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This paper proposes a novel bubble model to analyze drag reduction. The relationship between the
slip length and air bubble height is discussed. The numerical relationship between the surface contact
angle and slip length is obtained using the solid-liquid contact ratio in the Cassie equation. The
surface drag reduction ratio increases by 40% at low velocities when the solid liquid contact ratio
decreases from 90% to 10%. An experimental setup to study liquid/solid friction drag is reported.
The drag reduction ratio for the superhydrophobic surface tested experimentally is 30%–35% at low
velocities. These results are similar to the simulation results obtained at low velocities.
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1 Introduction

Drag reduction in fluid flow is a fundamental issue in
the field of process engineering, and achieving drag re-
duction will benefit a multitude of industries [1, 2]. In
nature, water-repelling surfaces of floating plants and
semiaquatic insects allow them to effectively move on
and in water, and breathe while submerged under water
[3]. These properties result from the ability of some natu-
ral superhydrophobic surfaces to passively fix and retain
an air film between water and the solid surface, thus re-
ducing the solid surface area in contact with water. The
surface minimizes the water-solid contact area, signifi-
cantly reducing the frictional drag between water and
the solid [4–8]. Therefore, the surprising performance of
the superhydrophobic surface has attracted much atten-
tion of scholars and various drag reduction researches
were conducted [9, 10].

Over the past decade, the fluidic drag reduction effect
of superhydrophobic surfaces has been investigated both
theoretically and experimentally. Friction drag reduction
has been verified by theoretical, numerical, and experi-
mental studies based on the slip hypothesis for both lam-
inar and turbulent flows. The effect of slip has been val-
idated through direct numerical simulation and theoret-

ical prediction of the channel flow [11, 12]. For instance,
Fukagata et al. theoretically predicted that drag reduc-
tion can be achieved by using superhydrophobic surfaces
not only for laminar flows, but also for turbulent channel
flows [13]. Lauga and Stone analyzed the slip velocity in
channels by computational fluid dynamics [14]. Davies et
al. used FLUENT to study the influence of roughness on
pressure drop [15]. Cheng et al. numerically calculated
the influence of the total shear-free area or the air-water
interface area (area in which the slip effect occurs) and
its dependency on the slip length [16]. However, these re-
searchers did not consider the effect of surface roughness
and wettability. In several experiments, it was found that
even though invasion is one of the factors that affect slip
length, the same liquid flowing along a surface with the
same wettability will still result in a different slip length.

Many scientists have studied surface roughness, and
it has been proved that it can suppress liquid slip on
the microscale regardless of the microcosmic conditions.
This paper proposes a novel bubble model. The relation-
ship between the slip length and the air bubble height
depending on the differences in air bubble height and
surface roughness is discussed. The numerical relation-
ship between the surface contact angle and slip length is
derived. This relationship can help understand the drag
reduction property of superhydrophobic surfaces.
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2 Model and mathematical formulation

2.1 The bubble model

According to the Cassie model, micro air bubbles ex-
ist between the rough surface and liquid layer; this is
the most important cause of drag reduction of the rough
surface. This theory has been confirmed by several exper-
iments conducted using microscopic instruments [17–21].
An air bubble model of the superhydrophobic surface has
been proposed. Based on the N–S equation, it is assumed
that the liquid flow velocity is not particularly high (i.e.,
the Reynolds number is less than 2000) to ensure that
the fluid is in the advection flow state. Meanwhile, for the
convenience of discussion and observation, only 2D mod-
els are considered. The theoretical model for a rough su-
perhydrophobic surface is shown in Fig. 1(a). To simplify
the local boundary conditions on a free surface, Fig. 1(a)
can be considered to represent an air bubble model, as
shown in Fig. 1(b). Here, the elliptical short shaft height
h represents the bubble spike height because when the
velocity is sufficiently small, it is reasonable to assume
that bubbles are still in the rough surface structure of
the slots.

2.2 Mathematical formulations

This model comprised three basic models. First, for
steady-state incompressible laminar flows, the fluid flow
can be described by a set of equations, including the
continuity and momentum equations [22],

ρ
∂u

∂t
+ ρ(u · ∇)u = ∇ · [−pI + η(∇u + (∇u)T )] + F,

∇ · u = 0, (1)

where u is the velocity (m/s); η is the dynamic viscosity
(Pa·s); ρ is the density (kg/m3); and p is the pressure
(Pa). The volumetric force components F are set to zero

Fig. 1 (a) Theoretical model for a rough superhydrophobic sur-
face. (b) Air bubble model.

in the model. In turbulent flows, the corresponding gov-
erning equations can be written as follows:

ρ
∂u

∂t
+ ρ(u · ∇)u = ∇ · [−pI + ηeff (∇u + (∇u)T )] + F,

∇ · u = 0. (2)

The turbulent influences are taken into account by in-
troducing effective viscosity ηeff , which is the sum of
turbulent viscosity ηt and molecular viscosity η:

ηeff = ηt + η. (3)

The second model used is the standard k–ε turbulence
model. It is used in order to consider both laminar flow
and turbulence.
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The third model is the RSM (Reynolds Stress Model).
The RSM equation is written as follows:

∂(ρu′
iu

′
j)

∂t
+ Cij = DT,ij + DL,ij + Pij + Gij + Φij

−εij + Fij + Suser, (5)

where
∂(ρu′

iu
′
j)

∂t is the local time derivative of the Reynolds
stress, Cij is the convection, DT,ij is the turbulent dif-
fusion, DL,ij is the molecular diffusion, Pij is the stress,
Gij is the buoyancy, Φij is the pressure strain, εij is the
dissipation, Fij is the volumetric force components, and
Suser is the user-defined source term.

In this paper, the variational problem for the specific
turbulent flow construction is resolved by using the stan-
dard k–ε turbulence model because of the following rea-
sons. First, as the most commonly used turbulence model
in CFD simulation, the standard k–ε turbulence model
has been proved to be sufficiently accurate for predict-
ing fluid flow [23]. Second, compared with sophisticated
models, the standard k–ε model can be used to solve the
variational problem more conveniently from the view-
point of available computational resources.

3 Results and discussion

3.1 The influence of the slip length on bubble height

In order to estimate the effect of surface roughness on
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friction drag reduction, we used the air bubble model
to study the effects of different bubble heights on veloc-
ity distribution. We considered simplified local boundary
conditions on the free surface: the micro air bubble was
anchored at the edge of the microstructure, and it was
shaped as a fixed spherical cap independent of stress.
This approximation is valid in the limit of small capil-
lary numbers. Figure 2(a) shows the velocity distribution
of the micro channel flow. The slip length hypothesis was
considered a basis for explaining friction drag reduction
attributed to the slip of the flow over superhydrophobic
surfaces. Many techniques to measure slip length have
been developed to study flows on the surfaces [24, 25].
Navier’s hypothesis states that the velocity on a surface
is proportional to the velocity gradient on the surface
y = y0. This can be expressed as follows:

u(y = 0) = β
du

dy

∣∣∣∣
y=0

. (6)

Here, β is the slip length, and du/dy is the shear rate or
velocity gradient in the direction normal to the surface.
The velocity at the wall, u (y = 0), is called the slip
velocity.

Figure 2(b) shows the velocity distribution along the
direction normal to the surface with 10 µm air bubbles.
It indicates that the velocity distribution near the sliding
surface increased linearly, and hence, we can use Eq. (6)
to calculate the effective slip length β. Figure 2(c) shows
the curve of the slip length at different air bubble heights.
The lower the bubble height, the larger was the slip
length. The numerical results [Fig. 2(c)] clearly showed
that slip length decreased with increase in air bubble
height. Our result is a valid evidence of Steinberger’s re-
sults, according to which a large decrease in the effective
slip length was obtained for protruding menisci [26]. In
other words, if a rough surface is smoothened and a very
thin layer of air is maintained, the effective slip length is
much larger than that under any other conditions. These
numerical results show quantitatively that the boundary
condition of a liquid flowing on a composite surface em-
bedded with microbubbles depends greatly on the shape
of the gas-liquid interfaces.Thus, it can be concluded that
during the preparation of a superhydrophobic surface,
adjusting the surface topography to make the gas-liquid
contact area smooth can induce drag reduction of the
surface.

3.2 Stability of air-water interface

The presence of entrapped gas in surface structuresis a
necessary condition for realizing diverse superhydropho-
bic surfaces. Therefore, the key to superhydrophobic sur-

Fig. 2 (a) Velocity distribution of the micro channel flow. (b)
Velocity distribution along the direction normal to the surface with
10 microns air bubble. (c) Curve of the slip length with different
air bubble height.

face design is to entrap gas in the microstructures of a
surface or to prohibit the transition from the Cassie to
Wenzel state.

In this subsection, we study the condition under which
the air water interface (meniscus) may transition from
the nonwetted state (Cassie state) to the wetted state
(Wenzel state). This is important in practical applica-
tions related to submerged bodies because once the thin
gas layer is replaced by liquid, none of the beneficial ef-
fects remain. Lee and Kim adopted the latter approach

Liang Yin, et al., Front. Phys. 11(3), 114701 (2016) 114701-3
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to develop an equation to determine the maximum al-
lowable hydrostatic pressure in terms of the surface mi-
crostructure [27]:

pmaxφg � −2γ
√

π(1 − φg) cos θ

L
(7)

where Pmax is the maximum allowable pressure without
transition, φg is the gas fraction, γ is the surface ten-
sion of the liquid (72 × 10−3 N·m in the case of water),
θ is the contact angle, and L is the pitch (distance be-
tween two posts). Figure 3(a) schematically shows the
microscopic contact state of the superhydrophobic sur-
face underwater when the hydraulic pressure is less than
the critical value Pc. Water was suspended on the top
of the pillar, and the spaces within the pillar formed an
air layer, indicating an air/water/ pillar (A/W/P) inter-
face underwater. On the other hand, after the hydraulic
pressure exceeded the critical value Pc, the waterpene-
trated into the spaces within the pillar [see Fig. 3(b)],
and the A/W/P interface did not exist under these con-
ditions. Moreover, the existence of a multi-scale pillar
increased the contact area between the water and solid
surface, enhancing the total adhesion between the water
and solid surface according to the smooth solid/liquid in-
terface theory. Further, the pressure provided additional
energy to eliminate the air layer. Therefore, the critical
pressure Pc is a key factor affecting air layers in under-
water superhydrophobic surfaces.

3.3 The influence of the contact angle on slip length

From the viewpoint of thermodynamics, the Cassie equa-
tion reveals the static solid-liquid contact relationship.
It introduces the concept of solid-liquid contact ratio.
In general, the superhydrophobic surface drag reduction
reference model is the Cassie model. Further, the slip
length is included in the Cassie equation and the expres-
sion for solid-liquid contact ratio. According to the equa-
tions of Cassie and Baxter, the roughness of the surface
can change the wettability of the surface.

cos θ = f cos θ0 + f − 1, (8)

Fig. 3 (a, b) Model illustration to explain the states of air layer
on solid surface under water when the hydraulic pressure P is below
and above the critical value of Pc, respectively. A/W/P interface
indicates the air/water/pillar interface.

where f is the ratio of the contact area of a droplet with
micro-bumps to the total contact area, and θ and θ0 are
the contact angles for the real and ideal surfaces, respec-
tively.

Based on Eq. (8), a 2D superhydrophobic surface
model was built with different solid-liquid contact ra-
tios. In a pipeline flow, a flow rate under a constant
shear stress value or identical pressure difference be-
tween different pipelines could be used to evaluate the
effect of drag reduction. In order to investigate the effect
of solid-liquid contact ratio on slip length, equidistant
distributed channels with 25 consecutive bulges each at
their bottoms are established. The length and width of
the microchannel are 1000 µm and 200 µm, respectively.
The model is shown in Fig. 4(a). In order to discuss the
model in the laminar flow states, the Renault coefficient
must be less than 2000. The Renault coefficient is calcu-
lated as follows:

Re =
ρvd

μ
. (9)

Here, d is the characteristic length of the pipes; v is the
average speed of fluid flowing through a pipe; ρ is fluid
density; and μ is the viscosity of the fluid. Under room
temperature, the viscosity of water is 1.001×10−3 Pa·s−1

and the density is 1000 kg·m−3. Thus from the above for-
mula, it can be ensured that the maximum flow velocity
is around 10 m·s−1 in a laminar flow state. In order to
explore the relationship between the ratio of solid-liquid
interface and slip length, water flow velocity is around 2
m·s−1.

The boundary conditions are as follows: The bulges on
the surface are the sliding surfaces. They are used to sim-
ulate liquid-gas interface. The no-sliding surface is used
to simulate the solid-liquid interface. The normal vector
inflow velocity is 2 m·s−1. By changing the length of the
bulge, the solid-liquid contact ratio is changed. A series
of simulation results were obtained. Figure 4(a) shows
the velocity profile of the solid-liquid contact ratio <10%.
The effect of reducing solid-liquid contact ratio from 90%
to 10% on the slip lengthis shown in Fig. 4(b). The re-
lationship between the solid-liquid contact ratio and the
slip length is discussed. Figure 4(b) shows that the lower
the contact ratio, the longer is the slip length. Typically,
Newtonian liquids undergo laminar flow across solid
surfaces, when a surface is hydrophilic, the measured
velocity profile is consistent with thesolution of Stokes’s
equation and well-accepted no-slipboundary condition.
The velocityprofile is a parabola, as shown in Fig. 4(c).
So the maximum flowrate is considered to be at the
mid-point of the channel. The velocity profile on the su-
perhydrophobic surface consisting of nanostructure and
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Fig. 4 (a) Velocity profile of the solid-liquid contact ratio under 10%. (b) Effect of solid-liquid contact ratio on the
slip length. (c) Hydrophobic layer in a microchannel with no-slip boundary condition. (d) Superhydrophobic surface in a
microchannel with a slip boundary condition.

airpockets on which fluid slip and nonzero velocity atthe
surface is shown in Fig. 4(d). The presence of air pock-
etson the surface results in reduction of the solid sur-
face area incontact with water, which in turn leads to
frictional dragreduction.The transition from hydropho-
bic surface to superhydrophobic surface has obvious ef-
fect on the slip length as shown in Fig. 4(b). In addi-
tion, through numerical simulation and calculation, it
was found that when the solid-liquid contact ratio was
reduced from 90% to 10%, the surface drag reduction
rate increased by 40%.

In order to discuss the relationship between the slip
length and the solid-liquid contact ratio, we used lin-
ear fitting to obtain the relation function and the fitting
curve. The curve in Fig. 4(b) can be fit using the follow-
ing polynomial equation:

yslip = 0.0002f4 − 0.0005f3 + 0.0005f2 − 0.0003f

+6 × 10−5. (10)

Here, yslip is the slip length; f represents the solid-liquid
contact ratio; and determination coefficient R2 = 0.9979,
which illustrates that the curve fitting degree is high and

has high credibility.
By combining Eqs. (8) and (10), the following relation

is obtained:

yslip = 0.0002
(

cos θ + 1
1 + cos θ0

)4

− 0.0005
(

cos θ + 1
1 + cos θ0

)3

+0.0005
(

cos θ + 1
1 + cos θ0

)2

− 0.0003
(

cos θ + 1
1 + cos θ0

)

+6 × 10−5. (11)

When cos(θ0) = 0.5, 0.6, 0.7, and 0.8, the above polyno-
mial equation can be represented as shown in Fig. 5.

It can be seen from Fig. 5 that when the contact angle
is smaller than a certain value, the slip length is negative,
which means that the surface undergoes resistance en-
hancement at this time. Hyvaluom also determined that
the slip length on protruded bubbles decreased from a
positive to negative value with decreasing water contact
angle [28]. We showed that gas trapped in a solid sur-
face can also act as an anti-lubricant and promote high
friction. The liquid-gas menisci have a great influence on
the boundary condition, and can transform the surface
from a slippery one to a sticky one. This observation can
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Fig. 5 Relationship between different θ0 (Young’s contact angle
on an ideally flat surface) the slip length.

be explained by means of the theoretical predictions of
Richardson [29, 30]. Our results support these predic-
tions.

In addition, when the contact angle exceeded the crit-
ical value, the slip length increased with the contact an-
gle. When the contact angle became 180◦, indicating that
the solid surface was completely superhydrophobic, the
slip length did not become infinite but was several tens of
micrometers. This suggests that even if the solid surface
is completely superhydrophobic, the viscous resistance
between the gas and liquid cannot be ignored. The crit-
ical value was calculated, and we found that different
intrinsic critical angles of the surface correspond to dif-
ferent contact angles. The critical contact angle is about
100◦–120◦ for roughness surface. It is therefore essential
to integrate the control of the surface structure in fluidic
microsystems designed to reduce wall friction.

3.4 The drag reduction property of the as-prepared
surface

In order to estimate the drag reduction property, an ex-
perimental setup of the liquid/solid friction drag was
reported [31]. Figure 6(a) shows the schematic that we
used for testing the drag reduction efficiency of the as-

prepared surfaces. A force sensor was introduced between
the two sliding pairs to measure the friction drag between
the flat flow and the fixed super hydrophobic surface. The
samples with different contact angles were cut into sam-
ples of size 1.5 × 1.0 cm2 and were fixed at the bottom of
the force sensor. The copper nozzle with a caliber of 1.5 ×
1.0 cm2 was used to release the flat flow, which was pro-
vided by a water pump. The flowmeter was introduced to
adjust the flow rate. The friction drag of the solid-liquid
interface was transformed into an electric signal and col-
lected by an external data acquisition system and then
computed by a computer. The drag reduction properties
of the superhydrophobic surface are measured thrice for
the same flow rate. The average values were ultimately
selected as the friction drag of the corresponding surface.
Moreover, the friction drag was also measured under dif-
ferent flow rates to investigate the influence of the flow
rate on the drag reduction performance. As shown in
Fig. 6(b), the superhydrophobic surface has the lowest
friction drag. The drag reduction ratio of the superhy-
drophobic surface is 30%–35% at low velocity. When the
flow velocity was about 4.5 m·s−1, the drag reduction ra-
tio reduced to 10%–20%. These results suggest that the
flow velocity can affect the effect of the drag reduction.
This is because the entrapped gas in the hydrophobic
microstructures of a surface can also bepartially or com-
pletely removed by the interfacial shear induced by the
flow. The drag reduction ratio results obtained by the
experimental method are almost equal to the simulation
results at low velocities.

4 Conclusions

In this study, an air bubble model was applied to sim-
ulate channel flow. The mechanism of drag reduction
by using superhydrophobic surfaces was studied, and
the effects of surface wettability and roughness on flow
performance were analyzed. The superhydrophobic sur-
face could trap bubbles, reducing the resistance of the

Fig. 6 (a) Schematic of the friction measurement. (b) Friction drag versus the velocity of the water flowing over surfaces.
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surface. The conclusion is that the smaller the bubbles
or the smoother the surface, the longer the slip length
and the better the drag reduction effect. The numerical
relationship between the surface contact angle and slip
length was obtained according to the solid-liquid contact
ratio as per the Cassie equation. When thesolid-liquid
contact ratiodecreased from 90% to 10%, the surface
friction is increased by 40% at low velocities.
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