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Gyrokinetics is widely applied in plasma physics. However, this framework is limited to weak tur-
bulence levels and low drift-wave frequencies because high-frequency gyro-motion is reduced by the
gyro-phase averaging. In order to test where gyrokinetics breaks down, Waltz and Zhao developed
a new theory, called cyclokinetics [R. E. Waltz and Zhao Deng, Phys. Plasmas 20, 012507 (2013)].
Cyclokinetics dynamically follows the high-frequency ion gyro-motion which is nonlinearly coupled
to the low-frequency drift-waves interrupting and suppressing gyro-averaging. Cyclokinetics is valid
in the high-frequency (ion cyclotron frequency) regime or for high turbulence levels. The ratio of
the cyclokinetic perturbed distribution function over equilibrium distribution function δf/F can
approach 1.

This work presents, for the first time, a numerical simulation of nonlinear cyclokinetic theory for
ions, and describes the first attempt to completely solve the ion gyro-phase motion in a nonlinear
turbulence system. Simulations are performed [Zhao Deng and R. E. Waltz, Phys. Plasmas 22(5),
056101 (2015)] in a local flux-tube geometry with the parallel motion and variation suppressed by
using a newly developed code named rCYCLO, which is executed in parallel by using an implicit
time-advanced Eulerian (or continuum) scheme [Zhao Deng and R. E. Waltz, Comp. Phys. Comm.
195, 23 (2015)]. A novel numerical treatment of the magnetic moment velocity space derivative
operator guarantee saccurate conservation of incremental entropy.

By comparing the more fundamental cyclokinetic simulations with the corresponding gyrokinetic
simulations, the gyrokinetics breakdown condition is quantitatively tested. Gyrokinetic transport
and turbulence level recover those of cyclokinetics at high relative ion cyclotron frequencies and low
turbulence levels, as required. Cyclokinetic transport and turbulence level are found to be lower than
those of gyrokinetics at high turbulence levels and low-Ω∗ values with stable ion cyclotron modes.
The gyrokinetic approximation is found to break down when the density perturbation exceeds 20%,
or when the ratio of nonlinear E×B frequency over ion cyclotron frequency exceeds 20%. This result
indicates that the density perturbation of the Tokamak L-mode near-edge is not sufficiently large
for breaking the gyro-phase averaging. For cyclokinetic simulations with sufficiently unstable ion
cyclotron (IC) modes and sufficiently low Ω∗ ∼10, the high-frequency component of the cyclokinetic
transport can exceed that of the gyrokinetic transport. However, the low-frequency component of the
cyclokinetic transport does not exceed that of the gyrokinetic transport. For higher and more phys-
ically relevant Ω∗ �50 values and physically realistic IC driving rates, the low-frequency component
of the cyclokinetic transport remains smaller than that of the gyrokinetic transport. In conclusion,
the “L-mode near-edge short-fall” phenomenon, observed in some low-frequency gyrokinetic turbu-
lence transport simulations, does not arise owing to the nonlinear coupling of high-frequency ion
cyclotron motion to low-frequency drift motion.
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1 Introduction

Known as one of the most promising approaches in fusion
energy, magnetic confinement fusion is a historic scien-
tific challenge that may significantly contribute to the
world long term energy needs. The principal idea is to
constrain high-temperature plasma in a designed mag-
netic field. Tokamak develops very quickly among mag-
netic confinement devices, since it possesses the char-
acteristics of strong magnetic field, high temperature,
long operation time, and robust operation parameters.
There exists multi-scale motion in the Tokamak high-
temperature plasma. For most configuration, the fastest
(10−6s) and large-scale (machine size) ideal magneto-
hydrodynamic (MHD) instabilities generally determine
the ultimate operational limit. Ideal MHD instabilities
are driven by current or pressure gradients. Among these
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instabilities, the short-wavelength ballooning mode and
the long-wavelength kink mode are typically well under-
stood and can be avoided in principle. Regarding the
steady state, the energy and the time of the particle
transportation (100s) largely determine the confinement
quality. The classical diffusion theory is associated with
Coulomb collisions between particles. The classical diffu-
sion coefficient calculated by Rosenbluth and Kaufman
[1] is proportional to 1/B2 and is much smaller than the
experimental value. After accounting for the toroidal ef-
fect of the charged particle motion in a real Tokamak
configuration, the effective orbit width becomes one or-
der larger in the new classical theory, where the diffusion
exceeds the classical diffusion by a factor of q2 as calcu-
lated by Pfirsch and Schluter [2], where q is the safety
factor. Although the transport level in the new classical
theory is larger than the one in the classical theory, the
experimental transport level remains under-predicted by
the new classical theory. This under-predicted transport
has been termedanomalous transport. This anomalous
transport has been attributed to micro-turbulence.

It is well known that micro-turbulence is likely to ex-
ist in any large-Reynolds-number fluid, such as air or
water, and this phenomenon is captured by the Navier–
Stokes equation. For the magnetically confined plasma in
Tokamak, it is important to understand and predict the
micro-turbulence transport, because it is one of the main
processes negatively affecting the ability to maintain con-
finement for steady state operation. The transport across
the magnetic field is dominated by low-frequency drift-
wave turbulence. Plasma drift-waves were first discovered
in the Q machine, which is a long cylindrical device. Re-
search performed on the Q machine [3] established the
localized rotating wave structure of drift-waves, and the
phase shift of the drift-waves has been measured. Later,
several types of drift-wave instabilities were discovered
in the Columbia Linear Machine, including the trapped
electron modes [4], trapped ion modes [5], collision-
free curvature-driven trapped particle modes [6], and
ion temperature gradient modes [7]. In Tokamaks, drift-
waves were first discovered in the microwave scattering
experiment [8] and in the infrared CO2 laser scattering
experiments [9, 10]. These experiments indicated that
drift-waves saturate for a wide range of mixing lengths
with a non-adiabatic electron response [11]. After these
initial findings, a large number of drift-wave turbulence
studies were conducted using different devices, including
TEXT, TFTR, ATF, Alcator, ASDEX, Heliotron, and
JFT2M. These studies provided very strong evidences
[12–16] in support of the idea that drift-wave fluctuations
account for the particle and thermal energy transport.

Hassegawa and Mima were the first to describe micro-

turbulence in plasma. According to their theory [17, 18]
the plasma micro-turbulence is caused by the nonlinear
interaction of the electrostatic E ×B drift motions. The
density gradient acts as a source, providing the energy
on a large scale. The energy cascades to the small scale,
where it is damped byion collisions. The Hassegawa-
Mima model [17, 18] describes the basic idea of a non-
linear wave-wave interaction for plasma turbulence. Fol-
lowing this pioneering studies, additional physical mod-
els of micro-turbulence were developed. The Hassegawa-
Wakatani model considered the parallel effect [19], while
Waltz and Dominguez considered the trapped particle as
a fluid and included the FLR effect in their gyro-Landau
fluid model [20]. Although these drift wave turbulence-
basedmodels explain some of the main features of the
Tokamak confinement, many transport-related issues re-
main to be resolved. Along with rapid advances in devel-
opment of computing capabilities, it became possible to
consider more fundamental and complicated theoretical
descriptions in numerical computations.

A milestone of transport theory for magnetically con-
fined plasma is the development of the gyrokinetic the-
ory and of numerical methods for solving the associated
gyrokinetic equations. The gyrokinetic theory is more
fundamental than the fluid theory. In principle, the six-
dimensional Boltzmann equations for each species cou-
pled with the Maxwell equations can be used to describe
all collective motion in plasma. The Boltzmann-Maxwell
system describes physical phenomena from the micro-
scale of ion (and electron) gyro-radius to the macro-scale
of machine size; however, the calculation is too computa-
tionally expensive and cannot be performed by using the
existing computational capabilities. To reduce the calcu-
lation complexity, the gyrokinetic equation is obtained
after averaging the Boltzmann equation over the gyro-
phase angle and expanding the perturbed distribution
function to the lowest order. The distribution of gyro-
centers is advanced with gyro-averaged fields. The elec-
trostatic formulation of gyrokinetics was generalized in
the late 1960s [21, 22] with the electromagnetic fields
included in the early 1980s [23, 24], and was quickly ex-
tended from linear to nonlinear description [25].

It is well known that gyrokinetic transport simulations
in the core regime of Tokamak are in a good agreement
with experiments [26], where turbulence levels are low.
However, gyrokinetic simulations of some near-edge L-
mode Tokamak plasmas using the GYRO code [27] have
been found to under-predict both the transport and the
turbulence levels by at least 5-fold [26] or even 10-fold
in the case of a more turbulent and colder edge [28].
This mismatch for the transport and low-frequency tur-
bulence is called the “L-mode near-edge short-fall”. The
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transport “short-fall” problem in the near-edge L-mode
Tokamak gyrokinetic transport simulation was discov-
ered by White et al. by comparing the GYRO simula-
tions with the DIIID experiment results in 2007 [29].
They found that both the ion and electron heat diffusiv-
ities are under-predicted by a factor of 5 at ρr = 0.75,
where ρr is the normalized toroidal flux. The under-
predicted factor becomes larger than 5 [26] for ρr > 0.75
or at higher q, where the level of turbulence is higher.
The “short-fall” problem has been well studied in the
recent years. Multiple gyrokinetic and gyro-fluid simula-
tion results comparisons solidly established the existence
of the transport “short-fall” problem. The results of the
nonlinear simulations using GYRO, GEM, and TGLF
are compared in Fig. 1 [30].

The L-mode near-edge short-fall suggests that either
some important mechanism is missing from the currently
used gyrokinetic simulation program such as GYRO, or
the gyrokinetic approximation itself becomes invalid. In
order to test where gyrokinetics breaks down, Waltz and
Zhao have developed a more fundamental theory, termed
the cyclokinetic theory [31], and the corresponding sim-
ulation code rCYCLO [32]. Cyclokinetics is more funda-
mental than gyrokinetics. Six-dimensional cyclokinetics
can be regarded as an extension of five-dimensional gy-
rokinetics to include high-frequency ion cyclotron waves.
As shown in Fig. 2, cyclokinetics dynamically follows the
high-frequency ion gyro-phase motion and nonlinearly

Fig. 1 Comparison of ONETWO power balance calculations (−)
of (top) ion and (bottom) electron energy fluxes Qi and Qe to pre-
dictions from TGLF (−), GYRO (�), and GEM (�). Reproduced
from Ref. [30].

Fig. 2 The comparison between cyclokinetics and gyrokinetics.
Cyclokinetics dynamically follows the high-frequency ion gyro-
phase motion, while gyrokinetics follows the low-frequency gyro-
center motion.

couples the high-frequency ion cyclotron modes to the
low-frequency drift modes. Gyrokinetics is an approxi-
mation of cyclokinetics, obtained by gyro-averaging over
the high-frequency gyro-motion in cyclokinetics, and
only follows the low-frequency gyro-center motion. Cy-
clokinetics recovers both linear and nonlinear gyrokinet-
ics when only the first cyclotron harmonic is retained.
The linear low-frequency drift mode rates in cycloki-
netics and gyrokinetics are the same.Nonlinear cycloki-
netics imposes no limit on the perturbation amplitude,
whereas gyrokinetics is limited to the low drift-wave fre-
quencies and weak turbulence levels (with the perturbed
E × B velocity much less than the ion thermal velocity
(δυE

⊥ � υth
i ) on the small scale of the ion gyro-radius

(ρk⊥) ∼ O(1) in Ref. [33] (p. 113), where k⊥ is the
perpendicular wavenumber). For comparison, gyrokinet-
ics is limited to weak turbulence levels (δυE

⊥ � υth
i )

and low drift wave frequencies (ω � Ω), while cy-
clokinetics extends gyrokinetics to high turbulence levels
(δυE

⊥ � υth
i )and high frequencies (ω � NΩ). Ω is the ion

cyclotron frequency, and N is the largest ion cyclotron
harmonic retained.

The high-frequency gyro-motion included in cycloki-
netics possibly interrupts and suppresses the gyro-
averaging if the turbulence level is sufficiently high. For-
mally, there is no gyro-averaging when all cyclotron
(gyro-phase angle) harmonics of the perturbed distri-
bution function (δf) are retained. It is also possible
that sufficiently unstable high-frequency ion cyclotron
modes could nonlinearly drive low-frequency turbulence
and transport. This leads us to the conjecture that the
low-frequency component of the cyclokinetic transport
level might be driven higher than in gyrokinetics, so as
to recover the L-mode near-edge “short-fall”.

Actually, linear cyclokinetics predates linear gyroki-
netics to the early 1960s. In fact, some of the earli-
est work on “anomalous diffusion arising from micro-
instabilities in a plasma” of fusion interest seemed to
have focused first (1962) on high-frequency current drift
[34] and grad-B drift [35] ion-cyclotron instabilities lead-
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ing to Bohm size and scaled diffusivities DB = csρs =
cTe/(eB). Only later (1965) did the workfocus on the
low-frequency “universal” (density gradient) diamag-
netic drift waves [36], which is now associated with gy-
rokinetic gyro-Bohm size and scale diffusion as DgB =
DBρ∗ = (cs/a)ρ2

s. This early work used the time-honored
[Landau (1946)] procedure of neglecting the nonlinear
term and integrating along unperturbed particle orbits
to arrive at the linear dispersion relation as a (possi-
bly truncated) sum of cyclotron harmonics using quasi-
neutrality. While unstable high-frequency ion cyclotron
modes with low wave numbers (k⊥ρ � 1) are not gen-
erally thought to be the main cause of or even make a
significant contribution to turbulent transport in Toka-
maks, the current drift ion cyclotron modes [34] were
experimentally observed in the TFR Tokamak [37] in
1978 and shortly thereafter treated in sheared-toroidal
Tokamak geometry [38]. Of course, the importance of
ion (and electron) cyclotron waves in Tokamak plasma
heating and current drive is well established.

The name “cyclokinetics” and the nonlinear formula-
tion were first introduced in Ref. [31]. Ref. [34] treated
the high-frequency current driven ion cyclotron modes,
and Refs. [35, 36] were among the first to treat low-
frequency drift modes in linear electrostatic 6D kinetics
which integrated over the gyro-phase. The work in Refs.
[32, 39] was the first to present the numerical simula-
tion of nonlinear cyclokinetic theory for ions. That work
was also the first to completely solve the ion gyro-phase
motion in a nonlinear turbulence system. The numerical
method proposed in Refs. [32, 39] is likely to be useful for
designing a more comprehensive and physically realistic
6D Eulerian kinetic simulation code.

In Section 1, a brief introduction of the background
and history of plasma transport is given, both from the
theoretical and experimental perspectives, emphasizing
that the L-mode near-edge short-fall problem might be
attributed to the breakdown of the gyrokinetic theory. In
Section 2, the new theory of cyclokinetics is introduced,
in two forms: (i) cyclokinetic equations in the cyclotron
harmonic form (CKinCH) and (ii) cyclokinetic equations
in the Fourier harmonic form (CKinFH). In Section 3,
the newly developed cyclokinetic code rCYCLO is intro-
duced, and the numerical methods for solving the cy-
clokinetic problem are also introduced. The important
verification of incremental entropy conservation and the
grid convergence are also verified in this chapter. In Sec-
tion 4, the cyclokinetic simulation results are presented
and the analysis of the gyrokinetic theory breakdown is
provided. Finally, the short-fall issue is discussed in Sec-
tion 5.

2 Cyclokinetics

Since the six-dimensional (6D) cyclokinetic simulation is
computationally too expensive, for simplifying the ex-
position and improving the simulation efficiency a four-
dimensional (4D) [kx, ky, μ, α] reduced nonlinear cycloki-
netic model was developed by Waltz and Zhao [31]. kx, ky

are the Fourier transform wavenumbers of the cross-field
space positions x, y. μ is the magnetic moment, and α

is the ion gyro-phase. The two-dimensional (2D) [kz, υz]
parallel motion is suppressed for simplicity. By compar-
ing the 4D [kx, ky, μ, α] cyclokinetic simulations with the
corresponding three-dimensional (3D) [kx, ky, μ] gyroki-
netic simulations, the rCYCLO code can quantitatively
test the breakdown of gyrokinetics and gyro-averaging at
a sufficiently high turbulence level and sufficiently low
relative ion cyclotron frequency Ω∗, where Ω∗ = 1/ρ∗

and ρ∗ is the relative ion gyro-radius. Cyclokinetics dy-
namically follows the high-frequency gyro-motion with
no averaging over the gyro-phase α. No approximation
is made for the E×B nonlinearity. Only the electrostatic
perturbations in a local flux-tube geometry are consid-
ered as shown in Fig. 3, with a shear-less B-field de-
creasing in the radial x direction. This produces a grad-
B driftin the y direction. The ion density and temper-
ature gradients are fixed. The electrons are treated by
using either the non-adiabatic electron model or a col-
lisional drift wave (CDW) combined with the resistive-
g mode fluid model. Cyclokinetics nonlinearly couples
the toroidally (grad-B) driven ion temperature gradient
(ITG) modes and the CDW modes to the ion cyclotron
(IC) modes.

The δf formulations of gyrokinetics and cyclokinetics
are limited to local micro-turbulence on the cross-field
wavelength scale of turbulent eddies (1−10)ρs which are
much smaller than the length scales of the density and
temperature profiles represented by a (the typical minor
radius of a Tokamak); hence the “rho-star” parameter
ρ∗ = ρs/a is typically below a few percent. The relative
ion cyclotron frequency is Ω∗ = 1/ρ∗ ∼100, and can-
not be scaled away in the non-zero cyclotron harmonic
equations; thus, cyclokinetic diffusivity breaks the local
gyro-Bohm diffusivity scaling. Because unstable high-
frequency cyclotron harmonics can provide an additional
channel to tap the free energy in the plasma gradient,
cyclokinetics can be expected to exhibit larger (perhaps
some way toward Bohm-sized) diffusion. The positive
and negative cyclotron modes will beat together, driving
(or possibly damping) the low-frequency drift wave tur-
bulence. Of course, cyclokinetic simulations will likely
be more than 100-fold more expensive, because an Ω∗
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Fig. 3 The geometry of rCYCLO code. A local flux-tube geometry is considered. The parallel motion and variation are
ignored. The cross-field space (x, y) are Fourier transformed to wave number space (kx, ky). A shearless B-field decreases
in the radial x direction. The ion density and temperature gradients are fixed in x direction.

times smaller time step is required to follow even the
lowest cyclotronharmonic.

2.1 Cyclokinetic equations in the gyro-phase angle form

2.1.1 The Boltzmann equation

The Boltzmann equation is the most fundamental de-
scription of plasma. Following Ref. [40] the state of
plasma can be described by the distribution functions
fα(t, r, υ) that characterize all particle components.
These functions describe the density of particles of
species α at time t at the point (r, υ) in the system phase
space; the quantity fα(t, r, υ)drdυ then represents the
number of particles in the 6D volume element drdυ. In
the simplest case, the plasma consists of electrons and a
single ion species (α = e and α = i). The plasma behav-
ior is described by a system of kinetic equations, Boltz-
mann’s equations, which describe the temporal evolution
of the distribution functions [41–44]:

∂fα/∂t + υ · ∇fα + (Fα/mα) · ∂fα/∂υ = Cα. (2.1.1)

In the above equation, Fα is the force on a particle of
species α at point r and velocity υ, mα is the particle
mass, Cα represents the collision associated with the
species α. For a particle that carries a charge eα and
is located in an electric field E and a magnetic field B:

Fα = eα(E + υ/c × B). (2.1.2)

The distribution function f for the ion species (α = i) is

∂f/∂t+υ ·∇f +(e/m)[E+υ/c×B] ·∂f/∂υ = C +S.

(2.1.3)

where S is the source.

2.1.2 Transport equation

In the presence of the fluctuations of a turbulent electro-

static field E ⇒ E0
xε̂x + δE⊥, decompose f = F + δf

where the statistical (or time) averages δE and δf vanish
with ∂F/∂t ∼ 0. Collisions are likely needed for main-
taining the equilibrium background F close to the as-
sumed Maxwellian, but are otherwise ignored in what
follows. By averaging Eq. (2.1.3) with respect to the time,
the transport equation is obtained:

∂F/∂t + ∇ · (υF ) + (e/m)(E0
xε̂x + υ/c × B) · ∂F/∂υ

= D + S, (2.1.4)

where

D = −(e/m)δE⊥ · ∂δf/∂υ⊥ (2.1.5)

with the time averaging of D implicit in Eq. (2.1.4). Mul-
tiplying Eq. (2.1.4) by

∫
dx3/V

∫
dυ3υy[1, mυ2/2] and

integrating by parts, the box (volume V or flux surface)
average turbulent electrostatic E×B radial particle (en-
ergy) transport flux is obtained as usual:

[Γx, Qx] =
∫

dx3/V

∫
dυ3[1, mυ2/2](cδEy/B)δf ,

(2.1.6)

as well as a turbulent heating source [45], which is not
accounted for here.

2.1.3 Equation of motion

Unless otherwise noted, we will follow the notation and
analysis in Ref. [31] by converting the coordinates [x, υ]
to [x′, u, μ, α], where x = x′, u = b̂ · υ is the paral-
lel velocity with b̂ = B/B ⇒ ε̂z, and μ = υ2

⊥/(2B) is
the magnetic moment with the cross-field velocity υ⊥.
What will become the gyro-phase angle α is defined by
υ = ub̂ + υ⊥ and υ⊥ = υ⊥(ε̂x cosα + ε̂y sinα) with
ε̂y = b̂ × ε̂x, mυ2/2 = mμB + mu2/2. Henceforth, the
velocity of light will be set to c → 1. Eq. (2.1.3) can be
re-written (again by ignoring the collision term C) as
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∂f/∂t + Λf − Ω∂f/∂α = S, (2.1.7)

where (from Ref. [45] Eqs. (12) and (24))

Λf = υ · ∇′f + u̇∂f/∂u + μ̇∂f/∂μ + α̇∂f/∂α

= (1/B)∇′ · (Bυf) + ∂(u̇f)/∂u

+∂(μ̇f)/∂μ + ∂(α̇f)/∂α, (2.1.8)

and (from Ref. [45] Eqs. (16), (17), and (18))

u̇ = υ · (∇b̂) · υ⊥ + (e/m)E// ⇒ 0, (2.1.9)

Bμ̇ = −υ · [μ∇B + u(∇b̂) · υ⊥] + (e/m)E⊥ · υ⊥

⇒ (μB/R)υx + (e/m)E0
xυx + (e/m)δE⊥ · υ⊥,

(2.1.10)

α̇ = −υ · [(∇ε̂x) · ∇ε̂y + (u/υ2
⊥)(∇b̂) × b̂ · υ⊥]

+(e/m)E⊥ · b̂ × (υ⊥/υ2
⊥)

⇒ −(e/m)E0
xυy/υ2

⊥ + (e/m)δE⊥ · b̂ × (υ⊥/υ2
⊥),

(2.1.11)

where the parallel variations and parallel velocityare sup-
pressed, ∇// ⇒ 0 and u ⇒ 0, which kill the associated
curvature drifts (absent in a straight B-field). The grad-
B drift with −∇xB/B = 1/R is retained, as well as the
radial electric field E0

x and the turbulent fluctuating field
δE⊥. The reduced 4D model has the phase space volume
of

∫
dx2

⊥
∫ 2π

0
dα

∫ ∞
0

Bdμ.
Subtracting the time average of Eq. (2.1.7) from itself,

the equation for the perturbed distribution function is
obtained:

∂δf/∂t + υ⊥ · ∇δf + [μB/R + (e/m)E0
x]υx∂Bμδf

−{[μB/R + (e/m)E0
x]υy/υ2

⊥
−μB/R(υy/υ2

⊥) + Ω}∂αδf

= −(e/m)δE⊥ ·υ⊥∂BμF − (e/m)δE⊥ · b̂×υ⊥/υ2
⊥∂αF

−(e/m)δE⊥ · υ⊥∂Bμδf

−(e/m)δE⊥ · b̂ × υ⊥/υ2
⊥∂αδf. (2.1.12)

In order for the background equilibrium F to be
the stationary solution of Eq. (2.1.3), it must be a
function of the three invariants of Eq. (2.1.3), which
are [mυ2

⊥/2, x + υy/Ω , y − υx/Ω ], with the third pre-
cluded so as to obtain no y-dependence in the ra-
dial flux surface. However, F should have radial x-
gradients, which brings in the second invariant. Hence,
F is a Maxwellian drifting in the y-direction. Take
F = PnT PT PBn0FM , where the Maxwellian distribu-
tion is FM = [1/(πυth2

i )] exp(−mμB/Ti), Ti is the ion
temperature, PnT = exp[−(1/Ln − 1/LTi)(x + υy/Ω)],
PT = exp[−(mμB/TiLTi)(x + υy/Ω)], and PB =

exp[−(mμB/TiR)(x+υy/Ω)]. Eq. (2.1.12) is not clearly
Lorenz frame-invariant with respect to E0

xε̂x×Bε̂z drifts
in the y-direction. However, a simple shift of the ve-
locity space variable υ⊥ = υ⊥(ε̂x cosα + ε̂y sin α) ⇒
υE ε̂y + υ⊥(ε̂x cosα + ε̂y sin α), where υE = E0

x/B, re-
moves E0

x in both Eqs. (2.1.3), (2.1.4), and Eq. (2.1.12)
transforms ∂δf/∂t ⇒ [∂δf/∂t−υE∇yδf ], which displays
the Doppler rotation Lorentz invariance. Fourier trans-
forming in the cross-field direction (x, y) to (kx, ky) the
k-component of the fluctuating electric field is δE⊥k =
−ikδφk.

2.1.4 Cyclokinetic equations in gyro-phase angle form

The simulation box (x, y) is a small symmetric rectan-
gle with side equal to L, satisfying ρs � L � a. The
parameter ρs is theion gyro-radius associated with ion
sound speed, and a is the Tokamak minor radius. The
straight and shear-less magnetic field varies only in the
x direction B(x) = B[1− (x+ r)/R]. The variable x rep-
resents the radial position with x = 0 at the center of
the box, R is the Tokamak major radius, and r is the
minor radius of the flux tube. Since no trapped parti-
cles are considered, the value of the local inverse aspect
ratio r/R does not enter in this model. After straightfor-
ward manipulation of the linear F term on the RHS of
Eq. (2.1.12), the nonlinear non-conservative form of the
ion cyclokinetic equation for δfk in the gyro-phase angle
space is obtained:

∂δfk/∂t− iυEkyδfk− iυdkyδgk +iυ⊥ ·k⊥δgk −Ω∂αδgk

= −iωnT
∗ (n0FM )eδφ/Te

+
∑

k1

(e/m)[δφk1ik1 · υ⊥∂Bμδfk2

+δφk1ik1 · b̂ × (υ⊥/υ2
⊥)∂αδfk2], (2.1.13)

where δfk = δgk − (n0FM )eδφk/Ti with the non-
adiabatic part δgk. The quantity k⊥ = k⊥[cosβε̂x +
sin βε̂y] is the cross-field wave-number vector in Carte-
sian coordinates with ε̂y = ε̂z × ε̂x, ε̂z = b̂ = B/B,
and β is the wave angle. The subscript ⊥ of the wave-
number vector is ignored for convenience, because the
parallel direction is reduced. The three-wave interac-
tion requires k2 = k − k1. Te is the electron tem-
perature. n0 is the unperturbed ion density. ωnT∗ =
[Te/(eB)]ky{1/Ln + [(mμB/Ti) − 1]/LTi} is the den-
sity gradient and temperature gradient drift frequency.
PnT PT PB = exp{−[(1/Ln−1/LTi)+(mμB/Ti)(1/LTi +
1/R)](x + υy/Ω)} has been set to unity (after taking
the [∂Bμ, ∂α] velocity derivatives) to suppress any expo-
nential radial profile variation, which would be incon-
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sistent with local homogeneous turbulence and the kx-
transform.

2.1.5 Normalization

At this point (and henceforth), it is convenient to work in
gyro-Bohm units. The primary normalized cyclokinetic
equation in the gyro-phase angle space (Eq. (2.1.13)) can
be re-written as

Dδf̂k/Dt̂− iω̂E
k δf̂k − iω̂d

kδĝk + iυ̂⊥ · k̂Ω∗δĝk −Ω∗∂αδĝk

= −iω̂nT
∗k δφ̂k(n0FM )

+
∑

k1

[(Te/Ti)δφ̂k1ik̂1 · υ̂⊥∂μ̂δf̂k2

+δφ̂k1ik̂1 · b̂ × υ̂⊥/υ̂2
⊥∂αδf̂k2], (2.1.14)

where δĝk(μ̂, α) = δf̂k(μ̂, α)+(Te/Ti)δφ̂kn0FM (μ̂) repre-
sents the non-adiabatic part of the distribution function.
The variables are normalized to the gyro-Bohm units.
Macro-lengths are scaled to the Tokamak minor radius
a, cross-field micro-turbulence lengths are scaled to the
sound speed ion gyro-radius ρs, velocities are scaled to
the ion sound speed cs, time is scaled to a/cs, and ion ve-
locity is scaled to the ion thermal speed υth

i =
√

2Ti/mi.
The ion sound speed is defined by cs =

√
Te/mi, with

ρs = cs/Ω , where Ω = eB/(mic) is the ion gyro-
frequency. The wavenumber, the time, and the magnetic
moment are normalized as k̂ = kρs, t̂ = t(cs/a), and
μ̂ = (υ⊥/υth

i )2 respectively. The perturbed ion distribu-
tion function, electric potential, and Maxwell’s distribu-
tion function are normalized as δf̂k = (δfkTi/mi)/ρ∗,
δφ̂k = (eδφk/Te)/ρ∗, and FM (μ̂) = e−μ̂/2π respec-
tively, where ρ∗ = ρs/a is the relative ion gyro-radius.
ω̂E

k = υ̂E k̂y is the Doppler E × B rotation frequency.
ω̂d

k = 2k̂y(Ti/Te)μ̂(a/R) is the grad-B drift frequency.
The factor 2 is added here to compensate for the cur-
vature drive from the suppressed parallel direction. υ̂⊥ ·
k̂⊥ = kρ cos(α − β), and ρ = υ⊥/Ω is the ion gyro-
radius. Ω∗∂αδĝk represents the linear high-frequency ion
gyro-motion. ω̂nT∗ = k̂y[(a/Ln) + (a/LTi)(μ̂ − 1)] is the
density and temperature gradient drive frequency for the
drift waves. Artificial damping at high and low k is in-
corporated into time derivative operator D/Dt̂ = ∂/∂t̂+
μHK k̂4 + μLK/k̂2. μHK and μLK are constants. μHK k̂4

represents the damping of high-k modes, which allows
turbulence energy to escape to short wavelength modes
where it is physically damped by collisions. μLK/k̂2 rep-
resents the damping of low-k modes. It physically repre-
sents the neglected magnetic shear damping which makes
the low-k modes slightly stable. This allows the low-k
modes to saturate the inverse cascade energy from the
higher k driving modes. The large factor Ω∗ = 1/ρ∗ is

the relative ion cyclotron frequency, which ranges from
10 to 1000, with 50 to 100 being the typical physi-
cal values of interest. We set n0 ≡ 1 in the units of
density ne, which implies ni = ne. The velocity space
integration of the 2D Maxwell’s ion distribution func-
tion is

∮
dα

∫ ∞
0 dμ̂FM (μ̂) = 1, where the parallel veloc-

ity has been suppressed. The perturbed potential and
the distribution function satisfy the realistic condition
δφ̂−k = δφ̂∗

k, δf̂−k = δf̂∗
k . Note that cyclokinetics does

not assume δf/F � 1, where F is the equilibrium back-
ground distribution.

It is useful to note that the nonlinear coupling in Eq.
(2.1.14) does not (explicitly) have the familiar “k̂1× k̂2”
form (

∑
k1 Ω∗ε̂z · k̂1 × k̂2δφ̂k1δf̂k2) expected of the sim-

ple nonlinear E × B motion in which self-interaction
“k̂1 = ±k̂2” is precluded. Nevertheless, after applying
the conservative property Eq. (2.1.15) to Eq. (2.1.14),
it is straightforward to prove that the nonlinearity con-
serves the total incremental entropy:

(Te/Ti)∂μ̂k̂1 · υ̂⊥ + ∂αk̂1 · b̂ × υ̂⊥/υ̂2
⊥ = 0. (2.1.15)

The incremental entropy is defined as

S =
∑

k

∮
dα

∫ ∞

0

dμ̂(δf̂∗
k δf̂k). (2.1.16)

The radial ion particle and energy fluxes in the gyro-
Bohm units of n0csρ

∗2 and Ten0csρ
∗2 are

[Γ̂ , Q̂⊥] = Re

∮
dα

∫ ∞

0

dμ̂
∑

k

[1, (Ti/Te)μ̂]

· ik̂yδφ̂∗
k[δĝk(μ̂, α)/n0], (2.1.17)

whereRe means that only the real part is retained. δĝk

indicates that the transport is proportional to the non-
adiabatic perturbed distribution function. The diffusivi-
ties are defined as fluxes divided by gradients:

[D̂, χ̂] = [Γ̂ , Q̂⊥]/[a/Ln, a/LTi]. (2.1.18)

It is difficult to correctly simulate Eq. (2.1.14), because
it is difficult to ensure correct temporal evolution of the
stiff α-derivative term Ω∗∂αδĝk. It is better to trans-
form α to a harmonic space so as to replace the deriva-
tive operator by the harmonic number identity. There
are two types of harmonic transforms: cyclotron har-
monics and Fourier harmonics. Nonlinear cyclokinetic
equations in the cyclotron harmonic representation (CK-
inCH) were introduced in Ref. [39]. Cyclokinetic equa-
tions with Fourier harmonics (CKinFH) were introduced
in Ref. [32]. The CKinCH nonlinear simulations are con-
siderably more computationally expensive than the CK-
inFH simulations, but it is easier to analytically identify
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the CKinCHwith gyrokinetics.

2.1.6 The Poisson equation

The quasi-neutrality relation determining δφ̂k is ex-
pressed in the Poisson equation:

δφ̂k =

∮
dα

∫ ∞
0

dμ̂δf̂k(μ̂, α)/n0 − CDW · δn̂e
k

(1 − CDW )Rk + CDW · (λ̂2
D k̂2)

, (2.1.19)

where λ̂D � 1 is the Debye length in the units of
ρs, CDW is the control parameter for determining the
electron model, CDW = [0, 1] for the [near adiabatic
electron, collisional drift wave electron] model, Rk =
λk − iδk represents the electron response function, and
δk is the electron non-adiabatic parameter. δ1 > 0
will add unstable electron drift waves to the unstable
“toroidal” ITG modes. Positive δk drives instability to
all except the k̂y = 0 modes. δn̂e

k = (δne
k/n0)/ρ∗ is

the normalized perturbed electron density, and δn̂i
k =∮

dα
∫ ∞
0 dμ̂δf̂k(μ̂, α)/n0 is the normalized perturbed ion

density. The electron equations of motion are given in
Section 2.5.

2.2 Cyclokinetic equations in the cyclotron harmonic
form

2.2.1 Cyclotron harmonic transformation

To make a clear connection between cyclokinetic and
gyrokinetics and for easier quantification of the gyroki-
netics breakdown conditions, Eqs. (2.1.14), (2.1.17) and
(2.1.19) are re-formulated in terms of the cyclotron har-
monics. The cyclotron harmonic δĜn

k (μ̂) is defined by
introducing an integrating factor on δĝk(μ̂, α) (and sim-
ilarly on δf̂k(μ̂, α)):

δĝk(μ̂, α) exp[−ikρ sin(α − β)]

=
n=Nα−1∑

n=−Nα+1

δĜn
k (μ̂) exp[in(α − β)]. (2.2.1)

In order to formulate numerically efficient equations,
a finite expansion in the gyro-phase space is applied
here instead of an infinite expansion in Ref. [31]. n =
−Nα + 1, ..., 0, ..., Nα − 1 is the harmonic number with
respect to α. The cyclotron harmonics are the linearly
uncoupled “normal modes” of cyclokinetics. The per-
turbed distribution function satisfies the reality condi-
tion δF̂−n

−k = (−1)n[δF̂n
k ]∗ and δĜ−n

−k = (−1)n[δĜn
k ]∗.

Using
∮

dα/(2π) exp[ikρ sin(α − β) − in(α − β)] =
Jn(kρ), where Jn(kρ) is the Bessel function, Eq. (2.1.14)
can be re-written in terms of the cyclotron harmonics as

(by henceforth suppressing the Doppler E × B rotation
frequency ω̂E

k ):

DδF̂n
k /Dt̂ − iω̂d

kδĜn
k − inΩ∗δĜn

k

+Jn(kρ)δφ̂kiω̂nT
∗k n0FM (μ̂)

=
∮

dα/(2π) exp[−in(α−β)+ikρ sin(α−β)]NLk(μ̂, α)

= ∂μNLn
k (μ̂) + ∂αNLn

k(μ̂), (2.2.2)

where

∂μNLn
k (μ̂) =

∑

n′

∑

k1

δφ̂k1

∮
exp[−in(α − β)

+ikρ sin(α − β) + in′(α − β2)

−ik2ρ sin(α − β2)][ik1ρ cos(α − β1)](Te/Ti)

· [∂μ̂δF̂n′
k2 − δF̂n′

k2 ik2ρ sin(α − β2)/(2μ̂)][dα/(2π)],

(2.2.3)

and

∂αNLn
k (μ̂) =

∑

n′

∑

k1

δφ̂k1

∮
exp[−in(α − β)

+ikρ sin(α − β) + in′(α − β2)

−ik2ρ sin(α − β2)][−ik1ρ sin(α − β1)/υ̂2
⊥]

· [in′ − ik2ρ cos(α − β2)]δF̂n′
k2 [dα/(2π)], (2.2.4)

where δF̂n
k (μ̂) = δĜn

k (μ̂) − Jn(kρ)δφ̂k(Te/Ti)n0FM (μ̂)
and NLk(μ̂, α) refers to the nonlinear terms on the RHS
of Eq. (2.1.14). ∂μNLn

k (μ̂) and ∂αNLn
k(μ̂) on the RHS of

Eq. (2.2.2) correspond to the ∂μ̂ and ∂α derivative terms
on the RHS of Eq. (2.1.14).

∑
n′represents

∑n′=Nα−1
n′=−Nα+1 .

Following Eqs. (2.1.17) and (2.2.1), the radial trans-
port fluxes are:

[Γ̂ , Q̂⊥] = Re2π
∫ ∞

0

dμ̂
∑

k

∑

n

[1, (Ti/Te)μ̂]

· ik̂yδφ̂∗
kJn(kρ)δĜn

k (μ̂)/n0, (2.2.5)

which again recovers the gyrokinetic description when
truncated at n = 0.

2.2.2 Linear dispersion relation

The linear dispersion relation is explored, before unpack-
ing the nonlinear terms. Since the collisional drift wave
electron model is too complicated to analyze the linear
dispersion relation, the electron is described by using
the non-adiabatic model, by setting CDW = 0 in Eq.
(2.1.19). The quasi-neutrality relation, Eq. (2.1.19), be-
comes:
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n0δφ̂k(λk − ik̂yδ1)

= −n0δφ̂k(Te/Ti) +
∮

dα

∫ ∞

0

dμ̂δĝk(μ̂, α)

= −n0δφ̂k(Te/Ti) +
∑

n

2π
∫ ∞

0

dμ̂Jn(kρ)δĜn
k (μ̂)

= −n0δφ̂k(Te/Ti)[1 −
∑

n

Γn(b)]

+
∑

n

2π
∫ ∞

0

dμ̂Jn(kρ)δF̂n
k (μ̂), (2.2.6)

where J−n = (−1)nJn is used, and Eq. (6.615) in p.710
of Ref. [46] is used to obtain the modified Bessel function
(In) form Γn(b) = exp(−b)In(b), where b = (kρ)2/2 =
(Ti/Te)k̂2. The first term on the RHS can be called
the (perturbed) ion polarization density with the sec-
ond called the density of gyro-centers. From the iden-
tity (Eq. (8.536) in p. 980 of Ref. [46])

∑
n J2

n = 1 ⇒
[1−∑

n Γ (b)] = 0, polarization density formally vanishes
if all cyclotron harmonics [−∞ < n < ∞] are retained
(compared with Eq. (2.1.19), which has no polariza-
tion density). From the linear LHS side of Eq. (2.2.2),
δĜn

k = n0FMJn(kρ)δφ̂k[ω̂nT
∗k + ω̂(Te/Ti)]/(ω̂ + ω̂d

k +nΩ),
and the intermediate Eq. (2.2.6), the linear dispersion
relation is written as

[λk − ik̂yδ1] = −(Te/Ti)

+
∑

n

2π
∫ ∞

0

dμ̂J2
n(kρ)FM (μ̂)[ω̂nT

∗k (μ̂)

+ω̂(Te/Ti)]/[ω̂ + ω̂d
k(μ̂) + nΩ∗]. (2.2.7)

For the dissipative electron drive iδk = 0 (here δk =
k̂yδ1), the k̂y 
= 0 dispersion relation has both a low-
frequency drift wave and high-frequency ion cyclotron re-
active toroidal ITG modes driven by a/LTi and stabilized
by a/Lni; however, the ITG ion cyclotron modes are neu-
trally stable without unphysically large values of a/LTi.
When the μ̂ dependence of ω̂nT

∗k and ω̂d
k is suppressed,

2π
∫ ∞
0

dμ̂J2
n(kρ)FM (μ̂) ⇒ Γn(b), e.g., a/LTi ⇒ 0 and

a/R ⇒ 0, which of course removes the toroidal ITG in-
stability. For δk = k̂yδ1 > 0 and expanding around the
resonances ω̂k ∼ −nΩ∗, the linear dispersion relation be-
comes:

ω̂k ∼ −nΩ∗ + Γn(b)[ω̂n
∗k − nΩ∗(Te/Ti)]

· {1 + (Te/Ti)[1 − Γn(b)] − ik̂yδ1}−1. (2.2.8)

The well-known low-frequency “i-delta” electron drift
wave driven by density gradients a/Lni > 0 is recovered
for n = 0. For n 
= 0, the ω̂n

∗k term is not significant
and the ion cyclotron modes are driven/damped by iδk

alone, without a density gradient, as in the Drummond-
Rosenbluth current drift ion cyclotron modes [34] with
“kinetic” electrons (see Ref. [20] for examples in shear
slab and toroidal geometries). As noted, physically the
iδk value depends on the frequency of the actual linear
mode. It is useful to note that in building a test model
for nonlinear cyclokinetic simulations, the growth and
damping rates of the low-frequency drift waves can be
separately controlled by the ITG temperature gradient
a/LTi and the high-frequency ion cyclotron modes by the
δ1 parameter. There is little linear interaction among the
cyclotron harmonics, so they can be treated separately
one n at a time.

2.2.3 Nonlinear terms

As noted, the cyclokinetic nonlinearity in Eq. (2.1.14)
does not (in an obvious way) have the familiar “k̂1 × k̂2”
form common to gyrokinetics (and all previously ex-
plored 2D (planar) turbulence models) that precludes
nonlinear self-interaction. Hence,the focus in unpacking
the nonlinear terms ∂μNLn

k(μ̂) + ∂αNLn
k (μ̂) on the RHS

of Eqs. (2.2.3) and (2.2.4) is to isolate the “k̂1 × k̂2”
from the self-interacting “k̂1 · k̂2” components. Note that
kρ sin(α−β)−k2ρ sin(α−β2) = ε̂z ·k̂×υ̂⊥−ε̂z ·k̂2×υ̂⊥ =
ε̂z · k̂1 × υ̂⊥ = k1ρ sin(α − β1) and −k̂1k̂2 sin(β1 − β2) =
ε̂z · k̂1 × k̂2 with k̂1k̂2 cos(β1 − β2) = k̂1 · k̂2, and de-
fine a phase factor between different wave angles as
Δn′

n (β, β1, β2) ≡ exp[−in(β1 − β) + in′(β1 − β2)]. The
nonlinear terms (2.2.9) and (2.2.10) are obtained after
some manipulation of the Bessel function identities.

Eq. (2.2.2), combined with Eq. (2.2.11), is the penulti-
mate result of this section, and is mathematically identi-
cal to Eq. (2.1.14). Eq. (2.2.11) is in the non-conservative
form, and its conservative form is obtained by applying
the crucial identity Eq. (2.1.15) to its nonlinear term.
CKinCH with the conservative nonlinear expression is
written as (2.2.12).

∂αNLn
k (μ̂) = +

∑

n′

∑

k1

ε̂z · k̂1 × k̂2{J−n+n′(k1ρ)/2− [J−n+n′+2(k1ρ) + J−n+n′−2(k1ρ)]/4}δφ̂k1δF̂
n′
k2Δn′

n (β, β1, β2)

+
∑

n′

∑

k1

k̂1 · k̂2{[J−n+n′+2(k1ρ) − J−n+n′−2(k1ρ)]/(4i)}δφ̂k1δF̂
n′
k2Δn′

n (β, β1, β2)

+
∑

n′

∑

k1

(k̂1/υ̂⊥){[J−n+n′+1(k1ρ) − J−n+n′−1(k1ρ)]/(2i)}δφ̂k1(n′δF̂n′
k2 )Δn′

n (β, β1, β2), (2.2.9)

115203-10 Zhao Deng, R. E. Waltz, and Xiaogang Wang, Front. Phys. 11(5), 115203 (2016)



REVIEW ARTICLE

∂μNLn
k (μ̂) = +

∑

n′

∑

k1

ε̂z · k̂1 × k̂2{J−n+n′(k1ρ)/2 + [J−n+n′+2(k1ρ) + J−n+n′−2(k1ρ)]/4}δφ̂k1δF̂
n′
k2Δn′

n (β, β1, β2)

−
∑

n′

∑

k1

k̂1 · k̂2{[J−n+n′+2(k1ρ) − J−n+n′−2(k1ρ)]/(4i)}δφ̂k1δF̂
n′
k2Δn′

n (β, β1, β2)

−
∑

n′

∑

k1

(k̂1/υ̂⊥){[J−n+n′+1(k1ρ) + J−n+n′−1(k1ρ)]/(2i)}δφ̂k1(2μ̂∂μ̂δF̂n′
k2 )Δn′

n (β, β1, β2). (2.2.10)

Eq. (2.2.11) is obtained by adding (2.2.9) to (2.2.10),

∂αNLn
k (μ̂) + ∂μNLn

k(μ̂) = +
∑

n′

∑

k1

ε̂z · k̂1 × k̂2[Jn−n′(k1ρ)]δφ̂k1δF̂
n′
k2Δn′

n (β, β1, β2)

+
∑

n′

∑

k1

(k̂1/υ̂⊥){[Jn−n′+1(k1ρ) − Jn−n′−1(k1ρ)]/(2i)}δφ̂k1(n′δF̂n′
k2 )Δn′

n (β, β1, β2)

+
∑

n′

∑

k1

(k̂1/υ̂⊥){[Jn−n′+1(k1ρ) + Jn−n′−1(k1ρ)]/(2i)}δφ̂k1(2μ̂∂μ̂δF̂n′
k2 )Δn′

n (β, β1, β2). (2.2.11)

DδF̂n
k /Dt̂ − iω̂d

kδĜn
k − inΩ∗δĜn

k + Jn(kρ)δφ̂kiω̂nT
∗k n0FM (μ̂)

=
∑

n′

∑

k1

b̂ · k̂1 × k̂2[Jn−n′(k1ρ)]δφ̂k1δF̂
n′
k2Δn′

n (β, β1, β2)

+
∑

n′

∑

k1

(k̂1/υ̂⊥){[Jn−n′+1(k1ρ) − Jn−n′−1(k1ρ)]/(2i)}δφ̂k1(nδF̂n′
k2 )Δn′

n (β, β1, β2)

+
∑

n′

∑

k1

δφ̂k1(Te/Ti)∂μ̂{[Jn−n′+1(k1ρ) + Jn−n′−1(k1ρ)](k̂1υ̂⊥)δF̂n′
k2/(2i)}Δn′

n (β, β1, β2). (2.2.12)

After some careful algebra, the conservative and non-
conservative forms are found to be equivalent as required.
Notice that the nonlinear coupling coefficient on the last
two lines of the nonlinear term is enhanced by 1/υ̂⊥ at
low velocities.

2.2.4 Incremental entropy

In rCYCLO code, the nonlinear term is calculated by
adding the conservative form with the equivalent non-
conservative forms of nonlinear terms and dividing by 2.
This operation cancels any numerical errors from the μ-
derivative operator (described in Ref. [32]) in the nonlin-
ear conservation of incremental entropy. The incremental
entropy of CKinCH is defined as

S =
∑

k

∮
dα

∫ ∞

0

dμ̂(δf̂∗
k δf̂k)

= 2π
∫ ∞

0

dμ̂
∑

k

∑

n

(δF̂n
k )∗δF̂n

k . (2.2.13)

Using the conservative nonlinear expression in Eq.
(2.2.11) together with the non-conservative expression in
Eq. (2.2.11), it is straightforward to prove the CKinCH
nonlinear entropy conservation. Numerical conservation
of nonlinear incremental entropy is a crucial test of any
turbulence simulation code (e.g., see Ref. [47] for the
case of the GYRO code). Without accurate conservation,
there may be no nonlinear saturation. The discretization
of the derivative operator ∂μ̂ is designed to ensure the
conservation of the incremental entropy, as discussed in
Section 3.

2.2.5 The Poisson equation

The Poisson equation for the CKinCH is given as

δφ̂k =
∑

n 2π
∫

dμ̂Jn(kρ)δF̂n
k (μ̂)/n0 − CDW · δn̂e

k

(Te/Ti)[1 − ∑
n 2π

∫
dμ̂FM (μ̂)J2

n(kρ)] + (1 − CDW )Rk + CDW · (λ̂2
D k̂2)

. (2.2.14)

The polarization density formally vanishes when all
cyclotron harmonics are retained:

[1 −
∑

n

2π
∫

dμ̂FM (μ̂)J2
n(kρ)] → 0|n→±∞.
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2.3 The cyclokinetic equation in the Fourier harmonic
form

2.3.1 The Fourier transformation

After straightforwardly expanding δf̂k(μ̂, α) in Eq.
(2.1.14) with finite (or discrete) Fourier harmonics
δf̂k(μ̂, α) =

∑n=Nα−1
n=−Nα+1 δF̂n

k (μ̂) exp(inα), the 4D cy-
clokinetic equation is obtained in the Fourier har-
monic form given by Eq. (2.3.1), where n = −Nα +
1, ..., 0, ..., Nα − 1 is the harmonic number with respect
to α. The corresponding inverse Fourier transform is:
δF̂n

k (μ̂) = 1
2Nα−1

∑m=2Nα−2
m=0 δf̂k(μ̂, αm) exp(−inαm),

where αm = 2πm/(2Nα − 1).

DδF̂n
k /Dt̂ − iω̂d

kδĜn
k + i(υ̂⊥k̂/2)Ω∗[exp(−iβ)δĜn−1

k

+ exp(+iβ)δĜn+1
k ] − Ω∗inĜn

k

= −iω̂nT
∗k δφ̂kn0FM (μ̂)δn

0 +NL S(k̂, μ̂, n). (2.3.1)

δĜn
k = δF̂n

k + (Te/Ti)δφ̂kn0FM (μ̂)δn
0 represents the non-

adiabatic part of the distribution function, with δn
0 =

[0, 1] corresponding to [n 
= 0, n = 0]. The perturbed dis-
tribution functions are linearly coupled and satisfy the
reality condition δF̂−n

−k = [δF̂n
k ]∗. NLS(k̂, μ̂, n) represents

the nonlinear dynamics.

2.3.2 Cyclic boundary condition in the gyro phase space

Since the gyro phase angle space is cyclic δf̂k(μ̂, α +
2π) = δf̂k(μ̂, α) on 0 � α < 2π, its Fourier
form δF̂n

k is also cyclic. For a finite harmonic num-
ber n = −Nα + 1, ..., 0, ..., Nα − 1, a cyclic bound-
ary condition at α = [0, 2π] is provided by δF̂−Nα

k =
δF̂Nα−1

k , δF̂Nα

k = δF̂−Nα+1
k as demonstrated from the

inverse Fourier transform. The derivative operator also
requires a Fourier transform ∂αδf̂k(μ̂, α) ⇒ in̄δF̂n

k (μ̂),
where in̄(n) is the derivative harmonic identity, which
is cyclic in̄[n ± (2Nα − 1)] = in̄(n) and in̄(n) is calcu-
lated from in̄(n) = i[n − j(2Nα − 1)] when −Nα + 1 +
j(2Nα − 1) � n � Nα − 1 + j(2Nα − 1) with an integer
j. Thus, the cyclic boundary condition of the derivative
harmonic identity should be in̄(Nα) = in̄(−Nα + 1) and
in̄(−Nα) = in̄(Nα − 1).

2.3.3 Nonlinear terms

Eq. (2.1.14) is in the non-conservative form, and its con-
servative form is obtained by applying the crucial iden-
tity in Eq. (2.1.15) to Eq. (2.1.14). After the discrete
Fourier harmonic transformation, both the conservative
and non-conservative forms of the nonlinear dynamics
are obtained. The conservative form (2.3.2) is

NL
ConS(k̂, μ̂, n) = ∂μ̂

∑

k1

(Te/Ti)δφ̂k1i(υ̂⊥k̂1/2)[exp(−iβ1)δF̂n−1
k2 + exp(+iβ1)δF̂n+1

k2 ]

−
∑

k1

δφ̂k1ik̂1/(2υ̂⊥)n[exp(−iβ1)δF̂n−1
k2 − exp(+iβ1)δF̂n+1

k2 ], (2.3.2)

and the non-conservative form (2.3.3) is

NL
NConS(k̂, μ̂, n) =

∑

k1

(Te/Ti)δφ̂k1i(υ̂⊥k̂1/2)[exp(−iβ1)∂μ̂δF̂n−1
k2 + exp(+iβ1)∂μ̂δF̂n+1

k2 ]

−
∑

k1

δφ̂k1ik̂1/(2υ̂⊥)[exp(−iβ1)(n − 1)δF̂n−1
k2 − exp(+iβ1)(n + 1)δF̂n+1

k2 ]. (2.3.3)

After deriving the ∂μ̂ into the bracket in the first term
of Eq. (2.3.2), the conservative form in Eq. (2.3.2) and
the non-conservative form in Eq. (2.3.3) are found to be
equivalent as required. Notice that the nonlinear cou-
pling coefficient is enhanced by 1/υ̂⊥ at low velocities.

2.3.4 Incremental entropy

The nonlinear term is calculated as [NL
ConS(k̂, μ̂, n)+NL

NCon

S(k̂, μ̂, n)]/2 in the rCYCLO code, in order to cancel any
numerical error arising from the numerical approxima-
tion of the μ-derivative operator in the nonlinear conser-
vation of incremental entropy. The incremental entropy

of CKinFH is defined as

S =
∑

k

∮
dα

∫ ∞

0

dμ̂(δf̂∗
k δf̂k)

= 2π
∫ ∞

0

dμ̂
∑

k

n=Nα−1∑

n=−Nα+1

(δF̂n
k )∗δF̂n

k . (2.3.4)

With the linear terms in Eq. (2.1.14) and Eq. (2.3.1)
deleted, it is easy to show in the gyro-phase form, and af-
ter some algebra in the discrete Fourier transform form,
that the total S is conserved; the calculation details are
presented in Appendix A.
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2.3.5 The Poisson equation

The Poisson equation for CKinFH is given as

δφ̂k =
2π

∫
dμ̂δF̂ 0

k (μ̂)/n0 − CDW · δn̂e
k

(1 − CDW )Rk + CDW · (λ̂2
D k̂2)

(2.3.5)

Eq. (2.3.5) indicates that only the zero-th Fourier har-
monic δF̂ 0

k contributes to the electrostatic potential for
CKinFH. Whether the Debye length λ̂D is a very small
number or even zero is not so important for low-k ITG
gyrokinetics (unless dealing with high-k electromagnetic
ETG). However, this is very important to cyclokinet-
ics, because Eq. (2.3.5) is numerically close to “0/0”
when CDW = 1. Moreover, there is a non-zero polar-
ization term in the denominator of the gyrokinetic Pois-
son equation, while there is no such polarization term in
the denominator of the CKinFK Poisson equation in Eq.
(2.3.5). If the simulation was conducted in the real space
(x, y), it would likely be impractical to resolve such small
scales while on the ion gyro-scale. It isnecessary to ex-
trapolate the physically small λ̂2

D from some larger and
numerically practical λ̂2

D. However, λ̂2
D should not be too

large, since an unphysically large λ̂2
D will produce spuri-

ous high-k ITG modes in both gyrokinetics and cycloki-
netics. In the rCYCLO simulations, the linear growth
rates, the linear frequencies and the turbulent transport
level do not significantly depend on the size of λ̂2

D, if λ̂2
D

is sufficiently small (e.g., 0.01).
The particle and energy fluxes are given by

[Γ̂ , Q̂⊥] = Re2π
∫ ∞

0

dμ̂
∑

k

[1, (Ti/Te)μ̂]

· ik̂yδφ̂∗
k[δĜ0

k(μ̂)/n0], (2.3.6)

where only the non-adiabatic distribution function for
the n = 0 harmonic appears.

2.4 Gyrokinetic equations

The CKinCH equation [Eq. (2.2.12)] entirely reduces
to the gyrokinetic equation [Eq. (2.4.1)] when trun-
cated at the zero-th cyclotron harmonic. The zero-
th cyclotron harmonic of CKinCH represents the low-
frequency drift motion while other harmonics represent
the high-frequency ion cyclotron motion. Keeping only
the zero-th harmonic (by setting n = n′ = 0) in Eq.
(2.2.11) [or the equivalent Eq. (2.2.12)], the nonlinear in-
teraction is greatly simplified. Only the first two terms in
Eqs. (2.2.9) and (2.2.10), or essentially the first ε̂z ·k̂1×k̂2

term in Eq. (2.2.11), survives with Δ0
0(β, β1, β2) ≡ 1. The

correspondingly reduced gyrokinetic equation (also with
parallel motion and variation removed) is given by

DδF̂k/Dt̂ − iω̂d
kδĜk = −iω̂nT

∗ J0(kρ)δφ̂kn0FM (μ̂)

+
∑

k1

b̂ · (k̂1 × k̂2)J0(k1ρ)δφ̂k1δF̂k2, (2.4.1)

where δF̂k(μ̂) = δĜk(μ̂) − (Te/Ti)δφ̂kn0FM (μ̂)J0(kρ) is-
the non-adiabatic part of the distribution function. It
is not surprising that the μ̂∂μ̂δF (the last term in Eq.
(2.2.12)) in the nonlinearity has been dropped away, be-
cause gyrokinetics conserves the magnetic moment.

The Poisson equation of gyrokinetics is given by

δφ̂k =
2π

∫
dμ̂J0(kρ)δF̂k(μ̂)/n0 − CDW · δn̂e

k

(Te/Ti)2π
∫

dμ̂FM (μ̂)[1 − J2
0 (kρ)] + (1 − CDW )Rk + CDW · (λ̂2

D k̂2)
, (2.4.2)

where 2π
∫

dμ̂FM (μ̂)[1 − J2
0 (kρ)] represents the ion po-

larization. Gyrokinetics also nonlinearly conserves the in-
cremental entropy, defined as:

S = 2π
∑

k

∫ ∞

0

dμ̂(δF̂ ∗
k δF̂k). (2.4.3)

The radial ion particle and energy fluxes are:

[Γ̂ , Q̂⊥] = Re2π
∫ ∞

0

dμ̂
∑

k

[1, (Ti/Te)μ̂]

· ik̂yδφ̂∗
k[J0(kρ)δĜk(μ̂)/n0]. (2.4.4)

2.5 Electron equations of motion

2.5.1 Non-adiabatic electron model

A simple near adiabatic electron response model is

δne
k

n0
=

eδφk

Te
Rk, (2.5.1)

where the response function is Rk = λk − iδk, and δk

is the electron non-adiabatic parameter. δ1 > 0 will add
unstable electron drift waves to the unstable “toroidal”
ITG modes. Positive δk drives instability to all except
the k̂y = 0 modes. k̂y = 0 and k̂x 
= 0 modes represent
the zonal modes. λk = [1, 0] represents [k̂y 
= 0, k̂y = 0]
respectively.λk = 0 represents the zonal mode response
to the fast parallel motion of the electron, which can-
not support a parallel electric field difference. λk = 1
for k̂y 
= 0 modes describes the adiabatic response of the
electron motion in the direction parallel to the electric
field.

Since physically δ1 is a strong function of the fre-
quency, the nearly adiabatic electron response (with a
fixed δ1) assumed above should be seen as an illustra-
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tive test model. In more physically realistic simulations,
electrons are treated as collisional drift wave electrons.

2.5.2 Collisional drift wave electron model

The simulations in Chapter 4utilize the collisional drift
wave (CDW) electron model. The CDW electron model
is essentially the Hasegawa-Wakatani electron model [19]
with a grad-B drift added:

Dδn̂e
k/Dt̂ + iω̂e

dδn̂
e
k + αA(δn̂e

k − δφ̂k)

= −i(ω̂n
∗−ω̂e

d)δφ̂k+
∑

k1

b̂ · (k̂1×k̂2)δφ̂k1δn̂
e
k2, (2.5.2)

where ω̂n
∗ ⇒ k̂y(a/Ln) is the density gradient drive fre-

quency, and ω̂e
d ⇒ 2k̂y(a/R) is the grad-B drift fre-

quency. The factor 2 here is again used to compen-
sate for the parallel motion curvature drive. αA =
k̂2

///[ν̂ei(me/mi)] is the CDW adiabaticity parameter

used for controlling the turbulence strength. k̂// = a/Rq

is the parallel wavenumber and ν̂ei is the electron-ion col-
lision frequency. αA is derived from Ohm’s law in the par-
allel direction. Large αA leads to a lower turbulence adia-
batic electron response (with only the ITG mode drive).
Small αA corresponds to a high turbulence level con-
tributed by the resistive interchange modes. These are
strongly driven at a long wavelength (small k̂y). While
the overall sign of the nonlinear terms has no effect on
the time-averaged transport, it is very important to have
a correct sign of the electron E ×B nonlinearity relative
to the ion E × B nonlinearity.

2.6 Discussion

2.6.1 The reason for omitting the parallel motion and
variations

The purpose of this work is to investigate the effect of
the nonlinear coupling between the high-frequency ion
cyclotron motion and low-frequency drift motion. There-
fore, it is important that no approximation regarding the
cross-field nonlinear E × B motion will be made. What
type of mode is linearly driven unstable or what artifi-
cial damping is chosen is less important, as long as the
same model is used in both cyclokinetics and gyrokinet-
ics. The model gyrokinetic linear rates must match the
model cyclokinetic low-frequency linear rates. The paral-
lel nonlinearity is one order smaller than the cross-field
E × B nonlinearity, since k‖/k⊥ = 1/Ω∗. Gyrokinetic
implementations typically omit the parallel nonlinearity.
The trapped particle modes and the Landau damping in
the parallel direction are not relevant to the breakdown

of gyrokinetics. Thus, the parallel motion and parallel
variations are omitted. Meanwhile, the calculation com-
plexity is reduced as well.

2.6.2 Recipes for generalization and conversion of
continuum gyrokinetic implementations to cyclokinetic
implementations

The recipes for converting continuum δf -gyrokinetic im-
plementations (such as GYRO [27, 48] or GS2 [49, 50])
appear to be straightforward (and intuitively obvious).
The linear grad-B drifts, curvature drifts, as well as par-
allel motion operations in realistic geometries should re-
main unchanged. Following Eqs. (2.2.2)–(2.2.4), in addi-
tion to the usual equation for the gyrokinetic perturbed
density of gyro-centers or zero-th cyclotron harmonic,±n

symmetric equations for the higher harmonics ∂δF̂n
k /∂t∓

inΩ∗δĜn
k = ... should be added with the gyro-

averaged potential perturbation omega-star term gen-
eralized: J0(kρ)δφ̂kiω̂nT

∗k n0FM ⇒ Jn(kρ)δφ̂kiω̂nT
∗k n0FM .

The ion transport and quasi-neutrality equation follow
Eqs. (2.2.5) and (2.2.6). Except when treating high-
kk⊥ρi � 1 ETG modes, drift-kinetic electrons are
normally used in gyrokinetic implementations in place
of the i-delta model or collisional drift wave model
here. In addition, both GYROand GS2 operate with
the normalized energy ε̂ = μ̂B̂ + û2 and angle grid
λ = μ̂/ε̂ replaces the (μ̂, û) grids here (poloidal varia-
tion in B̂ accounts for the trapping). Thus, the velocity
space volume element becomes

∮
dα

∫ ∞
0

dμ̂
∫ ∞
−∞ dû ⇒

∑
σ=±1 (2π/

√
2)

∫ ∞
0

√
ε̂dε̂

∫ 1/B̂

0
dλ/

√
1 − λB̂ and the

gradient ∂μ̂|û ⇒ B̂{∂ε̂ + [1/(ε̂B̂)]∂λ} must be converted
in the nonlinear terms in Eqs. (2.2.9) and (2.2.10), re-
placing the gyrokinetic nonlinearity in Eq. (2.2.11).

Generalization to electromagnetic perturbations and
transport is straightforward. For example, adding δB⊥
perturbations by following the GYRO [48] notation and
gyroBohm normalization, δφ̂k is replaced by δÛk = δφ̂k−√

2Ti/TeûδÂk, with δÂ = (cs/c)(eδA///Te)/ρ∗, δĤn
k =

[δF̂n
k +Jn(kρ)

√
2Ti/TeûδÂk(Te/Ti)n0FM ] replaces δF̂n

k ,
and δĜn

k is replaced by δĤn
k + Jn(kρ)δÛk(Te/Ti)n0FM

in Eqs. (2.2.2)–(2.2.6) and Eqs. (2.2.9)–(2.2.11).

3 Numerical method

In order to test the high-turbulence level breakdown
of low-frequency gyrokinetics against high-frequency cy-
clokinetic simulations, the cyclokinetic equations should
be solved. Therefore, in this Chapter the correspond-
ing cyclokinetic code will be developed, named rCYCLO,
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for simulating the cyclokinetic turbulence transport. The
letter “r” denotes reducing the geometry andparallel mo-
tion, while “CYCLO” stands for cyclokinetics. The main
purpose of this Chapter is to document the numerical
methods for cyclokinetic nonlinear simulations and to
validate the rCYCLO code.

rCYCLO is a parallel-executed, Eulerian (or contin-
uum) code, which is designed to simulate the 4D [kx,
ky, μ, α] nonlinear cyclokinetic turbulent transport. The
2D [kz , υz] parallel motion is suppressed. Only the elec-
trostatic perturbations in a local flux-tube geometry are
considered, with a shear-less B-field decreasing in the ra-
dial x direction. The E ×B motion in the perpendicular
direction is considered, and there is no approximation in
the E × B nonlinearity.

The rCYCLO code enables to independentlysimu-
latethe turbulent transport of both gyrokinetics, cycloki-
netics in cyclotron harmonics (CKinCH), cyclokinetics in
Fourier harmonics (CKinFH), and drift kinetics. There-
fore, the breakdown of gyrokinetics against cyclokinet-
ics through simulating their turbulent transport can be
tested at the same geometry and by using the same phys-
ical and grid parameters.

The calculations of rCYCLO code mainly include four
parts. In the first part, the discretized grids are loaded,
the initial values of δF̂k (and δφ̂k) are assigned, and
the linear dispersion relation is calculated. In the sec-
ond part, the nonlinear terms are calculated with the
values of δF̂k and δφ̂k. In the third part, the time step is
advanced andthe values of δF̂k and δφ̂k for the next time
step are obtained. In the last part, the values of physi-
cal variables are output and diagnosed. The second and
third parts constitute the main loop of temporal evolu-
tion. The nonlinear dynamics calculations in the second
part are the most computationally expensive ones, and
are parallelized for the α and μ directions, whereas the
calculations for the kx and ky directions cannot be par-
allelized because the k space is strongly coupled. In the
third part, the calculations are parallelized for the kx

and ky directions. The rCYCLO code offers a visualized
IDL program, called vuRCYCLO, for analyzing the data
and presenting the physical results conveniently.

The numerical methods applied in the rCYCLO code
are documented in this section. The numerical methods
for the nonlinear simulations of cyclokinetics in the gyro-
phase Fourier harmonic form (CKinFH) are described in
details in Ref. [32]. The numerical treatment of CKinFH
in Ref. [32] is the same as that of CKinCH in Ref. [39].
The nonlinear CKinCH simulations are more computa-
tionally expensive than the CKinFH simulations, but the
CKinCH formulation is more transparently related to gy-
rokinetics.

The cyclokinetic equations form a system of cou-
pled linear and nonlinear partial differential equations
(PDEs) [see Eq. (2.1.14)]. The perpendicular wavenum-
ber k modes are linearly independent but nonlinearly
coupled. The linear and nonlinear terms have a partial
derivative in the cyclic gyro-phase variable α and the
nonlinear terms have a partial derivative in the mag-
netic moment variable μ. The latter is a significant chal-
lenge for the numerical μ-derivative operator proposed
in this work. Most importantly, the nonlinear terms in
the cyclokinetics formulation do not take the common
form ẑ · k⊥1 × k⊥2 of the nonlinear gyrokinetics [see
Eq. (2.4.1)]. An implicit time linear advance step fol-
lowed by a lag time nonlinear step is applied in the rCY-
CLO code. The implicit time linear advance ensures the
accuracy of treating the stiff linear dispersion matrix,
which must span the low-frequency drift modes and the
higher frequency IC modes. For CKinFH, at least 7 to 15
Fourier harmonics are required to accurately recover the
linear rates of the gyrokinetic modes even at the high-
est wavenumbers resolving the ion gyro-radius scale. The
novel numerical treatment of the μ-derivative operator
(in particular) is carefully chosen to conserve the incre-
mental entropy. The μ-derivative operator enters only in
the cyclokinetic E × B nonlinearity, which contains an
apparent μ →0 factor. It must perfectly satisfy the μ-
integration by parts rule with zero boundary conditions
at μ = 0 and infinity, which then yields a certain level
of inaccuracy in the μ-derivative operation. This inaccu-
racy will be suppressed when either the μ-grid is closely
spaced or the low-frequency drift modes are decoupled
from the high-frequency IC modes. The deviation of the
odd and even μ-grid saturation processes caused by this
inaccuracy tends to disappear while increasing Ω∗ from
10 to 30.

As a linear code validation test of the rCYCLO imple-
mentation, the CKinFH and CKinCH linear rates from
the implicit initial value time advance are in an excellent
agreement with their eigenvalue solver results. The low-
frequency cyclokinetic linear mode rates are in a good
agreement with the gyrokinetic rates. As a nonlinear
verification, thegyrokinetic transport level obtained by
using the rCYCLO implementation recovers the cycloki-
netic transport at high Ω∗ values and low turbulence lev-
els, as required. However, for the stable IC modes, the
cyclokinetic transport level is lowerthan the gyrokinetic
transport at low Ω∗ values and high turbulence levels.
The transport level of cyclokinetics is lower than that of
gyrokinetics because the turbulent electrostatic energy
is drained to the less unstable (and in fact stable) IC
modes.
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3.1 Discretization of magnetic moment

The integration along the μ-direction is numerically ex-
pressed as

2π
∫ ∞

0

dμ̂δF̂n
k (μ̂) =

j=Nμ∑

j=1

δF̂n
k (μ̂j)Wj . (3.1.1)

Let us split the μ̂ integration domain into two re-
gions: [0, μ̂max) and [μ̂max,∞). The first region is de-
scribed by μ̂j (j = 1, 2, . . ., Nμ − 1), and each of the μ-
grid points represents the center of a “bin”, with “bin
weight” Wj . The corresponding modified bin weights
W̄j = WjFM (μ̂j) satisfy W̄1 = W̄2 = ... = W̄Nμ−1,
which means the weights Wj are chosen such that for
a Maxwellian distribution each μ-grid bin is distributed
with the same percentage of the distribution. The second
region is represented by the last grid point μ̂Nμ , and set
μ̂Nμ = μ̂max. The weight of the last grid point evaluates
the infinite integral according to 2π

∫ ∞
μ̂Nμ

dμ̂FM (μ̂) =

W̄Nμ , where W̄Nμ = W̄j (j = 1, 2, . . ., Nμ − 1) is a rea-
sonable and satisfactory choice for obtaining good μ-
grid convergence (see Section 3.5). Thus, the weights
of all of the grid points have the desirable property
2π

∫ ∞
0

dμ̂FM (μ̂) =
∑j=Nμ

j=1 WjFM (μ̂j) =
∑j=Nμ

j=1 W̄j =
1. An eight μ-grid example is listed in Table 1. This
μ-discretization method is essentially equivalent to the
Maxwellian energy space discretization method intro-
duced in Ref. [48].

Table 1 Sample magnetic moment μ-grids and weights.

j μ̂j W̄j

1 0.066765696 0.1249072

2 0.2106067 0.1248763

3 0.3788429 0.1248270

4 0.5815754 0.1247410

5 0.8369882 0.1245700

6 1.183562 0.1241478

7 1.732868 0.1225323

8 2.079442 0.1250000

3.2 Discretization of magnetic moment derivative oper-
ator

The μ-derivative operator Dμ
jj′ is defined as

∂μ̂V (μ̂)|j =
j′=Nμ∑

j′=1

Dμ
jj′V (μ̂j′), (3.2.1)

where V (μ̂) is an arbitrary function of μ̂.Dμ
jj′ is required

for preserving the integration by parts so as to con-
serve the incremental entropy. For arbitrary functions
U(μ̂) and V (μ̂), the discretized integration by parts is

expressed as
∑

j

WjU(μ̂j)
∑

j′
Dμ

jj′V (μ̂j′)

= U(μ̂)V (μ̂)|μ̂Nμ

μ̂1
−

∑

j

WjV (μ̂j)
∑

j′
Dμ

jj′U(μ̂j′ ).

The boundary term U(μ̂)V (μ̂)|μ̂Nμ

μ̂1
appears to be

non-zero, since numerically μ̂1 and μ̂Nμ cannot reach
0 and ∞ as required by the μ-continuum equations.
To eliminate the non-zero boundary term, the μ-
derivative operator Dμ

jj′ must satisfy the remaining part
of the above equation:

∑
j WjU(μ̂j)

∑
j′ Dμ

jj′V (μ̂j′ ) =
−∑

j WjV (μ̂j)
∑

j′ Dμ
jj′U(μ̂j′ ) which then can be re-

duced to

WjD
μ
jj′ = −Wj′D

μ
j′j . (3.2.2)

Next, we define the tridiagonal derivative matrix Hjj′

from a two-point differential ∂μ̂δF̂k(μ̂j) = [δF̂k(μ̂j+1) −
δF̂k(μ̂j−1)]/(μ̂j+1−μ̂j−1) =

∑j′=Nμ

j′=1 Hjj′δF̂k(μ̂j′), as fol-
lows:

Hj,j′ = 1/(μ̂j+1 − μ̂j−1) for j′ = j + 1,

Hj,j′ = −1/(μ̂j+1 − μ̂j−1) for j′ = j − 1, (3.2.3)

Hj,j′ = 0 for other j, j′.

Finally, the μ-derivative operator in Eq. (3.2.4) is ob-
tained by combining Eq. (3.2.2) for Dμ

jj′ with Eq. (3.2.3)
for Hjj′ :

Dμ
jj′ = [Hjj′ − (Wj′/Wj)Hj′j ]/2. (3.2.4)

It should be clear that if the μ-grid is closely spaced,
then Wj ∼ Wj±1 and Dμ

jj′ ∼ Hjj′ ∼ −Hj′j . As might
be expected from the compromised “zero” μ-boundary
conditions, the μ-derivative matrix operation becomes
rather inaccurate for j → 1 and j → Nμ. However, since
the μ-derivative operator only appears in the nonlinear
terms, as long as the incremental entropy is exactly con-
served, a certain level of inaccuracy in the μ-derivative
operation is just an error in the nonlinear incremental en-
tropy transfer and “scrambling.” This may be not very
important. The important point is that with increasing
Nμ (and in particular with μ̂1 getting closer to zero) the
μ-grid convergence is easily achieved, as shown in Section
3.5.

The discretized μ-derivative operator is novel. It is
designed for canceling any non-zero boundary terms at
μ = 0 and μ = ∞ in the continuum μ-integration by
parts so as to numerically conserve the incremental en-
tropy.

Note that the calculations for the α, x, y directions
are much easier than the ones for the μ-direction, be-
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cause these calculations are analytically transformed to
the harmonic number n and wavenumbers kx, ky.

3.3 Linear eigenvalue solver

CKinFH is taken as an example for illustrating the
rCYCLO eigenvalue solver. The Poisson equation (Eq.
(2.3.5)) indicates that the electric field δφ̂k is a func-
tion of δF̂ 0

k (μ̂). Then, the dispersion matrix Mnn′
jj′ and

the linear eigenvalue equation (Eq. (3.3.1)) are obtained
by combining the linear parts of Eqs. (2.3.1) and (2.5.2)
with Eq. (2.3.5):

−iω̂δF̂n
k (μ̂j) =

n′=Nα−1∑

n′=−Nα+1

j′=Nμ∑

j′=0

Mnn′
jj′ (k̂)δF̂n′

k (μ̂j′ ),

(3.3.1)

where j = 1, 2, 3, ..., Nμ represent the ion, and j = 0
represents the electron (for example: δF̂ 0

k (μ̂0) = δn̂e
k).

The linear frequency and growth rate are just the eigen-
values (solved by using the numerical library LAPACK)
of the dispersion matrix Mnn′

jj′ . The same procedure is
used in gyrokinetics and CKinCH for solving their linear
frequency and growth rate as CKinFH.

3.4 Time advance method

Again taking CKinFH as an example, the nonlinear
equation for the temporal evolution corresponding to Eq.
(3.4.1) is

DδF̂n
k,j/Dt̂ =

n′=Nα−1∑

n′=−Nα+1

j′=Nμ∑

j′=0

Mnn′
jj′ (k̂)δF̂n′

k,j′ +
NLSn

k,j .

(3.4.1)

The Ω∗ terms result in the large entries in Mnn′
jj′ with a

wide range of eigenvalues, making it a stiff matrix. This
stiff matrix requires using an implicit solution method for
obtaining temporal evaluation. Thus, the rCYCLO im-
plementation utilizes a time-centered implicit linear ad-
vance scheme and an explicit nonlinear advance scheme.
The perturbed distribution function of the next time step
δ
¯̂
F

n

k,j can be obtained by multiplying the inverse matrix
[R−1]nn′

jj′ on S̄n
k,j :

δ
¯̂
F

n

k,j =
n′=Nα−1∑

n′=−Nα+1

j′=Nμ∑

j′=0

[R−1]nn′
jj′ (k̂)S̄n′

k,j′ , (3.4.2)

where S̄n
k,j and Rnn′

jj′ are given by

S̄n
k,j = δF̂n

k,j + (dt̂/2)
n′=Nα−1∑

n′=−Nα+1

j′=Nμ∑

j′=0

Mnn′
jj′ (k̂)δF̂n′

k,j′

+(dt̂)NLSn
k,j , (3.4.3)

Rnn′
jj′ (k̂) = δn

n′δ
j
j′ − (dt̂/2)Mnn′

jj′ (k̂). (3.4.4)

Here, δF̂n
k,j is the perturbed distribution function in the

previous time step. NLSn
k,j is the value of the nonlinear

terms in the previous time step. The Poisson equation
(Eq. (2.3.5)) is used for updating δφ̂k at the end of each
time step. The linear calculation of the Poisson equation
requires collective communication over the μ, n dimen-
sions at each kx and ky grid coordinates. Therefore, the
linear calculations of Eqs. (3.4.2) and (3.4.3) are paral-
lelized in the kx and ky dimensions. Each linear k mode
is assigned a dedicated processor.

3.5 Grid convergence test

The simulationsuse the rCYCLO standard case parame-
ters, which are listed in Table 2. All calculations in this
work were performed by using these parameters, unless
specified otherwise. The number of the grid points for
the standard case is Nkx ×Nky × (2Nα−1)× (Nμ +1) =
21 × 21 × 9 × 22 = 87318. The μ-grid number 22 equals
to Nμ = 21 for ions plus 1 forelectron. The possible
maximalnumber of processors for the standard case is
(2Nα − 1) × (Nμ + 1) = 9 × 22 = 198 in the rCYCLO
parallel processing code. The grid convergence in the k-
space, μ-space, and Fourier harmonics is demonstrated
in this section. During the grid convergence test, only
one grid parameter is changed while all other grid pa-
rameters are kept at their standard case values.

3.5.1 Wavenumber grid convergence

Figure 4 displays the gyrokinetic energy diffusivity χ̂ ver-
sus the number of k-modes, which demonstrates good
k-space grid convergence. The number of modes Nk is
increased from 11 × 11 = 121 to 29 × 29 = 841 while
fixing k̂max

x = k̂max
y = 1.5. Grids converge after Nk =

17× 17 = 289, which indicates that Nk = 21× 21 = 441
is satisfactory for the standard case. Here and below the
standard case is always marked by a red circle.

3.5.2 Harmonic number convergence

Figure 5 shows the CKinFH energy diffusivity χ̂ versus

Table 2 The physics parameters of rCYCLO standard case.

a/Ln a/LTi αA a/R μLK μHK Ω∗ λ̂D

4.00 4.00 1.0 0.3 0.05 0.3 10 0.1

The grid parameters of rCYCLO standard case.

CDW Nk k̂max
x (= k̂max

y ) Nμ Nα

1 21×21 1.5 21 5
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Fig. 4 The gyrokinetic energy diffusivity χ̂ versus the number of
k-modes Nk for the mode number convergence test. The standard
case is chosen as Nk = 21 × 21 = 441.

Fig. 5 The cyclokinetic energy diffusivity χ̂ versus the number of
harmonics of gyro motion (calculated by 2Nα−1) for the harmonic
number convergence test. The standard case is chosen as 9.

Fig. 6 The gyrokinetic energy diffusivity χ̂ versus Nμ for the
μ-grid convergence test. The standard case is chosen as Nμ = 21.

the number of harmonics of gyro-motion (calculated as
2Nα−1), which exhibits convergence after 7, with 9 cho-
sen for the standard case.

3.5.3 Magnetic moment grid convergence

Figure 6 shows the GK energy diffusivity χ̂ versus the
μ-grid number Nμ, which converges after Nμ = 11, with
Nμ = 21 chosen as the standard case parameter.

Figure 7 illustrates the CKinFH energy diffusivity χ̂

versus Nμ. As Nμ increases, the μ grid resolution in-
creases fast while the μmax value increases very slowly.

Fig. 7 The cyclokinetic energy diffusivity χ̂ versus Nμ, where
(a) the odd and even μ grid numbers follow the different conver-
gence processes at Ω∗ = 10 (the standard case parameter); (b)
the odd and even convergence processes almost recover each other
at Ω∗ = 30.

Note that the odd and even μ-gird numbers follow differ-
ent convergence processes at Ω∗ = 10 (the standard case
parameter), as shown in Fig. 7(a). However, the odd Nμ

converges faster than the even, and finally both approach
a similar level; therefore, the odd number Nμ = 21 was
chosen as the standard case. The different convergence of
the odd and even Nμ is caused by the inaccuracy of the μ-
derivative operation. This phenomenon of different con-
vergence can be suppressed either by making the μ-grids
more closely spaced by increasing Nμ, or by decreas-
ing the coupling between the low- and high-frequency
motionby increasing the relative ion cyclotron frequency
Ω∗. To demonstrate the latter, Fig. 7(b) shows that after
setting Ω∗ = 30, the odd and even convergence trends
become nearly identical. This result also indicates that
the inaccuracy of the μ-derivative operation is just some
“scrambling” error and is not very important.

3.6 The rCYCLO code validation

When testing the high-turbulence level breakdown of
low-frequency gyrokinetics against high-frequency cy-
clokinetics, the rCYCLO implementation must ensure
that: (i) the low-frequency cyclokinetic linear rates
are not significantly different from the gyrokinetic rates
(even at Ω∗ values as low as 10); and (ii) at sufficiently
large Ω∗ and sufficiently low turbulence levels the non-
linear gyrokinetic simulations recover the cyclokinetic
transport levels as required.

3.6.1 Linear verification

The growth rates obtained from the initial value method
recover the results obtained by using the eigenvalue
solver, and the low-frequency mode growth rates of gy-
rokinetics recover those obtained by using CKinFH, as
shown in Fig. 8 (these results also recover those obtained
by using CKinCH, as described in the next chapter). This
linear verification ensures reliable time evolution.
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Fig. 8 Linear growth rates of gyrokinetics, cyclokinetics low-
frequency (LF) modes at the fixed k̂x = 0 of standard case. The
figure shows that gyrokinetics recovers cyclokinetic low-frequency
modes. Time initial results recover eigenvalue results.

Fig. 9 The energy diffusivity ratio of cyclokinetics over gyroki-
netics versus Ω∗. The transport level of gyrokinetics recovers cy-
clokinetics at high-Ω∗ values and low turbulence levels. Cycloki-
netic transport level is lower than gyrokinetics at low-Ω∗ values
and high turbulence levels.

3.6.2 Nonlinear verification

Figure 9 illustrates that the important nonlinear veri-
fication of the gyrokinetic transport level recovers the
CKinFH transport level at high Ω∗ values and low tur-
bulence levels, as expected. Notice that the cyclokinetic
transport level is lower than the gyrokinetic transport
at low-Ω∗ values. The turbulence is drained in the fre-
quency space from the unstable low-frequency domain
and spreads into the less unstable high-frequency do-
main. The transport level of cyclokinetics is lower than
that of gyrokinetics, because the turbulent electrostatic
energy is drained to the less unstable IC modes.

4 Simulation results

The L-mode near-edge transport “short-fall” of gyroki-
netics in some gyrokinetic code simulations remains un-
solved since its first discovery in 2007 [29]. Hence, this
work aimed to answer the following two questions: (i)
Where does the gyrokinetics formalism break down? (ii)
Is the L-mode transport “short-fall” caused by the high
turbulence level breakdown of the gyrokinetic approxi-

mation itself, or is anything left out of the gyrokinetic
implementation? The answers will be given in this Chap-
ter, and are as follows: (i) gyrokinetics starts to break
down atthe turbulence level |δn/n0| ∼= 20%, or when the
ratio of nonlinear E×B frequency over the ion cyclotron
frequency |ωNL/Ω | exceeds 20%; (ii) L-mode near-edge
“short-fall” is not caused by the nonlinear coupling be-
tween low-frequency drift motion and high-frequency ion
cyclotron motion. Because the turbulence level |δn/n0|
of the DIIID appears not to exceed 15% at the very edge,
20% is a very large value. Therefore, gyrokinetic theory
is a good description of the Tokamak turbulence, both
in the core regime and at the L-mode near-edge (in close
field line).

The numerical simulations of CKinCH with rCYCLO
in this Chapter have recovered the results of the simu-
lations of CKinFH in Section 3, which were limited to
stable high-frequency ion cyclotron modes. Gyrokinetic
recovers the low-frequency linear growth rates and fre-
quencies in either form of cyclokinetics. At sufficiently
large Ω∗ � 50 and sufficiently low turbulence levels, the
nonlinear gyrokinetic simulations have recovered the cy-
clokinetic transport levels as required. The cyclokinetic
simulations given in this section show that the transport
level of cyclokinetics with stable IC modes is lower than
the gyrokinetic transport at low Ω∗ ∼ 10 values. The
transport level of cyclokinetics is lower than that of gy-
rokinetics because the turbulence electrostatic energy is
drained to the less unstable IC modes. The breakdown
of the gyrokinetic gyroBohm to Bohm scaling by drain-
ing and spreading in the frequency space at small Ω∗

is analogous to the breakdown of gyroBohm to Bohm
scaling by draining and spreading in the real space at
large ρ∗, found in the gyrokinetic nonlocal simulations
[51, 52]. The simulations show that with sufficiently un-
stable IC modes, the high-frequency component of the
cyclokinetic transport level can exceed the gyrokinetic
transport level at sufficient low Ω∗ ∼ 10, and the di-
rection of draining and spreading can be reversed. How-
ever, in these simulationsthe low-frequency component of
the cyclokinetic transport and turbulence level did not
exceed that of gyrokinetics. At higher and more phys-
ically relevant Ω∗ � 50 values with physically realistic
IC driving rates, the low-frequency component of the cy-
clokinetic transport level still cannot be driven higher
than that of gyrokinetics. Thus, the L-mode near-edge
“short-fall” is not casued by the nonlinear coupling be-
tween low-frequency drift motion and high-frequency ion
cyclotron motion.

While highly driven IC mode simulations may not be
physically relevant, they were found to provide a per-
haps unique example of bifurcated turbulent transport
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states. When the maximal high-frequency (HF) driving
rate is about twice the maximal low-frequency (LF) driv-
ing rate, a HF low transport level state can jump to a LF
high transport level state. These HF and LF transport
states represent two basins of attraction of nonlinear sat-
uration. The corresponding electrostatic energy also sat-
urates into two bifurcated steady states but without a
jump in the total: the electrostatic energy is simply re-
distributed from low-frequency modes to high-frequency
modes.

4.1 Standard case

4.1.1 Linear rates

The rCYCLO standard case parameters listed in Table
2 were applied here. Figure 10 shows the cyclokinetic
linear growth rate γ̂ of the leading low-frequency mode
and the corresponding frequency ω̂, by using the eigen-
value solver described in Section 3.3. The frequency and
growth rate of low-frequency drift modes of CKinCH are
identical to those of gyrokinetics (GK) as well as CK-
inFH. The undamped leading low-frequency drift waves
are unstable while the undamped high-frequency ion cy-

clotron modes are marginally stable. The addition of the
low-k damping μLK/k̂2 (high-k damping μHK k̂4) stabi-
lizes the low-k (high-k) modes, providing a sink of incre-
mental entropy. The nonlinear terms transfer the incre-
mental entropy from the unstable source modes to the
stable sink modes in the k space.

4.1.2 Nonlinear saturation

Figure 11 illustrates the nonlinear saturation processes
in time during the initial evolution of the CKinCH stan-
dard case. The time average of the energy diffusivity over
the saturation period is χ̂GK = 13.1± 0.1 for gyrokinet-
ics, and χ̂CK = 3.18±0.07 for cyclokinetics, respectively.
The corresponding particle diffusivity is D̂GK = 9.8±0.4
for gyrokinetics, and D̂CK = 2.82 ± 0.07 for cyclokinet-
ics, respectively. The time step for the standard case is
Δt̂ = 0.001a/cs for gyrokinetics, and Δt̂ = 0.0005a/cs

for cyclokinetics, respectively. The time step was cho-
sen to conserve the incremental entropy with the error
below 1% after removing all linear terms. In general,
the time step should be smaller when Ω∗ is higher
(e.g., Δt̂ = 0.00005a/cs is chosen for the cyclokinetic
case at Ω∗ = 100). Figure 12 shows the frequency spec-

Fig. 10 (a) The linear growth rate γ̂, and (b) frequency ω̂ spectrums of the CKinCH standard case solved by the
eigenvalue solver of rCYCLO [32]. Only the kx > 0 and ky > 0 modes are presented.

Fig. 11 The time evolution of turbulent energy diffusivity of (a) GK and (b) CKinCH standard case. The average energy
diffusivity over the saturated period of time is (a) 13.1 ± 0.1 for GK, (b) 3.18 ± 0.07 for CKinCH. The red and green lines
represent the average over all the saturated time and the half period of saturated time respectively.
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trum of χ̂CK and |φ̂|2 of the CKinCH standard case
during the saturation period, which clearly shows the
low-frequency drift-wave modes and the four harmon-
ics of high-frequency ion cyclotron modes with ω̂ close
to ±10, and ±20. The linearly stable high-frequency IC
modes are nonlinearly driven by the low-frequency un-
stable drift modes, which satisfy the wave-wave coupling
condition. The low-frequency unstable drift modes ac-
count for most (e.g., 87% within |ω̂| � 2) of the trans-
port.

The two types of low-frequency drift modes, ion tem-
perature gradient (ITG) modes and collisional drift-wave
(CDW) modes, are described in Fig. 13(a). It shows the
standard case and fixes k̂x = 0 and k̂y = 0.45 with damp-
ing μLK = 0 and μHK = 0. The negative frequency ITG
modes are slightly unstable and nearly independent of αA

(the growth rate of the ITG modes γ̂ITG has been multi-
plied by 10 in Fig. 13(a)). The positive frequency CDW
modes are the most unstable modes. The low-collisional
(large αA) electron modes approach the adiabatic limit,

while the highly collisional (small αA) electron modes
transform to the more unstable resistive-g modes at very
small αA. Since the growth rates of the CDW modes de-
crease much faster than the ITG modes when k̂x and k̂y

increase, the dominant modes will switch from the CDW
modes to the ITG modes when either k̂x or k̂y increases
over 1.0. The jumps in the frequency spectrum shown
in Fig. 10(b) illustrate this mode-switch phenomenon.
The nonlinear turbulent transport level of gyrokinetics
increases faster than that of cyclokinetics with decreas-
ing αA, as illustrated in Fig. 13(b).

4.2 Simulation results with stable ion cyclotron modes

4.2.1 Linear rates

The linear growth rates and frequencies of gyrokinetics
recover the growth rates and frequencies of cyclokinetics
in the low-frequency regime, as shown in Figs. 14(a) and
(b). The cyclokinetic ion cyclotron (IC) modes are stable,

Fig. 12 The frequency spectrum for the CKinCH standard case during the saturated time. (a) χ̂CK versus ω̂, and (b)
|φ̂|2 versus ω̂. The drift-wave modes (ω̂ close to 0) and the four harmonics of the high-frequency IC modes (ω̂ close to ±10,
and ±20) are clearly shown.

Fig. 13 (a) The low-frequency drift mode growth rate γ̂ and frequency ω̂ of the standard CKinCH case versus αA at the
fixed point k̂x = 0 and k̂y = 0.45 with damping μLK = 0 and μHK = 0. The frequency of ITG modes ω̂ITG is negative
and the corresponding growth rate γ̂ITG is small [γ̂ITG has been multiplied by 10 in (a)]. The CDW modes are the most
unstable modes and their frequency ω̂CDW is positive. CDW modes will switch to more unstable resistive-g modes with
the smaller αA. (b) The energy diffusivity of gyrokinetics χ̂GK and cyclokinetics χ̂CK at Ω∗ = 10 versus αA.
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as shown in Fig. 14(a). In the cyclokinetic simulations,
the turbulent energy is drained from the unstable drift
modes to the stable IC modes. Figure 14(b) illustrates
that the frequency of n = ±1 harmonics are around
∓10. The IC mode frequency deviates from −10 at
ky > 1.0, which is caused by the linear coupling to the
low-frequency drift modes.

4.2.2 Nonlinear simulation results

At sufficiently large Ω∗ and sufficiently low turbulence
levels the nonlinear gyrokinetic simulations have recov-
ered the cyclokinetic transport levels, as shown in Fig.
15(a). The transport level of cyclokinetics is lower than
the gyrokinetic transport level at low-Ω∗ values. The
lower cyclokinetic transport level results from the turbu-
lent energy being drained to the less unstable IC modes
(shown in Fig. 14(a)). The cyclokinetic nonlinear cou-
pling is enhanced at low velocity by the 1/υ̂⊥ factor in
Eqs. (2.2.11) and (2.2.12). Figure 15(a) is nearly identical
to Fig. 8(b) in Section 3.6 that was obtained by perform-
ing CKinFH simulations with the same standard grid pa-

rameters, confirming that the numerical CKinCH simula-
tions recover both the linear and nonlinear CKinFH sim-
ulations in Ref. [32]. Figure 15(b) shows the time average
of the turbulence level |δn/n0| versus Ω∗. In gyrokinetic
simulations, |δn/n0|GK ∝ 1/Ω∗ = ρ∗. The black circles
in Fig. 15(b) mark the points at which the gyrokinetics
formalism starts to break down. The breakdown condi-
tion is formulated as |χ̂GK − χ̂CK |/χ̂CK > 5%. Figure
15(b) indicates that the gyrokinetics formalism starts to
break down when

|δn/n0| > 20%. (4.2.1)

The turbulence level |δn/n0| is chosen to quantify the
breakdown condition, because it iseasily measured ex-
perimentally.

However, theoretical physicists are more concerned
with the frequency scope of gyrokinetics. The low-
frequency gyrokinetic approximation requires the nonlin-
ear perturbed E ×B frequency to be much smaller than
the ion cyclotron frequency. Ref. [39] gives a simple def-
inition of the frequency ratio of the nonlinear perturbed
E × B frequency over the ion cyclotron frequency:

Fig. 14 (a) Linear growth rates and (b) the corresponding frequencies of GK, CKinCH low-frequency (LF) modes and
CKinCH high-frequency (HF) modes at the fixed k̂x = 0 of standard case. The frequencies of IC n = −1, +1 harmonics are
divided by 10 in (b).

Fig. 15 (a) The energy diffusivity ratio of CKinCH over gyrokinetics versus Ω∗. The transport level of CKinCH recovers
gyrokinetics at high-Ω∗ values and low turbulence levels. Cyclokinetic transport level is lower than gyrokinetics at low-Ω∗
values and high turbulence levels. (b) The time average of turbulence level |δn/n0| versus Ω∗. The black circles mark where
gyrokinetics starts to break down, which indicates that gyrokinetics starts to break down when |δn/n0| > 20%.

115203-22 Zhao Deng, R. E. Waltz, and Xiaogang Wang, Front. Phys. 11(5), 115203 (2016)



REVIEW ARTICLE

|ωNL/Ω | = (1/Nk)
∑

k

|k · δυE |/Ω

= (1/Nk)
∑

k

|(kρ) · (δυE/υth
i )|

= (ρ∗/Nk)
∑

k

|Re[(−i)
∑

k1

k̂ · k̂1 × b̂δφ̂k1]|,

(4.2.2)

which is also proportional to ρ∗ like |δn/n0|. Ω is the
ion cyclotron frequency. Ref. [39] indicates that as to the
definition in Eq. (4.2.2) the gyrokinetics formalism starts
to break down at |ωNL/Ω | > 45%.

Note that the definition in Eq. (4.2.2) is not a good
choice for representing the nonlinear E × B frequency
of a turbulence system, because it averages over the k

spectrum directly but ignores the distribution of the am-
plitude in the k spectrum. Figure 16 shows that higher
k modes exhibit larger nonlinear E ×B frequency, while
the amplitude is much smaller. Obviously, the frequency
ratio is better defined as the nonlinear perturbed E ×B

frequency, shown in Fig. 16(b), by multiplying a weight
Wk proportional to the amplitude shown in Fig. 16(a):

|ωNL/Ω | =
∑

k

Wk|k · δυE |/Ω

= ρ∗
∑

k

Wk|Re[(−i)
∑

k1

k̂ · k̂1 × b̂δφ̂k1]|,

(4.2.3)

where the weight is defined as

Wk =
(δφ̂k)2

∑
k (δφ̂k)2

. (4.2.4)

Figure 17 shows that, as to the definition in Eq. (4.2.3),
the gyrokinetics formalism starts to break down when

|ωNL/Ω | > 20%. (4.2.5)

4.2.3 Physical explanations of the simulation results

The cyclokinetic small Ω∗ = 1/ρ∗ stabilizing effect on

Fig. 16 (a) The k spectrum of the perturbedfield amplitude of
the gyrokientic turbulence. (b) The frequency ratio of the nonlin-
ear perturbed E ×B frequency over the ion cyclotron frequency in
the k spectrum. Standard case is presented, and both (a) and (b)
average over the saturated time period.

Fig. 17 The frequency ratio of the nonlinear perturbed E×B fre-
quency over the ion cyclotron frequency versus Ω∗. The definition
is given by Eq. (4.2.3). The black circles mark where gyrokinetics
starts to break down, which indicates that gyrokinetics starts to
break down when |ωNL/Ω | < 20%.

gyrokinetics from coupling to stable high-frequency
modes is analogous to the global gyrokinetic large ρ∗

stabilizing effect from nonlocal turbulence spreading
(NTS) [51]. Both L-mode and H-mode DIII-D simula-
tions [52] with the GYRO code show that the NTS
mechanism breaking the gyroBohm scaling is caused
bythe nonlocal drainage of turbulence from the unsta-
ble radii and spreading to the stable (or less unstable)
radii. At larger ρ∗, where small “local” eddies become
large “global” eddies, there is a transition from the gy-
roBohm scaling χgB = (cs/a)ρ2

s to the Bohm scaling
χB = χgB/ρ∗ = χgBΩ∗. At smaller Ω∗, cyclokinetics
transitions in a similar way. The turbulence is drained
in the frequency space rather than in the radial space
from the unstable low-frequency domain, and spreads
into the less unstable high-frequency domain. The NTS
paradigm for breaking the gyroBohm scaling in the un-
stable regions χ = χ̂(0)χgB(1 − ρ∗/ρ∗crit) is represented
by Fig. 18(a), which is taken from Ref. [52]. The cycloki-
netic high-frequency stabilization can be written anal-
ogously χ̂CK = χ̂GK(1 − Ω∗

crit/Ω
∗) as shown in Fig.

18(b). The value of Ω∗
crit increases when the turbulence

level increases, as shown in Fig. 15(a). Furthermore, in
the stable (or less unstable) region, where the local gy-
roBohm diffusivity is expected to be smaller, the ra-
dially nonlocal NTS mechanism can be represented by
χ = χ̂(0)χgB(1 + ρ∗/ρ∗crit) [52]. It has a contribution
from the super-gyroBohm to gyroBohm χgB. Thus, the
transport level is higher than the local gyroBohm be-
cause the turbulence spreads into these less unstable radii
from the more unstable radii. This suggests that if the
cyclokinetic high-frequency IC modes are driven to be-
come sufficiently unstable, it might be reasonable to ex-
pect that χ̂CK = χ̂GK(1 + Ω∗

crit/Ω
∗) with the cycloki-

netic low-frequency mode transport level possibly higher
than gyrokinetics, because the directions of draining and
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Fig. 18 (a) is from Ref. [52] which shows the rule for breaking gyroBohm scaling by the NTS mechanism. Global gy-
rokinetic energy diffusivity normalized by gyroBohm level at ρ∗ ⇒ 0 vs. ρ∗crit/ρ∗. (b) Local cyclokinetic energy diffusivity
normalized by gyrokinetic diffusivity vs. Ω∗, which indicates that the cyclokinetics has the similar rule for breaking gy-
roBohm scaling by nonlocal turbulence spreading in frequency space.

spreading might be reversed.

4.3 Simulation results with unstable ion cyclotron
modes

4.3.1 Unstable IC modes

In order to obtain the unstable high-frequency IC modes,
an artificial driving term nγICH(k̂y)δF̂n

k is added to the
n = −1 and +1 harmonics of Eq. (2.2.2) or equiva-
lently Eq. (2.2.12). H(k̂y) = −1.778k̂2

y + 2.667|k̂y| is a
model function with the maximal value H(k̂y)|max = 1.0
at k̂y = 0.75. The factor γIC is a constant and repre-
sents the maximal driving rate added on the IC modes.
Thus, the high-frequency IC modes can be driven un-
stable without affecting the low-frequency drift modes,
as shown in Fig. 19. The same artificial damping rates
μHK k̂4 and μLK/k̂2 of the drift wave modes are added to
the IC modes. Note that the cyclokinetic transport level
is insensitive to these damping rates of the IC modes
as long as the IC modes are less unstable than the low-

Fig. 19 Linear growth rates of GK, CKinCH low-frequency (LF)
modes and CKinCH high-frequency (HF) modes with γIC = 0 and
2.0 at the fixed x̂ = 0 of standard case.

frequency drift modes.

4.3.2 Nonlinear simulation results

Figures 20(a) and (b) show the γIC parametric depen-
dence of the energy diffusivity ratio χ̂CK/χ̂GK and the
electrostatic energy ratio ÊCK/ÊGK at Ω∗ = 10. The
turbulence electrostatic energy is defined as

Ê =
1
2

∑

k

k̂2δφ̂∗
kδφ̂k, (4.3.1)

with χ̂GK and ÊGK constant with respect to γIC/Ω∗.
There are two different regimes for each curve, and a
jump of χ̂CK/χ̂GK between the two regimes, but no jump
of ÊCK/ÊGK (with the minor exception at αA = 4). No-
tice that the χ̂CK value can be driven higher than χ̂GK .

In order to illustrate the jump, more details of the
αA = 2 case are provided in Figs. 20(a) and (b). Figures
20(c) and (d) show the γIC parametric dependence of the
ratio χ̂CK/χ̂GK and ÊCK/ÊGK contributed by the high-
frequency modes and low-frequency modes, respectively.
The jump is obtained (at all Ω∗) when the maximal high-
frequency (HF) driving rate is about twice the maximal
low-frequency (LF) driving rate (e.g., the jump of the
αA = 2 curve occurs when γIC/Ω∗ is between 0.078 and
0.085 as shown in Fig. 20(c) where the LF driving rate is
0.44 and the HF driving rate is in the 0.78–0.85 range).
Before the jump (γIC below 0.078), about 90% of trans-
port is generated by the low-frequency (|ω̂| � 2) modes
and about 10% is caused by the high-frequency (|ω̂| > 2)
modes. Then, the transport contributed by the high-
frequency modes increases to about 90%, and the trans-
port contributed by the low-frequency modes decreases
to about 10% in the jump regime of γIC/Ω∗ from 0.078
to 0.085 in Fig. 20(c). After the jump (γIC above 0.085),
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Fig. 20 (a) and (b) show the energy diffusivity ratio χ̂CK/χ̂GK and the electrostatic energy ratio ÊCK/ÊGK of CKinCH
over gyrokinetics versus γIC/Ω∗ at Ω∗ = 10. There are two different regimes for each curve and a jump of χ̂CK/χ̂GK between
the two regimes but no jump of ÊCK/ÊGK with minor exception at αA = 4. χ̂GK and ÊGK are constant with respect to
γIC/Ω∗. (c) and (d) describe the high-frequency component (by the blue dash curve) and low-frequency component (by
the red dot curve) of χ̂CK/χ̂GK and ÊCK/ÊGK versus γIC/Ω∗ at αA = 2 and Ω∗ = 10. The green curves represent the
summation of low-frequency and high-frequency components. γIC/Ω∗ = 0 to 0.078 are the dominantly low-frequency drift
mode regimes. γIC/Ω∗ = 0.078 to 0.085 correspond to the jump regimes. γIC/Ω∗ = 0.085 to 0.4 are the dominantly high-
frequency IC mode regimes. The high-frequency component of χ̂CK can exceed χ̂GK , but the low-frequency component
cannot. (e) and (f) illustrate χ̂CK and ÊCK versus time at γIC/Ω∗ = 0.085, αA = 2 and Ω∗ = 10. The turbulence
saturates to two steady states respectively during time period 21–270 a/cs and 312–534 a/cs. The red lines represent the
time average of each state. There is a jump of χ̂CK , while there is no jump of ÊCK .

χ̂CK increases quite rapidly with increasing γIC in the
dominantly high-frequency mode regime of γIC/Ω∗, from
0.09 to 0.4 in Fig. 20(c). Before the jump, the turbulence
is drained from the unstable low-frequency domain and
spreads into the less unstable high-frequency domain. Af-
ter the jump, the turbulence is drained from the more un-
stable high-frequency domain and spreads into the less
unstable low-frequency domain. The jump location cor-
responds to the point at which the directions of drain-
ing and spreading are reversed. The rapid increase in
the cyclokinetic transport after the jump in Fig. 20(c) is
contributed by the high-frequency IC modes, which are

directly driven by γIC . The high-frequency IC modes
contribute more than 90% of transport in this regime.
When γIC increases to a large value, the high-frequency
IC modes are much more unstable thanthe low-frequency
drift modes. The transport of cyclokinetics will become
much larger than that of gyrokinetics (e.g., 2.3-fold larger
for γIC/Ω∗ = 0.4 and αA = 2). More importantly, the
high-frequency component of χ̂CK can exceed χ̂GK , but
the low-frequency component of χ̂CK , which is associ-
ated with the “short-fall”, is still much smaller than
χ̂GK , as shown in Fig. 20(c). Only the low-frequency
component transport is important in this work, because
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only the low-frequency turbulence is measured in exper-
iments [26].

To explain the reduction in the high-frequency cycloki-
netic transport, we combine Eq. (2.2.5) with the linear
part of Eq. (2.5.2), and the diffusivity is proportional to
the diffusivity correlation phase factor, so that χ̂ ∝ D̂ ∝∑

k ÊC(ω̂). The phase factor C(ω̂) is a strong function
of the frequency, C(ω̂) = (k̂y/k̂2)[αA(ω̂n

∗ − ω̂) + γ̂(ω̂n
∗ −

ω̂e
d)]/[(αA+γ̂)2+(ω̂−ω̂e

d)
2], which is roughly proportional

to 1/ω̂ for large ω̂. Thus, the low-frequency component
has a large phase factor, and the high-frequency com-
ponent has a small phase factor. When the directions of
draining and spreading are reversed, ÊCK is overall un-
changed but is redistributed from low-frequency modes
to high-frequency modes. When the energy is transferred
from low-frequency modes to high-frequency modes, the
cyclokinetic transport level χ̂CK will decrease.

Bifurcated turbulent transport states are always found
in the jump regimes for αA = 2, 3, 4 (but not for αA = 1).
These two nonlinear cyclokinetic saturated states are as-
sociated with two different basins of attraction, which
could be considered analogous to Lorenz attractors [53].
Figure 20(e) illustrates that the turbulence first saturates
at a low-level state, in which the high-frequency modes
occupy 85% of the transport during the time period 21–
270 a/cs. Then, the turbulence level jumps and saturates
at a higher level state in the time period 312–534 a/cs,
in which the low-frequency modes occupy 85% of the
transport. Figure 20(f) shows that the cyclokinetic elec-
trostatic energy ÊCK saturates at the same two states,
but without an overall jump.

4.3.3 More physical case

A physically reasonable IC drive rate γ̂/Ω∗ ∼=
0.3(Te/Ti)υD/υth

e was given in Eq. (8) in the early
work by Drummond and Rosenbluth [34] on current
drift driven ion cyclotron modes. Here, υth

e is the elec-
tron thermal velocity, and υD is the electron current
drift velocity relative to the stationary ions. A maximal
value of υD/υth

i = 5 corresponds to a growth rate of
γ̂/Ω∗ = 0.025 (for Te = Ti and deuterium). This growth
rate is not sufficiently large for driving either LF or HF
cyclokinetic turbulence levels higher than those of gy-
rokinetics at Ω∗ = 10, as shown in Fig. 9(a). The value
γIC/Ω∗ = 0.025 is even well below the jump regime be-
tween 0.078 and 0.085.

For a more physically relevant ion cyclotron frequency
value Ω∗ = 50, the jump occurs again, as shown in
Fig. 21, when the maximal high-frequency driving rate
is about twice the maximal low-frequency driving rate.
However, the IC driving rate γ̂/Ω∗ = 0.025 is still not

Fig. 21 The energy diffusivity ratio of CKinCH over gyrokinetics
versus γIC/Ω∗ at Ω∗ = 50.

sufficiently large for driving either LF or HF cycloki-
netic turbulent transport higher than that of gyroki-
netics. Thus, the L-mode near-edge “short-fall” is not
caused by the nonlinear coupling between low-frequency
drift motion and high-frequency ion cyclotron motion. At
large Ω∗ values (Ω∗ � 50), the high-frequency IC modes
are decoupled from the low-frequency drift modes. The
nonlinear interaction is no longer strong enough for sat-
urating the very unstable IC modes for γIC/Ω∗ > 0.02.

5 Discussion

5.1 Controversy regarding the L-mode near-edge
transport “short-fall” problem

Although the “L-mode near-edge short-fall” has been
well studied since its first discovery in 2007 [29], there
remain a significant number of controversies regarding
the “short-fall” problem. Some research suggests that
the transport “short-fall” problem does not always ex-
ist. GYRO simulations of the outer core region of Al-
cator C-Mod L-modeyield under-prediction for Qe but
not for Qi [54–56]. This Qe under-prediction is appar-
ently attributed to the lack of the high-k electron scale
physics in the simulations. A recent multi-scale simu-
lation that includes the electron temperature gradient
(ETG) increased Qe to 30%, which remained insufficient
for compensating the under-prediction of Qe [57]. Con-
tinuum Eulerian gyrokinetic codeGENE simulations of
the L-mode plasma in the ASDEX Upgrade Tokamak
suggest that the transport “short-fall”is likely to disap-
pear when a/LTi is increased by 15%, within the ex-
perimental measurement uncertainty [58]. The particles
in the cell gyrokinetic code GEM simulations yielded
the transport “short-fall” outcome compared with the
L-mode transport in the DIIID experiment, but did not
yield “short-fall” when compared with the C-Mod exper-
iment [59], within the range of experimental error (this
could occur owing to the insufficient strong turbulence
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in the L-mode near-edge of C-Mod). These inconsistent
results regarding the “short-fall” problem observations
actually should be attributed to coding differences, be-
cause different simulation packages use different numeri-
cal techniques and approximation methods. The ongoing
work by Dr. Crist Holland is still trying to compare the
transport “short-fall” phenomena across different simu-
lation packages. Waltz and Zhao are trying to add more
information to help resolve the “short-fall” problem, if
it exists. More importantly, the present work answers a
more general question of the gyrokinetic approximation
breakdown condition.

Note that the gyrokinetic approximation breakdown
conditions (on the turbulence level being about 20% and
the ratio of the nonlinear E ×B frequency to the ion cy-
clotron frequency being about 20%) that were obtained
in this work are idealized results. The physical processes
in actual experiments are much more complicated. The
breakdown critical values in this work result from the
physical process of the E × B nonlinearity interrupting
the ion gyro-motion. Physical processes such as parallel
nonlinearity and high-k ETG were not considered in the
present work, because these processes were shown to be
irrelevant or less important to the gyrokinetic breakdown
issue.
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Appendix A

A.1 Derivation of cyclokinetic equations

The derivation of the cyclokinetic equation [Eq. (2.1.14)]
in the gyro-phase angle form, starting from the first prin-
ciples Boltzmann equation (2.1.1), has already been de-
scribed in Section 2. In this Appendix, we will derive the
cyclokinetic equation by transforming the gyro-phase an-
gle α to the harmonic number n. The steps leading from
Eq. (2.1.14) to CKinFH equations (2.3.1), (2.3.2), and
(2.3.3) are listed as below.

Some useful formulas are

υ̂⊥ · k̂⊥ = υ̂⊥k̂⊥ cos(α − β)

= (υ̂⊥k̂⊥/2){exp[i(α − β)] + exp[−i(α − β)]},
(A.1)

υ̂⊥ · k̂1 = υ̂⊥k̂1 cos(α − β1)

= (υ̂⊥k̂1/2){exp[i(α − β1)] + exp[−i(α − β1)]},
(A.2)

k̂1 · b̂ × υ̂⊥/υ̂2
⊥ = −(k̂1/υ̂⊥) sin(α − β1)

= i(k̂1/2υ̂⊥){exp[i(α − β1)] − exp[−i(α − β1)]},
(A.3)

υ̂⊥ = ρ̂ =
√

2(Ti/Te)μ̂. (A.4)

The discrete Fourier transform is defined as follows:

δf̂k(μ̂, α) =
n=Nα−1∑

n=−Nα+1

δF̂n
k (μ̂) exp(inα). (A.5)

Where n = −Nα + 1, ..., 0, ..., Nα − 1are the Fourier
harmonic numbers. The corresponding inverse discrete
Fourier transform is

δF̂n
k (μ̂) =

1
2Nα − 1

m=2Nα−2∑

m=0

δf̂k(μ̂, αm) exp(−inαm).

(A.6)

where αm = 2πm/(2Nα − 1). For convenience, the
non-conservative form of the cyclokinetic equation [Eq.
(2.1.14)] in the gyro-angle phasespace is rewritten here:

Dδf̂k/Dt̂ − iω̂d
kδĝk + iυ̂⊥ · k̂Ω∗δĝk − Ω∗∂αδĝk

= −iω̂nT
∗k δφ̂kn0FM (μ̂)

+
∑

k1

[(Te/Ti)δφ̂k1ik̂1 · υ̂⊥∂μ̂δf̂k2

+δφ̂k1ik̂1 · b̂ × υ̂⊥/υ̂2
⊥∂αδf̂k2]. (A.7)

The conservative form (A.8) is obtained by substitut-
ing Eq. (2.1.15) into Eq. (A.7):

Dδf̂k/Dt̂ − iω̂d
kδĝk + iυ̂⊥ · k̂Ω∗δĝk − Ω∗∂αδĝk

= −iω̂nT
∗k δφ̂kn0FM (μ̂)

+
∑

k1

∂μ̂[(Te/Ti)δφ̂k1ik̂1 · υ̂⊥δf̂k2]

+
∑

k1

∂α(δφ̂k1ik̂1 · b̂ × υ̂⊥/υ̂2
⊥δf̂k2), (A.8)

where the Doppler drift ω̂E
k is ignored.

A.1.1 The derivation of linear terms

We now expand the δf̂k(μ̂, α) and δĝk(μ̂, α) terms in Eq.
(A.7) by using the inverse Fourier transform in Eq. (A.6),
as follows.

The first term is

1
2Nα − 1

m=2Nα−2∑

m=0

Dδf̂k/Dt̂ exp(−inαm) = DδF̂n
k /Dt̂.

The second term is

1
2Nα − 1

m=2Nα−2∑

m=0

−iω̂d
kδĝk exp(−inαm) = −iω̂d

kδĜn
k .
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The third term is

1
2Nα − 1

m=2Nα−2∑

m=0

iυ̂⊥ · k̂Ω∗δĝk exp(−inαm)

=
1

2Nα − 1

m=2Nα−2∑

m=0

iΩ∗(kρ/2){exp[i(α − β)]

+ exp[−i(α − β)]}

· [
n′=Nα−1∑

n′=−Nα+1

δĜn′
k exp(in′αm)] exp(−inαm)

= iΩ∗(kρ/2)[exp(−iβ)δĜn−1
k + exp(iβ)δĜn+1

k ].

The fourth term is

1
2Nα − 1

m=2Nα−2∑

m=0

−Ω∗∂αδĝk exp(−inαm)

= −inΩ∗δĜn
k .

The fifth term is

1
2Nα − 1

m=2Nα−2∑

m=0

−iω̂nT
∗k δφ̂kn0FM (μ̂) exp(−inαm)

= −iω̂nT
∗k δφ̂kn0FM (μ̂)δn

0 .

This completes the derivation of all linear terms of
CKinFH.

DδF̂n
k /Dt̂ − iω̂d

kδĜn
k + ikρΩ∗/2[exp(−iβ)δĜn−1

k

+ exp(iβ)δĜn+1
k ] − inΩ∗δĜn

k + iω̂nT
∗k δφ̂k(n0FM )δn

0

=
1

2Nα − 1

m=2Nα−2∑

m=0

∂αNLn
k(μ̂) exp(−inαm)

+
1

2Nα − 1

m=2Nα−2∑

m=0

∂μNLn
k (μ̂) exp(−inαm). (A.9)

The RHS in the above equation represents the unpacked
nonlinear terms.

A.1.2 The derivation of non-conservative nonlinear
terms

The ∂α term is derived as follows:

1
2Nα − 1

m=2Nα−2∑

m=0

∂αNLn
k (μ̂) exp(−inαm)

=
1

2Nα − 1

m=2Nα−2∑

m=0

∑

k1

δφ̂k1ik̂1 · b̂

×υ̂⊥/υ̂2
⊥∂αδfk2 exp(−inαm)

=
1

2Nα − 1

∑

k1

m=2Nα−2∑

m=0

k̂1δφ̂k1i2/(2υ̂⊥)

×[exp(iαm) exp(−iβ1) − exp(−iαm) exp(iβ1)]

· (in′){
n′=Nα−1∑

n′=−Nα+1

δF̂n′
k2 exp(in′αm)} exp(−inαm)

=
∑

k1

−iδφ̂k1k̂1/(2υ̂⊥)[(n − 1) exp(−iβ1)δF̂n−1
k2

−(n + 1) exp(iβ1)δF̂n+1
k2 ]. (A.10)

In the first step of the above process, ∂αNLn
k(μ̂) is re-

placed by the corresponding term in Eq. (A.7). In the
second step of the above process, Eq. (A.3) is applied. In
the last step of the above process, n′ = n− 1, n′ = n + 1
are set.

The ∂μ term is derived as follows�

1
2Nα − 1

m=2Nα−2∑

m=0

∂μNLn
k(μ̂) exp(−inαm)

=
1

2Nα − 1

m=2Nα−2∑

m=0

∑

k1

(Te/Ti)δφ̂k1ik̂1

· υ̂⊥∂μ̂δf̂k2 exp(−inαm)

=
1

2Nα − 1

∑

k1

m=2Nα−2∑

m=0

(Te/Ti)δφ̂k1ik̂1υ̂⊥/2

×[exp(iαm) exp(−iβ1) + exp(−iαm) exp(iβ1)]

· {
n′=Nα−1∑

n′=−Nα+1

∂μ̂δF̂n′
k2 exp(in′αm)} exp(−inαm)

=
∑

k1

(Te/Ti)δφ̂k1ik̂1υ̂⊥/2[exp(−iβ1)∂μ̂δF̂n−1
k2

+ exp(iβ1)∂μ̂δF̂n+1
k2 ]. (A.11)

In the first step of the above derivation process,
∂μNLn

k(μ̂) is replaced by the corresponding term in Eq.
(A.7). In the second step of the above process, Eq.
(A.2) is applied. In the last step of the above process,
n′ = n − 1, n′ = n + 1 are set. The non-conservative
form of the CKinFH equation is obtained as follows, by
combining Eqs. (A.10) and (A.11):

DδF̂n
k /Dt̂ − iω̂d

kδĜn
k + ikρΩ∗/2[exp(−iβ)δĜn−1

k

+ exp(iβ)δĜn+1
k ]−Ω∗inδĜn

k + iω̂nT
∗k δφ̂k(n0FM )δn

0

=
∑

k1

k̂1δφ̂k1(−i)/(2υ̂⊥)[(n − 1) exp(−iβ1)δF̂n−1
k2

−(n + 1) exp(iβ1)δF̂n+1
k2 ]

+
∑

k1

(Te/Ti)δφ̂k1ik̂1υ̂⊥/2[exp(−iβ1)∂μ̂δF̂n−1
k2

+ exp(iβ1)∂μ̂δF̂n+1
k2 ]. (A.12)

A.1.3 The derivation of conservative nonlinear terms

The ∂α is derived as Eq. (A.13):
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1
2Nα − 1

m=2Nα−2∑

m=0

∂αNLn
k (μ̂) exp(−inαm) =

1
2Nα − 1

m=2Nα−2∑

m=0

∑

k1

∂α(δφ̂k1ik̂1 · b̂ × υ̂⊥/υ̂2
⊥δf̂k2) exp(−inαm)

=
1

2Nα − 1

∑

k1

m=2Nα−2∑

m=0

∂α{k̂1δφ̂k1i2/(2υ̂⊥)[exp(iαm) exp(−iβ1) − exp(−iαm) exp(iβ1)]

·
n′=Nα−1∑

n′=−Nα+1

δF̂n′
k2 exp(in′αm)} exp(−inαm)

=
1

2Nα − 1

m=2Nα−2∑

m=0

∑

k1

k̂1δφ̂k1i2/(2υ̂⊥)[exp(iαm) exp(−iβ1) − exp(−iαm) exp(iβ1)]

· (in′)

⎧
⎨

⎩

n′=Nα−1∑

n′=−Nα+1

δF̂n′
k2 exp(in′αm)

⎫
⎬

⎭
exp(−inαm) +

1
2Nα − 1

∑

k1

m=2Nα−2∑

m=0

k̂1δφ̂k1i
2/(2υ̂⊥)

×[i exp(iαm) exp(−iβ1) + i exp(−iαm) exp(iβ1)]

⎧
⎨

⎩

n′=Nα−1∑

n′=−Nα+1

δF̂n′
k2 exp(in′αm)

⎫
⎬

⎭
exp(−inαm)

=
1

2Nα − 1

m=2Nα−2∑

m=0

∑

k1

k̂1δφ̂k1i2/(2υ̂⊥)[exp(iαm) exp(−iβ1)i(1 + n′) + exp(−iαm) exp(iβ1)i(1 − n′)]

·
⎧
⎨

⎩

n′=Nα−1∑

n′=−Nα+1

δF̂n′
k2 exp(in′αm)

⎫
⎬

⎭
exp(−inαm)

=
∑

k1

−δφ̂k1ik̂1/(2υ̂⊥)[n exp(−iβ1)δF̂n−1
k2 − n exp(iβ1)δF̂n+1

k2 ]. (A.13)

In the first step of the above derivation process,
∂αNLn

k (μ̂) is replaced by the corresponding term in Eq.
(A.8). In the second step of the above process, Eq.

(A.3) is applied. In the last step of the above process,
n′ = n − 1, n′ = n + 1 are set.

The ∂μ term is derived as Eq. (A.14):

1
2Nα − 1

m=2Nα−2∑

m=0

∂μNLn
k(μ̂) exp(−inαm) =

1
2Nα − 1

m=2Nα−2∑

m=0

∑

k1

∂μ̂[(Te/Ti)δφ̂k1ik̂1 · υ̂⊥δf̂k2] exp(−inαm)

=
1

2Nα − 1

∑

k1

m=2Nα−2∑

m=0

∂μ̂

{

(Te/Ti)δφ̂k1ik̂1υ̂⊥/2[exp(iαm) exp(−iβ1) + exp(−iαm) exp(iβ1)]

·
n′=Nα−1∑

n′=−Nα+1

δF̂n′
k2 exp(in′αm)

}

exp(−inαm)

=
∑

k1

(Te/Ti)∂μ̂

{

δφ̂k1ik̂1υ̂⊥/2[exp(−iβ1)δF̂n−1
k2 + exp(iβ1)δF̂n+1

k2 ]
}

(A.14)

In the first step of the above derivation process,
∂μNLn

k(μ̂) is replaced by the corresponding term in Eq.
(A.8). In the second step of the above process, Eq.
(A.2) is applied. In the last step of the above process,

n′ = n − 1, n′ = n + 1 are set. The conservative form
of the CKinFH equation is obtained as Eq. (A.15), by
combining Eqs. (A.13) and (A.14).

DδF̂n
k /Dt̂ − iω̂d

kδĜn
k + ikρΩ∗/2[exp(−iβ)δĜn−1

k + exp(iβ)δĜn+1
k ] − Ω∗inδĜn

k + iω̂nT
∗k δφ̂k(n0FM )δn

0

=
∑

k1

k̂1δφ̂k1(−i)/(2υ̂⊥)[n exp(−iβ1)δF̂n−1
k2 − n exp(iβ1)δF̂n+1

k2 ]
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+
∑

k1

(Te/Ti)∂μ̂{δφ̂k1ik̂1υ̂⊥/2[exp(−iβ1)δF̂n−1
k2 + exp(iβ1)δF̂n+1

k2 ]}. (A.15)

A.2 Derivation of nonlinear incremental entropy
conservation

The CKinFH equations are taken as examples in this
section to prove the nonlinear incremental entropy con-
servation. The incremental entropy of CKinFH is defined
as

S =
∑

k

∮
dα

∫ ∞

0

dμ̂(δf̂∗
k δf̂k)

= 2π
∫ ∞

0

dμ̂
∑

k

n=Nα−1∑

n=−Nα+1

(δF̂n
k )∗δF̂n

k . (A.16)

The time derivative of the incremental entropy should
be zero:

∫ ∞

0

dμ̂
∑

k

n=Nα−1∑

n=−Nα+1

(δF̂n
k )∗dδF̂n

k /dt + c.c. = 0.

Only the nonlinear terms in the above equation are
needed for proving the nonlinear incremental entropy
conservation:

∫ ∞

0

dμ̂
∑

k

n=Nα−1∑

n=−Nα+1

(δF̂n
k )∗NLS(k̂, μ̂, n) + c.c. = 0,

(A.17)

where NLS(k̂, μ̂, n) represents the nonlinear terms. Note
the conjugate condition δF̂n

−k = (δF̂−n
k )∗.

A.2.1 The incremental entropy conservation of the ∂μ

term

Conservative form.
Eq. (A.18) is obtained by substituting the NLS(k̂, μ̂, n)

term in Eq. (A.17) into the conservative ∂μ term in Eq.
(A.15).

∫ ∞

0

dμ̂
∑

k

n=Nα−1∑

n=−Nα+1

(δF̂n
k )∗∂μ̂

{∑

k1

(Te/Ti)δφ̂k1(ik̂1υ̂⊥/2)[exp(−iβ1)δF̂n−1
k2 + exp(iβ1)δF̂n+1

k2 ]
}

+ c.c.

= (Te/Ti)
∫ ∞

0

dμ̂
∑

k

∑

k1

∑

k2

δ(k + k1 + k2)
n=Nα−1∑

n=−Nα+1

δF̂−n
k ∂μ̂{δφ̂k1(ik̂1υ̂⊥/2)[exp(−iβ1)δF̂n−1

k2

+ exp(+iβ1)δF̂n+1
k2 ]} + c.c.

= −(Te/Ti)
∫ ∞

0

dμ̂
∑

k

∑

k1

∑

k2

δ(k + k1 + k2)
n=Nα−1∑

n=−Nα+1

{δφ̂k1(ik̂1υ̂⊥/2)[exp(−iβ1)δF̂n−1
k2

+ exp(+iβ1)δF̂n+1
k2 ]}∂μ̂(δF̂−n

k ) + c.c.. (A.18)

In the first step of Eq. (A.18), the wavenumber k is
replaced by −k. In the second step, integration by parts
is performed, and a zero boundary condition (A.19) is
assumed as Eq. (A.19).

{δφ̂k1(ik̂1υ̂⊥/2)[exp(−iβ1)δF̂n−1
k2

+ exp(+iβ1)δF̂n+1
k2 ](δF̂−n

k )}∣∣∞
0

+ c.c.
∣
∣∞
0

= 0. (A.19)

Non-conservative form.
Eq. (A.20) is obtained by substituting the NLS(k̂, μ̂, n)

term in Eq. (A.17) into the non-conservative ∂μ term in
Eq. (A.12).

∫ ∞

0

dμ̂
∑

k

n=Nα−1∑

n=−Nα+1

(δF̂n
k )∗

∑

k1

(Te/Ti)δφ̂k1(ik̂1υ̂⊥/2)[exp(−iβ1)∂μ̂δF̂n−1
k2 + exp(+iβ1)∂μ̂δF̂n+1

k2 ] + c.c.

= (Te/Ti)
∫ ∞

0

dμ̂
∑

k

∑

k1

∑

k2

δ(k + k1 + k2)
n=Nα−1∑

n=−Nα+1

δF̂−n
k {δφ̂k1(ik̂1υ̂⊥/2)[exp(−iβ1)∂μ̂(δF̂n−1

k2 )

+ exp(+iβ1)∂μ̂(δF̂n+1
k2 )]} + c.c.

= (Te/Ti)
∫ ∞

0

dμ̂
∑

k

∑

k1

∑

k2

δ(k + k1 + k2)
n=Nα−1∑

n=−Nα+1

{δφ̂k1(ik̂1υ̂⊥/2)[exp(−iβ1)δF̂n−1
k2

+ exp(+iβ1)δF̂n+1
k2 ]}∂μ̂(δF̂−n

k ) + c.c.. (A.20)
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In the first step of Eq. (A.20), the wavenumber k is
replaced by −k. In the second step, the identity in Eq.
(A.21) is first applied, following which the wavenumbers
k and k2 are swapped. The identity in Eq. (A.21) will
be proved at the end of this section.

n=Nα−1∑

n=−Nα+1

δAnδB−(n±1) =
n=Nα−1∑

n=−Nα+1

δBnδA−(n±1).

(A.21)

As discussed in Section 2.3.4, the nonlinear terms in
the rCYCLO code are calculated by adding the conser-
vative form to the equivalent non-conservative form of
nonlinear terms and dividing by 2 to precisely ensure the
nonlinear incremental entropy conservation. The nonlin-
ear incremental entropy conservation of the ∂μ term can
be demonstrated by adding Eq. (A.18) to Eq. (A.20) and
showing that the result of this addition is zero.

Derivation of the identity in Eq. (A.21).
The function c(α) is an arbitrary function of the gyro-

phase α, which equals to a(α) times b(α):

c(α) = a(α)b(α) =
n1=Nα−1∑

n1=−Nα+1

δAn1 exp(+in1αm)

·
n2=Nα−1∑

n2=−Nα+1

δBn2 exp(+in2αm). (A.22)

where a(α) and b(α) are expanded in Fourier series. An
arbitrary Fourier series of c(α) is presented as δCn.

δCn =
1

2Nα − 1

m=2Nα−2∑

m=0

c(α) exp(−inαm),

We replace c(α) by the RHS of Eq. (A.22).

δCn =
1

2Nα − 1

m=2Nα−2∑

m=0

exp(−inαm)

·
n1=Nα−1∑

n1=−Nα+1

δAn1 exp(+in1αm)

·
n2=Nα−1∑

n2=−Nα+1

δBn2 exp(+in2αm)

=
1

2Nα − 1

n1=Nα−1∑

n1=−Nα+1

δAn1

n2=Nα−1∑

n2=−Nα+1

δBn2

·
m=2Nα−2∑

m=0

exp[−i(n − n1 − n2)αm].

Eq. (A.23) is obtained by setting n2 = n − n1.

δCn =
n1=Nα−1∑

n1=−Nα+1

δAn1δBn−n1 . (A.23)

Otherwise, Eq. (A.24) is obtained by setting n1 =
n − n2.

δCn =
n2=Nα−1∑

n2=−Nα+1

δAn−n2δBn2 . (A.24)

The identity in Eq. (A.21) is proved by adding Eq.
(A.23) to Eq. (A.24):

δC∓1 =
n=Nα−1∑

n=−Nα+1

δAnδB−(n±1)

=
n=Nα−1∑

n=−Nα+1

δBnδA−(n±1).

A.2.2 The incremental entropy conservation of the ∂α

term

Conservative form.
Eq. (A.25) is obtained by substituting the NLS(k̂, μ̂, n)

term in Eq. (A.17) into the conservative ∂α term in Eq.
(A.15).

∫ ∞

0

dμ̂
∑

k

n=Nα−1∑

n=−Nα+1

(δF̂n
k )∗

∑

k1

δφ̂k1(−i)(k̂1/2υ̂⊥)n[exp(−iβ1)δF̂n−1
k2 − exp(+iβ1)δF̂n+1

k2 ] + c.c.

=
∫ ∞

0

dμ̂
∑

k

∑

k1

∑

k2

δ(k + k1 + k2)
n=Nα−1∑

n=−Nα+1

nδF̂−n
k δφ̂k1(−i)(k̂1/2υ̂⊥)

{
exp(−iβ1)δF̂n−1

k2

− exp(+iβ1)δF̂n+1
k2

}
+ c.c., (A.25)

where the wavenumber k is replaced by −k.

Non-conservative form.
Eq. (A.26) is obtained by substituting the NLS(k̂, μ̂, n)

term in Eq. (A.17) into the non-conservative ∂α term in
Eq. (A.12).

∫ ∞

0

dμ̂
∑

k

n=Nα−1∑

n=−Nα+1

(δF̂n
k )∗

·
∑

k1

δφ̂k1(−i)(k̂1/2υ̂⊥)[exp(−iβ1)(n − 1)δF̂n−1
k2

− exp(+iβ1)(n + 1)δF̂n+1
k2 ] + c.c.

=
∫ ∞

0

dμ̂
∑

k

∑

k1

∑

k2

δ(k + k1 + k2)
n=Nα−1∑

n=−Nα+1

δF̂n
k

· δφ̂k1(−i)(k̂1/2υ̂⊥)[exp(−iβ1)(−n − 1)δF̂−n−1
k2
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− exp(+iβ1)(−n + 1)δF̂−n+1
k2 ] + c.c., (A.26)

where the wavenumber k is replaced by −k, and har-

monic n is replaced by −n. The two terms of Eq. (A.26)
are treated respectively, as follows.

The first term of Eq. (A.26) is treated as

∫ ∞

0

dμ̂
∑

k

∑

k1

∑

k2

δ(k + k1 + k2)
n=Nα−1∑

n=−Nα+1

δF̂n
k δφ̂k1(−i)(k̂1/2υ̂⊥) exp(−iβ1)(−n − 1)δF̂−n−1

k2 + c.c.

=
∫ ∞

0

dμ̂
∑

k

∑

k1

∑

k2

δ(k + k1 + k2)δφ̂k1(−1)(k̂1/2υ̂⊥) exp(−iβ1)
n=Nα−1∑

n=−Nα+1

δF̂n
k i(−n − 1)δF̂−n−1

k2 + c.c.

=
∫ ∞

0

dμ̂
∑

k

∑

k1

∑

k2

δ(k + k1 + k2)δφ̂k1(−1)(k̂1/2υ̂⊥) exp(−iβ1)
n′=Nα∑

n′=−Nα+2

δF̂n′−1
k (−in′)δF̂−n′

k2 + c.c.

=
∫ ∞

0

dμ̂
∑

k

∑

k1

∑

k2

δ(k + k1 + k2)δφ̂k1(−1)(k̂1/2υ̂⊥) exp(−iβ1)
n′=Nα∑

n′=−Nα+2

δF̂−n′
k (−in′)δF̂n′−1

k2 + c.c.

=
∫ ∞

0

dμ̂
∑

k

∑

k1

∑

k2

δ(k + k1 + k2)δφ̂k1(−1)(k̂1/2υ̂⊥) exp(−iβ1)
n′=Nα−1∑

n′=−Nα+1

δF̂−n′
k (−in′)δF̂n′−1

k2 + c.c.. (A.27)

In the second step of Eq. (A.27), n′ = n+1 is chosen. In
the third step, the wavenumbers k and k2 are swapped.
The fourth step replaces the summation

∑n′=Nα

n′=−Nα+2

with
∑n′=Nα−1

n′=−Nα+1, which requires the periodic properties
of the distribution function and the derivative harmonic
identity, as described below:

δF̂−n′
k (−in′)

∣
∣
n′=Nα

= δF̂
−Nα+(2Nα−1)
k i[−Nα

+(2Nα − 1)]

= δF̂−n′
k (−in′)

∣
∣
n′=−Nα+1

,

δF̂n′−1
k2

∣
∣
n′=Nα

= δF̂
Nα−1−(2Nα−1)
k2

= δF̂n′−1
k2

∣
∣
n′=−Nα+1

.

The second term of Eq. (A.26) is treated as

∫ ∞

0

dμ̂
∑

k

∑

k1

∑

k2

δ(k + k1 + k2)δφ̂k1(k̂1/2υ̂⊥) exp(+iβ1)
n=Nα−1∑

n=−Nα+1

δF̂n
k i(−n + 1)δF̂−n+1

k2 + c.c.

=
∫ ∞

0

dμ̂
∑

k

∑

k1

∑

k2

δ(k + k1 + k2)δφ̂k1(k̂1/2υ̂⊥) exp(+iβ1)
n=Nα−2∑

n=−Nα

δF̂n′+1
k i(−n′)δF̂−n′

k2 + c.c.

=
∫ ∞

0

dμ̂
∑

k

∑

k1

∑

k2

δ(k + k1 + k2)δφ̂k1(k̂1/2υ̂⊥) exp(+iβ1)
n=Nα−2∑

n=−Nα

δF̂−n′
k i(−n′)δF̂n′+1

k2 + c.c.

=
∫ ∞

0

dμ̂
∑

k

∑

k1

∑

k2

δ(k + k1 + k2)δφ̂k1(k̂1/2υ̂⊥) exp(+iβ1)
n=Nα−1∑

n=−Nα+1

δF̂−n′
k i(−n′)δF̂n′+1

k2 + c.c.. (A.28)

In the second step of (A.28), n′ = n − 1 is chosen. In
the third step, the wavenumbers k and k2 are swapped.
The fourth step replaces the summation

∑n′=Nα−2
n′=−Nα

with
∑n′=Nα−1

n′=−Nα+1, which also requires the periodic properties
of the distribution function and the derivative harmonic
identity, as described below:

δF̂−n′
k i(−n′)

∣
∣
n′=−Nα

= δF̂
Nα−(2Nα−1)
k i[Nα

−(2Nα − 1)]

= δF̂−n′
k i(−n′)

∣
∣
n′=Nα−1

,

δF̂n′+1
k2

∣
∣
n′=−Nα

= δF̂
−Nα+1+(2Nα−1)
k2

= δF̂n′+1
k2

∣
∣
n′=Nα−1

.

Next, Eq. (A.29) is obtained by combining Eq. (A.27)
with Eq. (A.28).

∫ ∞

0

dμ̂
∑

k

n=Nα−1∑

n=−Nα+1

(δF̂n
k )∗

·
∑

k1

δφ̂k1(−i)(k̂1/2υ̂⊥)[exp(−iβ1)(n − 1)δF̂n−1
k2
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− exp(+iβ1)(n + 1)δF̂n+1
k2 ] + c.c.

=
∫ ∞

0

dμ̂
∑

k

∑

k1

∑

k2

δ(k + k1 + k2)
n=Nα−1∑

n=−Nα+1

δF̂n
k

= −
∫ ∞

0

dμ̂
∑

k

∑

k1

∑

k2

δ(k + k1 + k2)

·
n=Nα−1∑

n=−Nα+1

nδF̂−n
k δφ̂k1(−i)(k̂1/2υ̂⊥)

· {exp(−iβ1)δF̂n−1
k2 − exp(+iβ1)δF̂n+1

k2 } + c.c..

(A.29)

The nonlinear incremental entropy conservation of the
∂α term is demonstrated by adding Eq. (A.25) to Eq.
(A.29) and showing that the result is zero.

In Sections A.2.1 and A.2.2, the nonlinear incremental
entropy conservation of CKinFH has been proved. The
proof for the CKinCH form is analogous, and will not be
repeated.
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