ical temperatures [13, 14]. In most of these proposals,
a single microscopic mechanism responsible for high-
T, superconductivity is assumed, although this mech-
anism has not been equivocally identified yet. Some of
the recent ideas include a mechanism based on coupling
through electron-electron interaction [15], spin exchange
[16, 17], and a modified phonon-mediated mechanism
[18, 19] proposed by Anderson [20, 21| and based on the
concept of resonating valence bond states. On the other
hand, in all of these approaches, whatever the mecha-
nism is, it leads to the formation of Cooper pairs.

A common feature of all new generation supercon-
ducting materials, in particular those with the highest
critical temperature, is not only their highly anisotropic
and quasi-2D structure, but also a non-trivial dispersion
relation characterizing one-particle excitations. There-
fore, any theoretical approach that aims at providing
an effective framework to study novel superconducting
systems should be able to incorporate these features at
a very fundamental level.

In Landau’s theory of Fermi liquids [22, 23], one as-
sumes that the microscopic properties of a system of
strongly interacting particles can be mapped onto a gas
of elementary excitations (Landau quasi-particles), with
an appropriate distribution function depending on the
quasi-particle energy. Additionally, there is a corre-
spondence between the Fermi-liquid and Fermi-gas en-
ergy levels, since particles gradually changes into quasi-
particles with specified energies as the interaction is
being turned on slowly. Consequently, the number of
quasi-particles is equal to the number of particles. How-
ever, the energy of the system is not simply the sum of
energies of quasi-particles defined this way. Instead, the
energy is a functional of their distribution function. For
an infinitesimal change of the quasi-particle distribution
function, the change in the total energy (per unit vol-
ume) is 6F = [ edndr, where 7 = dp,dp,dp./(27h)3.
The quantity £(p, o) = JE/én(p, o) is the variational
derivative of the energy E with respect to the distri-
bution function n and can be considered the Hamilto-
nian of one added quasi-particle with a definite momen-
tum and spin in a self-consistent field. On the other
hand, in Landau’s Fermi-liquid theory, the second varia-
tional derivative defines a quasi-particle interaction, the
so-called Fermi-liquid interaction, which is responsible,
among other things, for renormalization of the effective
mass.

In the developed Landau theory, it has been assumed
that the inclusion of an inter-particle interaction, which
transforms a Fermi gas into a Fermi liquid, cannot
change the symmetry of the system. Since the system
of non-interacting fermions is isotropic, the same sym-
metry has to be inherited by the Fermi liquid. The
assumption implies an extremely drastic limitation of
possible fermion systems to which the Fermi liquid the-
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ory can be applied. In order to extend the application
scope of the theory, we assume that the symmetry of
the system undergoes a slow modification from isotropic
to anisotropic, while the interaction is being turned on
slowly (adiabatically). This procedure results in the for-
mation of an anisotropic system for which the recipro-
cal anisotropic space with a non-parabolic one-particle
excitation spectrum can be constructed. To reach the
ultimate goal of extending the application scope of the
theory, we postulate that the reciprocal (momentum)
space corresponding to the anisotropic system can be
transformed into an isotropic form with a parabolic
(Landau) quasi-particle spectrum. However, all interac-
tion effects that would lead to the anisotropic reciprocal
space and non—parabolic energy spectrum are now in-
cluded by means of an additional scalar field modifying
the size of the quantum-mechanical states. This new
scalar field is imposed on the isotropic reciprocal space.
It is worth emphasizing that the traditional approach is
entirely equivalent to the postulated one. In addition,
we would like to emphasize, once again, that the com-
plete information about interactions and symmetry of
the system is contained in the introduced scalar field
imposed on the momentum space. The method proves
to be a very effective tool in studies of new-generation
superconducting systems. In particular, it may be used,
as we will show later in the present paper, to study the
symmetry of the order parameter implied by the struc-
ture of the pairing potential and its group-theoretical
properties [9-11, 24].

The paper is organized as follows: In Section 2 we in-
troduce the general idea of the conformal transformation
method. The effectiveness of the method is illustrated
with both analytical and numerical results in Section
3, where the formalism is applied to study the prob-
lem of coexistence and mutual competition between sta-
ble spin-singlet and spin-triplet superconducting states,
within both a BCS-type and a tight-binding approach.
The paper concludes with a brief summary in Section 4.

2 Conformal transformation method

Because our primary interest area is in new-generation
superconducting systems, we present the conformal
transformation method in a formulation that can be di-
rectly applied to such quasi-2D and highly anisotropic
systems [24, 25]. The mathematical foundations of the
method and its detailed discussion in a more general
setting were presented in Ref. [26].

2.1 Transformation of the reciprocal space
Let us consider an effective single-band model with a

one-particle dispersion relation, a differentiable function
of the momentum p, which can be written in the form
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¢ = &(p1,p2), where the momentum vector is of the
form p = pie; + pses. We also assume that the dis-
persion relation has been renormalized by means of the
mass operator, so that it includes all two-particle in-
teractions in the particle-hole channel self-consistently.
The unit vectors e; and ey form a basis of the momen-
tum space, so that they are also basis vectors of the
reciprocal CuO plane. The Fermi surface (line) is de-
fined by the equation £(p) — u(0) = 0, where ©(0) is the
chemical potential at T' = 0.

For an anisotropic system with a parallelogram-like
reciprocal lattice the basis eq, es is not orthonormal.
Performing a linear (orthonormal) transformation D,
described by a 2 x 2 matrix, which keeps the topology of
the reciprocal planar lattice, the momentum space can
be transformed in such a way that in the new space with
the orthonormal basis f1, fa, where f; = D;1e1+Djseo,
the reciprocal lattice becomes a square one. In this
transformed space, the vector p = pie; + poes is re-
placed by the equivalent vector p’ = p1 f1 + p2 f2. Since
p’ = ple1 +phes, the introduced components satisfy the
relation p; = Dy;'p} + Dy;'ply, where D™! denotes the
inverse matrix. Now, the dispersion relation as a func-
tion of the momentum components p;, ph, determined
in the orthonormal system, reads

¢ = §(Dyy'ph + Dyy'ph, Dy ph + Dy, ph).

Hereafter, we assume that the particle energy in the
dispersion relations is measured from the Fermi level.
Then, the equation £ = const defines equi-energy lines
(in particular, for £ = 0, it defines the Fermi line). The
shape of these lines can be quite arbitrary, although it
should always reflect the symmetry of the system. More-
over, it implies that we must not treat this system of
fermions as a Landau Fermi liquid. On the other hand,
we need to remember that after the transformation D,
summation or integration in the new coordinate system
requires including the Jacobian of the form

Op;

8p§-

J(p') =

9

which is for the time being constant, and J(p') =
det(D™1). Considering an anisotropic system, in which
the basis vectors of its reciprocal 2D lattice e;, es are
not orthonormal and they are not of the same length,
we may assume that |e;| = 1. Then the orthonormal
transformation is represented by the following matrix

1 0
D:(—cota 1)’
|ea| sin a

where « is the angle between the vectors e; and es.
Now, the Jacobian reads J(p},ps) = |ez|sina. Eventu-
ally, after employing the above transformation we have
at our disposal a system with an orthonormal basis f
and fy such that |e1]| = |fi1]| = | f2]-
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For instance, if the dispersion relation is of the
parabolic form in the initial system, i.e.,

1
£(p1,p2) = w(p% +3) — s

where m* denotes the effective mass and p is the chem-
ical potential, then in the transformed system

[(p))*+2p)phlez| cos a+(ph)?|ea|*]— .

S(pi,p’g)=2m*

After a rotation of the coordinate system by the angle

2 .
B = §arctan (%) it reduces to a more symmet-

ric, simplified, and equivalent form

1 1

£(p1,ph) = Tm(pll)z + %(PQ)Z = (1)
where m, and my are some mass-parameters, whose pre-
cise definitions are omitted. The Jacobian of any rota-
tion of a coordinate system is always equal to 1. Thus,
in this new Cartesian coordinate system the equi-energy
lines are concentric ellipses.

Hence, the increase in the symmetry of the coordi-
nate system is followed by a change of the form of the
dispersion relation, which can now become more com-
plicated. Therefore, the symmetry properties of the sys-
tem, which are inherited from the crystal lattice sym-
metry, can be transferred into the dispersion relation.

2.2  Generalized conformal transformation of the
reciprocal space

Now, our intention is to construct a new orthonormal
2D space in which £ stands for one of the coordinate axes
(an outline of a more general discussion is presented in
Appendix A). Since V¢ is always perpendicular to the
equi-energy lines, the following condition for the gradi-
ent direction has to be fulfilled:

0¢/0p1  O¢/Op2’

On the other hand, by virtue of Picard’s theorem, we
state that the solution of the differential equation

dp1 _ 9¢/0p1
dp2  9/0p;

always exists and is a one-parameter family of integral
curves ¢ = ¢(p1,p2), where the curves ¢(py,p2) = C are
called isoclines. Note that defining the Pfaff’s differen-
tial form

dp1 dp2 @)

o0& o0&
DZ(p1,p2) = —=d —dpa,
(p1,p2) Oy 01 T g, P2
Eq. (2) can be read as Pfaft’s equation DZ(p1,p2) = 0.
Pfaff’s equation of two independent variables always
has an integrating factor v = ~(p1,p2), such that
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v(p1,p2)DZ(p1, p2) = do(p1,p2) is a total differential.
Thus,

0¢ 0

—( )5 - 99 o 09
Y (P1, P2 O 6p1’

) a8 — T 43 > 3
v(p1,p2) B, s (3)

and hence the gradients V¢ and V¢, defining perpendic-
ular directions to the equi-energy curves and isoclines,
respectively, obey the condition

o 96, 96 98 _

Ve VO = o b T Opaops

which ensures that the new 2D system of curvilinear
coordinates (&, @) is orthogonal. In general, the coordi-
nate &, which is the particle’s energy, can vary in the
conduction band, while the range of the coordinate ¢
can be chosen arbitrarily and can be infinite. However,
we can formally replace ¢ by the angular coordinate of
the polar coordinate system ¢ by using trigonometric
functions. Then, the range of the new coordinate be-
comes finite. Note that for a function ¢ = ¢(¢) we have
the relation

dy

which ensures that the coordinate system (&, ¢) is also
orthogonal, since V¢ - Vo = 0. Moreover, employing
the symmetry of the system, which is directly reflected
in the form of the dispersion relation, we can limit our
consideration to the representative region of the (p1, p2)-
plane, and the range of the angular coordinate ¢ can be
settled in regard to the full rotation of the plane, i.e.,
0 < ¢ < 27w. Then we can assume that locally, in sep-
arated regions of the (p1,p2)-plane, we can derive p;
and py as functions of ¢ and ¢, because both functions
&(p1,p2) and @(p1,p2) are differentiable. On the other
hand, we emphasize that the analytical forms of p; and
po as functions £ and ¢ or ¢ can be derived merely for
a few specific forms of the particle’s energy, neverthe-
less they can always be found numerically. Therefore,
the present method allows us to transform the 2D Carte-
sian coordinate system (p1, p2) into a specific curvilinear
orthogonal coordinate system (&, ¢), employing given
¢ = &(p1,p2) and derived ¢ = ¢(p1, p2) relations.

In the standard formulation, the conformal map-
ping is given by a single-valued complex analytic func-
tion, where its real and imaginary parts define equi-
energy curves and isoclines, respectively, which satisfy
the Cauchy-Riemann conditions. Since we do not re-
quire that

98 _ 99
op1 Op2’

98 _ 09
Ip2 op1’
and conditions of the Cauchy-Riemann type are satis-
fied only if v(p1,p2) = 1, we maintain that the present

formalism constitutes a generalization of the confor-
mal transformation, contrary to the standard confor-
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mal transformation where these conditions must be ful-
filled. Note that, in the present formalism, the func-
tion ¢(p1,p2) is not given but is derived in relation to
&(p1,p2), wherefore these functions must satisfy the con-
ditions of Eq. (3). Thus, v(p1,p2), and hence ¢(p1,p2),
can always be scaled by an arbitrary multiplicative con-
stant.

2.3 Kernel of the density of states

The generalized conformal transformation introduces lo-
cal changes of the density of states in the (&, ¢)-space
which can be expressed by means of the Jacobian

op1 Op

_ | 90
T =] opy opy |1 (4)

o0& 0¢

which in general must be derived in the (&, ¢)-space lo-
cally, in order to ensure that it is a single-valued func-
tion.

Therefore, whenever summation over quantum-—
mechanical states is replaced by integration over the
particle’s energy, one has to include also the integration
over ¢

Zp:...@fr)z/dg/dqu(g,@..., (5)

where the latter integral is over the whole range of ¢. To
reduce the formula to the form applied in the Van Hove
scenario, we define the average density of states in the

(&, ¢)-space for a fixed £ as v(§) = #]dqﬂ(f,(ﬁ),
which is the usual density of states defined as v(§) =
a? d
= | we

Then, in the case when the anonymous integrand in
Eq. (5) is independent of ¢, the right-hand-side (rhs)
reduces to the form postulated in the Van Hove scenario,
and

%/dg/dw(mp)...:/dgy(g)....

However, when the integrand is a function of £ and ¢,
as for e.g., p- or d-wave paired superconductors, one
must take into account that, in general,

/dmg,@... ” f(lw,/d¢%<§,¢’>/d¢...7 (6)
where
K(€.¢) = ﬁﬂw)

is the kernel of the density of states and its value cor-
responds to the local deformation or modification of
quantum-mechanical states in the (£, ¢)-space, which is
a result of the applied transformation. Moreover, the

Mateusz Krzyzosiak, et al., Front. Phys. 11(6), 117407 (2016)
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integration of the rhs of Eq. (6) depends on the choice
of ¢. Therefore, as has been mentioned already, in some
other approaches this variable is chosen as the angular
variable 0 < ¢ < 27, identical to the one introduced in
the standard polar coordinate system. Although such a
choice ensures that

/OﬂgfIC({,@)...z/owgiu(g)..., (7)

when the anonymous integrand is independent of ¢, and

e =[x, )

0

it proves that the Van Hove scenario cannot be applied
to other than pure s-wave pairing [7, 25].

3 Analysis of coexistence and competition
between spin-singlet and spin-triplet order
parameters in superconducting systems

In the present section, we illustrate the conformal trans-
formation method by applying it to the problem of coex-
istence and mutual competition between the spin-singlet
s- and d-waves and the spin-triplet p-wave order param-
eters in quasi-2D superconducting systems [9-11, 24].

As we have already mentioned, high-T, superconduct-
ing systems, in particular copper-oxides, are regarded
as quasi-2D systems with CuOs planes having the point
group Cjy, symmetry [8-12]. A complete analysis of such
superconducting systems requires, in general, to take
into account spin-fluctuation or strong-correlation ef-
fects. These can usually be incorporated into the model
by means of an effective Hamiltonian of the strongly in-
teracting Hubbard model with a given (possibly multi-
band) one-particle dispersion relation, which may be en-
riched by self-energy corrections, and a quite general
form of the pairing potential V' (k, k') [5, 27-31]. As we
show below, the pairing interaction can be decomposed
into an antisymmetric and a symmetric part, determin-
ing the spin-singlet (s- and d-wave) and spin-triplet (p-
wave) symmetry of the order parameter, respectively
[9-11, 24].

3.1 Statement of the problem and fundamental
equations

Employing the Green function formalism, one can find
two fundamental equations, consistent with the mean-
field approximation. These are the gap equation in the
momentum space [8-10, 24]

Ak/ Ek/
tanh — 9
B P o (9)

Ap =) V(kK)
k/

where E, = (& — p)? + Az, and another self-

Mateusz Krzyzosiak, et al., Front. Phys. 11(6), 117407 (2016)

consistent equation

_ 1 Sk — 1 Ej
n= ; (1 B tanh 5T |- (10)

which determines the total chemical potential y = g +
w(T). Here, po fixes the shift of the Fermi level due to
doping and is a function of the conduction band filling n,
defined for the normal metallic phase at T' = 0, whereas
w(T) expresses the temperature correction (u(0) = 0).
N denotes the total number of lattice sites [9-11, 24,
32-34].

Because both the spin-singlet (s- or d-wave) symme-
try states (S =0, M = 0) and the spin-triplet (p-wave)
symmetry state (S = 1,M = 0) can be formed in
anisotropic superconductors, our aim is to investigate
the stability of various symmetry states with regard to
the properties of the system reflected in the dispersion
relation. The conformal transformation method allows
us also to include other factors into our study such as
the carrier concentration and the particular form of the
pairing potential.

In particular, we consider a 2D single-band model
with a relatively wide, partially-filled conduction band
of width 2w and the dispersion relation

&k = —2to(cos ky + cos ky +ncosky cosky), (11)

where nn = 2t1/ty and the case n = 0 corresponds to
the ideal nesting. The parameters tg, t; can be iden-
tified with the nearest-neighbor and the next-nearest-
neighbor hopping integrals, respectively [35, 36].

Next, we need to define and analyze superconductiv-
ity with anisotropic Cooper pairing for the new quasi-
particles. However, the effective interaction between
quasiparticles in strongly correlated systems is quite
complicated, as it in general depends on both the spin
and the current carried by the quasiparticles. Because
of the expected magnetically mediated pairing mecha-
nism arising from the exchange of magnetic fluctuations,
the conventional phonon-mediated pairing mechanism
raises doubts. Therefore, we assume a generic, boson-
mediated, strongly anisotropic attraction mechanism
providing pairing interaction in the spin-antisymmetric
and the spin-symmetric channels [1-3, 5, 32, 37].

Considering the Fourier-transformed generic boson-
mediated potential on a square lattice, we can assume
that it is translational invariant and separable, so that
its matrix element V(k, k') can be rewritten as

V(k,k')=V3k,k')+V*k, k'),

where the potentials V(k, k') Vi (—k, k) =
Ve(k,—k') and V2(k,k') = -—-V&*-kk) =
—Va(k,—K') refer to the spin-singlet and spin-triplet
pairing channels, respectively [9, 10, 24]. Moreover,
these components can be presented in separable forms
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Vok,K) = Vo= > V3 fim(K) fim(K),

j>1m

Va(kvkl) == Z ‘/}agjm(k)gjm(k/)~ (12)

Jjz1m

Then Vp and V;** are the amplitudes in the isotropic and
anisotropic channels, corresponding to the on-site term,
and the nearest neighbors and the next-nearest neigh-
bors neighbors terms, respectively. The momentum-
dependent functions fjm(k),gjm(k), for a given j,
should be taken from appropriate subsets of normalized
and orthogonal basis functions of irreducible represen-
tations of the group Cy, defined for the 2D momentum
space, including the appropriate pairing channel sym-
metry [9, 10, 38]. Thus, their Fermi-surface averages
(2,0 (k)) = (92,,(k)) = 1 and (£ () = (g (k) = 0,
whereas {fin (k) S5 (k) = (gim (k)gjn (k) = 0, if i #
or m # n.

In the present paper, a boson-mediated pairing mech-
anism is assumed to take a phenomenological form,
including isotropic on-site and anisotropic nearest-
neighbor interactions on a 2D square lattice, and cover-
ing a relatively narrow region in the conduction band.
In the reciprocal space, the pairing potential has the
form (assuming a, = a, = 1) [5, 39-42]

V(k, k') = =Vo—Vi[cos(k,—k} )+ cos(k, — k)], (13)

where the on-site potential with the amplitude V) can
be either repulsive or attractive, whereas the nearest
neighbor potential (amplitude V7) is always attractive.
Both vanish beyond the cut-off energy +w,.. After some
algebraic computaions, the potential (13) can be trans-
formed into the following separated forms [5, 8-10, 24,
39

S 1
Ve(k, k') = —Vo— §V1(cos ky+cos k) (cos ki, +cos k;))

1
- 5\/1 (cosk, — cos ky)(cos kj, — cos k),
(14)
Ve (k, k') = —Vi(sin k, sin k/, + sin &, sin k) (15)

compatible with irreducible representations of the group
Cy, in the 2D momentum space, and consistent with
(12).

Hence, in order to take into account both the form
of the dispersion relation (11) and that of the pairing
potential (14) and (15), for the 2D momentum space,
the subsets of the basis functions of the irreducible rep-
resentations of the group Cjy, are usually taken in the
following simplest forms (c¢f. Appendix B):

{cosky + cosky}, (16)
{cosky —cosky}, (17)
{sink, sink,}, (18)
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{sin k; sin k, (cos k,, — cosky)} (19)
{sin kz,sink, }. (20)

Since the function of the first subset (16) corresponds
to the trivial irreducible representation, this set is some-
times replaced equivalently by {1}. A complete, group-
theoretical discussion of the symmetry properties of the
invariant sets is given in Appendix B.

We emphasize that the above choice is one of many
possibilities and that these functions can be replaced by
some more composed forms. In particular, multiplying
them by (1 — cosk cosk,) ™! results in setting up an-
other set of functions being invariants of the group Cy,
[32]. Moreover, the subset of basis functions correspond-
ing to the irreducible representations can be taken, e.g.,
as

{cos ky + cos k, + m cosky cosky}, (21)
{(cosky — cosky)[1 + n2(cosky + cosky)]}, (22)
{sin ky sinky[1 + n3(cos ky + cos ky)]}, (23)
{sin k, sin k (cos ky — cos ky ) [1 +na(cos kg + cos ky)] },

(24)

{sink;[1 + ns(cos k, + cos k)],
sin ky, [1 4 ns(cos kg + cos ky)]}, (25)

where 71,72, ...,n5 are real numbers.

The functions of Egs. (16)—(18), which are invariants
of the group Cy,, are usually applied to represent the
pairing interaction, Eqgs. (14) and (15). Similarly, the
dispersion relation, Eq. (11), can be expressed by means
of the function of Eq. (21), which is another invariant of
the group Cly,, fixed for the trivial irreducible represen-
tation. Although the symmetry properties of the func-
tions in Eqgs. (16) and (21) defined by elements of the
group Cy, are identical, these functions are not equiv-
alent, except for the case 7 = 0. This means that if
m # 0, two different sets of basis functions appear.

3.2 Conformal transformation and the structure of the
pairing-potential

In the next step we employ the conformal transforma-
tion method [9-11, 24-26, 32|, which allows us to rewrite
the two fundamental Eqgs. (9) and (10) in the new coor-
dinate system (&, ¢), where £ stands for the one-particle
energy and ¢ is the angular variable of the standard
polar coordinate system. Let us emphasize again that
the formalism can be regarded as an extended Van Hove
scenario [24, 25| valid for superconducting systems with
anisotropic pairing, maintaining the correct number of
degrees of freedom in a 2D reciprocal space. As we
emphasized earlier, this transformation introduces the
Jacobian of what can be treated as the kernel of the
density of states corresponding to the local deforma-

Mateusz Krzyzosiak, et al., Front. Phys. 11(6), 117407 (2016)
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tion or modification of quantum-mechanical states in
the (£, p)—space.

k+ (&, ,m) = arccos %[X(&%n) - 1],

The coordinates k,,k, and the kernel of the den- 1
sity of states as functions of £, ¢, for the tight-binding ky (&, p,m) = arccos 5[}/(5’ @) — 1], (26)
model with the particle-hole asymmetry parameter 7,
are found as [9-11, 24-26, 32] and

1

1 1

K, v,n)

where

X(E,0m) = \/ (177250) PR () + 1) |

X $0(8), (27)

Amto 2 — X (60) — 1P\ — IV (6p) — 1P KGRI+ V(6@ 1 4sin2e

[N

and 3
1 ‘@
2% 2 =
Ve = |1 (1-n5 ) + 16720 - non(@)11e)| =
S
whereas w
1 £ £ £ 2
— 2 |2+ ]|, if =< =
B 2 (1 + 7])2 " 2to e n2t0 2t K =}
¢0(£a 7]) - 1 o
722*n*i 2o |, i >y =
2 (]_ — 7]) 2to 2to 2t
[
and Ve (53 ®3 fla 90/) - 7V0 - UO(nv n)UO (53 7, n)UO (fla n, Tl)
. ii) Pure p-wave pairing
flp) = w. (28)
sin ¢ + cos ¢ VA& @i, @) = =201 (n, n)vr (& m,n)or (&, m)
Note that ¢o(&,n) = ¢o(~&—n), X(&em) = x[cospeos o +sinpsing].
Y(*é" ®, 777), and ’C(Ea ®, 77) = ]C(*f, ®, 777) The den- lll) Pure d-wave pairing
sity of states can then be defined by [9-11, 24-26, 32] VS(E, 1€, 0) = —2Un(n, m)va(€,m, n)
2 [T/? X va(&',m,n) cos 2p cos 2¢".
vem =2 [ deki o), (29)
0 Here, for I = 0,1, or 2, v(&,m,n) = xu(&n)/xi(n,n),

and V(f, —77) = V(_fﬂ?)'

Consequently, the functions describing the spin-
singlet and spin-triplet pairing channels can be ex-
panded in a double Fourier series in the angular variable.
Because the spatial structure of the order parameter is
determined by the dominating coefficient of the Fourier
expansion, the symmetry of the order parameter can be
identified with respect to the harmonic functions sin ng
and cosny [8-10, 24, 25, 39, 43]. In the case when
one Fourier component dominates the others, the form
of the symmetric (14) and antisymmetric (15) compo-
nents of the pairing potential, responsible for the forma-
tion of the spin-singlet (s- and d-wave) and spin-triplet
(p-wave) order parameters, respectively, read

i) Pure s-wave pairing

Mateusz Krzyzosiak, et al., Front. Phys. 11(6), 117407 (2016)

the carrier concentration n = n(n, up) and

wet o
! / xi(€.m)de

2we —WetHo

)_(l(’r/a n)

is the (1, n)-dependent mean value of the Fourier coeffi-
cient x;(&,n) in the pairing region of width 2w.. Group-
theoretical symmetry properties of the separable parts
of the pairing potential in the new (&, ¢) space are dis-
cussed in Appendix C.

The function U;(n,n) = Vi[xi(n, n)]? defines the mod-
ified coupling coefficient for a particular pairing chan-
nel, satisfying the symmetry relation Uj(n,n(n, 1)) =
Ui(—n,n(—n,—uo)) for I = 0,1 and I = 2. Because
the purely s-wave pairing potential is also modified (en-
hanced or diminished) by the constant term Vg corre-
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sponding to the on-site interaction, the s-wave symme-
try superconducting state may prevail for sufficiently
large and positive Vj or it may be completely eliminated
from the system for sufficiently large and attractive Vj.

Note that the separable forms 1-3 of the reduced pair-
ing potential imply the following symmetry of the or-
der parameter: A(&,¢,l,n,n) = A(T)v(&,n,n)D(p,1),
with

D(¢,0) =1, for s-wave pairing,
D(p,1) = V2cos(¢ + 1), for p-wave pairing,
D(p,2) = V2cos2¢p, for d-wave pairing,

and only 81 = 0,£7/4,7/2 should be included [9].

With regard to the Fourier-transformed generic
boson-mediated potentials, the presented method of
expanding the pairing potential in a double series of
Fourier harmonics (sinng and cosng) is more effective
than that previously discussed, since the coefficients of
the Fourier expansion define pairing amplitudes of a
definite symmetry. Consequently, in the case of mag-
netically mediated superconductivity [1-3], where spin-
fluctuation modes contribute to the pairing amplitudes
in the singlet and triplet channels in a different man-
ner, the p-wave spin-triplet pairing appears in nearly
ferromagnetic metals. On the other hand, the d-wave
spin-singlet pairing appears in nearly antiferromagnetic
metals, which corresponds to opposite values of the fixed
parameter (+2). Thus, one can suspect that the p- and
d-wave pairing amplitudes exchange their domination
regimes when this fixed parameter takes the opposite
value.

In a general situation, the form of the interaction in
the pairing channel not only affects the symmetry of the
energy gap, but may also induce some additional effects,
e.g., opening of the gap above the critical temperature
(pseudogap behavior). This kind of effects can also be
modeled within the conformal transformation method.
In particular, the conformal transformation method has
been successfully applied in the description of a singu-
lar Fermi liquid system with a discriminating interac-
tion in spin space, which prevents double-occupation of
states with a given momentum [44, 45]. In that system,
a non-zero solution of the superconducting gap equation
above the critical temperature was found and attributed
to pseudogap behavior. Recently, other mechanisms in
the pairing channel, which result in the appearance of
the pseudogap in underdoped cuprates, have also been
suggested and discussed [46].

3.3 Phase diagrams for stable superconducting states

According to the experimental data [28, 35, 47-57], the
dimensionless parameter 7 in the 2D single-band tight-
binding dispersion relation for cuprate materials is neg-
ative and || < 0.9. On the other hand, its value as-
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sessed within the 2D ¢-J model with an antiferromag-
netic background, employing the quantum Monte Carlo
method, is positive and can take values up to 1.53. Tak-
ing tg = 0.24 eV or 0.35 €V [35], w. ranging from 26 meV
to 65 meV [28], and including the results of the local den-
sity approximation band structure calculations, where
the band structure of YBCO was considered in the egp 2
eV range [30, 31], we may choose w./(2tp) =~ 0.1 and
w/we = 11 for numerical evaluations. We also take into
account that —0.9 <7 < 0.9, and demand that the effec-
tive dimensionless pairing coefficient satisfies the weak-
coupling condition: £vo(n)Usz(n) < 0.41. In the present
study, we focus on the cases when V;/27tg = 0.6, 1, or
1.9 and the ratio v = V5 /V; ranges from —0.61 to 0.90.
This allows us to study some superconducting systems
with a partially filled conduction band, when the chem-
ical potential —1 < pug/(2tg) < 1. Then, the carrier
concentration n varies between the lower limit of 0.02
to 0.14 and the upper limit of 0.98 to 0.86.

The transformed equations (9) and (10) can be used
to derive the order parameter amplitude A(T") and the
chemical potential p = 1o+ u(T) of the superconducting
phase with the symmetry corresponding to [ = 0,1, or
2, for fixed carrier concentration n. In the limit 7' = T
these equations can be written in the following reduced
forms [9-11, 24]

we

2T
1=WMW+WMMA 42 ™ qeKc(e + posovm)

2 J_u.

where we assume that v;(§ + po,n) = 1. Consequently,
Eq. (10) reads

1 27Tds0 We
=y ) o[ Ko

« [1 _ tanhﬁ—ﬁg;“”’c)} . (31)

Examining Eq. (10) in the limit T = 0, the carrier
concentration n can be found as a function of 1 and
o for a fixed bandwidth 2w. This relation is pre-
sented in Fig. 1. Note that the relation implies that
n(_na ,UO) =1- Tl(?’], _,UO) [9’ 10, 24]

Our next goal is to determine the stability regions
for s-, p-, and d-wave symmetry superconducting states
in the (n,n)-plane for selected values of the ratio
v = Vy/V1 and a fixed amplitude V;. These stability re-
gions, which nucleate during the phase transition from
the normal to superconducting phase, can be found by
comparing the transition temperatures T.(l,n,n), found
self-consistently from Eqs. (30) and (31), for fixed values
of [, m, and pg. According to the established relations
[8-10, 24, 25, 43| the transition temperatures satisfy
the relation T, (I, —n, n(—n, po)) = Tc(l,n,n(n, —po)) for

Mateusz Krzyzosiak, et al., Front. Phys. 11(6), 117407 (2016)
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(a) 1.0
0.8
j
i
/ ~0.6
i I
n 04"
i 0.
i
I L
1 ””///

Fig. 1 The carrier concentration n as a function of n = 2t1 /to and po for the band width 2w = 4.4¢¢: (a) 3D plot and (b)
equi-concentration lines for uo/(2to) = 0,£0.3,£0.6,£0.9,£1.0. In this and the following figures, the region permitted for
the variables 1 and n, resulting from their relation to po, is shown as the unshaded area.

[=0,1,2.

3.3.1 BCS-type approximation

Before we move on to discuss the results of the tight-
binding model, we also employ a BCS-type approxima-
tion to provide a reference point. Within this approxi-
mation, the kernel of the density of states K(&,p,n) is
replaced by the average value of the usual density of
states, i.e.,

i) = 5 [ " dev(em), (32)

= i _wc
and the transition temperature can be found from the

formula

2¢7
Teo(l,mym) = iwc exp
T

(33)

where v & 0.577 is the Euler constant, or Teo(l,n,n) =
0 if Vp do; + Ui(n,n) < 0. Moreover, we have
TCO(la =1, n(_777 MO)) = TCO(la m n(na _/JO)) for I =
0,1,2.

A general observation can be formulated based on the
results of the BCS-type approximation (cf. Fig. 2). We
see that the s-wave state is preferred for a low concentra-
tion if n < —0.4 and for a high concentration if n > —0.4.
In addition, the d-wave state should be realized for suf-
ficiently large |n| (negative as well as positive) and mod-
erate n, and in the other parts of the diagram the p-wave
state prevails. On the other hand, close to the bound-
ary between the regions with a definite symmetry of the
order parameter, one can find states where the spin-
singlet s-wave and spin-triplet p-wave, the spin-singlet
d-wave and spin-triplet p-wave, or the spin-singlet s-
wave and spin-singlet d-wave order parameters coexist.
Such triple points can be clearly identified in the phase

Mateusz Krzyzosiak, et al., Front. Phys. 11(6), 117407 (2016)

ST
vo(n)[Vo b0 + Ui(n,n)] |’

diagrams (Table 1).

Detailed calculations within the BCS-type approxi-
mation illustrate how the stability areas of the s-wave
order parameter gradually fill up the diagram with in-
creasingly attractive on-site interaction (Vy > 0), and
how they are being eliminated when this interaction
becomes repulsive (Vy < 0). The diagrams of sta-
ble superconducting states obtained for v = V;/V; =
—0.25,0.25,0.5 and 0.6 are presented in Fig. 2. More-
over, the s-wave order parameter is stable in the whole
diagram area only if v > 0.64. On the other hand, for
v < —0.61, it is completely repelled from the diagram
(-09 < n <09and 0 <n <1). Hence, the triple
points of coexistence of s-, p-, and d-wave order param-
eters emerge in the diagrams for positive and negative
values of V| from a certain range, although their loca-
tion changes.

Table 1 Positions of the triple points in the diagrams of Fig. 2
found within the BCS-type approach for various values of the
ratio v.

v —0.25 0 0.25 0.5

(n,m) (—0.87,0.17) (—0.79,0.18) (—0.67,0.24) (—0.43,0.42)
(n,m) (0.87,0.83) (0.79,0.82) (0.67,0.76)  (0.43,0.58)

3.3.2  Single-band tight-binding model

Based on the results obtained in the BCS-type approx-
imation, we may expect that stable areas of the s-wave
order parameter will become larger for Vj > 0 and
shrink for Vp < 0 also in the tight-binding approach.
To verify this claim and make more precise observations
for the single-band tight-binding model, we plot the cor-
responding phase diagrams also in this case. The dia-
grams in Figs. 4 and 5 illustrate the result obtained for
three values of the pairing amplitude V3 /(27ty) = 0.6, 1,
or 1.9 after replacing uo with n and a mutual compari-
son of the transition temperatures 7. (0,7, n), Tc(1,7,n),
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(a 1.0
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0.6

0.4

(b) 1.0

0.8}
0.6
0.4

0.2

A A7 737 7 7 A 7 7 R 777 AT 77

0*%.9 -0.6 ‘ 03 0.0 0.3 0.6 0.9

d 1.0

,,,,,,,,,, St

=0.5
0.0 m A AL v /77;)77777—
-0.9 -0.6 -0.3 0.0 03 0.6 0.9
n

Fig. 2 Phase diagrams of the stable spin-singlet s- and d-wave, and spin-triplet p-wave superconducting states found within
the BCS-type approximation. The diagrams evolve significantly with changes in the ratio v = V5 /Vi: (a) v = —0.25, (b)

v =0, (¢) v=0.25, and (d) v =0.5.

@) 1.0 prrrrrrrzrrzzrzzzr77
s-wave |
0.8
0.6
=
0.4
0.2
s-wave v=0.6
0.0 ST 7a07 7277747 AT I AT T T AT T 7 A7
-0.9 -0.6 -0.3 0.0 03 0.6 0.9

(b) 1.0z
0.8F"
o6}
04

02k

0.0 £ O
0.9 06 03 0.0 0.3 0.6 0.9

Fig. 3 (a) Expulsion of the spin-singlet d-wave state from the diagram obtained within the BCS-type approximation for
v = 0.6. (b) Further increase in the value of the ratio v beyond 0.64 leads to complete expulsion of the spin-triplet p-wave
state, leaving the s-wave symmetry state as the only stable superconducting state.

and T¢(2,m,n), when the values of the v = V;/V; ratio
are equal to —0.25,0,0.25,0.5,0.6,0.7,0.85, and 0.9. We
emphasize that within the discussed model, the bound-
ary condition T¢(0,n,n) = T..(1,n,n) coincides with the
relation Tco(0,m,n) = Teo(1,n,n) for all values of v |9,
10, 24, 25).
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In Fig. 4, we present diagrams of the stability ar-
eas with the s-, d-, and p-wave order parameters re-
vealed. They appear for —0.9 < 1 < 0.9 and ng <
n < ny, where ng = n(n, uo/(2tp) = —1) > 0 and
ny = n(n, po/(2tp) = 1) < 1. The stability areas for the
order parameters of various symmetries can be observed

Mateusz Krzyzosiak, et al., Front. Phys. 11(6), 117407 (2016)
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(2) 1.0 prrrrzrrrrrzzzzzzz
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Fig. 4 Phase diagrams of stable spin-singlet s- and d-wave, and spin-triplet p-wave superconducting states found within
the single-band tight-binding model. The diagrams clearly evolve with the change of the ratio v = V,/Vi: (a) v = —0.25,
(b) v =0, (c¢) v =0.25, and (d) v = 0.5. The supreme values of the transition temperature within the d-wave state stability
area are attained along the dotted line. The half-filled conduction band [uo/(2to) = 0] is denoted by the dashed line. The

triple-point positions are given in Table 2.

in the presented diagrams when —0.61 < v < 0.64. In
particular, the s-wave state emerges in the diagram if
v > —0.61, and is preferred for low and high concen-
tration n if v is negative, zero, or positive (although
small). The stability areas for the s-wave state expand
when v increases [Fig. 4 and Figs. 5(a—c)], so that the
p-wave state is eventually eliminated from the diagram
for v > 0.64 [Figs. 5(b—d)]. The diminishing area of the
stable d-wave state forms an island in the s-wave order
parameter sea [Fig. 5(c)|, and occupies the central part
of the diagram for v up to approximately 0.9. For larger
values of v, only the s-wave state can be realized in the
system.

Note that the stability areas for the s-wave, d-wave,
and p-wave order parameters have been evaluated in the
limit A(T) — 0. Therefore, pure-symmetry states exist
in these areas only, which are separated from the oth-
ers by phase-transition lines. However, one can expect
that, in the superconducting phase, when the temper-
ature T is very close to T.(l,n,n), the phase transition
lines broaden proportionally to (7,(l,n7,n) — T'). Then
one can find regions—near to the boundaries between
the distinguished areas—where the spin-singlet s- and

Mateusz Krzyzosiak, et al., Front. Phys. 11(6), 117407 (2016)

spin-triplet p-wave, the spin-singlet d- and spin-triplet
p-wave, or the spin-singlet s- and spin-singlet d-wave
order parameters coexist [Fig. 4 and Figs. 5(a—c)].

Similar to the BCS-type approximation, also in the
tight-binding model diagrams there appear triple points
around which the spin-singlet s-wave and d-wave, and
spin-triplet p-wave order parameters can coexist [Fig. 4
and Fig. 5(a)]. The estimated locations of the triple
points are given in Table 2. The supreme values for
the transition temperature found for a given value of
the parameter n are located along the dotted line in the
d-wave order parameter region in Figs. 4 and 5. Note
that the dotted line always goes through the central
point of the diagrams (n = 0,n = 0), and that the
highest transition temperatures are attained for the d-
wave superconducting state.

In Fig. 5, we can clearly see shrinking stability areas
for the d-wave and p-wave order parameters, which are
eventually eliminated from the diagrams by the s-wave
order parameter. The stability areas for the p-wave or-
der parameter can be found in the diagram if v < 0.64,
whereas the stability areas for the d-wave order param-
eter survive until v = 0.9.
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Fig. 5

Expulsion of the stable spin-singlet d- and spin-triplet p-wave superconducting states from the diagrams by the

spin-singlet s-wave superconducting state. The results are obtained within the single-band tight-binding approach for various
values of the v = V5 /Vi ratio. (a) The stability areas of the three discussed states for v = 0.6 survive until v < 0.64. (b)
The p-wave state has been eliminated (v = 0.7). (c) The d-wave state for v = 0.85 forms an island around the central
point (n = 0,n = 0) of the diagram. (d) Only the s-wave state can be realized in the system for v > 0.9. In panels (a)—(c)
the supreme values of the transition temperature within the d-wave state stability areas are attained along the dotted line.
The half-filled band concentration [uo/(2to) = 0] is denoted by the dashed line. In panel (d) the equi-concentration lines for

to/(2to) = £0.3,£0.6, £0.9, and +1.0 are shown as thin dashed lines.

Table 2 Positions of the triple-point positions in the diagrams in Fig. 4 and Fig. 5(a) found within the tight-binding approach for

various values of the v = V/V; ratio.

v —0.25 0 0.25 0.5 0.6
(n,m) (—0.84,0.14) (—0.75,0.16) (—0.56,0.20) (—0.24,0.28) (0.046, 0.33)
(n,m) (0.84,0.86) (0.75,0.84) (0.56, 0.80) (0.24,0.72) (—0.046,0.67)

In the case of the 2D tight-binding band model, the
conformal transformation method allowed us to have
both the dispersion relation and the structure of the
pairing potential included in the discussion [8-10]. The
results obtained show that in the case of a nearly half-
filled conduction band, the spin-singlet d-wave symme-
try superconducting state remains stable for small val-
ues of the parameter 7, even if a strong attractive on-site
interaction is present (Figs. 4 and 5). Hence, the d-wave
state should be able to compete with the s-wave state
in some doped systems. It is worth to compare this
conclusion with the results obtained within the BCS-
type approximation by employing Eq. (33); the BCS-
type calculation reveals strong domination of the s-wave

117407-12

state in the presence of an attractive on-site interaction
(Fig. 3). The s-wave order parameter is stable in the
whole diagram if v > 0.64 (see Fig. 3), and it is com-
pletely eliminated from the diagram if v < —0.61 [10,
24]. The boundaries established between the stability
areas of the s- and p-wave order parameters partially co-
incide with some of those obtained for the tight-binding
model, while the boundaries between the stability areas
for the p- and d-wave order parameters keep their shape.
This results in a shift of the triple points.

Since the transition temperatures depend on 7,n, v,
and the order parameter symmetry, they vary essentially
within the diagrams and amongst themselves. This al-
lows us to argue that in some high-T, superconductors

Mateusz Krzyzosiak, et al., Front. Phys. 11(6), 117407 (2016)



REVIEW ARTICLE

of similar molecular composition, different symmetry or-
der parameters can nucleate during the phase transition.
Moreover, an isotropic on-site interaction and contribut-
ing anisotropic nearest-neighbor interactions can signif-
icantly modify the stability regions in the diagrams.

Although the above discussion involves the case
A(T) — 0 and can refer only to temperatures very close
to T, (I,m,n), which are the ones most intensively inves-
tigated in the experiment, the developed formalism can
also be employed to study the stability of the order pa-
rameters for temperatures from 0 to T¢(l,n,n). Note
that, for states with specified symmetry of the order
parameter and fixed n, the energy gap A(T') as well as
= po~+up(T) can both be derived from the transformed
equations (9) and (10) independently [9]. Then, the
free energy difference can be found by employing some
universal relations between the energy gap A(T) and
the thermodynamic potential difference defined between
the superconducting and the normal phase [59], and the
chemical potential of the superconducting phase. After
comparison of the free energy differences for the given
model parameters and temperature, one can identify the
stable order parameter. The whole procedure, however,
is quite tedious.

4 Conclusions

Within the presented conformal transformation method,
an anisotropic crystal, with an established one-particle
(quasi-particle) dispersion relation, can be considered
an isotropic Fermi liquid with an imposed scalar field
of the density of states. This field includes all the sym-
metry properties of the system, and can be introduced
into the BCS—type theory along with any pairing inter-
action. This makes the method particularly suitable for
studies of high T, superconductors. It is also worth to
emphasize that the symmetry features of s—paired su-
perconductors are included only in a residual form, av-
eraged over equi-energy surfaces (lines). These general
characteristics of the superconducting state imply that
most of the low T, superconductors reveal similar prop-
erties, which is the reason for the great success of the
BCS theory. On the other hand, in the case of high T,
new generation materials, the different thermodynamic
properties and the enhancement of the critical temper-
ature observed in the experiment, result from a great
number of Van Hove singularities on the equi-energy
surfaces (lines). These singularities may significantly
modify the density of states in the vicinity of the Fermi
level. Moreover, modification of the stoichiometric struc-
ture of a superconductor may change the shape of its
equi-energy surfaces (lines) and thereby some Van Hove
singularities may compensate for others. As a conse-
quence, some fluctuations in the density of states van-
ish, and the superconductor may lose its extraordinary
properties.

Mateusz Krzyzosiak, et al., Front. Phys. 11(6), 117407 (2016)

To illustrate the versatility of the proposed method,
we have applied it to study effects implied by the fea-
tures of the pairing potential and dispersion relation.
Comparing the results of the tight-binding approach and
those obtained for the simplified BCS-type approxima-
tion one should note the fundamental differences in the
topology of the phase diagram with regard to the sta-
bility areas of the s-, p-, and d-wave order parameters,
and their gradual evolution. The results prove that the
ratio of the pairing amplitudes v = Vp/V; and that
of the hopping parameters n = 2t;/ty, as well as the
carrier concentration n, significantly influence the tran-
sition temperature. Numerical calculations within the
tight-binding band model reveal that the spin-singlet
d- or s-wave, and the spin-triplet p-wave symmetry su-
perconducting states can be stable in large areas of the
(n,m) plane for all values of n (i.e., |n| < 0.9), if one
fixes the carrier concentration n properly. The regions
near the boundary between the areas of stable states
seem to be of special interest, because two different or-
der parameters may coexist there. The observation of
coexistence of the s-, d-, and p-wave order parameters
around triple points in the diagrams could be possible
for various doped samples if —0.61 < v < 0.64 [9, 10, 24,
28, 58]. Beyond these limits, the triple points are elim-
inated from the diagrams and, eventually, the s-wave
order parameter is being strongly suppressed or fully
favored.

Note that although the parameter n is fixed and
constant for each superconducting sample, one can
modify 7 by placing it in a uniform perpendicular mag-
netic field. Since we take into account the spin-triplet
paired states with the spin projection S, = 0 and the
spin-singlet paired states, which are affected by the
magnetic field due to the Zeeman coupling, which,
being ineffective, leads only to the renormalization of
the chemical potential p+— = pu+ %g,uBH. Therefore,
the role of the magnetic field H is to move singularities
in the kernel of the density of states K(, ¢), and in the
density of states itself, away from the Fermi surface,
and to reduce the enhancement of the transition
temperature [60]. Therefore, for sufficiently large H
the field-induced transition from the spin-singlet to
the spin-triplet superconductivity should eventually be
observed. Indeed, this has been reported recently [33].

Acknowledgements This work was supported by the Polish
Ministry of Science and Higher Education (MNiSW) in 2015/2016.

Appendix A: Curvilinear transformations

General properties of curvilinear transformations and
their relation to the density of states and its kernel can
be considered as follows: For two arbitrary, orthogo-
nal, curvilinear coordinate systems in a d-dimensional
space, x1,...,xq and yi,...,Yq, Where d = 2 or 3, the
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coordinates of a vector in the former system can always
be expressed as functions of coordinates in the latter
one, ie., z; = zi(y1,...,ya) and y; = y;(z1,...,2aq),
wherei,j =1,...,d, and &1, ..., &, is a basis of orthog-
onal unit vectors associated with the point [x1, ..., z4]
of this space. Since we consider curvilinear systems,
their basis vectors defined for particular points of the
space can be randomly oriented. The infinitesimal trans-
lation vector fixed at the point [z1,...,2z4] has the
form dz = Z?:l x;dr;, whereas the same vector dx
in the other coordinate system can be expressed as
dx = Zf 1 By Z dy;, where the vectors y; = i azjagl\ form
an orthonormal basis of the other coordinate system.
They are tangent to the lines y;, so for particular points
of the space they are randomly oriented as well. The
relation

d
ox
dy; = Vay; - dx = Z Vi aiy_dyja
J

j=1
fulfilled for each coordinate y;, implies that

ox
Vi oy ij. (A1)
The area of an infinitesimal rectangle defined in a
two-dimensional space or the volume of an infinites-
imal cuboid defined in a three-dimensional space,
where the vector da is the diagonal originating from
the vertex [z1,...,z4], can be expressed as dr =

[Z1day, ..., &qday] = ngl dx;. Here, for d = 3 the
symbol [-,-, -] denotes the triple product of three vec-
tors, whereas for d = 2, the symbol [-, -] is the exterior
product of two vectors. Note that in the other coor-
dinate system, the corresponding infinitesimal element

has the form

dr’ = del = [dyl, ceey g;;dyd]

*jyla"'ayd dela (A2)
where

J (1, -, =|l=—...,— | = A3

(o va) L)Zh 5yd] ‘32/1“ (43)

is the Jacobian of the transformation from the former
to the latter coordinate system. Performing a rotation
of the former coordinate system one can make the ver-
sors &; overlap the versors 4;, and hence dr’ = dr =
Hle dx;. Since the Jacobian of the coordinate system
rotation is always equal to 1, then according to the theo-
rem for multiplication of determinants we state that the
Jacobian, Eq. (A3), keeps its form. Moreover, the total
symmetry of the problem under consideration ensures
that for the inverse transformation (from the latter to
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the former coordinate system) Eq. (A2) must be of the
form

d
del_ xl7'-'7l‘d)Hdmia
i=1

Oy
where J'(x1,...,2q4) = ‘83]_‘

, which allows us to con-

clude that the introduced Jacobians satisfy the relation
j(yla-”ayd)jl(xla--'axd):1' (A4)

On the other hand, taking into account that the new
coordinate system is orthonormal and then including
Eq. (A1) the Jacobian, Eq. (A3), reads

ox ox
T, .., ) el
i) = |5
1
— . A5

Let us emphasize that the Jacobian of any transforma-
tion as well as the gradient of a function, in particular
|Vzyil|, are invariants of an orthogonal transformation.
The infinitesimal translation vector originating from the
vertex [x1, ..., 24], which is the diagonal of the element
d7 can be written in the form da = 25:1 9y;dx;. Then
dy; = Vgy; - de = |Vgy;|dz;, and hence

dy;

Employing jointly Egs. (A2), (A5), and (A6) we obtain
the formula

gy Liz2 91 (A7)

dy; = ,
yl Ya H Yi = |wa1|

where the differential elements dzs or dzodrs = dS be-
long to a curve or a surface perpendicular to the vector
VY1, respectively.

Consider the present discussion of the orthogonal mo-
mentum k-space, for which the curvilinear, orthogonal
transformation of the coordinate system is given, and
where the first coordinate represents the one-particle
energy spectrum £. By employing Eq. (A7), one can
then state that the definitions of the density of states,
ford=2or3

d
2 I]ip dk:
@rh)d ) Vel

9 d
1) = g [ 76 e Lo

are quite equivalent. Here &, or & and &3 are the
remaining coordinates of the used curvilinear system.
Note that the integration in the former expression is
taken over a one- or two-dimensional surface for the

v(§) =

Mateusz Krzyzosiak, et al., Front. Phys. 11(6), 117407 (2016)
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fixed energy £, whereas the integration in the latter ex-
pression is taken over finite or infinite intervals of well-
defined coordinates &3, or & and &3, respectively, which
can be chosen in any manner. To simplify the notation
we define the kernel of the density of states as

2
(2mh)e

K& ... 8a) = T 8a): (A8)

Then

d
v(€) = / K, &) TT a6

Appendix B: Basis functions of C,, irreducible
representations

The symmetry group of a square (in a 2D space), de-
noted Cy,, possesses one four-fold axis of symmetry, for
which r defines a rotation by the angle 7/2, and four
planes of symmetry a, b, ¢, and d, which intersect at
this axis. Hence, the group Cy, = {e,r,7%,7% a,b, c,d},
where e is the identity element, possesses eight elements
of symmetry as shown in Fig. 6. This is a non-abelian
group. These elements can be separated into five equiva-
lence classes, namely two single-element: {e}, {r?} and
three two-element classes: {r,r3}, {a,b}, {c,d}. This
implies that the group Cly, possesses five irreducible rep-
resentations, i.e., four different one-dimensional ones
and one 2D. Hence, there must always exist six basis
functions gathered in four subsets containing one func-
tion: {f1}, {f2}, {fs}, and {f4} and one subset con-
taining two functions: {f5fs}. These subsets are invari-
ants of the group Cy,. Hence, the symmetry elements
{e,7,7%,73,a,b, ¢, d} acting on the functions fi, fa, f3, f1
leave them unchanged (up to a sign), whereas acting on
the functions f5, fg they can form a linear combination
of them. The properties of the invariant functions {f;},
1 =1,2,3,4 can be classified with reference to particular
elements g of the group Cy, as follows:

c b

Fig. 6 Symmetry elements of a planar tetragonal system
corresponding to the group Cl,.

Mateusz Krzyzosiak, et al., Front. Phys. 11(6), 117407 (2016)

i) The single-element subset {f1} of basis functions,
corresponding to the trivial representation, such
that
gfi = f1 for all g € {e,r, 7%, r3 a,b,c,d}.

ii) The single-element subset {f2} of basis functions,
corresponding to the representation with the triv-
ial representation of the subgroup Cs,, such that
gfs = foif g € {e,r%,a,b} and gfy = —fy if
g G {T7 TS’ C? d}'

iii) The single-element subset {f5} of basis functions,
corresponding to the representation with the triv-
ial representation of another tetra-subgroup, such

that
gfs = f3if g € {e,r%,¢,d} and gfs = —f5 if
g € {r,r3 a,b}.

iv) The single-element subset {f4} of basis functions,
corresponding to the representation with the triv-
ial representation of the cyclic subgroup, such that
gf4 = f4 if g € {67T7T27T3} and gf4 = _f4 if
g €{a,b,c,d}.

The properties of the invariant subset of basis functions
{f5, fe} corresponding to the 2D irreducible represen-
tation can be classified with reference to particular el-
ements g of the group Cy, in one of the following two
manners:

E; The two-element subset of the functions {fs, f}
for the 2D representation:

gfs = fs if g € {e,a},

gfs = —fs if g € {r?,b},

9fs = —(=1)°fe if g € {r,d},
gfs = (1) fe if g € {r®, ¢},

and
afs = fe if g € {e, b},
gfe = —fe if g € {r?,a},

gfe = —(=1)°fs if g € {r®,d},
gfs = (=1)°fs5 if g € {r, c},

where s = 1 or 2. When the elements of the group Cy,
act on a 2D momentum space with a Cartesian coordi-
nate system, the components of the vector k = [k, k]
are transformed as follows:

gk, =k, if g € {e,a}, gk, = —k, if g € {r? b},

gky = ky if g € {r,d}, gk, = —k, if g € {r® c},
and

gky =k, if g € {e,b}, gk, = —k, if g € {r?,a},

gky =ky if g€ {r3,d}, gk, = —k, if g € {r,c}.
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The above relations allow us, after including the for-
mula gf;(ko) = fi(gka), where i = 1,2,...,6 and
a = x or y, to choose invariant subsets of basis func-
tions in accordance with the introduced classification in
the form given by Eqgs. (16)—(20). Since g cos k; cosk, =
cos ky cos ky for all g € Cy,, one has the right to define
invariant subsets of the basis functions as in Eqgs. (21)—
(25). Therefore, g€ = & for all g € Cy,,.

In the case of a polar coordinate system, the elements
of the group Cy, acting on the angular coordinate ¢
transform it in the following manner

s

ep = e, 7'90:90_*77”90 p—m o= 80_*
ap=—p, bp=m—¢, cop=F —p, dp=7F — .
Hence, applying the formula gf(v) = f(gp) to

the Fourier harmonics, 1,cosnep,sinny, where n =
1,2,3,..., we state that g1 = 1 for all g € Cy,, and
moreover

ecosny = cosny, esinnp = sinnep,

rcosng — (—=1)'cosnp if n=2i,
(—1)isinnp if n =1+ 2i,

sinm (—D)isinne if n =24,
[ —(=1)*cosny if n =1+ 2i,
72 cosngp = (—=1)" cosnep, r?sinng =

r cosmp:{ (-1

r3sinng = {

(—=1)"sinnep,

cosngo if n=2i
Yesinng if n=1+ 2i,

Yisinng if n = 2i,
Yicosny if n =1+ 2i,

@ COoS NY = Cos ngp, asinnp = — sin nep,
bcosny = "cosnp, bsinng = —(—1)"sinnyp,
cosmp if n=2i,
ccosny = . )
( Vesinng if n=1+ 2,
csinng = —(=1)*sinngp Tf n = 2i, .
—(=1)tcosny if n =1+ 2i,
dcos ng — —1)icosny if n = 2i,
—1)tsinng if n =1+ 2i,
dsinng = Yisinng if n=2i, .
Yicosnp if n =1+ 2i,

wherei = 0,1, 2,.... These relations allow us to perform
the following classification of the functions 1, cosnp,
and sinne:

i) The functions 1 and cosdiyp, i = 1,2,3,..., are in-
variants and each of them has the same properties
as the function f; of subset A.
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ii) The functions sin4ip, i = 1,2,3, ..., are invariants
and each of them has the same properties as the
function f4 of subset D.

iii) The functions cos(1 + 4i)¢ and sin(1 + 4i)¢p, for a
fixedi = 0,1,2,..., have the same properties as the
functions f5 and fg, respectively, of the invariable
subset E;.

iv) The functions cos(2 + 4i)p, i = 0,1,2,..., are in-
variants and each of them has the same properties
as the function f5 of subset B.

v) The functions sin(2 + 4i)p, i = 0,1,2,..., are in-
variants and each of them has the same properties
as the function f3 of subset C.

vi) The functions cos(3 + 4i)p and sin(3 + 4i)p, for a
fixedi =0,1,2,..., have the same properties as the
functions f5; and fg, respectively, of the invariable
subset Es.

Thus, all Fourier harmonics, 1, cosne, and sinng, can
be collected in only five possible types of invariant sub-
sets.

Appendix C: Symmetry properties of
separable parts of pairing interactions

The separated parts of the pairing interactions (14) and
(15) have the following symmetry properties with regard
to elements of the group Cy,:

i) The functions 1 and cosk, + cosk, are invariants
and they have the same properties as the function
f1 of subset A,

ii) The function cosk; — cosk, is an invariant and it
has the same properties as the function fs5 of subset
B

iii) The functions sink, and sink,, have the same
properties as the functions f5 and fg, respectively,
of the invariant subset E;.

)

The corresponding functions of ¢ in the pairing poten-
tial must have the same symmetry properties. Note that
the function f(y) defined by Eq. (28), which is of the

form

| sinep| —
o) = | sin | + | cos |’

|cos ]

when 0 < ¢ < 27, has the same properties as func-
tion fo of subset B. Hence, ¢X(&,¢) = X (&) if
g € {e,r%,a,b}, gX(&9) = Y (&) if g € {r,7% ¢, d},
gY (&,0) = Y (&) if g € {e,7%,a,b}, and gY (£, ) =
X (&, ) if g € {r,73,c,d}. This implies that

i) The function [X (&, ¢,n) + Y (£, 0,m) — 2]/2n is an

Mateusz Krzyzosiak, et al., Front. Phys. 11(6), 117407 (2016)
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invariant and has the same properties as the func-
tion fi of subset A,

ii") and the function [Y (£, p,n) — X (&, »,n)]/2n is an
invariant and has the same properties as the func-
tion fy of subset B.

iii") Moreover, the functions

g/ = X

X(& @) —1)°

and

gV Y

have the same properties as the functions f5 and
fe of the invariant subset Eq, respectively or, con-
versely, as the functions fg and f5 of the invari-
ant subset Ei, respectively, where the sign + or
— must be chosen for an appropriate quadrant of
the Cartesian coordinate system in the momentum
space, in accordance with the sign of the functions
sink, and sin k.

V(€ p,m) —1°

Since the applied conformal transformation is based on a
solution of the differential equation, which is formulated
based on a particular dispersion relation, the obtained
solutions should be properly symmetrized to correspond
with the symmetry of the dispersion relation &. Tak-
ing into account the properties of X (£, ¢) and Y (&, ¢),
discussed above, we state that

{\/77— (&w) —1] +*\/77— Ew)—ll]

=%¢w—w&w Py — V(e g) 17

for all g € Cy,. Thus, this function is invariant in the
subset E;.

The obtained relations and the classification of the
Fourier harmonics performed in B prove that the Fourier
expansions of the specified functions must have the fol-
lowing forms

277
o) i Xar(§,m) cos 4,
\/i =1
where
xo(§,m) = :7? ; [(X(& @,m) +Y (& p,m) —2]de
and

2 W/QX Y 2
X4l(fﬂ7)*n7r/0 [(X(&e,m) +Y(Ep,m) -2

Mateusz Krzyzosiak, et al., Front. Phys. 11(6), 117407 (2016)

x cos4lpdp
forl=1,2,..., and

i [Y(f, 2 77) - X(£7 12 7])]

2n

o0

Z Xa+a1(€,m) cos(2 + 41) .

1=0
Here
2 ﬂ'/2
2 [T weem - X6 o)
nm Jo
x cos(2 + 4l)pde,

‘4/{\/77 - —1]2+\/772—[Y(£,<P)—1}2}

= xa4a(&m) cos(1 + 4l)p,

Xot+a1(§,m) =

1f+¢w—W@w%uﬂ

ZX1+41 (& n) sin(1 + 4l)e,

where
x1+a1(§,m) = ;7/; " {\/?7 - X&) -1
+ \/172 —[Y(& ) — 1]2} cos(1 + 4l)pdy
{\/ 7= [X (&) — 1]
4 \/n2 V(&) - 1}2} sin(1 + 4l)pdyp
for [ =0,1,2,..., where the latter coefficients are sym-

metrized to be invariants with respect to the choice of
X(€7 2 77) and Y(é-? ®s 77) [10712]
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