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In addition to the well-known Landauer–Büttiker scattering theory and the nonequilibrium Green’s
function technique for mesoscopic transports, an alternative (and very useful) scheme is quan-
tum master equation approach. In this article, we review the particle-number (n)-resolved master
equation (n-ME) approach and its systematic applications in quantum measurement and quantum
transport problems. The n-ME contains rich dynamical information, allowing efficient study of topics
such as shot noise and full counting statistics analysis. Moreover, we also review a newly developed
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The application potential of this new approach is critically examined via its ability to recover the
exact results for noninteracting systems under arbitrary voltage and in presence of strong quantum
interference, and the challenging non-equilibrium Kondo effect.
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1 Introduction

Quantum master equation is typically applied for the re-
duced state evolution of an open quantum system, e.g.,
in quantum optics and quantum dissipation studies [1,
2]. This formalism is also particularly appropriate for
studying quantum measurements, where the measured
subsystem is the system of interest, and the apparatus
is an environment. In this context, in most cases, some
internal degrees of freedom of the apparatus should be
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retained, which may result in certain back-action effects.
Moreover, for quantum measurement, extra issues should
be taken into account, such as the readout characteris-
tics of the measurement and the stochastic evolution of
the measured state conditioned on the stochastic results
of measurement [3].

An interesting solid-state application of quantum mea-
surement is to measure charge qubits using a mesoscopic
detector, which can be either a quantum-point-contact
(QPC) detector [4–11] or a single electron transistor
(SET) [12–15]. For realistic applications of such mea-
surement, the non-trivial correlation between the detec-
tor and qubit has been the focus of extensive studies
[4, 11, 16–20]. For instance, for the qubit-QPC setup, if
the energy transfer between the detector and qubit is ig-
nored, the qubit may relax to invalid statistical mixture
[21–25].

Moreover, for this type of measurement, we can con-
struct a particle-number(n)-resolved master equation (n-
ME) scheme. That is, by properly clarifying the subspace
of the apparatus states in association with the number
of electrons transmitted, one can obtain [26, 27]

ρ̇(n)(t) = −iLρ(n)(t) −
∑

j=0,±1

Rjρ
(n+j)(t). (1)

Here, ρ(n) is the (reduced) qubit state conditioned on the
number of electrons “n” transmitted in the detector. The
Liouvillian L is the well-known commutator defined by
the system Hamiltonian HS . The superoperators Rj are
associated with the tunneling processes in the transport
detector, which have explicit forms, as given in Ref. [26].
With the knowledge of ρ(n)(t), one is able to carry out
the various readout characteristics of the measurement,
by noting that the distribution function of the transmit-
ted electrons is related with the n-conditioned density
matrix as P (n, t) = Tr[ρ(n)(t)], where the trace is over
the system states.

For the quantum measurement discussed above, the
detector itself is a transport device. Hence, the n-ME
approach, Eq. (1), is a natural tool for studying quan-
tum transport through various mesoscopic (nano-scale)
devices. In this context, however, the quantum coherence
and/or many-body interaction effects may more signifi-
cantly affect the transport properties and device func-
tionalities. Simply, the master equation approach is ap-
propriate for quantum transport mainly because we can
regard the central device as the system of interest, and
the transport leads (reservoirs) as the generalized envi-
ronment.

Compared to the well-known Landauer–Büttiker the-
ory [28] and the nonequilibrium Green’s function for-
malism [29], the master equation approach (especially

the n-ME formulation [30, 31]) has been very useful for
studying quantum noise in transport [32–53]. One may
note that, beyond the usual (average) current, current
fluctuations in mesoscopic transport can provide useful
information for the relevant mechanisms. Moreover, a
fascinating approach, known as full counting statistics
(FCS) analysis [34, 35], can conveniently yield all the sta-
tistical cumulants of the number of transferred charges
[36–51]. The FCS has been demonstrated experimentally
for transport through quantum dots [52, 53].

In essence, the n-ME provides an important distribu-
tion function via P (n, t) = Tr[ρ(n)(t)], which contains
rich information and allows for convenient calculation of
not only the transport current, but also the noise spec-
trum and counting statistics. For instance, for the latter,
all orders of the cumulants of the transmitted electrons
can be calculated by using e−F(χ,t) =

∑
n P (n, t)einχ,

where χ is the counting field and F(χ, t) is the cumulant
generating function (CGF).

In this article, we briefly review the n-ME approach
and its applications in quantum measurement and quan-
tum transport problems. In Section 2, for the qubit-QPC
setup and general quantum transport system, we first
review the key idea and main procedures for construct-
ing the n-ME formalism, and then outline the meth-
ods of calculating the measurement/transport current
and noise spectrum (using MacDonald’s formula). Par-
ticular attention will be given to decomposition of the
n-dependent subspaces of the reservoir states and the
consequences of the closed circuit nature, which would
significantly affect the reservoir state averages. In Sec-
tion 3, we discuss the application of the n-ME to two
measurement setups in detail, i.e., a qubit measured by
QPC and SET detectors. In Section 4, we further dis-
cuss the application of the n-ME to quantum transport
by using the double-dot Aharonov–Bohm (DDAB) inter-
ferometer and Majorana fermion (MF) probe as exam-
ples. In Section 5, we review the newly proposed self-
consistent Born approximation based master equation
(SCBA-ME) approach to quantum transport; the SCBA-
ME scheme goes beyond the usual master equation ap-
proach under the standard Born approximation which,
for instance, can recover the exact results of quantum
transport through noninteracting systems and predict
the challenging non-equilibrium Kondo effect for trans-
port through Anderson impurity (interacting dots). Fi-
nally, in Section 6 we present our concluding remarks.

2 General formalism

In this section, we review the construction of the n-ME
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formalism, and outline the methods of applying it to
calculate the measurement/transport current and noise
spectrum.

2.1 Number(n)-resolved master equation

2.1.1 Set-up (I): Qubit measurement using QPC
detector

For the sake of generality, we formally consider an arbi-
trary quantum system measured using a QPC detector.
The whole setup can be described by the Hamiltonian as
follows [26]:

H = H0 +H ′, (2a)

H0 = Hs +
∑

k

(εLk c
†
kck + εRk d

†
kdk), (2b)

H ′ =
∑

k,q

[Tqk{|ψs〉〈ψs|}d†qck + H.c.]. (2c)

In this decomposition, the free part of the total Hamilto-
nian H0 contains the Hamiltonians of the measured sys-
tem Hs and the QPC reservoirs (the last two terms). The
Hamiltonian H ′ describes electron tunneling through
the QPC, e.g., from state |k〉 in the left reservoir to
state |q〉 in the right one, with a tunneling amplitude
of Tqk{|ψs〉〈ψs|} which may depend on the state |ψs〉 of
the observable.

Regarding the tunneling Hamiltonian H ′ as a pertur-
bation, on the basis of the second-order Born expansion,
we can derive a formal equation for the reduced density
matrix as [54]

ρ̇(t) = −iLρ(t) −
∫ t

0

dτ〈L′(t)G(t, τ)L′(τ)G†(t, τ)〉ρ(t).

(3)

Here, the Liouvillian superoperators are defined
as L(· · ·) ≡ [Hs, (· · ·)], L′(· · ·) ≡ [H ′, (· · ·)], and
G(t, τ)(· · ·) ≡ G(t, τ)(· · ·)G†(t, τ) with G(t, τ) the usual
propagator (Green’s function) associated with Hs. The

Fig. 1 Schematic for a qubit (coupled quantum dots) measured
by quantum point contact detector.

reduced density matrix is ρ(t) = TrD[ρT (t)], resulting
from tracing all the detector degrees of freedom from
the entire density matrix. However, for quantum mea-
surement where specific readout information is to be
recorded, the average should be taken over the unique
class of states of the detector that is being kept track of.

The Hilbert space of the detector can be classified as
follows. First, define the subspace in the absence of elec-
tron tunneling through the detector as D(0), which is
spanned by the product of the many-particle states of
the two isolated reservoirs, formally denoted as D(0) ≡
span{|ΨL〉⊗ |ΨR〉}. Then, introduce the tunneling oper-
ator f † ∼ f †

qk = d†qck, and denote the Hilbert subspace
corresponding to n-electrons tunneled from the left to the
right reservoirs as D(n) = (f †)nD(0), where n = 1, 2, · · ·.
The entire Hilbert space of the detector is D = ⊕nD(n).

With the above classification of the detector states,
the average over states in D in Eq. (3) is replaced with
states in the subspace D(n), leading to a conditional mas-
ter equation [26]

ρ̇(n)(t) = −iLρ(n)(t) −
∫ t

0

dτTrD(n) [L′(t)G(t, τ)

×L′(τ)G†(t, τ)ρT (t)]. (4)

Here, ρ(n)(t) = TrD(n) [ρT (t)], which is the reduced den-
sity matrix of the measured system conditioned on the
number of electrons tunnelled through the detector until
time t. Now, we transform the Liouvillian product in Eq.
(4) to the conventional form:

L′(t)G(t, τ)L′(τ)G†(t, τ)ρT (t)

= [H ′(t)G(t, τ)H ′(τ)G†(t, τ)ρT (t)

−G(t, τ)H ′(τ)G†(t, τ)ρT (t)H ′(t)] + H.c.

≡ [I − II] + H.c. (5)

For simplicity, we rewrite the interaction Hamiltonian
as H ′(t) = QF (t). Here, we have assumed the tunnel-
ing amplitude Tkq to be real and independent of the
reservoir-state “kq”, and denoted it by Q which de-
pends on the state of the measured system. The detec-
tor fluctuation is described by F (t) ≡ f(t) + f †(t), with
f ≡

∑
kq c

†
kdq and f † ≡

∑
kq d

†
qck. Two physical con-

siderations are further made, as follows: (i) Instead of
the conventional Born approximation for the entire den-
sity matrix ρT (t) � ρ(t) ⊗ ρD, we propose the ansatz
ρT (t) �

∑
n ρ

(n)(t)⊗ρ(n)
D , where ρ(n)

D is the density oper-
ator of the detector reservoirs with n-electrons tunnelled
through the detector. With the ansatz of the density op-
erator, tracing over the subspace D(n) yields

TrD(n) [I] = TrD[F (t)F (τ)ρ(n)
D ]

×[QG(t, τ)QG†(t, τ)ρ(n)] (6a)
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TrD(n) [II] = TrD[f †(τ)ρ(n−1)
D f(t)]

×[G(t, τ)QG†(t, τ)ρ(n−1)Q]

+TrD[f(τ)ρ(n+1)
D f †(t)]

×[G(t, τ)QG†(t, τ)ρ(n+1)Q]. (6b)

Here, we have utilized the orthogonality between states
in different subspaces, which leads to term selection from
the entire density operator ρT . (ii) Due to the closed
nature of the detector circuit, the extra electrons tun-
neled into the right reservoir will flow back into the
left reservoir via the external circuit. In addition, the
rapid relaxation processes in the reservoirs will quickly
bring the reservoirs to the local thermal equilibrium
state determined by the chemical potentials. As a conse-
quence, after the procedure (i.e., the state selection) as
expressed by Eq. (6), the detector density matrices ρ(n)

D

and ρ(n±1)
D in Eq. (6) can be well approximated by ρ(0)

D ,
i.e., the local thermal equilibrium reservoir state. Un-
der this consideration, the correlation functions become,
〈f †(t)f(τ)〉 = C(+)(t − τ), 〈f(t)f †(τ)〉 = C(−)(t − τ),
and 〈F (t)F (τ)〉 = C(t− τ) = C(+)(t− τ) +C(−)(t− τ).
Here, 〈· · ·〉 stands for TrD[(· · ·)ρ(0)

D ].
Under the Markovian approximation, the time inte-

gral in Eq. (4) is replaced by 1
2

∫ ∞
−∞. Substituting Eqs.

(5) and (6) into Eq. (4), we obtain [26]

ρ̇(n) = −iLρ(n) − 1
2
{[QQ̃ρ(n) + H.c.]

−[Q̃(−)ρ(n−1)Q+ H.c.]

−[Q̃(+)ρ(n+1)Q+ H.c.]}. (7)

Here, Q̃(±) = C̃(±)(L)Q, C̃(±)(L) =
∫ ∞
−∞ dtC(±)(t)e−iLt,

and Q̃ = Q̃(+) + Q̃(−). Under the wide-band approxi-
mation for the detector reservoirs, the spectral function
C̃(±)(L) can be explicitly expressed as [21]: C̃(±)(L) =
η[x/(1−e−x/T )]x=−L∓V , where η = 2πgLgR, and T is the
temperature. (Here, and in the following, we use the unit
system of � = e = kB = 1). In Eq. (7), the terms in {· · ·}
describe the effect of fluctuation of forward and backward
electron tunneling through the detector on the measured
system. In particular, the Liouvillian operator “L” in
C̃(±)(L) contains the information of energy transfer be-
tween the detector and the measured system, which cor-
relates the energy (spontaneous) relaxation of the mea-
sured system with the inelastic electron tunneling in the
detector. At high-voltage limit, formally V 	 L, the
spectral function C̃(±)(L) � C̃(±)(0), and Eq. (7) reduce
to the result derived by Gurvitz et al. [10, 11, 19, 20].

2.1.2 Set-up (II): Quantum transport

In general, quantum transport, schematically shown in

Fig. 2, can be described by the following Hamiltonian:

H = HS(a†μ, aμ) +
∑

α=L,R

∑

μk

εαμkd
†
αμkdαμk

+
∑

α=L,R

∑

μk

(tαμka
†
μdαμk + H.c.). (8)

Here, HS is the central system (device) Hamiltonian,
which can be quite general (e.g., includes many-body
interactions). a†μ (aμ) is the creation (annihilation) op-
erator of electrons in state |μ〉, which indicates both the
orbital and spin degrees of freedom. The second and third
terms describe, respectively, the two (left and right) leads
(reservoirs) and the tunneling between them and the cen-
tral system. The lead electrons are also attached here by
index “μ” to characterize their possible correlation with
the system states. For instance, this will be the typical
situation for spin-dependent transport.

If we introduce Fμ =
∑

αk tαμkdαμk ≡ fLμ + fRμ and
express the tunneling Hamiltonian as

H ′ =
∑

μ

(a†μFμ + H.c.), (9)

then, by considering this tunneling Hamiltonian as a per-
turbation, the second-order Born expansion results in an
unconditional master equation for the reduced density
matrix of the same form of Eq. (3).

To construct a conditional (i.e., particle-number-
resolved) master equation, one should keep track of the
number of electrons that arrive at the collector. Let us
classify the Hilbert space of the electrodes as follows.
First, we define the subspace in the absence of electrons
at the collector as “B(0)”, which is spanned by the prod-
uct of all many-particle states of the two isolated reser-
voirs, formally denoted as B(0) ≡ span{|ΨL〉 ⊗ |ΨR〉}.
Then, we introduce the Hilbert subspace “B(n)” (n =
1, 2, · · ·), corresponding to n-electrons at the collector.
The entire Hilbert space of the two electrodes is B =
⊕nB

(n).
With this type of classification for the reservoir states,

the average over states in the entire Hilbert space “B” is
replaced with states in the subspace “B(n)”, leading to
a conditional master equation [27]

Fig. 2 Schematic setup for quantum transport through a meso-
scopic system.
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ρ̇(n)(t) = −iLρ(n)(t) −
∫ t

0

dτTrB(n) [L′(t)G(t, τ)

×L′(τ)G†(t, τ)ρT (t)]. (10)

Here, ρ(n)(t) = TrB(n) [ρT (t)], where ρT (t) is the state
of the whole system. ρ(n)(t) is the reduced density ma-
trix of the central system conditioned on the number of
electrons arriving at the collector until time t.

As for the qubit-QPC problem, two important con-
siderations are made, as follows: (i) Instead of the con-
ventional Born approximation for the entire density ma-
trix ρT (t) � ρ(t) ⊗ ρB , we propose the ansatz ρT (t) �∑

n ρ
(n)(t)⊗ρ(n)

B , where ρ(n)
B is the density operator of the

electron reservoirs associated with n-electrons arrived at
the collector. (ii) Due to the closed nature of the trans-
port circuit, the extra electrons arriving at the collector
will flow back into the emitter (left reservoir) via the ex-
ternal circuit. In addition, the rapid relaxation processes
in the reservoirs will quickly bring the reservoirs to the
local thermal equilibrium state determined by the chem-
ical potentials.

Then, under the Markovian approximation, from Eq.
(10), we obtain [27]

ρ̇(n) = −iLρ(n) − 1
2

∑

μ

{[a†μA(−)
μ ρ(n) + ρ(n)A(+)

μ a†μ

−A(−)
Lμ ρ

(n)a†μ − a†μρ
(n)A

(+)
Lμ

−A(−)
Rμ ρ

(n−1)a†μ − a†μρ
(n+1)A

(+)
Rμ ] + H.c.}. (11)

Here, A
(±)
αμ =

∑
ν C

(±)
αμν(±L)aν and A

(±)
μ =∑

α=L,RA
(±)
αμ . The spectral functions C

(±)
αμν(±L) are

defined in terms of the Fourier transform of the
reservoir correlation functions, i.e., C

(±)
αμν(±L) =∫ ∞

−∞ dtC(±)
αμν(t)e±iLt, where 〈f †

αν(τ)fαμ(t)〉 = C
(+)
αμν(t−τ)

and 〈fαμ(t)f †
αν(τ)〉 = C

(−)
αμν(t− τ).

The “n”-dependence of Eq. (11) is somehow similar
to the usual rate equation, despite its operator feature.
Each term in Eq. (11) can be interpreted similarly us-
ing the conventional c-number rate equation. Unlike in
the Bloch equation derived by Gurvitz et al. [30], in Eq.
(11), ρ(n) is also coupled to ρ(n+1), which is not present
in Ref. [30]. This difference originates from the fact that
Eq. (11) is valid for non-zero temperatures.

2.2 Current and noise spectrum

2.2.1 Qubit measurement by QPC

With the knowledge of ρ(n)(t), one can carry out the
various readout characteristics of the measurement. In
particular, for a qubit with Ω 
= 0 and Ω−1 comparable

to or smaller than the measurement time [13], the qubit
oscillation cannot be read out using the conventional sin-
gle shot measurement. In this regime, continuous weak
measurement is an alternative scheme to record the qubit
oscillations, e.g., in the power spectrum of the output
current.

First, for the ensemble-average current, simple ex-
pression is related to the unconditional density matrix
ρ(t) =

∑
n ρ

(n)(t). The derivation is from the fact that
the current is associated with the probability distribu-
tion P (n, t) ≡ Tr[ρ(n)(t)], via I(t) = edN̄(t)/dt, where
N̄(t) =

∑
n nP (n, t). By considering the Summation over

“n” and making use of the cyclic property under trace,
we obtain [26]

I(t) =
∑

n

nTr[ρ̇(n)(t)] =
1
2
Tr[Q̄ρ(t)Q+ H.c.], (12)

where Q̄ = Q̃(−) − Q̃(+).
Second, the power spectrum of the output current can

be conveniently calculated using the MacDonald’s for-
mula [11, 26]

S(ω) = 2ω
∫ ∞

0

dt sinωt
d
dt

[
〈n2(t)〉 − (Īt)2

]
, (13)

where Ī is the average current over time and 〈n2(t)〉 =∑
n n

2P (n, t). It can be proved that [26]

d
dt

〈n2(t)〉 = Tr
[
Q̄N̂(t)Q+

1
2
Q̃ρ(t)Q+ H.c.

]
, (14)

where N̂(t) ≡
∑

n nρ
(n)(t), which can be calculated via

its equation of motion [26]

dN̂
dt

= −iLN̂−1
2
[Q, Q̃N̂−N̂Q̃†]+

1
2
(Q̄ρQ+H.c.). (15)

Combining the above three equations, the noise spec-
trum S(ω) can be easily obtained via Laplace transform
in terms of simple algebraic manipulations.

2.2.2 Quantum transport

For quantum transport, based on the n-ME (11), a
method similar to that outlined above leads to [27]

I(t) = e
∑

n

nTr[ρ̇(n)(t)]

=
e

2

∑

μ

Tr[(a†μA
(−)
Rμ −A

(+)
Rμ a

†
μ)ρ(t) + H.c.]. (16)

Here, the unconditional density matrix ρ =
∑

n ρ
(n) sat-

isfies the usual master equation (which can be obtained
by summing up Eq. (11) over “n”)

ρ̇ = −iLρ− 1
2

∑

μ

{[a†μ, A(−)
μ ρ− ρA(+)

μ ] + H.c.}. (17)

Xin-Qi Li, Front. Phys. 11(4), 110307 (2016) 110307-5
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Eqs. (16) and (17) can serve as a convenient starting
point to compute the transport current. In practice, one
can first diagonalize the central system Hamiltonian,
then perform the Liouvillian operations in the eigen-state
representation.

For transport, the current noise spectrum can pro-
vide additional dynamic information beyond the cur-
rent itself. We know that, for time-dependent trans-
port, the currents across the left and right junctions
(between the central system and the two leads) are not
necessarily equal to each other. This requires a defini-
tion for the power spectrum using the “average” cur-
rent I(t) = αIL(t) + βIR(t), where α and β are two co-
efficients determined by the junction capacitances [55],
which satisfy α + β = 1. This leads to the noise spec-
trum of the current consisting of three parts [55]: S(ω) =
αSL(ω) + βSR(ω) − αβω2SN (ω), where SL/R(ω) is the
noise spectrum of the left (right) junction current IL/R(t)
and SN (ω) is the fluctuation spectrum of the electron
number N(t) on the central device.

For Sλ(ω) (λ = L,R), we use the MacDonald’s formula

Sλ(ω) = 2ω
∫ ∞

0

dt sin(ωt)
d
dt

[〈n2
λ(t)〉 − (Ī t)2], (18)

where Ī is the stationary current and 〈n2
λ(t)〉 =∑

nλ
n2

λ[Trρ(nλ)(t)] =
∑

nλ
n2

λP (nλ, t). Using Eq. (11),
we obtain [55]

d
dt

〈n2
λ(t)〉 = Tr

[
2T (−)

λ Nλ(t) + T (+)
λ ρst

]
, (19)

where Nλ(t) ≡
∑

nλ
nλρ

(nλ)(t) denotes the “number”
matrix and ρst is the stationary state. Here, we also in-
troduce

T (±)
λ (· · ·) =

1
2

∑

μ

[
A

(−)
λμ (· · ·)a†μ ± a†μ(· · ·)A(+)

λμ

]
+ H.c..

(20)

The final expression for SL/R(ω) is [55]

Sλ(ω) = 4ωIm
{
Tr

[
T (−)

λ Ñλ(ω)
]
}

+2Tr
[
T (+)

λ ρst
]
− 8πĪ2δ(ω), (21)

where Ñλ(ω) =
∫ ∞
0 dtNλ(t)eiωt. The last term originates

from the second term in the MacDonald’s formula in Eq.
(18). Ñλ(ω) can be easily obtained by solving the follow-
ing equation of motion in the frequency domain [55]:

d
dt
Nλ(t) = −iLNλ(t) −RNλ(t) + T (−)

λ ρst, (22)

which gives

−iωÑλ(ω) = −iLÑλ(ω) −RÑλ(ω) + T (−)
λ ρ̃(ω), (23)

where ρ̃(ω) = iρst/ω.
For the charge fluctuations on the central system, the

symmetrized noise spectrum can be expressed using [55]

SN (ω) = ω2

∫ ∞

−∞
dτ〈N̂ (τ)N̂ + N̂N̂(τ)〉eiωτ , (24)

where 〈N̂(τ)N̂ 〉 = TrTrB[U †(τ)N̂U(τ)N̂ρstρB], where
U(τ) = e−iHτ and N̂ is the electron-number opera-
tor of the central system. Using the cyclic property
under trace, we have 〈N̂(τ)N̂ 〉 = Tr[N̂σ(τ)], where
σ(τ) = TrB[U(τ)N̂ρstρBU

†(τ)]. Desirably, σ(τ) satis-
fies the equation of the usual reduced density matrix. Its
Fourier transform σ̃(ω) can be easily solved using [55]

i(ω − L)σ̃(ω) = Rσ̃(ω) − N̂ρst. (25)

Then, we have [55]

SN (ω) = 2ω2Re{Tr{N̂ [σ̃(ω) + σ̃(−ω)]}. (26)

2.3 Counting statistics and large-deviation analysis

In order to get information in addition to the average cur-
rent and current fluctuation spectrum, with the knowl-
edge of ρ(n)(t) (and thus P (n, t)), one can perform FCS
[34, 35] and large-deviation (LD) analysis [56–61]. For
FCS analysis, the current CGF can be constructed using
[62]

e−F̃(χ,t) =
∑

n

P (n, t)einχ, (27)

where χ is the so-called counting field. Based on the
CGF, F̃(χ, t), the kth cumulant can be readily carried
out via Ck = −(−i∂χ)kF̃(χ, t)|χ=0. As a result, one can
easily confirm that the first two cumulants, C1 = n̄ and
C2 = n2 − n̄2, give rise to the mean value and the vari-
ance of the transmitted electrons, while the third one
(skewness), C3 = (n− n̄)3, characterizes the asymmetry
of the distribution. Here, (· · ·) =

∑
n(· · ·)P (n, t). More-

over, one can relate the cumulants to measurable quan-
tities, e.g., the average current by I = eC1/t, and the
zero-frequency shot noise by S = 2e2C2/t. In addition,
the important Fano factor is simply given by F = C2/C1,
which characterizes the extent of current fluctuations:
F > 1 indicates a super-Poisson fluctuating behavior,
while F < 1 indicates a sub-Poisson process.

For the LD analysis, instead of using the discrete
Fourier transform in Eq. (27), one may consider eiχn ⇒
e−xn. That is, introduce the dual-function of P (n, t) [63]:

P (x, t) =
∑

n

e−xnP (n, t) = e−F(x,t). (28)

The real nature of the transform factor e−xn, in contrast
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to the complex one, eiχn, makes the resultant P (x, t)
somewhat resemble the partition function in statistical
mechanics. Using analogous terms in statistical mechan-
ics, in Eq. (28), the trajectories are categorized by a dy-
namical order parameter “n” or its conjugate field “x”.
This is realized by an exponential weight similar to the
Boltzmann factor, with the dynamical order parameter
representing the energy or magnetization and the conju-
gate field representing the temperature or magnetic field.
P (x, t) is called LD function in LD analysis. In statisti-

cal mechanics, the partition function measures the num-
ber of microscopic configurations accessible to the system
under given conditions. For the mesoscopic transport un-
der consideration, if we are interested in the dynamical
aspects of the transport electrons, the above insight can
be used for LD analysis in the time domain. That is, the
LD function is a measure of the number of trajectories
accessible to the “counter”, which favorably character-
izes the trajectory space from multiple angles according
to the effect of the conjugate field. In particular, it allows
one to inspect the rare fluctuations or extreme events by
tuning the conjugate field “x”.

We emphasize that, if one performs the conventional
FCS analysis only, using either a complex transform fac-
tor eiχn or a real one e−xn would make no difference since
the limit χ(x) → 0 will be considered at the end. How-
ever, for the LD study, we must use the real factor e−xn,
which plays a role in categorizing (selecting) the trajec-
tories. This type of selection would enables us to perform
statistical analysis for the fluctuations of sub-ensembles
of trajectories. For instance, x > 0 implies mainly select-
ing the inactive trajectories (with small n), while x < 0
prefers the active trajectories (with large n). In particu-
lar, by varying x, the x-dependent statistics can reveal
interesting dynamical behaviors in the time-domain. In
other words, based on the distribution function P (n, t),
which contains complete information of all the trajec-
tories, the LD approach, beyond the conventional FCS
analysis, captures more information from P (n, t) via the
x-dependent cumulants.

From the technical point of view, similar to trans-
forming P (n, t) to P (x, t), we introduce ρ(x, t) =∑

n e−xnρ(n)(t). Then, from Eq. (1), we formally have
[63]

ρ̇(x, t) =
[
−iL−R0 − exR1 − e−xR−1

]
ρ(x, t). (29)

This equation allows us to carry out the LD function
P (x, t) via P (x, t) = Tr[ρ(x, t)], where the trace is over
the central system states. Accordingly, we obtain the
generating function F(x, t) = − lnP (x, t) for arbitrary
counting time t. Further, we can prove [63]

F1(x, t) ≡ ∂xF(x, t) =
1

P (x, t)

∑

n

ne−xnP (n, t)

≡ 〈n〉x, (30a)

F2(x, t) ≡ ∂2
xF(x, t) = −〈(n− n̄x)2〉x, (30b)

and more generally,

Fk(x, t) ≡ ∂k
xF(x, t) = (−)(k+1)〈(n− n̄x)k〉x. (30c)

Here, for brevity, we used the notation n̄x for 〈n〉x. Us-
ing these cumulants, we can define a finite-counting-time
average current I(x, t) = eF1(x, t)/t and the shot noise
S(x, t) = 2e2F2(x, t)/t. In addition, the generalized Fano
factor, F (x, t) = F2(x, t)/F1(x, t), will be of interest to
characterize the fluctuation properties.

We notice that, in order to obtain Fk(x, t), we only
need to determine the various k-th order derivatives of
P (x, t), Pk(x, t) = ∂k

xP (x, t). This is an efficient method
to compute the x-dependent cumulants for finite count-
ing time. That is, by performing the derivatives ∂k

x on
Eq. (29) and defining ρk(x, t) = ∂k

xρ(x, t), we obtain a
set of coupled equations for ρk(x, t), whose solution then
gives Pk(x, t) = Tr[ρk(x, t)].

In long counting time limit, it can be proved that
F(x, t) � tλ(x). Desirably, the asymptotic form,
P (x, t) � e−tλ(x), allows one to identify the LD function
λ(x) for the smallest eigenvalue of the counting matrix,
i.e., the r.h.s of Eq. (29).

3 Application to quantum measurement

In this section, we illustrate the application of the n-
ME to two examples of quantum measurement, i.e., for
a charge qubit measured respectively by QPC and SET
detectors.

3.1 Qubit measured by QPC

Let us specify the charge qubit as a pair of coupled
quantum dots, described by the Hamiltonian Hqu =
εa|a〉〈a| + εb|b〉〈b| + Ω(|b〉〈a| + |a〉〈b|). We then intro-
duce ε = (εa − εb)/2 and set (εa + εb)/2 as the reference
energy. The qubit eigen-energies are obtained as E1 =√
ε2 + Ω2 ≡ Δ/2 and E0 = −

√
ε2 + Ω2 = −Δ/2. Corre-

spondingly, the eigenstates are |1〉 = cos θ
2 |a〉 + sin θ

2 |b〉
for the excited state and |0〉 = sin θ

2 |a〉 − cos θ
2 |b〉 for the

ground state, where θ is introduced using cos θ = 2ε/Δ
and sin θ = 2Ω/Δ. The coupling between the qubit
and detector is characterized by H ′ = QF , where Q =
T + χ|a〉〈a| and F =

∑
k,q(c

†
kdq + H.c.).

By applying Eq. (12), we obtain the stationary current
for a symmetric qubit (ε = 0) as [26]
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Is = g0V + g1V

[
1 − 2

G(−)

V
+

Δ
V

G(−)

G(+)

]
. (31)

Here, g0 = η(T + χ/2)2, g1 = η(χ/2)2, and G(±) =
1
2

[
F (+)(Δ, V ) ± F (−)(Δ, V )

]
, with F (±)(Δ, V ) ≡ (Δ ±

V ) coth(Δ±V
2T ). At zero temperature, Eq. (31) can be fur-

ther simplified. Compared with previous results [22, 23],
we find that under low voltage (V < Δ), Eq. (31) is re-
duced to the same result given by Shnirman et al. [22],
but under V > Δ it differs from the results in Refs. [22,
23].

The output power spectrum S(ω) can be calculated
using the MacDonald’s formula via Eqs. (13)–(15). For a
symmetric qubit and denoting S(ω) = S0+S1(ω)+S2(ω),
we obtain [26]

S0 = 2I0 coth
V

2T
+
χ2η

2

×
[
G(+) − Δ2

G(+)
− V coth

V

2T

]
, (32a)

S1(ω) =
[
1 − Δ

2V
G(−)

G(+)

]
I2
dΓdΔ2

(ω2 − Δ2)2 + Γ 2
dω

2
, (32b)

S2(ω) = χ2η
[
ΓdDz + γĪ

] G(−)

ω2 + Γ 2
d

. (32c)

Here, three currents are defined as I0 = (Ia + Ib)/2,
Id = Ia − Ib, and Ī = I0 − 1

4ηχ
2ΔG(−)/G(+), with

Ia = η(T + χ)2V and Ib = ηT 2V being the detector
currents corresponding to qubit states |a〉 and |b〉, respec-
tively. The other quantities in Eq. (32) are Γd = ηχ2

2 G(+),
γ = ηχ2

2 Δ and Dz = −Δ
√
IaIb/G

(+) − ηχ2G(−)/4. The
three noise spectrum components are, respectively, (i)
the zero-frequency noise S0, (ii) the Lorentzian spec-
tral function S1(ω) with a peak around the qubit Rabi
frequency ω = Δ, and (iii) S2(ω), originating from the
qubit-relaxation-induced inelastic tunnelling effect in the
detector. In addition to S2(ω), the qubit relaxation ef-
fect is also manifested in S0 and S1(ω), i.e., giving rise
to the second term of S0 and reducing the pre-factor in
S1(ω) from unity. If the qubit-relaxation-induced inelas-
tic effect is neglected or at the limit of the high bias
voltage V 	 Δ, Eq. (32) returns to the result obtained
in previous work [16–20].

The measurement-induced relaxation effects of the
qubit are shown in Fig. 3. The major effect of the qubit
relaxation shown in Fig. 3(a) is the lowering of the en-
tire noise spectrum in qualitative consistence with the
findings of Gurvitz et al. [11], where an external thermal
bath is introduced to cause qubit relaxation. However,
the spontaneous relaxation discussed here does not di-
minish the telegraph noise peak near zero frequency in
the incoherent case, which implies the presence of the

Zeno effect, in contrast to the major conclusion of Ref.
[11]. In addition, the transition behavior from the co-
herent to the incoherent regime is different. Figure 3(b)
shows the voltage effect where the coherent peak around
ω = Δ reduces as the measurement voltage decreases.
Interestingly, this effect alters the fundamental bound of
4 for the signal-to-noise ratio, [S(Δ)−S0]/S0, which was
determined by Korotkov et al. at the high voltage limit
(see the inset) [16–18].

The voltage effect is further shown in Fig. 4 by the
3D plot of the scaled spectra for different qubit sym-
metries. In contrast to the present result, we notice
that in Ref. [23], no spectral structure was found, i.e.,
S(ω) − S(∞) = 0 in the range of V < 10Δ for the sym-
metric qubit (θ = π/2). However, Shnirman et al. showed
the existence of the coherent peaks at ω = ±Δ for volt-
age greater than Δ [22]. For an asymmetric qubit, as
shown in Fig. 4(b), the coherent peaks at ω = ±Δ are
destroyed and a peak around ω = 0 is formed. This tran-
sition originates from the breakdown of the resonant con-
dition, which replaces the Rabi oscillation of the qubit
with incoherent jumping.

Fig. 3 (a) Noise spectrum in the presence (solid curves) and
absence (dashed curves) of qubit relaxation. (b) Voltage effect
on the noise spectrum, particularly on the peak-to-pedestal ra-
tio (inset, where the solid and dashed curves correspond to the
presence and absence of qubit relaxation). The results in (a) and
(b) are obtained, respectively, by altering χ (for a fixed voltage
V = 2Δ) and the voltage V (for a fixed χ = 0.1Δ). Other param-
eters: gL = gR = 2.5/Δ, and T = Δ.

Fig. 4 3D-plot of the noise spectra for (a) the symmetric and (b)
the asymmetric qubit. Parameters: gL = gR = 2.5/Δ, χ = 0.1Δ,
and T = Δ.
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Fig. 5 Schematics for a solid-state qubit measurement by SET.
Model (I): the SET level is within the bias window for qubit state
|b〉, but outside for state |a〉. Model (II): the SET level is between
the Fermi levels for either |b〉 or |a〉, but with different couplings
to the leads, i.e., ΓL/R for |b〉, and Γ ′

L/R
for |a〉.

3.2 Qubit measured by SET

As second example of quantum measurement, we con-
sider a charge qubit measured by an SET [12–14], as
schematically shown in Fig. 5. The SET is a sensitive
charge-state detector, which is suitable for fast qubit
read-out in solid-state quantum computation. For single-
shot measurement, i.e., where the qubit state is unam-
biguously determined in one run, an important figure of
merit is the detector’s efficiency, defined as the ratio of
information gained time and the measurement-induced
dephasing time [13, 14]. In the weakly responding regime,
it was found that the SET has a rather poor quantum
efficiency [14, 64–66]. However, later study showed that,
for a strong-response SET, the quantum limit of an ideal
detector can be reached, resulting in an almost pure con-
ditioned state [67].

As mentioned earlier for the QPC detector, a more im-
plementable approach is continuous weak measurement
rather than single-shot measurement. This type of mea-
surement allows one to determine the ensemble average
of detector and qubit states, and the qubit coherent os-
cillation is read out from the spectral density of the de-
tector. In continuous weak measurement, an interesting
generic result is the so-called Korotkov–Averin (K-A)
bound, i.e., the signal-to-noise ratio (SNR) bounded by
a fundamental limit of “4” [69], which can be broken
only in cases such as when performing quantum nonde-
molition (QND) measurement [70, 71], adding quantum
feedback control [72], or using two detectors [73]. We
consider continuous weak measurement of qubits using
strongly responding SETs [67, 68] and show that, for
both models in Refs. [67] and [68], the SNR can violate
the universal Korotkov-Averin bound [74].

The entire method of the qubit-SET measurement is
described by the following Hamiltonian [67, 68, 74]

H = H0 +H ′, (33a)

H0 = HS +
∑

λ=L,R

ελkd
†
λkdλk, (33b)

HS =
∑

j=a,b

Ej |j〉〈j| + Ω(|a〉〈b| + |b〉〈a|)

+Eca
†
cac + Unanc, (33c)

H ′ =
∑

λ=L,R;k

(Ωλka
†
cdλk + H.c.)

≡ a†c(fcL + fcR) + H.c.. (33d)

For simplicity, we assumed spinless electrons. The system
Hamiltonian, HS , contains a qubit, SET central dot, and
their Coulomb interaction (the U -term). For the qubit,
we assumed that each dot has only one bound state, i.e.,
the logic states |a〉 and |b〉 with energies Ea and Eb and
a coupling amplitude Ω . na is the number operator of
qubit state |a〉, which is 1 for |a〉 being occupied and
0 otherwise. For the SET, a†c(ac) and d†αk(dαk) are the
electron creation (annihilation) operators of the central
dot and reservoirs, respectively. nc ≡ a†cac is introduced
as the number operator of the SET dot. Similar to previ-
ous work, we assumed that the SET works in the strong
Coulomb-blockade regime, with only a single level Ec in-
volved in the measurement process. Finally, H ′ describes
the tunnel coupling of the SET dot to the leads, with
amplitude Ωλk.

We consider the two models schematically shown in
Fig. 5. In model (I), which was studied in Ref. [68], the
SET dot level is within the bias voltage if the qubit
is in state |b〉, but is above the Fermi level when the
qubit state is switched to |a〉. For state |b〉, a nonzero
current Ib flows through the SET; however, for state
|a〉, the SET current Ia is zero. Then, the qubit state
can be discriminated from these different currents. In
this model, the signal current ΔI ≡ |Ib − Ia| is twice
the average current Ī ≡ (Ib + Ia)/2. Hence, it is not
a weak response detector. In model (II), which illus-
trates the crossover from weak to strong responses, the
SET dot level is always between the Fermi levels of the
two leads for qubits either in state |b〉 or state |a〉, but
with different coupling strengths to the leads, i.e., ΓL(R)

and Γ ′
L(R). We further parameterize the tunnel couplings

as ΓL(Γ ′
L) = (1 ± ξ)Γ̄L, ΓR(Γ ′

R) = (1 ± ζ)Γ̄R, and
γ = Γ̄R/Γ̄L. Here, Γ̄L(R) = (ΓL(R) + Γ ′

L(R))/2 denotes
the average couplings, while ξ and ζ characterize the re-
sponse strength of the detector to qubits. In this context,
we would like to mention that, usually, the analysis is
restricted in the weak-response regime by assuming that
ξ � 1 and ζ � 1, except in Ref. [67], where the quantum
efficiency was investigated in the strong response regime
using this model.

For the both models in Fig. 5, the states involved are
|1〉 = |0a〉, |2〉 = |0b〉, |3〉 = |1a〉, and |4〉 = |1b〉. In this
notation |0(1)a(b)〉 means that the SET dot is empty
(occupied) and the qubit is in state |a(b)〉. Applying Eq.
(11) to model (I) yields [74]
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ρ̇
(nR)
11 = iΩ [ρ(nR)

12 −ρ(nR)
21 ]+ΓLρ

(nR)
33 +ΓRρ

(nR−1)
33 , (34a)

ρ̇
(nR)
22 = iΩ [ρ(nR)

21 −ρ(nR)
12 ]−ΓLρ

(nR)
22 +ΓRρ

(nR−1)
44 , (34b)

ρ̇
(nR)
12 = −iερ(nR)

12 + iΩ [ρ(nR)
11 − ρ

(nR)
22 ] − ΓL

2
ρ
(nR)
12

+
ΓL

2
ρ
(nR)
34 + ΓRρ

(nR−1)
34 , (34c)

ρ̇
(nR)
33 = iΩ [ρ(nR)

34 − ρ
(nR)
43 ] − (ΓR + ΓL)ρ(nR)

33 , (34d)

ρ̇
(nR)
44 = iΩ [ρ(nR)

43 − ρ
(nR)
34 ] + ΓLρ

(nR)
22 − ΓRρ

(nR)
44 , (34e)

ρ̇
(nR)
34 = −i(ε+ U)ρ(nR)

34 + iΩ [ρ(nR)
33 − ρ

(nR)
44 ]

+
ΓL

2
ρ
(nR)
12 − (ΓR +

ΓL

2
)ρ(nR)

34 . (34f)

Here, ε = Ea − Eb and ΓL/R = 2π|ΩL/R|2gL/R, where
gL/R is the density of states of the SET leads. For sim-
plicity, the assumption of the wide-band limit implies
ΩL/R ≡ ΩL/Rk, and makes ΓL/R energy independent. In
addition, low temperature conditions and U 	 Ω were
assumed to further simplify the equations. Similarly, for
model (II), we have [74]

ρ̇
(nR)
11 = iΩ [ρ(nR)

12 −ρ(nR)
21 ]−Γ ′

Lρ
(nR)
11 +Γ ′

Rρ
(nR−1)
33 , (35a)

ρ̇
(nR)
22 = iΩ [ρ(nR)

21 −ρ(nR)
12 ]−ΓLρ

(nR)
22 +ΓRρ

(nR−1)
44 , (35b)

ρ̇
(nR)
12 = −iερ(nR)

12 + iΩ [ρ(nR)
11 − ρ

(nR)
22 ]

−ΓL + Γ ′
L

2
ρ
(nR)
12 +

ΓR + Γ ′
R

2
ρ
(nR−1)
34 , (35c)

ρ̇
(nR)
33 = iΩ [ρ(nR)

34 − ρ
(nR)
43 ] + Γ ′

Lρ
(nR)
11 − Γ ′

Rρ
(nR)
33 , (35d)

ρ̇
(nR)
44 = iΩ [ρ(nR)

43 − ρ
(nR)
34 ] + ΓLρ

(nR)
22 − ΓRρ

(nR)
44 , (35e)

ρ̇
(nR)
34 = −i(ε+ U)ρ(nR)

34 + iΩ [ρ(nR)
33 − ρ

(nR)
44 ]

+
ΓL + Γ ′

L

2
ρ
(nR)
12 − ΓR + Γ ′

R

2
ρ
(nR)
34 . (35f)

Except for the specific conditions of model (II), the other
parameters are the same as those for model (I) (as men-
tioned above).

By applying the n-ME formulation in Eqs. (18)–(26),
we can straightforwardly calculate the output power
spectrum for both set-ups considered here. As for qubit
measurement using a QPC detector, the signal of the
qubit oscillations is manifested as a peak in the noise
spectrum at frequency 2Ω , while the measurement ef-
fectiveness is characterized by the SNR, i.e., the peak-
to-pedestal ratio. We denote the noise pedestal by Sp,
and obtain it from S(ω → ∞). In Fig. 6, we show the
dependence of the SNR on the detector’s configuration
symmetries.

The result of model (I) is shown in Fig. 6(a), where we
see that both the tunnel- and capacitive-coupling sym-
metries crucially affect the measurement effectiveness.
The tunnel coupling asymmetry effect ΓR/ΓL is due to

Fig. 6 Signal-to-noise ratio: (a) for model (I), and (b) for model
(II). For model (I), we take ΓL = Γ as energy unit and assume
that μL(R) = ±50Γ , Ω = 2Γ and U = 80Γ . For model (II), we
take Γ̄L = Γ̄ as energy unit and assume that Ω = Γ̄ , U = 50Γ̄ ,
Γ̄R = 30Γ̄ , and α = β = 1/2. Zero temperature and Ea = Eb are
assumed.

the fact that with the increase of ΓR/ΓL, the interac-
tion time between the detector electron and the qubit
is decreased. Thus, the detector’s back-action is reduced
and the SNR is enhanced [68]. For the effect of capac-
itive coupling, its degree of asymmetry affects the con-
tribution weight of the cross-correlation between IL(t)
and IR(t) to the entire circuit noise. Specifically, the
cross-correlation has a more important contribution for
more symmetric coupling, as shown in Fig. 6(a) by the
α-dependence. This is because, as we shall demonstrate
below, the cross-correlation has a much higher peak-to-
pedestal ratio than the auto-correlation.

An unexpected feature observed in Fig. 6(a) is that un-
der proper conditions, i.e., for symmetric capacitive cou-
pling and strongly asymmetric tunnel coupling, the SNR
can exceed “4”, which is the upper bound quantum me-
chanically limited on any linear response detectors [69].
However, whether this upper bound is applicable to non-
linear response detector is unclear in priori, since, in
this case, the linear response relation between the cur-
rent and qubit state breaks down. Hence, the subsequent
Cauchy–Schwartz-inequality-based argument leading to
the upper bound of “4” is not valid [73].

To support the above theory, we further study model
(II). The result is presented in Fig. 6(b). As explained
in the model description, the parameters ξ and ζ char-
acterize, respectively, the left and right tunnel-coupling
responses to the qubit states. Fig. 6(b) shows an asym-
metric tunnel coupling detector, with γ ≡ Γ̄R/Γ̄L = 30,
which can lead to higher SNR, because of the weaker
back-action from the detector, similar to that for model
(I). Here, we find that the SNR is insensitive to the right
junction response ζ, but sensitive to the left one ξ. Again,
in this model, we observe that the SNR can violate the
K-A bound “4” in the strong response regime.

We present further explanation of the violation of the
K-A bound. Since I(t) = αIL(t) + βIR(t), the current
correlator 〈I(t)I(0)〉 contains the component SLR(t) ≡
〈IL(t)IR(0) + IR(t)IL(0)〉, i.e., the cross-correlation. In
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addition, in the previous results, we see that for more
symmetric capacitive coupling, the SNR is larger, and
reaches a maximum at α = β = 1/2. This feature in-
dicates that the cross-correlation can enhance the SNR.
Indeed, for the SET detector, both the left and right
junction currents (IL and IR) contain information of the
qubit state; hence, their “signal” parts are correlated.
This leads to a heuristic opinion that views the two
junctions as two detectors, like in the scheme of qubit
measurement using two point contacts proposed recently
by Jordan and Büttiker [73], where they found that the
SNR of the cross-correlation can strongly violate the K-
A bound, because of the negligibly small pedestal of the
cross noise. In our case, since IL(t) and IR(t) are sub-
ject to a constraint from charge conservation, the cross
noise background of IL(t) and IR(t) does not vanish in
principle, unlike for the two independent QPC detectors
[73]. Nevertheless, the pedestal of the cross noise of the
SET is much smaller than that of the auto-correlation,
which leads to an enhanced SNR in the spectral den-
sity of the total circuit current and to the violation of
the K-A bound, as clearly shown in Fig. 7(a). For com-
parative purposes, in Fig. 7(b), we plot the SNR of the
cross-correlation, scaled by the noise pedestal Sp of the
circuit current.

In Fig. 8, the spectral density of the cross-correlation,
scaled by its own noise pedestal, is shown representa-
tively. As mentioned above, since the cross noise pedestal
is negligibly small at a high frequency limit, we artifi-
cially (but more physically in some sense) define the
pedestal at a finite frequency, e.g., twice the qubit oscil-
lation frequency. Obviously, the large SNR of the cross-
correlation drastically violates the K-A bound. This re-
sult indicates that for qubit measurement using an SET,
one can explore the cross-correlation, rather than the
auto-correlation, as a probe of coherent oscillations. In

Fig. 7 Signal-to-noise ratio versus tunnel-coupling asymmetry,
ΓR/ΓL for model (I), and Γ̄R/Γ̄L for model (II). In (a) the solid
and dashed lines are the result in the presence of cross correlation,
while the dotted and dot-dashed lines are the result after removing
it. In (b) the mere cross correlation is plotted. Sp is the pedestal
noise of the entire circuit current. ξ = ζ = 0.9, other parameters
are the same as in Fig. 6.

Fig. 8 Spectral density of the cross-correlation scaled by its own
pedestal, which is defined here at twice the Rabi frequency of the
qubit oscillations. Parameters for model (I) in (a): ΓL = 0.05Γ ,
ΓR = 0.5Γ , and Ω = 5Γ . Parameters for model (II) in (b):
Γ̄L = 0.05Γ , Γ̄R = 0.5Γ , Ω = 5Γ , and ξ = ζ = 0.9. In this
plot we take Γ as the energy unit. Other conventions are the same
as in Fig. 6.

practice, such scheme is simpler than the technique of
QND measurement [70, 71], and holds the most advan-
tages of SET over QPC.

4 Application to quantum transport

We illustrate the application of the n-ME approach to
quantum transport by first using a single-level quantum
dot to show the simple results of the n-resolved mas-
ter equation and then considering two more interesting
examples.

4.1 Single-level quantum dot

For transport through a single-level (E0) quantum dot,
under wide-band approximation, the reservoir corre-
lation functions can be expressed as C

(±)
α (t − τ) =

|tα|2
∑

k e±iεk(t−τ)n
(±)
α (εk), where n(+)

α (εk) = nα(εk) is
the Fermi distribution function and n

(−)
α (εk) = 1 −

nα(εk). Then, the spectral functions are obtained as

A(±)
α = C(±)

α (±L)a = Γαn
(±)
α (E0)a. (36)

Here, Γα = 2πgα|tα|2, where gα is the density of states
of the “α” lead. In the special case of zero tempera-
ture and a large bias voltage μL 	 E0 	 μR, we have
A

(+)
L = ΓLa, A

(−)
L = 0 , A(−)

R = ΓRa, and A
(+)
R = 0 .

Substituting these into Eq. (11) yields

ρ̇(n) = −iLρ(n) − 1
2
{[ΓRa

†aρ(n) + ΓLρ
(n)aa†

−ΓLa
†ρ(n)a− ΓRaρ

(n−1)a†] + H.c.}. (37)

Choosing the empty state |0〉 and the occupied one |1〉,
we obtain

ρ̇
(n)
00 = −ΓLρ

(n)
00 + ΓRρ

(n−1)
11 ,

ρ̇
(n)
11 = −ΓRρ

(n)
11 + ΓLρ

(n)
00 . (38)
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This is the result derived by Gurvitz et al under the lim-
its mentioned above [30]. Applying the above n-ME, one
can easily perform all the transport studies outlined in
Section 2.

4.2 Parallel double dots

The system of two quantum dots coupled in parallel to
two reservoirs has attracted a great deal of attention as a
realization of a mesoscopic Aharonov–Bohm interferom-
eter [75–78]. Indeed, such a system pierced by an exter-
nal magnetic field, as shown in Fig. 9, is an interference
device whose transmission can be tuned by varying the
magnetic field. In the absence of the interdot electron–
electron interaction, the interference effects in the reso-
nant current through this system are quite transparent.
This is not the case, however, for interacting electrons
[79–81].

We consider a strong interdot electron-electron repul-
sion — a Coulomb blockade. While the two dots may
be occupied simultaneously in the noninteracting model,
the Coulomb blockade prevents this. At first, one might
not expect that this repulsion could dramatically modify
the resonant current’s dependence on the magnetic field.
We find, however, that the resonant current is completely
blocked for any value of the magnetic flux except for in-
teger multiples of the flux quantum (Φ0 = h/e) [82]. This
striking effect goes far beyond our simple expectations.

Consider a double dot (DD) connected in parallel to
two reservoirs, as shown in Fig. 9. For simplicity, we con-
sider spinless electrons. We also assume that each of the
dots contains only one level, E1 and E2. In the presence
of a magnetic field, the system can be described by the
following tunneling Hamiltonian [82]:

H = H0 +HT +
∑

μ=1,2

Eμd
†
μdμ + Ud†1d1d

†
2d2. (39)

Here, the first term, H0 =
∑

k[EkLa
†
kLakL +

EkRa
†
kRakR], describes the reservoirs and HT describes

their coupling to the dots,

HT =
∑

μ,k

(
tμLd

†
μakL + tμRa

†
kRdμ

)
+ H.c., (40)

where μ = 1, 2 and a†kL and a†kR are the creation oper-
ators for the electrons in the reservoirs while d†1,2 is the

Fig. 9 Resonant tunneling through two parallel dots pierced by
the magnetic flux Φ.

creation operator for the DD. The last term in Eq. (39)
describes the interdot repulsion. We assume that there is
no direct transmission between the dots and that the cou-
plings of the dots to the leads, tμL(R), are independent of
energy. In the absence of a magnetic field, one can always
choose the gauge in such a way that all couplings are real.
In the presence of a magnetic flux Φ, however, the tun-
neling amplitudes between the dots and the reservoirs are
generally complex. We obtain tμL(R) = t̄μL(R)e

iφμL(R) ,
where t̄μL(R) is the coupling without the magnetic field.
The phases around the closed circle are constrained to
satisfy φ1L + φ1R − φ2L − φ2R = φ, where φ ≡ 2πΦ/Φ0.

Let the initial state of the system correspond to fill-
ing the left and right reservoirs at zero temperature with
electrons up to the Fermi energies μL and μR, respec-
tively. In the case of large bias, |μL,R−E1,2| 	 Γ , apply-
ing either an exact single-particle wavefunction method
or the ME approach for non-interacting case, we find a
simple expression for the total current [82]

I(φ) = I0
Δ2 + ΓLΓR sin2 φ

Δ2 + ΓLΓR sin2 φ
2

, (41)

where Δ = E1 − E2 is the offset of the dot levels, and
I0 = 2ΓLΓR/Γ is the current for non-interacting elec-
trons in the absence of the magnetic filed, with ΓL(R) =
2πDL(R)|t̄L(R)|2 and DL(R) is the density of states of the
leads. The φ-dependence in Eq. (41) is an example of the
Aharonov–Bohm effect.

Next, we detail the study for interacting dots in the
Coulomb blockade case, E1,2 + U 	 μL, which excludes
the states corresponding to a simultaneous occupation of
the two dots. In this case, the Hilbert space of the DD
state is reduced to |0〉 ≡ |00〉, |1〉 ≡ |10〉, and |2〉 ≡ |01〉,
where |10〉 means the upper dot occupied and the lower
dot unoccupied, and other states have similar interpre-
tations. Applying Eq. (11), we obtain [83]

ρ̇
(n)
00 = −2ΓLρ

(n)
00 + ΓRρ

(n−1)
11 + ΓRρ

(n−1)
22 + ei(φR1−φR2)ΓRρ

(n−1)
12 + ei(φR2−φR1)ΓRρ

(n−1)
21 , (42a)

ρ̇
(n)
11 = ΓLρ

(n)
00 − ΓRρ

(n)
11 − 1

2
ei(φR1−φR2)ΓRρ

(n)
12 − 1

2
ei(φR2−φR1)ΓRρ

(n)
21 , (42b)

ρ̇
(n)
22 = ΓLρ

(n)
00 − ΓRρ

(n)
22 − 1

2
ei(φR1−φR2)ΓRρ

(n)
12 − 1

2
ei(φR2−φR1)ΓRρ

(n)
21 , (42c)
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ρ̇
(n)
12 = ei(φL1−φL2)ΓLρ

(n)
00 − 1

2
ei(φR2−φR1)ΓRρ

(n)
11 − 1

2
ei(φR2−φR1)ΓRρ

(n)
22 − (ΓR + iΔ)ρ(n)

12 , (42d)

ρ̇
(n)
21 = ei(φL2−φL1)ΓLρ

(n)
00 − 1

2
ei(φR1−φR2)ΓRρ

(n)
11 − 1

2
ei(φR1−φR2)ΓRρ

(n)
22 − (ΓR − iΔ)ρ(n)

21 . (42e)

Owing to the neglected spin degrees of freedom in con-
structing the Hilbert space, as a compensation, here we
have replaced ΓL with 2ΓL to equivalently restore its
effect.

Applying the n-ME approach, we obtain the total cur-
rent in the steady-state limit [82, 83]

I(φ) = IC
Δ2

Δ2 + IC

(
2ΓR sin2 φ

2 − Δ sinφ
) , (43)

where IC = 2ΓLΓR/(2ΓL+ΓR) is the total current (with
the Coulomb blockade) in the absence of the magnetic
field. Let us compare Eq. (43) with Eq. (41) for the non-
interacting case. We find that for Δ 
= 0 both currents
display the Aharonov–Bohm oscillations. However, their
behavior is drastically different when Δ → 0. The reso-
nant current for the noninteracting electrons keeps oscil-
lating with the magnetic field, while in the case of the
Coulomb blockade, the current becomes non-analytic in
φ. From Eq. (43), we can easily obtain that I = IC for
φ = 2πn, where n = Φ/Φ0 is an integer, but I = 0 for
any other value of Φ. Such an unexpected “switching”
behavior of the electron current in the magnetic field
represents a non-trivial interplay of the Coulomb block-
ade and quantum interference.

For understanding the switching phenomenon, it is de-
sirable to disentangle these two effects via a state ba-
sis transformation, by defining new basis DD states,
d†μ|0〉 → d̃†μ|0〉, chosen such that d̃†2|0〉 is not coupled
to the right reservoir, i.e., t2R → t̃2R = 0, then the cur-
rent would flow only through the state d̃†1|0〉. This can
be realized using the unitary transformation [82, 83]

(
d̃1

d̃2

)
=

1
N

(
t1R t2R

−t∗2R t∗1R

) (
d1

d2

)
, (44)

where N = (t̄21R + t̄22R)1/2, which indeed results in
t̃2R = 0. In addition, the coupling of d̃†2|0〉 to the left
lead reads

t̃2L(φ) = −ei(φ2L−φ1R)(t̄1Lt̄2Reiφ − t̄2Lt̄1R)/N . (45)

It follows from this expression that t̃2L = 0 for φ = 2nπ
provided that t̄1L/t̄2L = t̄1R/t̄2R, or for φ = (2n+ 1)π if
t̄1L/t̄2L = −t̄1R/t̄2R. Obviously, for noninteracting DD,
d̃†2|0〉 has no contribution to current, while d̃†1|0〉 carries a
magnetic-flux modulated current. In the case of inter-dot
Coulomb blockade, however, the coupling of d̃†2|0〉 to the
left lead is zero, which is of crucial importance. If t̃2L 
= 0,
then the state d̃†1|0〉, carrying the current, will be blocked
by the inter-dot Coulomb repulsion. As a result, the total
current vanishes. However, if the state d̃†2|0〉 is decoupled
from both leads, it remains unoccupied, so that the cur-
rent can flow through the state d̃†1|0〉. As shown above,
this takes place precisely for t̄1L/t̄2L = ±t̄1R/t̄2R. If this
condition is not fulfilled, the current is always zero, even
for φ = 2πn.

Below we consider further the current fluctuations.
The shot-noise spectrum can be conveniently calculated
using the n-ME and the MacDonald’s formula. Notice-
ably, for the present Coulomb blockade DD interferom-
eter, we find that the zero-frequency shot noise can be
highly super-Poissonian, and can even become divergent
as Δ → 0. For the coherent DD interferometer, analytical
result of the frequency-dependent noise can be obtained
as [83]

S(ω) =
8ΓLΓR[2ΓLΓRΔ2 − Δ4 + 3Δ2ω2 − 2ω2(Γ 2

R + ω2)]Ī
[(2ΓL + ΓR)Δ2 − (2ΓL + 3ΓR)ω2]2 + ω2(2ΓLΓR + 2Γ 2

R + Δ2 − ω2)2
+ 2Ī . (46)

Here, we have assumed φ = 2πn. At zero frequency limit,
the Fano factor can be given as

F ≡ S(0)
2Ī

=
8Γ 2

LΓ 2
R + (4Γ 2

L + Γ 2
R)Δ2

(2ΓL + ΓR)2Δ2
. (47)

Noticeably, as Δ → 0, it becomes divergent! Note that
this divergence is not caused by the average current Ī,
but by the zero-frequency noise itself. In addition, from
Eq. (46), we find that the limiting order of Δ → 0 and
ω → 0, would lead to different results i.e., if Δ → 0, then
ω → 0, the result can be given as

F =
Γ 2

L + Γ 2
R

(ΓL + ΓR)2
, (48)

which is finite and coincides with the Fano factor of the
single-level transport [55]. The limiting order leading to
Eq. (48), which implies that we are considering the noise
for aligned DD levels. In this case, as constructed above,
see Eq. (44) and Fig. 10(a), the two transformed dot-
states are decoupled to each other, and one of them is
also decoupled to both leads if φ = 2πn. As a result,
equivalently, the transport is through a single channel,
leading to the Fano factor Eq. (48).
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Fig. 10 Schematic interpretation for the noise divergence. Up-
per panel : Effective coupling of the DD to the leads and between
the dots, in the representation of transformed DD states, i.e.,
|1̃〉 ≡ d̃†1|0〉 and |2̃〉 ≡ d̃†2|0〉. Lower panel : Coarse-grained temporal
current, with a telegraphic noise nature which causes divergence
of the zero-frequency noise when Δ → 0.

However, for Δ → 0 but 
= 0, the situation is sub-
tly different. In this case, the two transformed states are
weakly coupled, with a strength ∝ Δ. Thus, the trans-
porting electron on state d̃†1|0〉 can occasionally tunnel
to d̃†2|0〉, which is disconnected to both leads, and its oc-
cupation will block the current until the electron tunnels
back to d̃†1|0〉 and arrives at the right lead. Typically,
this strong bunching behavior, induced by the interplay
of Coulomb interaction and quantum interference, is well
characterized by a profound super-Poissonian statistics.
In Fig. 10(b), the coarse-grained temporal current with
a telegraphic noise nature is plotted schematically. We
observe that, as Δ → 0, the current switching would be-
come extremely slow, leading to very long time (∼ 1/Δ)
correlation between the transport electrons. This long-
time-scale fluctuation, or equivalently, the low frequency
component filtered out from the current, which causes
divergence of the shot noise as Δ → 0. This is similar, in
a certain sense, to the well known 1/f noise, which goes
to divergence as f → 0.

4.3 Probe of Majorana fermion

In this subsection, we apply the n-ME approach to analy-
sis for a possible probe of the Majorana fermions [84–86].
The Majorana fermions, proposed in 1937 by Majorana
[87], are exotic particles since each Majorana fermion is
its own antiparticle [88, 89]. The search for Majorana
fermions in solid states, as emerged quasiparticles (ele-
mentary excitations), has been attracting a great deal
of attention [90–96]. As a real example, an effective p-
wave superconductor can be realized using a semicon-
ductor nanowire with Rashba spin-orbit interaction and

Zeeman splitting, and in proximity to an s-wave super-
conductor [92–94]. Of crucial importance is then a full
experimental demonstration of the Majorana fermion in
solid states [97].

Therefore, let us consider the system in Fig. 11. The
setup describes transport through a semiconductor quan-
tum dot (QD), while the QD is tunnel-coupled to a semi-
conductor nanowire on an s-wave superconductor [97].
It was found in Ref. [98] that the Majorana bound state
(MBS), emerged at the end of the nanowire, will dramati-
cally influence the zero-bias linear-response conductance
through the quantum dot, as a result of the modified
static spectral property (the effective density-of-states)
of the QD level. In the following section, going beyond
linear response, we consider transport through the quan-
tum dot under finite bias voltage and pay particular at-
tention to the Majorana’s dynamic aspect [84–86]. While
a subtraction of the source and drain currents can expose
certain features of the Majorana fermion [84], below we
show that the more unique properties can be identified
from the shot noise [84, 85], via a spectral dip together
with a pronounced zero-frequency noise enhancement ef-
fect.

Combining a strong Rashba spin-orbit interaction and
the Zeeman splitting, it was shown that the proximity-
effect-induced s-wave superconductivity in the nanowire
can support electron-hole quasiparticle excitations of
Majorana bound states (MBS) at the ends of the
nanowire [92–94]. Since the Zeeman splitting should be
large enough in order to drive the wire into a topological
superconducting phase, we can assume it much larger
than the transport bias voltage, the dot-wire coupling
energy, and the dot tunneling rates with the leads. In this
case, we can model the QD by a single resonant level and
treat the electron as spinless particle. Accordingly, the

Fig. 11 Schematic setup for detecting Majorana fermion by
transport through a semiconductor quantum dot (QD), while the
QD is coupled to a semiconductor nanowire which is in contact
with an s-wave superconductor. Under appropriate conditions a
pair of Majorana bound states (MBS) is anticipated to emerge at
the ends of the nanowire.
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entire system can be modeled using H = HLeads+Hsys +
HT . HLeads =

∑
α=L,R

∑
k εαkc

†
αkcαk describes the nor-

mal metallic leads; HT =
∑

α=L,R

∑
k tαkdc

†
αk + H.c. is

for the tunneling between the leads and the dot; and the
low-energy effective Hamiltonian for the central system
is given as [84, 85]

Hsys = εDd
†d+

i
2
εMγ1γ2 + (λd − λ∗d†)γ1. (49)

Here, c†αk(cαk) and d†(d) are the electron creation (anni-
hilation) operators of the leads and the dot, respectively,
with corresponding energies of εαk and εD. Particularly,
in Eq. (49), the second term describes the paired MBSs
generated at the ends of the nanowire and coupled to
each other by an energy εM ∼ e−l/ξ, where l is the wire
length and ξ is the superconducting coherent length. The
last term in Eq. (49) describes the tunnel coupling be-
tween the dot and the left MBS. For spinless dot level,
we can choose a real constant λ, while in general λ has
a phase factor associated with the spin direction.

To solve the transport problem associated with the
Hamiltonian Eq. (49), it is convenient to switch from the
Majorana representation to the regular fermion represen-
tation, through the exact transformation γ1 = f †+f and
γ2 = i(f †−f). f is the regular fermion operator, satisfy-
ing the anti-commutative relation {f, f †} = 1. Accord-
ingly, we rewrite Hsys as [84, 85]

Hsys = εDd
†d+ εM

(
f †f − 1

2

)
+ λ(d − d†)(f † + f).

(50)

For the convenience of the latter discussion, we rear-
range the tunnel coupling term in Eq. (50) as H1 =
(λf †d + λ1f

†d†) + H.c., where λ1 = λ or 0 corresponds
to the dot coupling to the MBS or to a regular fermion
bound state. In the transformed representation, the basis
states of the central system are given by |ndnf 〉, where
nd and nf can take the value of 0 or 1, so that we have
four basis states {|00〉, |10〉, |01〉, |11〉}.

Rather than the linear response [98], we consider trans-
port through the quantum dot under finite bias volt-
age. Associated with the voltage setup in Fig. 11, the
chemical potentials of the two leads are, μL = eV0 and
μR = e(V0 − V ). The so-called large bias limit indi-
cates that |μL(R)−εD| is much larger than the dot-level’s
broadening. In this case, the dot level is deeply embed-
ded into the voltage window and the temperature effect
is negligible in calculating the transport currents. More-
over, this bias regime allows us to apply the Born-Markov
ME. Its particle-number-resolved version is given as [84]

ρ̇(n) = −iLρ(n) − ΓL

2
(dd†ρ(n) + ρ(n)dd† − 2d†ρ(n)d)

−ΓR

2
(d†dρ(n) + ρ(n)d†d− 2dρ(n−1)d†), (51)

where “n” represents the electron number transferred
through the central system, and ρ(n) satisfies the con-
dition

∑∞
n=0 ρ

(n)(t) = ρ(t). Here, we introduced the Li-
ouvillian superoperator as Lρ ≡ [Hsys, ρ], and the tun-
neling rate as Γα = 2πgα|tα|2, where gα is the density-of-
states of the lead α (L or R). Corresponding to Eq. (51),
the unconditional Lindblad ME is given as ρ̇ = −iLρ +
ΓLD[d†]ρ+ΓRD[d]ρ, where D[A]ρ ≡ AρA†− 1

2{A†A, ρ}.
Shot Noise.— Below we focus our interest on the

shot noise spectrum, which beyond the steady-state cur-
rent, reflects the dynamic aspect of the central system.
Specifically, we consider the current correlator Sα(t) =
1
2 〈{δIα(t), δIα(0)}〉, where α = L and R and δIα(t) =
Iα(t)− Is

α. Here, Is
α is the steady-state current in the α-

th lead, and the (quantum statistical) average of defin-
ing the correlator is over the steady state. The shot noise
spectrum Sα(ω), i.e., the Fourier transform of Sα(t), can
be calculated most conveniently within the n-ME for-
malism using the McDonald’s formula.

Figure 12 displays the representative result for the
shot noise spectrum. First, we notice that a spectral dip
appears at the frequency ωc � 2λ (for εD = 0 and small
εM ), which reflects an existence of coherent oscillations
in the central system, where is ωc the characteristic fre-
quency. This is an important signature, since it indicates
the emergence of bound states at the ends of the wire
with discrete energy, gapped from other higher energy
continuum. Here, we should note that the quantum dot is
coupled to a nanowire, and hence, in the usual case, the
wire states are extended and have continuous energies,
which cannot support coherent oscillations as indicated
by the spectral “dip” in Fig. 12. As a comparison, in
Fig. 12, we also plot the result of the same quantum dot

Fig. 12 Shot noise which reveals a spectral dip and zero-
frequency enhancement effect. The former behavior reflects exis-
tence of coherent oscillations which indicates the formation of a
bound state coupled to the quantum dot, and the latter originates
from the nature of Majorana excitation. “λ1 = λ” corresponds to
the Majorana bound state and “λ1 = 0” to a regular one. As in
Fig. 11, we set εD = 0 in this plot.

Xin-Qi Li, Front. Phys. 11(4), 110307 (2016) 110307-15



REVIEW ARTICLE

coupling to a regular bound state with the same strength
(λ). While an “oscillation dip” appears similarly at the
same frequency, nevertheless, the zero (and low) fre-
quency noise differs remarkably from the Majorana case.

To characterize the zero frequency noise, we use the
well-known Fano Factor, Fα = Sα(0)/(2eIs

α). For sym-
metric rates ΓR = ΓL = Γ0, we find FL = FR and denote
the Fano factor simply by F . Analytically, we obtain [84]

F − F (R) =
2λ2λ2

1

(Γ 2
0 + ε2M )(λ2 + λ2

1) + 4λ2λ2
1

. (52)

Here, F (R) is the Fano factor of coupling to a regular
(R) bound state. Moreover, in this result, we distinguish
the coupling amplitudes λ and λ1 (introduced in the
coupling Hamiltonian). We notice that λ and λ1 play
identical (symmetric) roles and the difference, Eq. (52),
vanishes if any of the amplitudes disappears. We then
understand that the zero-frequency noise enhancement
is arising from the peculiar nature of the Majorana ex-
citation. Therefore, the noise enhancement effect in Fig.
12 is another useful signature for Majorana excitation at
the ends of the nanowire. In addition, Eq. (52) can be
used to obtain the important parameters of the Majo-
rana’s mutual interaction (εM ) and its coupling to the
quantum dot (λ). In particular, based on Eq. (52), af-
ter setting λ1 = λ for the Majorana fermion, an even
simpler result can be obtained in the limit εM → 0 i.e.,
F = 1 − 1

2 [1 + 2(λ/Γ0)2]−1. This result provides a very
simple relation between the Fano factor and the scaled
coupling amplitude (λ/Γ0).

Now, we consider ΓL 
= ΓR. Taking the limit εM → 0
and setting εD = 0, we obtain [84]

FR =
Γ 2

L + Γ 2
R

Γ 2
+

8ΓRΓLλ
2
[
(5 − 3y)Γ 2 + 16λ2

]

Γ 2(Γ 2 + 8λ2)2
,

(53a)

FL =
Γ 2

L + Γ 2
R

Γ 2
+

8ΓRΓLλ
2
[
(5 − 3/y)Γ 2 + 16λ2

]

Γ 2(Γ 2 + 8λ2)2
,

(53b)

We notice that the first term in FL(R) is the Fano factor
corresponding to transport through an isolated single-
level quantum dot [55, 102], while the second term arises
from coupling to the Majorana fermion. If ΓL 
= ΓR, we
find that FR − FL = 24(ΓL − ΓR)Γλ2/(Γ 2 + 8λ2)2 
= 0.
(This difference vanishes when ΓL = ΓR.) Finally, we
mention that the steady-state current through the quan-
tum dot cannot reveal the Majorana information in the
symmetric case (ΓL = ΓR) [84]. However, the Fano fac-
tor given above carries such information, since the sec-
ond term in FL(R) does not vanish when y = 1. Note
also that, if the quantum dot couples to a regular bound
state (another dot), the zero frequency noise (Fano fac-

tor) is the same as the first term of the above FL(R),
being unaffected by the side coupling.

5 Master equation under self-consistent Born
approximation

In this section, we review our recent work on improv-
ing the ME beyond the second-order Born approxima-
tion [103–105]. The basic idea is to base the formulation
on the self-consistent Born approximation. That is, we
replace the free Green’s function in the tunneling self-
energy diagram by an effective reduced propagator under
the Born approximation [103]. Remarkably, we will see
that this modification can greatly improve the results.

In some cases (such as in quantum optics), the second-
order ME works perfectly well. However, for quantum
transport, the second-order expansion of the tunneling
Hamiltonian only corresponds to sequential transport,
which does not incorporate the level broadening effect
[27], implying thus a validity condition of large bias
voltage. Moreover, for interacting systems, although the
second-order ME can predict the Coulomb staircase be-
havior, it cannot deal with the cotunneling and Kondo
effects. To overcome this limitation, higher-order expan-
sions of the tunneling Hamiltonian are required [106–
120].

The second-order ME is obtained from the well-known
Born approximation through perturbative expansion of
the tunneling Hamiltonian [27]. The resultant dissipa-
tion term, in analogy to the quantum dissipative sys-
tem, corresponds to a self-energy process of tunneling.
On the other hand, it is well known that in the Green’s
function theory, an efficient scheme of higher-order cor-
rection is the use of renormalized self-energy diagram
under the self-consistent Born approximation (SCBA),
which is actually a type of self-consistent renormalization
to the bare propagator with a dressed one [121]. From
this insight, for quantum transport we may replace the
free (system-Hamiltonian only) Green’s function in the
second-order self-energy diagram, with an effective prop-
agator defined by the second-order ME [103]. We will see
that the effect of this improvement is remarkable: it re-
covers not only the exact result of noninteracting trans-
port under arbitrary voltages but also the cotunneling
and nonequilibrium Kondo features for interacting sys-
tems.

5.1 Formulation of the SCBA-ME

5.1.1 Master equation under Born approximation

In a more compact form, we reexpress the ME (11) (un-
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der the second-order Born approximation) as [103–105]

ρ̇(t) = −iLρ(t) −
∑

μσ

{[
aσ̄

μ, A
(σ)
μρ (t)

]
+ H.c.

}
. (54)

Here, we introduced: σ = + and −, σ̄ = −σ; a+
μ = a†μ,

and a−μ = aμ. The superoperators can be expressed

as Lρ = [HS , ρ], and A
(σ)
μρ (t) =

∑
α=L,RA

(σ)
αμρ(t) while

A
(σ)
αμρ(t) =

∑
ν

∫ t

0
dτC(σ)

αμν(t− τ) {G(t, τ)[aσ
νρ(τ)]}. G(t, τ)

is the free propagator, determined by the system Hamil-
tonian as G(t, τ) = e−iL(t−τ).

Now we present a specific characterization for C(σ)
αμν(t−

τ) in terms of its Fourier transform:

C(±)
αμν(t− τ) =

∫ ∞

−∞

dω
2π

e±iω(t−τ)Γ (±)
αμν(ω). (55)

Accordingly, we have Γ (+)
αμν(ω) = Γανμ(ω)n(+)

α (ω)
and Γ (−)

αμν(ω) = Γαμν(ω)n(−)
α (ω), where Γαμν(ω) =

2π
∑

k tαμkt
∗
ανkδ(ω − εk) is the spectral density function

of the reservoir (α), n(+)
α (ω) denotes the Fermi function

nα(ω), and n(−)
α (ω) = 1−nα(ω) is introduced for brevity.

Alternatively, we may introduce the Laplace transform
of C(σ)

αμν(t− τ), denoted by C(σ)
αμν(ω), which is related to

Γ (±)
αμν(ω) through the well known dispersive relation:

C(±)
αμν(ω) =

∫ ∞

−∞

dω′

2π
i

ω ± ω′ + i0+
Γ (±)

αμν(ω′). (56)

For the reservoir spectral density function, we assume
a Lorentzian form as

Γαμν(ω) =
ΓαμνW

2
α

(ω − μα)2 +W 2
α

. (57)

Here, we use the constant Γαμν (without the argument
ω) to denote the height of the Lorentzian spectrum, and
Wα to characterize its bandwidth. The form of Eq. (57)
also corresponds to a half-occupied band for each lead,
which peaks the Lorentzian center at the chemical poten-
tial μα of the lead. Obviously, the usual constant spec-
tral density function is obtained from Eq. (57) in the
limit Wα → ∞, yielding Γαμν(ω) = Γαμν . Correspond-
ing to the Lorentzian spectral density function, straight-
forwardly, we obtain

C(±)
αμν(ω) =

1
2

[
Γ (±)

αμν(∓ω) + iΛ(±)
αμν(∓ω)

]
. (58)

The imaginary part, through the dispersive relation, is
associated with the real part as

Λ(±)
αμν(ω) = P

∫ ∞

−∞

dω′

2π
1

ω ± ω′Γ
(±)
αμν(ω)

=
Γαμν

π

{
Re

[
Ψ

(
1
2

+ i
β(ω − μα)

2π

)]

−Ψ
(

1
2

+
βWα

2π

)
∓ π

ω − μα

Wα

}
, (59)

where P represents the principle value, Ψ(x) is the
digamma function, and β = 1/(kBT ) denotes the inverse
temperature.

The second-order ME can be applied only to transport
under large bias voltage i.e., the Fermi levels of the leads
should be considerably away from the system levels, by
at least several times of the level’s broadening.

5.1.2 Master equation under self-consistent Born
approximation

The basic idea to improve the second-order ME can fol-
low what is typically done in the Green’s function theory,
i.e., correcting the self-energy diagram from the Born to
a self-consistent Born approximation. In our case, the
SCBA scheme can be implemented by replacing the free
propagator in the second-order ME, G(t, τ) = e−iL(t−τ),
by an effective one, U(t, τ), which propagates a state with
the precision of the second-order Born approximation,
given by Eq. (54). From this consideration, the general-
ized SCBA-ME follows Eq. (54) directly as [103]

ρ̇(t) = −iLρ(t) −
∑

μσ

{[
aσ̄

μ,A(σ)
μρ (t)

]
+ H.c.

}
. (60)

Here, A(σ)
μρ (t) =

∑
α=L,R A(σ)

αμρ(t), and A(σ)
αμρ(t) =

∑
ν

∫ t

0
dτC(σ)

αμν(t−τ) {U(t, τ)[aσ
νρ(τ)]}. To close this ME,

let us define ρ̃j(t) ≡ U(t, τ)[aσ
νρ(τ)] (here and in the fol-

lowing equation we use “j” to denote the double indices
(ν, σ) for the sake of brevity). Then, the equation-of-
motion (EOM) of this auxiliary object is given as [103]

˙̃ρj(t) = −iLρ̃j(t) −
∫ t

τ

dt′Σ(A)
2 (t− t′)ρ̃j(t′). (61)

In this equation, we introduce a notation Σ(A)
2 for the

second-order self-energy superoperator, where the super-
script “(A)” indicates an essential difference from the
usual one because it involves anticommutators, rather
than the commutators in the second-order ME. More ex-
plicitly, we have [103]

∫ t

τ

dt′Σ(A)
2 (t−t′)ρ̃j(t′) =

∑

μ

[{
aμ, A

(+)
μρ̃j

}
+

{
a†μ, A

(−)
μρ̃j

}

+
{
a†μ, A

(+)†
μρ̃j

}
+

{
aμ, A

(−)†
μρ̃j

}]
, (62)

whereA(±)
μρ̃j

is defined asA(σ′)
μρ̃j

=
∑

α=L,R

∑
ν′

∫ t

τ dt′C(σ′)
αμν′ ·

(t − t′)
{
e−iL(t−t′)[aσ′

ν′ ρ̃j(t′)]
}
. Because of the anticom-

mutative brackets that appearing in Eq. (62), we stress
that the propagation of ρ̃j(t) is not governed by the
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usual second-order ME. This, in certain sense, violates
the celebrated quantum regression theorem. We notice
that the second-order reduced propagator U was intro-
duced from ρ(t) = U(t, t0)ρ(t0), and in Eq. (61), the
quantity being propagated is aσ

νρ(t0), which differs from
the former only by an initial condition. Then, from ex-
perience, we may expect that the propagator must be
independent of the initial condition, in the present con-
text, which is the object to be propagated. In most cases,
this statement is true. However, our analysis shows that
this general rule (the celebrated quantum regression the-
orem), quite unexpectedly, is not followed in the present
case. The basic reason is that the object being propa-
gated, aσ

νρ, contains an extra electron operator. Owing
to the Pauli principle (or Fermi-Dirac statistics), extra
negative signs appear in two of the four self-energy terms
in its equation-of-motion. This changes the commutators
in the usual master equation to the anti-commutators in
Eq. (62). We find that this subtle issue is extremely im-
portant – otherwise we cannot obtain the correct results
such as the illustrative examples in this work.

5.1.3 Steady state current

Within the framework of SCBA-ME, similar to its
second-order counterpart, the current through the αth
lead is given as [103]

Iα(t) = 2
∑

μ

Re
{
Tr

[
A(+)

αμρ(t)aμ −A(−)
αμρ(t)a†μ

]}
. (63)

Here, Re{· · ·} indicates the real part of {· · ·} and Tr[· · ·]
is the trace of [· · ·] over the system only states. For steady
state, consider the integral

∫ t

0
dτ [· · ·]ρ(τ) in A(±)

αμρ(t).
Since physically, the correlation function C

(±)
αμν(t− τ) in

the integrand is nonzero only on finite timescale, we can
replace ρ(τ) in the integrand by the steady state ρ̄, in
the long time limit (t → ∞). After this replacement, we
obtain

A(±)
αμρ̄ =

∑

ν

∫ ∞

−∞

dω
2π

Γ (±)
αμν(ω)U(±ω)[a±ν ρ̄]. (64)

Then, substituting this result into Eq. (60), we can di-
rectly solve for ρ̄, and calculate the steady state current.

Based on ρ̄, in order to further obtain the current, we
first introduce ϕ1μν(ω) = Tr

[
aμρ̃1ν(ω)

]
and ϕ2μν(ω) =

Tr
[
aμρ̃2ν(ω)

]
, where ρ̃1ν(ω) and ρ̃2ν(ω) are calculated

using Eq. (61), with an initial condition of ρ̃1ν(0) = ρ̄a†ν
and ρ̃2ν(0) = a†ν ρ̄. To simplify the notations, we denote
the various matrices expanded in the system state ba-
sis {|μ〉, |ν〉} in terms of a boldface form: ϕ1(ω), ϕ2(ω),
and ΓL(R). If ΓL is proportional to ΓR by a constant,
the steady state current can be recast to the Landauer–

Büttiker type [103]

Ī = 2 Re
∫ ∞

−∞

dω
2π

[nL(ω) − nR(ω)] T (ω), (65)

where the tunneling coefficient, very compactly, is given
by

T (ω) = Tr{ΓLΓR(ΓL + ΓR)−1Re
[
ϕ(ω)

]
}. (66)

Here, ϕ(ω) = ϕ1(ω) + ϕ2(ω).
Now, we demonstrate that for a noninteracting sys-

tem, the above stationary current coincides precisely
with the nonequilibrium Green’s function approach, both
giving the exact result under a arbitrary bias voltage.
In general, a noninteracting system can be described by
HS =

∑
μν hμνa

†
μaν . We directly obtain the EOM of ϕi

as follows:

−iωϕi(ω) − ϕi(0) = −ihϕi(ω) − iΣ0(ω)ϕi(ω). (67)

ϕi(0) denotes the initial conditions for ϕ1μν(0) =
Tr

[
aμρ̄a

†
ν

]
and ϕ2μν(0) = Tr

[
aμa

†
ν ρ̄

]
. The tunnel-

coupling self-energy Σ0 is given by Σ0μν(ω) =
−i

∑
α

[
C

(−)
αμν(ω) + C

(+)∗
αμν (−ω)

]
, or

Σ0μν(ω) =
∫ ∞

−∞

dω′

2π
Γμν(ω′)

ω − ω′ + i0+
. (68)

Then, based on Eq. (67), summing up ϕ1(ω) and ϕ2(ω)
we obtain

ϕ(ω) = i
[
ω − h − Σ0(ω)

]−1 (69)

For deriving this result, the cyclic property under trace
and the anti-commutator, {aμ, a

†
ν} = δμν , have been

used. Eq. (69) is nothing but the exact Green’s func-
tion for transport through a noninteracting system, thus
giving the exact stationary current after inserting it into
the above current formula.

5.1.4 Interacting case

To show the application of the proposed SCBA-ME in
interacting systems, as an illustrative example, we con-
sider the transport through an interacting quantum dot
described as

HS =
∑

μ

(
εμa

†
μaμ +

U

2
nμnμ̄

)
. (70)

Here, the index μ labels the spin up (“↑”) and spin down
(“↓”) states, and μ̄ represents the opposite spin orienta-
tion. εμ denotes the spin-dependent energy level, which
may account for the Zeeman splitting in the presence of
a magnetic field (B), ε↑,↓ = ε0 ± gμBB. Here, ε0 is the
degenerate dot level in the absence of a magnetic field;
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g and μB are the Lande-g factor and the Bohr’s magne-
ton, respectively. In the interaction part, Un↑n↓ is the
Hubbard term, nμ = a†μaμ is the number operator, and
U represents the interacting strength.

First, we notice that C(±)
αμν is diagonal with respect to

the spin states, i.e., C(±)
αμν(t) = δμνC

(±)
αμ (t) and Γ (±)

αμν =
δμνΓ

(±)
αμ . Here, δμν is the usual δ-function with discrete

indices, and in C
(±)
αμ and Γ (±)

αμ , there is only a single
state index (μ) for brevity. Then, we specify the states
involved in the transport as |0〉, | ↑〉, | ↓〉, and |d〉, corre-
sponding to the empty, spin-up, spin-down, and double
occupancy states, respectively, Using this basis, we reex-
press the electron operator in terms of projection oper-
ator, a†μ = |μ〉〈0| + (−1)μ|d〉〈μ̄|, where the conventions
(−1)↑ = 1 and (−1)↓ = −1 are implied. For a solution
of the steady state, we have [103]

A(±)
αμρ̄ =

∫ ∞

−∞

dω
2π

Γ (±)
αμ (ω)U(±ω)[a±μ ρ̄]. (71)

Thus, after some calculations, U(±ω)[a±μ ρ̄] can be ex-
pressed as

U(ω)[a†μρ̄] =
[
λ+

μ (ω)|μ〉〈0| + κ+
μ (ω)(−1)μ|d〉〈μ̄|

]
,

U(−ω)[aμρ̄] =
[
λ−μ (ω)|0〉〈μ| + κ−μ (ω)(−1)μ|μ̄〉〈d|

]
,

(72)

where

λ+
μ (ω) = i

Π−1
1μ (ω)ρ̄00 − Σ−

μ̄ (ω)ρ̄μ̄μ̄

Π−1
μ (ω)Π−1

1μ (ω)
,

λ−μ (ω) = i
Π−1

1μ (ω)ρ̄μμ − Σ−
μ̄ (ω)ρ̄dd

Π−1
μ (ω)Π−1

1μ (ω)
,

κ+
μ (ω) = i

−Σ+
μ̄ (ω)ρ̄00 + Π−1

μ (ω)ρ̄μ̄μ̄

Π−1
μ (ω)Π−1

1μ (ω)
,

κ−μ (ω) = i
−Σ+

μ̄ (ω)ρ̄μμ + Π−1
μ (ω)ρ̄dd

Π−1
μ (ω)Π−1

1μ (ω)
.

Here, we introduced Π−1
μ (ω) = ω− εμ−Σ0μ(ω)−Σ+

μ̄ (ω),
and Π−1

1μ (ω) = ω − εμ − U − Σ0μ(ω) − Σ−
μ̄ (ω). The self-

energies Σ0μ(ω) and Σ±
μ (ω) are given by

Σ0μ(ω) =
∫ ∞

−∞

dω′

2π
Γμ(ω′)

ω − ω′ + i0+
,

Σ±
μ (ω) =

∫ ∞

−∞

dω′

2π
Γ (±)

μ (ω′)
ω − εμ̄ + εμ − ω′ + i0+

+
∫ ∞

−∞

dω′

2π
Γ (±)

μ (ω′)
ω − Ed + ω′ + i0+

. (73)

Then, we find the solution of ϕ(ω) as

ϕ(ω) =
i(1−nμ̄)

ω−εμ−Σ0μ + UΣ+
μ̄ (ω−εμ−U−Σ0μ−Σμ̄)−1

+
inμ̄

ω−εμ−U−Σ0μ−UΣ−
μ̄ (ω−εμ−Σ0μ−Σμ̄)−1

, (74)

where nμ = ρμμ+ρdd, and 1−nμ = ρμ̄μ̄+ρ00. This result
coincides precisely with the one from the EOM technique
of the nonequilibrium Green’s function [29], which con-
tains the remarkable nonequilibrium Kondo effect.

At high temperatures, Eq. (74) reduces to

ϕHF (ω) =
i(1 − nμ̄)

ω − εμ − Σ0μ
+

inμ̄

ω − εμ − U − Σ0μ
. (75)

Here, we use ϕHF to indicate the result at the level of
a mean-field Hatree–Fock approximation. Eq. (75) can
also be derived from the EOM technique at a lower-order
cutoff [29]. As a result, even the simple broadening ef-
fect contained in Eq. (75) goes beyond the scope of the
second-order ME. In Fig. 13, we plot the current-voltage
relation based on Eq. (74) against that from Eq. (75).

5.2 Formulation of the n-SCBA-ME

Let us turn to the construction of the n-resolved SCBA-
ME (n-SCBA-ME), along the same line of constructing
the n-resolved second-order ME [104, 105]. The basic
idea is to split the Hilbert space of the reservoirs into a
set of subspaces, each labeled by n. Then, the average
(trace) over each subspace is calculated, and the cor-
responding conditional reduced density matrix is defined
as ρ(n)(t). To be specific, consider the ρ(n)(t) conditioned
on the electron number arrived to the right lead, which
obeys the following equation [104, 105]

ρ̇(n) = −iLρ(n) −
∑

μ

{[
a†μA

(−)

μρ̃(n) + aμA(+)

μρ̃(n)

−A(−)

Lμρ̃(n)a
†
μ −A(+)

Lμρ̃(n)aμ −A(−)

Rμρ̃(n−1)a
†
μ

−A(+)

Rμρ̃(n+1)aμ

]
+ H.c.

}
. (76)

Fig. 13 Coulomb staircase in the current-voltage curve. Inset:
the corresponding differential conductance. The result based on Eq.
(74) is plotted against the Hatree–Fock (HF) solution Eq. (75). Pa-
rameters: ΓL = ΓR = Γ/2, ε0 = 7Γ , U = 10Γ , and kBT = 0.1Γ .
The bias voltage is set as μL = −μR = eV/2 by taking the zero-
bias Fermi level as energy reference.
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Here, A(σ)

αμρ̃(n)(t) =
∑

ν

∫ t

0 dτC(σ)
αμν(t − τ)[ρ̃(n)

j (t, τ)],
while the summation over ν is appropriate in regard
to the abbreviation j = {ν, σ}. In Eq. (76), the ap-
pearance of ρ̃

(n±1)
j (t, τ) is owing to a more tunnel-

ing event (forward/backword) involved in the process
of the corresponding terms. In particular, ρ̃(n)

j (t, τ) is
the n-dependent version of the quantity ρ̃j(t, τ) =
U(t, τ)[aσ

νρ(τ)], satisfying the EOM according to Eq.
(61):

˙̃ρ
(n)

j = −iLρ̃(n)
j −

∑

μ

{[
a†μA

(−)

μρ̃
(n)
j

+ aμA
(+)

μρ̃
(n)
j

+A(−)

Lμρ̃
(n)
j

a†μ +A
(+)

Lμρ̃
(n)
j

aμ +A
(−)

Rμρ̃
(n−1)
j

a†μ

+A(+)

Rμρ̃
(n+1)
j

aμ

]
+ H.c.

}
. (77)

In this equation, we introduced A
(σ′)
αμρ̃

(n)
j

(t) =
∑

ν′
∫ t

τ dt′C(σ′)
αμν′(t− t′)

{
e−iL(t−t′)[aσ′

ν′ ρ̃
(n)
j (t′)]

}
.

The n-resolved ME contains important informa-
tion and can be used in a wide variety of ap-
plications. Next, we focus on calculating the shot
noise spectrum S(ω), using the MacDonald’s formula
S(ω) = 2ω

∫ ∞
0

dt sin(ωt) d
dt 〈n2(t)〉, where 〈n2(t)〉 =∑

n n
2P (n, t) = Tr

∑
n n

2ρ(n)(t), and the n-counting
starts with the steady state (ρ̄). Based on Eq. (76),
one can express d

dt〈n2(t)〉 in terms of A(σ)
Rμρ̄(t) and

A(σ)

RμÑ
(t). The former has been introduced in Eq.

(60), needing only to replace ρ(τ) by ρ̄. The latter
reads A(σ)

RμÑ
(t) =

∑
ν

∫ t

0
dτC(σ)

Rμν(t − τ)[Ñj(t, τ)], where

Ñj(t, τ) =
∑

n nρ̃
(n)
j (t, τ), noting also the abbreviation

j = {ν, σ} which makes the summation over ν reason-
able. Then, MacDonald’s formula becomes

S(ω) = 2ωIm
∑

μ

Tr
{
2
[
A(−)

RμÑ
(ω)a†μ −A(+)

RμÑ
(ω)aμ

]

+
[
A(−)

Rμρ̄(ω)a†μ + A(+)
Rμρ̄(ω)aμ

]}
. (78)

This result is obtained after Laplace transforming
A(σ)

Rμρ̄(t) and A(σ)

RμÑ
(t). More explicitly,

A(σ)
Rμρ̄(ω) =

∑

ν

∫ ∞

−∞

dω′

2π
Γ (σ)

Rμν(ω′)U(ω + σω′)[aσ
ν ρ̄(ω)],

where the Laplace transformation of the steady state is
given as ρ̄(ω) = iρ̄/ω, and the propagator U in frequency
domain is defined through Eq. (61). Another quantity,
A(σ)

RμÑ
(ω) is given as

A(σ)

RμÑ
(ω)=

∑

ν

∫ ∞

−∞

dω′

2π
Γ (σ)

Rμν(ω′)Ũ(ω+σω′)[aσ
νN(ω)].

In deriving this result, we introduced an additional
propagator through Ñj(t, τ) = Ũ(t − τ)Ñj(τ), where
Ñj(τ) = aσ

νN(τ) as the initial condition which is de-
fined by N(τ) =

∑
n nρ

(n)(τ). Ũ(ω) and N(ω) can be
obtained via Laplace transforming the following EOMs.
(i) For N(ω), based on the n-SCBA-ME we obtain:

Ṅ(t) = −iLN(t) −
∑

μσ

{[
aσ̄

μ,A
(σ)
μN (t)

]
+ H.c.

}

+
∑

μ

{[
A(−)

Rμρ̄a
†
μ −A(+)

Rμρ̄aμ

]
+ H.c.

}
. (79)

(ii) For Ũ(ω), from Eq. (77) we have

˙̃N j(t) = −iLÑj(t) −
∫ t

τ

dt′Σ(A)
2 (t− t′)Ñj(t′)

−
∑

μ

{[
A

(−)
Rμρ̃j

(t)a†μ −A
(+)
Rμρ̃j

(t)aμ

]
+ H.c.

}
. (80)

The self-energy superoperator Σ(A)
2 (t − t′) is re-

ferred to Eq. (62) for the definition and interepa-
tion/discussion. Similarly, as introduced in Eq. (77),
we defined here A

(σ′)
Rμρ̃j

(t) =
∑

ν′
∫ t

τ dt′C(σ′)
Rμν′ (t −

t′)
{
e−iL(t−t′)[aσ′

ν′ ρ̃j(t′)]
}

.
For the convenience of applications, we summarize the

solving procedures in a simpler way as follows. First,
solve U(ω) from Eq. (61) and obtain ρ(ω) from Eq. (60);
then, extract Ũ(ω) from Eq. (80) and N(ω) from Eq.
(79). Using Ũ(ω) and N(ω), we can directly calculate
the noise spectrum of Eq. (78).

5.3 Noise spectrum: Illustrative examples

5.3.1 Noninteracting quantum dot

Let us first consider the simplest setup of transport
through a single-level quantum dot. In the absence of the
magnetic field and Coulomb interaction, the spin degree
of freedom is irrelevant. Then, the system Hamiltonian is
given asHS = ε0a

†a, and the states involved in the trans-
port are |0〉 and |1〉, corresponding to the empty and oc-
cupied dot states. Applying the solving protocol outlined
above, the shot noise spectrum can be directly obtained,
as shown in Fig. 14 by the solid curve. As a comparison,
in Fig. 14, we plot also the results from the second-order
non-Markovian (nMKV) and Markovian (MKV) ME, re-
spectively, by the dashed and dotted curves. The former
is based on Ref. [123], while the later is from the follow-
ing analytic result [55]

S(ω) = 2Ī
(

Γ 2
L + Γ 2

R + ω2

Γ 2 + ω2

)
, (81)
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where Γ = ΓL +ΓR is assumed. Ī is the steady state cur-
rent, in large bias limit which is given as Ī = ΓLΓR/Γ ,
while here we account for the finite bias effect based on
the SCBA-ME approach.

We observe that, quantitatively, the result from the n-
SCBA-ME modifies that from the second-order nMKV-
ME, while qualitatively both revealing a staircase be-
havior at frequency around ωα0 = |μα − ε0|. Mathe-
matically, the origin of the staircase is from the time-
nonlocal memory effect. Physically, this behavior is ow-
ing to the detection-energy (ω) assisted transmission res-
onance between the dot and leads, which experiences a
sharp change when crossing the Fermi levels. In high fre-
quency regime, the noise spectrum from the n-SCBA-ME
coincides with that from the second-order nMKV-ME,
while the latter is given in Ref. [123] by the high fre-
quency limit as S(ω → ∞) = ΓR. This directly leads to
a Fano factor as F = S/(2Ī) = (1 + ΓR/ΓL)/2. There-
fore, it can be Poissonian, sub-Poissonian, and super-
Poissonian, depending on the symmetry factor ΓR/ΓL.
In contrast, the second-order nMKV-ME predicts a Pois-
sonian result, F (ω → ∞) = 1.

We would like to point out that the second-order
MKV-ME is only applicable in the low frequency regime
of ω < ωα0 = |μα − ε0|. This is in consistency with
the fact that the high frequency regime corresponds to a
short timescale where the non-Markovian effect is strong,
while the low frequency regime corresponds to a long
timescale where the non-Markovian effect diminishes.

5.3.2 Coulomb–Blockade quantum dot

This is the system described by Eq. (70). Here we first
consider the noise spectrum in the Coulomb–Blockade
(CB) regime, and leave the Kondo regime to next sub-
section. The CB regime of single occupation is charac-

Fig. 14 Shot noise spectrum through a single-level noninteract-
ing quantum dot, from the SCBA-ME (solid curve), the 2nd-
nMKV-ME (dashed curve) and the 2nd-MKV-ME (dotted curve),
respectively. Parameters: ΓL = ΓR = 0.5, μL = −μR = 7.5,
ε0 = 5, kBT = 2 and W = 100.

terized by ε0 + U > μL > ε0 > μR. For the purpose of
comparison, we quote the result from the second-order
MKV-ME [55]

S(ω) = 2Ī
[

4Γ 2
L + Γ 2

R + ω2

(2ΓL + ΓR)2 + ω2

]
. (82)

In large bias limit, i.e., the Fermi levels far from ε0
and ε0 + U , the steady state current is given as Ī =
2ΓLΓR/(2ΓL + ΓR). However, in numerical simulation,
we account for the finite bias effect by inserting the
steady state current from the SCBA-ME approach into
Eq. (82). For obtaining Eq. (82), the double occupancy
of the dot is excluded because the energy is out of the
bias window. In the n-SCBA-ME treatment, however, all
the four basis states should be included.

In Fig. 15, we display the main result of the noise
spectrum in the CB regime, where a couple of non-
Markovian resonance steps are revealed at frequencies
around ωα0 = |μα − ε0| and ωα1 = ε0 + U − μα. We find
that the resonance steps in high frequency regime are
enhanced by the Coulomb interaction, while the low fre-
quency spectrum has remarkable “renormalization” ef-
fect compared to Eq. (82). In addition to the result under
the wide band limit (WBL), in Fig. 15, we also show the
bandwidth effect by two more curves. We see that, for
finite-bandwidth leads, the noise spectrum diminishes at
the high frequency limit. This is because the energy (ω)
absorption/emission of detection restricts the channels
for electron transfer between the dots and leads.

5.3.3 Nonequilibrium Kondo dot

The nonequilibrium Kondo system, with the Anderson
impurity model realized by transport through a small
quantum dot, has attracted intensive attentions [124–

Fig. 15 Shot noise spectrum through an interacting quantum dot
in a Coulomb blockade regime defined as ε0 + U > μL > ε0 > μR.
Results in the wide band limit (WBL) and for the finite band-
widths are shown in comparison with the one from the 2nd-MKV-
ME (dotted line). Parameters: ΓL = ΓR = 0.5, μL = −μR = 5,
ε↑ = ε↓ = ε0 = 2, U = 10, and kBT = 2. We find staircases
appearing at ω = ε0 − μR = 7 and ε0 + U − μR = 17.

Xin-Qi Li, Front. Phys. 11(4), 110307 (2016) 110307-21



REVIEW ARTICLE

134]. Compared to the equilibrium Kondo effect, the
nonequilibrium is characterized by a finite chemical po-
tential difference of the two leads. As a result, the peak
of the density of states (spectral function) splits into two
peaks pinned at each chemical potential. The two peak
structure is difficult to probe directly, by the usual dc
measurements. Nevertheless, the shot noise might be a
promising quantity to reveal the nonequilibrium Kondo
effect, although much less is known about it. Despite the
low-frequency noise measurements [135, 136], so far there
are no reports on the finite-frequency (FF) noise mea-
surements. However, several theoretical studies [137–140]
revealed diverse signatures (Kondo anomalies) in the FF
noise spectra, such as an “upturn” [137] or a spectral
“dip” [140] appeared at frequencies ±eV/� (V is the bias
voltage), as well as the Kondo singularity (discontinuous
slope) at frequencies ±2eV/� in Ref. [138], or at ±eV/2�

in Ref. [140]. In addition, it was noted in Ref. [138] that
the minimum (dip) developed at ±eV/� is not relevant
to the Kondo effect, since in the noninteracting case the
noise has a similar discontinuous slope at ±eV/� as well
[138].

The system Hamiltonian is the same as Eq. (70). Fol-
lowing the solving protocol outlined above, we obtain the
noise spectrum in the Kondo regime, as shown in Fig.
16. Remarkably, we observe a profound “dip” behavior
(Kondo signature) in the noise spectrum at frequencies
ω = ±V/2, as particularly demonstrated by a couple of
voltages. We attribute this behavior to the emergence
of the Kondo resonance levels (KRLs) at the Fermi sur-
faces, i.e., at μL = V/2 and μR = −V/2. In steady state
transport, it is well known that the KRLs are clearly re-
flected in the spectral function. In the ME, the KRLs
structure is hidden in the self-energy terms, which char-
acterize the tunneling process and define the transport
current. Similarly, the noise spectrum is affected, partic-
ularly in the Kondo regime, by the self-energy process in
frequency domain based on the same ME. This explains
the emergence of the spectral dip appearing at the same
KRLs (i.e., at ω = ±V/2).

Alternatively, as a heuristic picture, one may imag-
ine to include the KRLs as basis states in propagating
ρ(t), which is implied in the current correlation func-
tion. In a usual case, when the level spacing is larger
than the broadening, the diagonal elements of the den-
sity matrix decouple to the evolution of the off-diagonal
elements. However, in the Kondo system, the diago-
nal and off-diagonal elements are coupled to each other,
through the complicated self-energy processes. This fea-
ture would bring the coherence evolution described by
the off-diagonal elements, with characteristic energies of
the KRLs and their difference, into the diagonal elements

which contribute directly to the the second current mea-
surement in the correlation function 〈I(t)I(0)〉. Then,
one may expect three coherence energies, ±V/2 and V ,
to participate in the noise spectrum. Indeed, the dip
emerged in Fig. 16 reveals the coherence-induced oscilla-
tion at the frequencies ±V/2, while the other one at the
higher frequency V (observed in by Moca et al. [140] in
the case of infinite U) is smeared in our finite U system
by the rising noise with frequency.

6 Concluding remarks

In summary, we have reviewed the formulation of
particle-number(n)-resolved master equation (n-ME) ap-
proach, and its application to quantum measurement
and quantum transport in mesoscopic devices. The for-
malism under the (standard) second-order Born approx-
imation is particularly simple and can be reliably ap-
plied to many practical problems. Importantly, the n-ME
version is extremely appropriate for studying the shot
noise and counting statistics (including also the large-
deviation analysis), which encode additional dynamic in-
formation beyond the stationary current. The convenient
application of the n-ME approach was illustrated by a
couple of examples.

However, the second-order Born approximation does
not fully capture the tunneling induced level-broadening
and other multiple forward-backward-process induced
correlation effects. Therefore, the first limitation is that
the second-order ME to quantum transport is valid only
for large bias voltage. On the other hand, for interact-
ing systems (e.g., quantum dot or Anderson impurity),
the second-order ME cannot describe the cotunneling
and the nonequilibrium Kondo effect owing to the same

Fig. 16 Shot noise spectrum in the Kondo regime, for several bias
voltages (μL = −μR = V/2). Parameters: ΓL = ΓR = Γ0 = 0.5,
ε↑ = ε↓ = ε0 = −2, and U = 6. The Kondo temperature is de-

termined by TK = U
2π

q −2UΓ0
ε0(U+ε0)

exp[
πε0(U+ε0)

2UΓ0
], from which we

obtain TK = 0.144.
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reason. To overcome these limitations, higher-order ex-
pansions of the tunneling Hamiltonian are required, as
performed by a variety of cases in literature [106–120].

We have therefore reviewed a newly proposed ME ap-
proach (and its n-resolved version) termed as SCBA-ME
(under the self-consistent Born approximation when ex-
panding the tunneling Hamiltonian). The basic idea is
replacing the free (system only) Green’s function in the
second-order self-energy operator by an effective propa-
gator defined by the second-order ME. We found that
the effect of this simple improvement is remarkable: it
can recover not only the exact result of (any) noninter-
acting transport under arbitrary bias voltage but also
describe the cotunneling and nonequilibrium Kondo ef-
fect in Coulomb interacting systems.

Finally, we mention that a similar idea of modifying
the free propagator in the tunneling self-energy diagram
by a dressed one was implemented also in a couple of
recent studies [118–120]. In Ref. [120], the specific An-
derson impurity model was solved heavily based on a
diagrammatic technique, but lacking a general formula-
tion of basis-free master equation. In Refs. [118, 119],
owing to inappropriately treating the dressed propagator
as a Markovian-Redfield generator, problems occurred
as mentioned in the concluding remarks in Ref. [119]:
“ . . . However, note that many important effects due
to strong correlation between the molecule and con-
tacts observed at low temperatures (e.g., Kondo) cannot
be reproduced within our scheme. We find that our
scheme becomes unreliable in the region of the param-
eters where coherences in the system eigenbasis (i.e.,
coherences introduced through nondiagonal elements of
molecule-contact coupling matrix Γ ) are bigger than the
inter-level separation and on the order of the diagonal
elements of the molecule-contact coupling matrix Γ”.
Remarkably, the SCBA-ME approach reviewed in this
work overcomes all these drawbacks.
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73. A. N. Jordan and M. Büttiker, Continuous quantum mea-

surement with independent detector cross correlations, Phys.

Rev. Lett. 95(22), 220401 (2005)

74. H. J. Jiao, F. Li, S. K. Wang, and X. Q. Li, Weak measure-

ment of qubit oscillations with strong response detectors:

Violation of the fundamental bound imposed on linear de-

tectors, Phys. Rev. B 79(7), 075320 (2009)

75. A. W. Holleitner, C. R. Decker, H. Qin, K. Eberl, and R. H.

Blick, Coherent coupling of two quantum dots embedded in

an Aharonov–Bohm interferometer, Phys. Rev. Lett. 87(25),

256802 (2001)

76. A. W. Holleitner, R. H. Blick, A. K. Huttel, K. Eberl, and

J. P. Kotthaus, Probing and controlling the bonds of an ar-

tificial molecule, Science 297(5578), 70 (2002)

77. J. C. Chen, A. M. Chang, and M. R. Melloch, Transition be-

tween quantum states in a parallel-coupled double quantum

dot, Phys. Rev. Lett. 92(17), 176801 (2004)

78. M. Sigrist, T. Ihn, K. Ensslin, D. Loss, M. Reinwald, and

W. Wegscheider, Phase coherence in the inelastic cotunnel-

ing regime, Phys. Rev. Lett. 96(3), 036804 (2006)

79. J. König and Y. Gefen, Coherence and partial coherence in

interacting electron systems, Phys. Rev. Lett. 86(17), 3855

(2001)

80. J. König and Y. Gefen, Aharonov–Bohm interferometry with

interacting quantum dots: Spin configurations, asymmetric

interference patterns, bias-voltage-induced Aharonov–Bohm

oscillations, and symmetries of transport coefficients, Phys.

Rev. B 65, 045316 (2002)

81. I. Neder and E. Ginossar, Behavior of electronic interfer-

ometers in the nonlinear regime, Phys. Rev. Lett. 100(19),

196806 (2008)

82. F. Li, X. Q. Li, W. M. Zhang, and S. Gurvitz, Magnetic field

switching in parallel quantum dots, Europhys. Lett. 88(3),

37001 (2009)

83. F. Li, H. J. Jiao, J. Y. Luo, X. Q. Li, and S. A. Gurvitz,

Coulomb blockade double-dot Aharonov–Bohm interferom-

eter: Giant fluctuations, Physica E 41(9), 1707 (2009)

84. Y. Cao, P. Wang, G. Xiong, M. Gong, and X. Q. Li, Probing

the existence and dynamics of Majorana fermion via trans-

port through a quantum dot, Phys. Rev. B 86(11), 115311

(2012)

85. P. Wang, Y. Cao, M. Gong, G. Xiong, and X. Q. Li, Cross-

correlations mediated by Majorana bound states, Europhys.

Lett. 103(5), 57016 (2013)

86. P. Wang, Y. Cao, M. Gong, S. S. Li, and X. Q. Li, Demon-

strating nonlocality-induced teleportation through Majo-

rana bound states in a semiconductor nanowire, Phys. Lett.

A 378(13), 937 (2014)

87. E. Majorana, Teoria simmetrica dell’elettrone e del

positrone, Nuovo Cim. 14(4), 171 (1937)

88. F. Wilczek, Majorana returns, Nat. Phys. 5(9), 614 (2009)

89. M. Franz, Race for Majorana fermions, Physics 3, 24 (2010)

90. A. Y. Kitaev, Unpaired Majorana fermions in quantum

wires, Physics-Uspekhi 44(10S), 131 (2001)

91. R. M. Lutchyn, J. D. Sau, and S. Das Sarma, Ma-

jorana fermions and a topological phase transition in

semiconductor–superconductor heterostructures, Phys. Rev.

Lett. 105(7), 077001 (2010)

92. Y. Oreg, G. Refael, and F. von Oppen, Helical liquids and

Majorana bound states in quantum wires, Phys. Rev. Lett.

105(17), 177002 (2010)

Xin-Qi Li, Front. Phys. 11(4), 110307 (2016) 110307-25



REVIEW ARTICLE

93. J. D. Sau, R. M. Lutchyn, S. Tewari, and S. Das Sarma,

Generic new platform for topological quantum computa-

tion using semiconductor heterostructures, Phys. Rev. Lett.

104(4), 040502 (2010)

94. J. D. Sau, S. Tewari, and S. Das Sarma, Experimental and

materials considerations for the topological superconducting

state in electron- and hole-doped semiconductors: Searching

for non-Abelian Majorana modes in 1D nanowires and 2D

heterostructures, Phys. Rev. B 85(6), 064512 (2012)

95. L. Fu and C. L. Kane, Superconducting proximity effect and

majorana fermions at the surface of a topological insulator,

Phys. Rev. Lett. 100(9), 096407 (2008)

96. J. Alicea, Majorana fermions in a tunable semiconductor de-

vice, Phys. Rev. B 81(12), 125318 (2010)

97. V. Mourik, K. Zuo, S. M. Frolov, S. R. Plissard, E. P. A. M.

Bakkers, and L. P. Kouwenhoven, Signatures of Majorana

fermions in hybrid superconductor-semiconductor nanowire

devices, Science 336(6084), 1003 (2012)

98. D. E. Liu and H. U. Baranger, Detecting a Majorana-fermion

zero mode using a quantum dot, Phys. Rev. B 84(20), 201308

(2011)

99. C. J. Bolech and E. Demler, Observing Majorana bound

states in p-wave superconductors using noise measurements

in tunneling experiments, Phys. Rev. Lett. 98(23), 237002

(2007)

100. K. T. Law, P. A. Lee, and T. K. Ng, Majorana fermion in-

duced resonant Andreev reflection, Phys. Rev. Lett. 103(23),

237001 (2009)

101. S. Tewari, C. Zhang, S. Das Sarma, C. Nayak, and D. H.

Lee, Testable signatures of quantum nonlocality in a two-

dimensional chiral p-wave superconductor, Phys. Rev. Lett.

100(2), 027001 (2008)

102. L. Y. Chen and C. S. Ting, Theoretical investigation of noise

characteristics of double-barrier resonant-tunneling systems,

Phys. Rev. B 43(5), 4534 (1991)

103. J. Jin, J. Li, Y. Liu, X. Q. Li, and Y. Yan, Improved mas-

ter equation approach to quantum transport: From Born to

self-consistent Born approximation, J. Chem. Phys. 140(24),

244111 (2014)

104. Y. Liu, J. S. Jin, J. Li, X. Q. Li, and Y. J. Yan, Nonequi-

librium shot noise spectrum through a quantum dot in

the Kondo Regime: A master equation approach under

self-consistent born approximation, Commum. Theor. Phys.

60(4), 503 (2013)

105. Y. Liu, J. S. Jin, J. Li, X. Q. Li, and Y. J. Yan, Number-

resolved master equation approach to quantum transport un-

der the self-consistent Born approximation, Science China –

Phys. Mech. & Astron. 56(10), 1866 (2013)

106. H. Schoeller and G. Schön, Mesoscopic quantum transport:

Resonant tunneling in the presence of a strong Coulomb in-

teraction, Phys. Rev. B 50(24), 18436 (1994)

107. J. König, H. Schoeller, and G. Schön, Zero-bias anomalies

and boson-assisted tunneling through quantum dots, Phys.

Rev. Lett. 76(10), 1715 (1996)

108. J. König, J. Schmid, H. Schoeller, and G. Schön, Reso-

nant tunneling through ultrasmall quantum dots: Zero-bias

anomalies, magnetic-field dependence, and boson-assisted

transport, Phys. Rev. B 54(23), 16820 (1996)

109. A. Thielmann, M. H. Hettler, J. König, and G. Schön, Co-

tunneling current and shot noise in quantum dots, Phys.

Rev. Lett. 95(14), 146806 (2005)

110. J. Jin, X. Zheng, and Y. Yan, Exact dynamics of dissipa-

tive electronic systems and quantum transport: Hierarchi-

cal equations of motion approach, J. Chem. Phys. 128(23),

234703 (2008)

111. X. Zheng, J. S. Jin, and Y. J. Yan, Dynamic Coulomb block-

ade in single-lead quantum dots, New J. Phys. 10(9), 093016

(2008)

112. X. Zheng, J. Jin, S. Welack, M. Luo, and Y. Yan, Numeri-

cal approach to time-dependent quantum transport and dy-

namical Kondo transition, J. Chem. Phys. 130(16), 164708

(2009)

113. Z. Li, N. Tong, X. Zheng, D. Hou, J. Wei, J. Hu, and Y. Yan,

Hierarchical Liouville-space approach for accurate and uni-

versal characterization of quantum impurity systems, Phys.

Rev. Lett. 109(26), 266403 (2012)

114. J. N. Pedersen and A. Wacker, Tunneling through nanosys-

tems: Combining broadening with many-particle states,

Phys. Rev. B 72(19), 195330 (2005)

115. J. N. Pedersen and A. Wacker, Modeling of cotunneling in

quantum dot systems, Physica E 42(3), 595 (2010)

116. A. Croy and U. Saalmann, Coherent manipulation of charge

qubits in double quantum dots, New J. Phys. 13(4), 043015

(2011)
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