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It has been suggested that hydrogen-rich systems at high pressure may exhibit notably high super-
conducting transition temperatures. One of the more interesting theoretical predictions was that
hydrogen sulfide can be metallized and the high-temperature superconducting state can be induced.
A record critical temperature (203 K) was later confirmed for H3S in an experiment. In this paper, we
investigated, within the framework of the Eliashberg formalism, the properties of compressed MgH6,
which is expected to be a very good candidate for room-temperature superconductivity. This applies
particularly to the pressure range from 300 to 400 GPa, where the transition temperature is close
to 400 K. Moreover, the estimated thermodynamic properties and the resulting dimensionless ratios
exceed the predictions of the Bardeen–Cooper–Schrieffer theory. This behavior is attributed to the
strong electron–phonon coupling and retardation effects existing in hydrogen-dominated materials
under high pressure.
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1 Introduction

Following the pioneering work of Ashcroft, high-
temperature superconductivity was predicted in com-
pressed metallic molecular hydrogen [1]. Unfortunately,
metallization of pristine hydrogen has proved to be ex-
tremely difficult because the required pressure is be-
yond the laboratory scale. Therefore, it was pointed out
that because of chemical precompression in hydrogen-
rich systems, the external pressure necessary for hydro-
gen metallization could be significantly decreased [2].
The latest results for superconductivity in pressurized
hydrogen-rich compounds suggested that these materi-
als have the potential to become very high-temperature
superconductors [3]. Theoretical calculations [4–6] and
experiments [7, 8] have found that the critical tem-
perature (TC) of sulfur hydride (H3S) can be as high
as 203 K at a pressure close to 150 GPa. This new
record for phonon-mediated superconductivity has at-
tracted much attention in terms of both theory and ex-
periment. Currently, the most promising materials for
room-temperature superconductors are sodalite-like cal-
cium and magnesium hydrides (CaH6 and MgH6) at
high pressure. For the former, the branch literature sug-
gests that the critical temperature can reach a value
close to 240 K at 150 GPa [9], whereas the latter is
characterized by a record high TC , which is estimated
to be 263 K at 300 GPa [10]. In this paper, we focus on

the theoretical description of the superconducting state
in MgH6 over a pressure range of 300–400 GPa.

2 Computational details

Optimizations and enthalpy calculations for compressed
MgH6 were performed previously [10] within density
functional theory using the Vienna ab initio Simulation
Package [11]. The generalized gradient approximation
with the Perdew–Burke–Ernzerhof functional [12] for
the exchange correlation was employed. The projector-
augmented wave [13] method was adopted with valence
electrons of 1s1 for H and 2s22p63s2 for Mg.

Calculations that aim at estimation of the thermo-
dynamic properties of the superconducting state are
conducted in the present paper within the framework
of the Eliashberg formalism [14]. In the imaginary-axis
formulation, the set of two nonlinear Eliashberg equa-
tions for the superconducting order parameter function
∆n ≡ ∆(iωn) and the mass renormalization function
Zn ≡ Z (iωn) are given by [15]

∆nZn =
π

β

M∑
m=−M

K (iωn−iωm)−µ⋆θ (ωc−|ωm|)√
ω2
m +∆2

m

∆m

(1)
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and

Zn = 1 +
1

ωn

π

β

M∑
m=−M

K (iωn − iωm)√
ω2
m +∆2

m

ωm. (2)

Here the Matsubara frequency is defined as ωn ≡
(π/β) (2n− 1), where n = 0,±1,±2, . . . ,±M , and M =
1100. The inverse temperature is given by β ≡ 1/ (kBT ),
where kB represents the Boltzmann constant. The sym-
bols θ and ωc denote the Heaviside function and cutoff
frequency, respectively. We found that the Eliashberg
equations converged at ωc = 10Ωmax, where Ωmax is
the maximum phonon frequency. Further, µ⋆ denotes
the effective screened Coulomb repulsion constant, the
value of which is generally chosen to be between 0.1 and
0.15. Recent theoretical investigations based on exper-
imental data found that in hydrogen-rich compounds,
µ⋆ ≈ 0.1 [4, 16]. Therefore, we also adopted this value
in the present studies. Moreover, the pairing kernel for
the electron–phonon interaction that appears in Eqs. (1)
and (2) is given by

K (iωn−iωm) ≡ 2

∫ Ωmax

0

dΩ
Ω

(ωn−ωm)
2
+Ω2

α2F (Ω) .

(3)

Our investigations are based on the Eliashberg spectral
functions α2F (Ω) determined in Ref. [10] by using the
ab initio linear response method with a 4×4×4 q-point
mesh and 24×24×24 k-point mesh for the first Brillouin
zone integrations.

The validity of the Eliashberg theory and correct-
ness of our numerical methods of describing the phonon-
mediated superconducting state were confirmed on the
basis of the experimental results in our previous papers,
e.g., [17, 18].

3 Results and discussion

3.1 Critical temperature, energy gap, and electron
effective mass

To calculate the physical values of the superconducting
order parameter (∆) and electron effective mass (m⋆

e),
the Eliashberg equations [Eqs. (1) and (2)] were solved,
and the obtained results were analytically continued to
the real frequency axis [15]. As shown in Fig. 1(a), at
low temperatures, the order parameter reaches very high
values; it gradually decreases with increasing tempera-
ture and finally vanishes at Tc. On the basis of these
results, we conclude that MgH6 is a candidate for su-
perconductivity with Tc well above room temperature.
In particular, our calculations indicate that in this com-
pound, the critical temperature decreases from 420 to
384 K when the pressure increases from 300 to 400 GPa.

For comparison, we collated the above results with the
results obtained using the analytical Allen–Dynes [19]
and McMillan formulas [20], as shown in Fig. 1(b). The
very clear differences between the methods employed
confirm that the superconducting state in pressurized
MgH6 cannot be properly described within the frame-
work of the analytical approximations. The origin of this
behavior is closely related to the strong electron–phonon
coupling. The total electron–phonon coupling strength
(λ) is estimated directly from the Eliashberg function:

λ = 2

∫ ∞

0

α2F (Ω)

Ω
dΩ . (4)

Note that in the weak-coupling case [which is well de-
scribed by the Bardeen–Cooper–Schrieffer (BCS) the-
ory], the electron–phonon coupling constant is small
(λ ≤ 0.5). However, most superconducting materials
exhibit intermediate (λ on the order of 1) or strong
electron–phonon coupling (λ > 1), and their supercon-
ducting properties are not well described by the BCS
theory. For magnesium hydrides at high pressure, the
evidence for strong electron–phonon coupling is pre-
sented in Ref. [10], in which the authors showed that
in the investigated pressure range, λ significantly ex-
ceeds 2. The strong correlations contribute to a signif-
icant renormalization of the electron effective mass. In
our case, the ratio m⋆

e/me (where me denotes the elec-
tron band mass) decreases from 4.60 to 3.55 as the pres-
sure increases from 300 to 400 GPa.

The computed values of the order parameter and crit-
ical temperature allowed us to determine the ratio of
the universal zero-temperature energy gap [2∆(0)] to
Tc: R∆ = 2∆(0)/(kBTc). The pressure dependence of
R∆ is presented in the inset of Fig. 1(a). As we can see,
the obtained results strongly deviate from the prediction
of the BCS theory [21, 22], in which this dimensionless
ratio is constant and equal to 3.53.

3.2 Condensation energy, thermodynamic critical
field, and specific heat

Now we turn to a discussion of the temperature depen-
dence of the condensation energy, thermodynamic crit-
ical field, and specific heat.

The difference between the normal state free energy
and the superconducting state free energy in the absence
of a magnetic field is called the condensation energy
[Econd(T ) = FN (T )− FS(T )]:

Econd(T )

ρ(0)
= −2π

β

M∑
n=1

(√
ω2
n +∆2

n − |ωn|
)

×

(
ZN
n

|ωn|√
ω2
n +∆2

n

− ZS
n

)
, (5)

where ZN
n and ZS

n denote the mass renormalization

117406-2
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Fig. 1 (a) The superconducting order parameter as a func-
tion of temperature. (b) The critical temperature as a func-
tion of pressure. The full circles denote results obtained us-
ing the Eliashberg formalism, the results presented by the
half-filled circles and open circles are computed on the base
of Allan–Dynes and McMillan analytical formulas, respec-
tively. The inset presents zero-temperature gap to Tc ratio
vs. pressure.

Fig. 2 The condensation energy as a function of tempera-
ture.

functions for the normal and superconducting states,
respectively. Moreover, ρ(0) denotes the value of the
electronic density of states at the Fermi level. In Fig.
2, we plot the condensation energy as a function of tem-
perature.

The condensation energy is defined physically as the
energy that stabilizes the superconducting state. Note,
moreover, that for the zeroth temperature, the energy
condensation is approximately equal to ∆2 and is re-

lated to the thermodynamic critical field (Hc) and to
the specific heat difference between the superconduct-
ing and normal states (∆C) as follows:

HC(T )√
ρ(0)

=
√
8π [∆F (T )/ρ(0)] (6)

and

∆C(T )

kBρ(0)
=

1

β

d2 [∆F (T )/ρ(0)]

d (kBT )
2 . (7)

The temperature dependence of the thermodynamic
critical field is plotted in Fig. 3. Our result indicates
that Hc for MgH6 takes the highest values at 300 GPa.
At pressures between 350 and 400 GPa, the differences
are slight in the entire temperature range. As in the
case of the temperature dependence of the order pa-
rameter (Fig. 1) and condensation energy (Fig. 2), the
thermodynamic critical field decreases with increasing
temperature and vanishes at Tc.

In Fig. 4, we can trace the behavior of the specific
heat difference between the superconducting and nor-
mal states as a function of temperature. The value of
the characteristic specific heat jump at Tc (marked by
vertical dashed lines), like the value of the parameters
presented above, decreases as the pressure grows.

The critical temperature, thermodynamic critical
field, and specific heat functions obtained using the
Eliashberg equations allowed us to estimate the di-
mensionless ratios RH ≡ TcC

N (Tc)/H
2
c (0) and Rc ≡

∆C(Tc)/C
N (Tc), where the specific heat for the normal

state is defined as CN = γT , and γ denotes the Sommer-
feld constant: γ ≡ (2/3)π2 (1 + λ) k2Bρ(0). Note that, in
the framework of the BCS theory, these ratios adopt
universal values equal to 0.168 and 1.43, respectively
[15]. For superconducting MgH6, the obtained results
disagree with the BCS prediction. In particular, RH is
smaller than the BCS value, whereas Rc greatly exceeds
the BCS prediction. The obtained results as a function

Fig. 3 The thermodynamic critical field as a function of
temperature. Inset presents the temperature dependencies of
dimensionless ratio TcC

N (Tc)/H
2
c (0).
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Fig. 4 The specific heat difference between the supercon-
ducting and the normal state as a function of temperature.
Inset presents the temperature dependencies of dimension-
less ratio ∆C(Tc)/C

N (Tc).

of pressure are presented in the insets of Fig. 3 and Fig.
4. These discrepancies between the BCS prediction and
the results of our numerical calculations arise from the
existence of the strong-coupling and retardation effects
in the system investigated. The Eliashberg theory goes
beyond the BCS theory to include these effects, which
enables it to describe the superconducting state quanti-
tatively.

4 Conclusions

The thermodynamic properties of hydrogenated mag-
nesium (MgH6) at high pressures were investigated
using the strong coupling Eliashberg theory of su-
perconductivity. Our analysis show that the Tc value
of this superconductor significantly exceeds room
temperature; in particular, Tc increases from 384 to
420 K as the pressure decreases from 400 to 300 GPa.
We observed similar behavior in other superconducting
parameters such as the energy gap, specific heat,
and thermodynamic critical field as a result of the
strong coupling correlations. These parameters were
used to estimate the dimensionless BCS ratios, which
are not universal in the strong coupling limit. In
particular, R∆ ∈ ⟨5.89, 5.31⟩, Rc ∈ ⟨3.15, 3.20⟩, and
RH ∈ ⟨0.124, 0.125⟩, which correspond to the range of
p ∈ ⟨300, 400⟩ GPa. Non-BCS results have also been
predicted [4, 23] and observed [7, 8] in hydrogen sulfide,
so the results presented in this paper are expected
to stimulate further experimental confirmation of the
superconducting state in MgH6.
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17. R. Szczȩśniak, A. P. Durajski, and P. W. Pach, On the
thermodynamic properties of the Rb3C60 superconductor,
Cryogenics 61, 38 (2014)
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