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Transformation thermodynamics as a major extension of transformation optics has recently received
considerable attention. In this paper, we present two-dimensional (2D) and three-dimensional (3D)
diamond-shaped transient thermal cloaks with non-singular homogeneous material parameters. The
absence of singularity in the parameters results from the fact that the linear coordinate transforma-
tion is performed by expanding a line segment rather than a point into a region, while the mechanism
behind the homogeneity is the homogeneous stretching and compression along orthogonal directions
during the transformation. Although the derived parameters remain anisotropic, we further show
that this can be circumvented by considering a layered structure composed of only four types of
isotropic materials based on the effective medium theory. Numerical simulation results confirm the
good performance of the proposed cloaks.
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1 Introduction

The field of transformation optics [1, 2] has recently at-
tracted significant attention because it provides a general
method for designing novel functional devices that pos-
sess the ability to control the behavior of electromagnetic
waves in a desired way. A wide variety of devices with
unusual properties have been proposed and fuelled by
the rapid development of metamaterials [3–10], includ-
ing invisible cloaks, concentrators, and illusion devices.
Inspired by these pioneering works, the field of transfor-
mation optics has been gradually extending from elec-
tromagnetic waves to acoustic waves [11], elastic waves
[12], matter waves [13], and surface plasmon waves [14].
Moreover, the underlying idea extends beyond the scope
of the systems exhibiting waves, and is also valid for the
problems of mass diffusion [15] and thermal conduction
[16]. The fundamental reason for such an extension is
that the governing equations describing these systems
are form-invariant under coordinate transformations.

Based on the form-invariance of the thermal conduc-
tion equation, transformation thermodynamics as an

emerging field has opened up a new avenue for arbitrary
manipulations of thermal current by using metamateri-
als. It has also helped to define a revolutionary design
paradigm that enables researchers to build astonishing
thermal devices that were previously deemed impossible
or unconceivable, such as thermal cloaks, concentrators,
and rotators [17–36]. Among these various applications,
conventional thermal cloaks, capable of guiding a ther-
mal flux around an enclosed region, have been by far
the most interesting. Potential application of these cloaks
for thermal protection bears significance in almost every
area, ranging from engineering to modern military ap-
plications. Circular and ellipsoidal conventional thermal
cloaks were first proposed by Fan et al. [17], follow-
ing which square-shaped and arbitrarily shaped cloaks
were also reported [18–20]. Because the coordinate trans-
formation is performed by expanding a point into a re-
gion along the radial direction, the material parameters
of the proposed cloaks are not only singular but also
anisotropic and inhomogeneous. To overcome these diffi-
culties, some more feasible strategies were presented for
designing thermal cloaks with finite constant conductiv-
ity [21–23]. The foregoing investigations are very attrac-
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tive, but their common characteristic is that all afore-
mentioned cloaks only operate in the steady state. For
most practical applications, a device that can operate
in a transient state is more favorable or even necessary.
Recently, a transient thermal cloak was suggested for
controlling the dynamic thermal current, but it is worth
noting that this cloak must be implemented by using 2N

types of different isotropic materials, where N is the to-
tal number of discretization layers [24]. From a practical
point of view, the requirement for such a large number of
materials may give rise to complicated fabrication prob-
lems that may impede the successful implementation of
a thermal cloak. More recently, transient thermal cloaks
comprising only two or five isotropic materials were pro-
posed [25–29]. However, to the best of our knowledge,
transient thermal cloaks with non-circular/non-spherical
shapes have been barely studied.

In this paper, inspired by the work of Li et al. [5],
we propose two-dimensional (2D) and three-dimensional
(3D) diamond-shaped transient thermal cloaks, based on
transformation thermodynamics. The advantage of these
thermal cloaks is that the linear coordinate transforma-
tion is conducted by expanding a line segment instead
of a point into a region along the orthogonal direction,
making the cloak material parameters non-singular and
homogeneous. To further remove the anisotropy in the
material parameters, we present a 2D layered thermal
cloak as an example for discussing the isotropic real-
ization method. Distinct from the previously proposed
transient thermal cloak [24], the isotropic materials re-
quired for such a layered cloak are independent of the
number of discretization layers, and the cloak can be
implemented by using only four types of isotropic mate-
rials. The thermal cloaking effect of the designed cloaks
was validated by performing numerical simulations. This
work suggests a different method of designing transient
thermal cloaks with simple material parameters, and is
of potentially high guiding significance for practical fab-
rication of diamond-shaped thermal cloaks.

2 Method and simulation model

The basic principle of transformation thermodynamics
is the form-invariance of the thermal conduction equa-
tion under the coordinate transformation. For a transient
state and without a heat source, the general thermal con-
duction equation in the original space is given by

ρC
∂T

∂t
= ∇ · (κ∇T ) , (1)

where ρ, C, and κ are the density, the specific heat ca-
pacity and the thermal conductivity of the background

material, respectively. ∂T/∂t is the derivative of temper-
ature T with respect to time t and ∇ is the gradient op-
erator. Note that for the special case of a steady state,
the time-dependent term vanishes; thus, in this case ρ

and C play no role and only κ is relevant. Guenneau et
al. [24] have proposed that the thermal conduction equa-
tion should retain its form under the coordinate trans-
formation; thus, Eq. (1) in the transformed space can be
written as:

ρ′C′ ∂T

∂t
= ∇′ · (κ′∇′T ) . (2)

Note that Eqs. (1) and (2) have the same structure, ex-
cept that the material parameters (i.e., ρ′, C′, and κ′) in
the transformed space take the following form:

κ′ =

⎛
⎜⎝

κ′
xx κ′

xy κ′
xz

κ′
yx κ′

yy κ′
yz

κ′
zx κ′

zy κ′
zz

⎞
⎟⎠ =

JκJT

det(J)
,

ρ′C′ =
ρC

det(J)
, (3)

where J = ∂(u,v,w)
∂(x,y,z) =

⎛
⎜⎝

∂u/∂x ∂u/∂y ∂u/∂z

∂v/∂x ∂v/∂y ∂v/∂z

∂w/∂x ∂w/∂y ∂w/∂z

⎞
⎟⎠

is the Jacobian transformation matrix from the origi-
nal space (x, y, z) to the transformed space (u, v, w). JT

and det(J) are the transpose and the determinant of the
Jacobian matrix J , respectively.

Figure 1 shows the schematic of the coordinate trans-
formation for the design of the proposed 2D diamond-
shaped transient thermal cloak. The transformation pro-
ceeds in two steps, which is analogous to that used in
Ref. [5] for the 2D electromagnetic invisible cloak. The
line segment 2a in the original space [see Fig. 1(a)] is
first stretched to 2b in the transitional space [see Fig.
1(b)], and then the stretched line segment 2b is further
expanded into a diamond-shaped cloaking region be-b-e
in the transformed space [see Fig. 1(c)]. It should be
mentioned that the smaller is the value of a (resulting
in the line segment 2a closer to a point), the better
is the cloaking effect. Following the two-step mapping

Fig. 1 Schematic of the coordinate transformation for the design
of 2D diamond-shaped transient thermal cloak: (a) → (b) the line
segment 2a is stretched to 2b in the x direction; (b) → (c) the line
segment 2b is expanded into a diamond-shaped region be-b-e.
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procedure outlined above, the transformation equations
from the original space to the transformed space are

x′′ =
b

a
x, y′′ = − e

a
xsgn(xy) +

(d − e)
d

y + esgn(y),

z′′ = z (4)

for region I (the red region) and

x′′ =
c − b

c − a
x − c

d

(a − b)
(a − c)

ysgn(xy) +
c(a − b)
a − c

sgn(x),

y′′ = y, z′′ = z (5)

for region II (the green region). Note that in Eqs. (4)
and (5) the functions sgn(xy), sgn(x), and sgn(y) are the
sign functions and the values returned by them are de-
termined by the signs of xy, x, and y, respectively. After
substituting Eqs. (4) and (5) into Eq. (3), the material
parameters of the 2D diamond-shaped transient thermal
cloak are obtained as

κ′
I =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

bd

a(d − e)
− de

a(d − e)
sgn(xy) 0

− de

a(d − e)
sgn(xy)

d2e2 + a2(d2 − e2)
abd(d − e)

0

0 0
ad

b(d − e)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

κ, ρ′IC
′
I =

ad

b(d − e)
ρC (6)

in region I and

κ′
II =

⎛
⎜⎜⎜⎜⎜⎜⎝

d2(c − b)2 + c2(a − b)2

d2(c − a)(c − b)
c(b − a)
d(b − c)

sgn(xy) 0

c(b − a)
d(b − c)

sgn(xy)
c − a

c − b
0

0 0
c − a

c − b

⎞
⎟⎟⎟⎟⎟⎟⎠

κ, p′IIC
′
II =

c − a

c − b
ρC (7)

in region II. The geometrical parameters of the 2D ther-
mal cloak in this article were set to a = 0.02 mm, b = 0.2
mm, c = 0.4 mm, d = 0.4 mm, and e = 0.1 mm. With
these parameters, Eqs. (6) and (7) can be further ex-
pressed as:

κ′
I =

⎛
⎜⎝

13.333 −6.667sgn(xy) 0

−6.667sgn(xy) 3.408 0

0 0 0.133

⎞
⎟⎠κ,

p′IC
′
I = 0.133ρC, (8)

κ′
II =

⎛
⎜⎝

0.953 −0.9sgn(xy) 0
−0.9sgn(xy) 1.9 0

0 0 1.9

⎞
⎟⎠κ,

p′IIC
′
II = 1.9ρC. (9)

The function sgn(xy) is equal to 1 in the first and third
quadrants and −1 in the second and fourth quadrants;
thus, the material parameters of the cloak are spatially
invariant (i.e., homogeneous) once the geometrical pa-
rameters are fixed. In addition, the material parameters
exhibit no singular values. As a result, it is possible to
construct this 2D transient thermal cloak by using non-
singular homogeneous materials. Compared with the pre-
vious work [29], in which the coordinate transformation
started from a small circle rather than a point along the

radial direction so that the singularity was avoided while
the inhomogeneity still existed, the material parameters
of the proposed cloak are not only non-singular but also
homogeneous. The physical origin lies in the linear trans-
formation, which expands a line segment instead of a
point into a region along the orthogonal direction. It is
undoubtedly true that a similar idea can be applied for
designing a 3D transient thermal cloak, but the deriva-
tion of material parameters for this case is not included
herein for brevity.

To some extent, non-singular homogeneous material
parameters can reduce the fabrication difficulty of the
cloak, but there is no denying that the parameters are
still anisotropic. According to the effective medium the-
ory, anisotropy can be eliminated by considering a lay-
ered structure composed of alternating layers of two dif-
ferent isotropic materials. To further facilitate the prac-
tical realization of the proposed device, we are now con-
cerned with the question of how to build a transient ther-
mal cloak by using isotropic materials.

For simplicity but without loss of generality, we con-
sider here a 2D transient thermal cloak. Figure 2 shows
the schematic of the layered structure for obtaining the
proposed 2D thermal cloak. Regions I and II in the dif-
ferent quadrants are first divided into N layers, and then
each anisotropic layer is mimicked by the double-layered
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Fig. 2 Schematic of a layered structure for realizing a 2D
diamond-shaped transient thermal cloak.

isotropic materials (layers A and B). Next, the derivation
of isotropic material parameters for a 2D layered thermal
cloak is described in detail. For the 2D case, only κ′

xx,
κ′

xy, κ′
yx, κ′

yy, and ρ′C′ components of the material pa-
rameters are relevant. The symmetry of the thermal con-
ductivity tensors in Eqs. (8) and (9) ensures that there
always exists a rotation transformation that can map a
symmetric tensor into a diagonal one:

κ′′
i =

(
κi� 0

0 κiλ̄

)
(i = I, II) (10)

for regions I and II, in which the diagonal components
κi� and κiλ̄ are determined by the following equations:

κi� =
κ′

ixx + κ′
iyy +

√(
κ′

ixx − κ′
iyy

)2 +
(
2κ′

ixy

)2
2

,

(11a)

κiλ̄ =
κ′

ixx + κ′
iyy −

√(
κ′

ixx − κ′
iyy

)2 +
(
2κ′

ixy

)2
2

.

(11b)

Furthermore, from the rotation transformation, the rela-
tion between the rotation angle θi and the thermal con-
ductivity κ′

i can be written as

tan(2θi) =
2κ′

ixy

κ′
ixx − κ′

iyy

. (12)

Assuming that the thicknesses of layers A and B are iden-
tical, the parameters of isotropic materials are given by

κA
i = κi� +

√
(κi�)2 − κi�κiλ̄,

κB
i = κi� −

√
(κi�)2 − κi�κiλ̄, ρiCi = ρ′iC

′
i. (13)

By combining Eqs. (8) and (9) with Eqs. (11)–(13), the
isotropic material parameters and the rotation angles for
regions I and II can be easily calculated and are given
as follows: κA

I = 33.333κ, κB
I = 0.03κ, ρICI = 0.133ρC,

θI = 153.5◦, and κA
II = 4.673κ, κB

II = 0.214κ, ρIICII =
1.9ρC, θII = 121◦. It is not difficult to find that a 2D
layered transient thermal cloak can be realized by using
only four types of isotropic materials, regardless of the
number of layers into which the regions are divided, just
as shown in Fig. 2. This feature is quite different from
what is exhibited by previously reported circular layered
transient thermal cloaks [24], in which the isotropic ma-
terials required to build the cloak were always twice the
number of discretization layers. Therefore, this work de-
scribes an alternative method for designing a transient
thermal cloak with fewer types of isotropic materials,
compared with the circular cloak. In the next section,
we report the results of numerical simulations that were
performed by using the commercial software COMSOL
Multiphysics to demonstrate the performance of the pro-
posed thermal cloaks.

3 Numerical simulations and discussion

For the sake of convenience of performing the simula-
tions, the cloaking region and the background material
were assumed to be stainless steel at room tempera-
ture, and the material density, specific heat capacity,
and thermal conductivity were set to ρ = 7850kg/m3,
C = 500J/(kg · K) and κ = 15W/(m · K), respectively.
As a matter of fact, the material of the cloaking region
was arbitrarily alterable, and the cloak performed well
even when the cloaking region and the background were
filled with different materials; however, these consider-
ations extend beyond the scope of this paper, because
here, we mainly focused on validating the effectiveness
of the proposed method.

First, numerical simulations were performed to vali-
date the performance of the 2D ideal transient thermal
cloak. Figures 3(a)–(c) show the temperature distribu-
tion for the proposed 2D diamond-shaped thermal cloak,
captured at different times as the heat diffused along the
x-axis. The left and right sides of the computational
domain had constant temperature (T = 600 K and
T = 293.15 K, respectively), and the top and bottom
sides had insulation boundary conditions. The solid lines
represent the isothermal lines and the arrows denote the
thermal flux. The temperature distribution for the cloak-
ing region without the cloak was also simulated for com-
parison, and the corresponding results are shown in Figs.
3(d)–(f). As can be seen from Figs. 3(a)–(c), the heat
flows spontaneously from the left to the right owing to a
thermal gradient between the two sides. The isothermal
lines and thermal flux bend smoothly around the cloak-
ing region, similar to water flowing around a pebble in
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Fig. 3 Temperature distribution for a 2D diamond-shaped transient thermal cloak at different times (a) t = 0.05 s, (b) t = 0.15
s, (c) t = 0.25 s. (d, e, f) are the corresponding simulation results of (a)–(c) when the cloaking region is not surrounded by
the proposed cloak. The solid lines represent the isothermal lines and the arrows denote the pathway of the thermal flux.

a stream. However, note that since the inner boundary
be-b-e of the proposed cloak is not made of a perfect ther-
mally insulating material with zero thermal conductivity,
some thermal flux slightly diffuses into the cloaking re-
gion and the temperature monotonically increases with
time until t = 0.25 s. For t > 0.25 s, the thermal sys-
tem reaches the equilibrium state and the temperature
inside the cloaking region becomes constant. Such a ther-
mal cloak might find applications in protecting the sen-
sitive regions of electrical circuits or chips from excessive
heating. Moreover, a system of electronically connected
components located inside the cloak would be able to
perform optimally owing to the absence of thermal gra-
dients between its components.

Because the thermal cloak is designed based on the
transformation that comprises expanding a line segment
instead of a point into a region, it is imperative to study
the effect of the line segment length on the cloak per-
formance, especially when a thermal gradient is normal
to the equivalent line segment. Four cases, with line seg-
ment lengths of 0.04 mm, 0.16 mm, 0.28 mm, and 0.4
mm were considered. Figures 4(a)–(d) show the temper-
ature distribution in the vicinity of a 2D diamond-shaped
transient thermal cloak at t = 0.25 s for these four cases,
in which the heat diffuses from the top to the bottom. It
is evident that with increasing the length of the line seg-
ment, the cloaking effect of the cloak gradually worsens.
In particular, when the line segment length is 0.28 mm or
longer, the system almost does not function as a thermal
cloak because the thermal flux cannot detour the cloak-
ing region under these circumstances. Consequently, line
segments shorter than 0.28 mm are acceptable for real
applications.

Next, for more realistic applications, we considered a
3D diamond-shaped transient thermal cloak with non-

Fig. 4 Temperature distribution at t = 0.25 s for a 2D diamond-
shaped transient thermal cloak with an equivalent line segment
length 2a = 0.04 mm (a), 0.16 mm (b), 0.28 mm (c), and 0.4 mm
(d). The heat diffuses from the top to the bottom and the arrows
denote the pathway of the thermal flux.

singular material parameters. The temperature was set
to 600 K and 293.15 K at the top and bottom sides of
the cuboid-shaped computational domain, and the other
four sides had insulation boundary conditions. We note
here that similar simulation results were obtained for
cloaks of different sizes. The temporal evolution of the
distribution of temperature for a micro-sized 3D thermal
cloak is shown in Fig. 5. The arrows in Fig. 5(d) show
the thermal flux. As time elapses, the heat exhibits a
simple flow from the hot to the cold region, and the
temperature inside the cloaking region increases steadily
until it reaches a plateau for t � 0.75 s. Besides, as in-
dicated by the arrows, the thermal fluxes are regularly
guided around the cloaking region and eventually return
to their original flow pattern. That is to say, the cloak
affects the dynamic thermal diffusion in its surroundings
to conceal itself and any objects inside it from an exte-
rior detector. Therefore, these simulations validate the
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Fig. 5 Temperature distribution for a 3D diamond-shaped tran-
sient thermal cloak at different times (a) t = 0.15 s, (b) t = 0.35 s,
(c) t = 0.55 s, and (d) t = 0.75 s. The arrows denote the pathway
of the thermal flux.

thermal cloaking effect of 3D diamond-shaped transient
cloaks.

Finally, we examined whether or not the proposed lay-
ered cloak, consisting of only four types of isotropic ma-
terials, may function efficiently. Figure 6 illustrates the
time-dependent temperature distribution for the 2D lay-
ered transient thermal cloak. In the simulation, regions
I and II in the different quadrants were divided into ten
layers that were sufficiently large to maintain the cloak’s
performance. The solid lines and arrows in the figure
correspond to the isothermal lines and the thermal flux,
respectively. Comparing Fig. 6 with Figs. 3(a)–(c), it is
clear that for this case of the 2D layered thermal cloak,
the temperature distribution at different times is in a
good agreement with that for the ideal case. In addi-
tion, the isothermal lines and the thermal flux detour
the cloaking region while being unperturbed elsewhere.
To quantitatively evaluate the performance of the lay-
ered transient thermal cloak, we simulated temperature
changes as a function of time for the cloaking region
of the 2D ideal and layered cloaks, and the results are
shown in Fig. 7. It can be seen that, for both cloaks, the
temperature inside the cloaking region increases quickly
with time. After the thermal equilibrium is reached for
t > 0.25 s, the temperature remains at 446.8 K. In this
process, we note that, for the two types of cloaks, the
temperature inside the cloaking region at different times
is practically the same. Hence, based on the above ob-
servations we conclude that a layered transient thermal

Fig. 6 Temperature distribution for a 2D layered transient ther-
mal cloak at different times (a) t = 0.05 s, (b) t = 0.15 s, (c)
t = 0.25 s. The solid lines represent the isothermal lines and the
arrows denote the pathway of the thermal flux.

Fig. 7 Temperature changes as a function of time for the cloaking
region of the 2D ideal and layered transient thermal cloak.

cloak consisting of only alternating isotropic materials is
feasible.

4 Conclusion

Based on transformation thermodynamics, both 2D
and 3D diamond-shaped transient thermal cloaks with
non-singular homogeneous material parameters were de-
signed by expanding a line segment into a region along
the orthogonal direction. The general expressions for the
material parameters were derived and the performance of
the proposed cloaks was validated by performing numer-
ical simulations. Furthermore, to eliminate anisotropic
material properties, we also proposed a 2D layered ver-
sion of the cloak consisting of only four types of isotropic
materials. The results reveal that the layered cloak be-
haves nearly as perfectly as the ideal one. It is believed
that the scheme presented here can be applied to design
other thermal devices and also be extended to the steady
state or other branches of physics, such as acoustics and
plasmonics.
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