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The electrostatic potential caused by a test-charge particle in a positive dust-electron plasma is
studied, accounting for the dust-charge fluctuations associated with ultraviolet photoelectron and
thermionic emissions. For this purpose, the set of Vlasov–Poisson equations coupled with the dust
charging equation is solved by using the space–time Fourier transform technique. As a consequence,
a modified dielectric response function is obtained for dust-acoustic waves in a positive dust-electron
plasma. By imposing certain conditions on the velocity of the test charge, the electrostatic potential
is decomposed into the Debye–Hückel (DH), wake-field (WF), and far-field (FF) potentials that
are significantly modified in the limit of a large dust-charge relaxation rate both analytically and
numerically. The results can be helpful for understanding dust crystallization/coagulation in two-
component plasmas, where positively charged dust grains are present.
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1 Introduction

For several decades, the topics of energy loss and the po-
tential distributions around a test charge have remained
the focus of researchers owing to the potential implica-
tions in both electron-ion plasmas [1–5] and multicom-
ponent dusty plasmas [6–11]. A static or slowly moving
test charge polarizes the plasma medium, and as a re-
sult, a cloud of charges with opposite signs shields the
test-charge particle, giving rise to a short-range Debye–
Hückel (DH) potential or long-range far-field (FF) po-
tential. However, a test charge that resonantly interacts
with a plasma wave forms an oscillatory wake field (WF)
behind it. This WF consists of a negative (positive) po-
tential region, which may lead to the creation of regular
crystalline structures [6, 7] by trapping positive (neg-
ative) ions. As a consequence, attractive forces appear
among the negatively (positively) charged dust grains
with the same polarity in dusty plasmas. Hence, the WF
potential can play a significant role in the formation of
organized (ordered) structures of dust grains known as
dusty crystals [12]. The crystallization of dust grains has
been confirmed in many laboratory experiments in the
past [13–17]. First, Nambu and Akama [18] introduced

the concept of an attractive WF potential due to the col-
lective interaction of a test charge with an ion-acoustic
wave in an electron-ion plasma.

However, the inclusion of a dust component makes the
conventional electron-ion plasma more complex, and one
of the reasons for this complexity is the dust-charge fluc-
tuations on the dust-grain surface. Dust grains can be ei-
ther positively or negatively charged, mainly depending
upon the ambient plasma and dust-grain surface poten-
tial. The charge on the dust particulates (grains) does
not always remain constant, but it fluctuates about the
equilibrium charge state owing to the fluctuating elec-
tric field. Numerous investigations [19–23] have been car-
ried out to investigate the effects of dust-charge fluctu-
ations on the spectrum of dust-acoustic (DA) and dust-
ion-acoustic (DIA) waves by simply considering the dust
grains as negatively charged particles. Nasim and his
coauthors [24, 25] employed the theory of dust-charge
perturbation caused by the collection of electron and ion
currents onto the dust-grain surface and presented ana-
lytical and numerical calculations for a test-charge po-
tential and the energy loss in a negatively charged dusty
plasma. Later on, Ali et al. [26] decomposed the shielded
potential into the DH and WF potentials, accounting
for the small and large dust-charge relaxation rates of
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negatively charged dust grains. Noticeable modifications
in the shapes of the DH and WF potentials appeared
in the case of single and multiple test charges owing to
the variation in different plasma parameters such as the
speed of the test charge, the dust-neutral collision, and
dust-charging and/or relaxation rates.

There are many space [27, 28] and laboratory [29, 30]
environments in which positively charged dust grains
are present. The generation of positive charge on the
dust grains could be caused by other charging mecha-
nisms, namely, ultraviolet photoelectron emission [31],
thermionic emission [29], secondary electron emission
[32], etc. In this context, Shukla [33] employed the fluid
equations to re-examine the dispersive properties of DA
waves in an unmagnetized thermal dusty (dust-electron)
plasma [34]. It was shown that the electron collection,
thermionic, and photoelectron emission currents signif-
icantly modify the frequency of the DA wave and the
damping rate. Later, the work was extended [32] to in-
corporate the dust-charge perturbations by the orbital
motion limited (OML) and secondary electron currents
in an unmagnetized dusty plasma containing both posi-
tively and negatively charged dust grains [28, 35, 36]. In
particular, Delzanno et al. [37] presented simulation work
involving the thermionic electron emission current to
study the attractive dynamical potential and highlighted
the possibility of ordered structures of positively charged
dust particles [30]. Recently, Paul [38] investigated the
linear properties of DA waves in a dusty plasma to ac-
count for the charge-fluctuating inertial positive dust and
charge-fluctuating static negative dust both analytically
and numerically.

In this paper, we calculate the potential distribution
around a test charge moving with a constant speed along
the z axis in a positive dust-electron plasma, whose
constituents are the inertialess electrons and positively
charged mobile dust grains. The set of Vlasov–Poisson
equations coupled with the dust charging equation is
solved to derive expressions for the DH, WF, and FF
potentials in the limit of a large dust-charge relaxation
rate. One of the main objectives is to examine the impact
of dust-charge fluctuations caused by thermionic and ul-
traviolet photoelectron emission on the profiles of the
shielded potential in a positive dust-electron plasma.

This manuscript is organized as follows. In Section 2,
linearized kinetic theory is employed for the derivation
of the modified dielectric function involving DA waves
and the test-charge potential caused by dust-charge vari-
ations in a positive dust-electron plasma. In Section 3,
the electrostatic potential is decomposed into the DH
and WF potentials, and the large dust-charge relaxation
rate is taken into account. Section 4 presents the shielded

potential in terms of the FF potential, exhibiting a de-
cay that depends on the inverse cube of both the axial
and radial distances from the test charge in a positive
dust-electron plasma. Numerical results are discussed
and summarized in Section 5.

2 Test-charge potential in a positive
dust-electron plasma

An unmagnetized collisionless dusty plasma is con-
sidered, which consists of electrons and positively
charged massive dust particulates (grains). For low-
phase-velocity DA perturbations, the inertia mainly
comes from the positively charged dust particulates hav-
ing a constant mass md and radius R, whereas the elec-
trons play their role through the Boltzmann distribu-
tion, i.e., ne1 ≈ ne0eφ1/Te, where ne1 (ne0) is the per-
turbed (equilibrium) electron number density, Te is the
electron temperature in energy units, and e is the magni-
tude of the electronic charge. At equilibrium, the charge-
neutrality condition ne0 = Zd0nd0 holds. The equilib-
rium dust-charge state and equilibrium number density
for positively charged dust grains are denoted by Zd0

and nd0, respectively. The dynamics of the DA waves
in a positively charged (viz., Zd0e > 0) unmagnetized
dusty plasma can be governed by the following linearized
Vlasov–Poisson set of equations:

(
∂

∂t
+ V · ∇

)
fd1 +

Zd0e

md
E1 · ∇v fd0 = 0, (1)

and

∇2φ1 = −4πe

(
− ne1 + Zd1nd0 + Zd0

∫
fd1dV

)

−4πQtδ (r − Vtt) , (2)

where fd1(� fd0) represents the perturbed (equilibrium)
dust particle distribution function, and E1(= −∇φ1)
is the induced electric field involving φ1 as an induced
electrostatic potential. The last term on the R.H.S of
Eq. (2) is the test-charge density of a test charge Qt,
which propagates in a positive dust-electron plasma with
a constant velocity Vt along the z axis. The symbol
δ (r − Vtt) stands for a three dimensional Dirac delta
function, where the position vector r represents an ob-
servation point. The effect of the dust-charge variation
enters through the perturbed charging state Zd1, indicat-
ing that the charge on the dust is not fixed but fluctuates
in space and time owing to the fluctuating electric field
and significantly depends on the ambient plasma and
dust-grain surface potential. The dust may be negatively
charged owing to the fluctuating currents of electrons and
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ions on the dust-grain surface, which strongly affects the
collective modes and instabilities in dusty plasmas [39].
In particular, charging mechanisms such as thermionic
and ultraviolet photoelectron emissions lead to a posi-
tive charge (eZd > 0) on the dust particulates. Thus,
the dust charging equation for positively charged partic-
ulates can be defined as

∂tZde = Ie + Ith + Iph, (3)

where Ie is the electron collection current on the dust-
grain surface, and Ith and Iph are the thermionic and
photoelectron emission currents, respectively. These cur-
rents [40–42] can be written in the following form under
the assumption Td = Te:

Ie = −4πR2

√
2π

eneVte (1 + χe) ,

Ith = 4πR2e

(
meTe

2π�2

)3/2
√

2
π

Vte (1 + χe)

× exp
(−We

Te
− χe

)
,

and

Iph = πeR2JY exp(−σχe),

where Vte[= (Te/me)
1/2] is the thermal speed of an

electron, σ (= Te/Tph) is the ratio of the electron-
to-photoelectron thermal energies, χe (= eϕ/Te) corre-
sponds to the potential energy-to-thermal-energy ratio,
and ϕ(= eZd/R) represents the dust-grain surface po-
tential. The ultraviolet photon flux and the yield of the
photons are denoted by J and Y , respectively. Fur-
ther, We stands for the electron work function, ωpe =(
4πne0e

2/me

)1/2 is the electron plasma frequency, me is
the electron mass, and � is the Planck constant divided
by 2π.

By expressing Eq. (3) in terms of equilibrium and per-
turbed quantities, i.e., χe = χe0 + χe1, ne = ne0 + ne1,
and Zd = Zd0 + Zd1, a linearized dust-charging equation
is obtained as

∂tZd1e = Ie1 + Ith1 + Iph1 (4)

with the perturbed currents

Ie1 = −4πR2

√
2π

ene0Vte

[
e2Zd1

RTe
+ (1 + χe0)

eφ1

Te

]
,

Ith1 = −eZd1
Rωpe

λDe

√
2
π

χe0

ne0

(
meTe

2π�2

)3/2

× exp
(
−We

Te
− χe0

)
,

and

Iph1 = −eZd1Rωpe

4λDe

σJY

ne0Vte
exp (−σχe0) ,

where λDe [= (Te/4πe2ne0)1/2] represents the electron
Debye length. Equation (4) can be expressed in a more
simplified form as

(∂t + νr) eZd1 = −Rνaφ1. (5)

The dust-charge relaxation and electron absorption rates
can be respectively defined as

νr =
R√
2π

ω2
pe

Vte

[
1 + 2

(
meTe

2π�2

)3/2
χe0

ne0

× exp
(−We

Te
−χe0

)
+
√

2πσJY

4ne0Vte
exp (−σχe0)

]
(6)

and

νa =
R√
2π

ω2
pe

Vte
(1 + χe0) . (7)

Note that the dust-relaxation rate involves the contribu-
tion of both the thermionic and photoelectron emission
currents in addition to the electron collection current.
Moreover, the absorption rate only includes the electron
collection current. By applying of the space–time Fourier
transform technique to Eqs. (1), (2), and (5), we obtain
the following expressions:

f̃d1(k, ω) = −eZd0

md

k · ∇v fd0φ̃1 (k, ω)
(ω − k · V )

, (8)

k2φ̃1 (k, ω) = 4πe

[
−ñe1 (k, ω) + Zd0

∫
f̃d1 (k, ω) dV

+nd0Z̃d1 (k, ω)
]

+4πQt

∫
exp (−i (k · Vt − ω) t) dt, (9)

and

4πeZ̃d1 (k, ω)nd0 = − βφ̃1 (k, ω)
λ2

De (iω + νr)
, (10)

where ω (k) is the wave frequency (wave number),
ñe1 (k, ω) (≈ ne0eφ̃1/Te) is the Fourier-transformed per-
turbed electron number density, Z̃d1 is the Fourier-
transformed perturbed dust charging state, and β =
4πnd0νaRλ2

De. By simplifying Eqs. (8)–(10) together, the
electrostatic potential in ω–k space becomes

φ̃1 (k, ω) =
8π2Qtδ (ω − k · Vt)

k2D (k, ω)
. (11)

The important point is to note that the dust charge
fluctuation significantly modifies the dielectric constant
D (k, ω) of the DA waves, which can be written as
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D(k, ω) = 1+
1

k2λ2
De

+
W (Cd)
k2λ2

Dd

+
1

k2λ2
De

β

νr + iω
, (12)

where W (Cd)
[
= (π)−1/2 ∫ ∞

−∞ q exp
(−q2

)
/ (q − Cd) dq

]
represents the well-known plasma dispersion function
[43] for dust species with a dust thermal speed
Vtd[= (Td/md)

1/2] and a dust Debye length λDd =(
Td/4πe2Z2

d0nd0

)1/2
. By assuming Cd (= ω/kVtd) > 1

and ω < νr, Eq. (12) can be simplified to the following
form:

D(k, ω) = 1 +
1

k2λ2
De

− ω2
pd

ω2
+

1
k2λ2

De

β

νr
. (13)

For D(k, ω) = 0, a dispersion relation for DA waves is
obtained, accounting for the large dust-charge relaxation
rate in a positively charged dusty plasma. Equation (13)
exactly coincides with the previous result [33] under the
assumptions kVtd � ω and ω � νd, where νd is the
dust-neutral collision frequency. After taking the inverse
Fourier transformation of Eq. (11) and integrating with
respect to ω, we obtain [44]

φ1 (r, t) =
Qt

2π2

∫
exp [ik · (r − Vtt)]

k2D (k, k · Vt)
dk. (14)

This is the electrostatic potential caused by a test charge
moving at a constant velocity Vt along the z axis in a
positively charged fluctuating dusty plasma. It is impor-
tant to mention here that DA waves in a thermal dusty
plasma have already been studied [33] by incorporating
the dust-charge fluctuations due to thermionic emission
and ultraviolet photoemission. In the framework of fluid
theory [45, 46], it was analytically shown that dust charg-
ing effects modify not only the spectrum of the DA waves
but also the spatiotemporal damping rates. Conversely,
we utilize the Vlasov–Poisson model to calculate the po-
tential distributions around a test charge by using the
dielectric constant of the DA waves in an electron-dust
thermal plasma. Different conditions are imposed on the
speed of the test charge in comparison with the thermal
speeds of the plasma species to derive the expressions for
the Debye, WF, and FF potentials in the limit of a large
dust-charge relaxation rate. Numerically, the results are
analyzed for typical laboratory parameters to reveal the
new impacts of dust-charge fluctuations on the profiles
of the potentials.

Thus, the electrostatic potential in Eq. (14) is solved
in either spherical polar or cylindrical coordinates for two
specific cases: (i) Vt � ω/k and (ii) Vt � Vtd. In fact,
the choice of a coordinate system depends upon the mo-
tion and speed of the test charge; a test charge at rest or
slowly moving leads to a spherically symmetric potential

distribution around it. However, as the test charge moves
at a finite speed in a specific direction, the potential dis-
tribution (WF) appears behind the test charge and can
be appropriately solved in the cylindrical coordinate sys-
tem.

3 DH and WF potentials with a large
dust-charge relaxation rate

In the limit of a large relaxation rate, i.e., νr > k · Vt,

the inverse of the dielectric constant in Eq. (13) can be
written as

D−1 =
k2λ2

De/
(
1 + β

νr

)

k2λ2
De/

(
1 + β

νr

)
+ 1

[1 + G(k · Vt)] , (15)

where the dynamical function is given by

G(k · Vt) =
ω2

k

(k · Vt)
2 − ω2

k

. (16)

The square of the DA wave frequency is given by

ω2
k =

ω2
pdk

2λ2
De/

(
1 + β

νr

)

k2λ2
De/

(
1 + β

νr

)
+ 1

. (17)

By substituting Eq. (15) into Eq. (14), we can respec-
tively decompose the electrostatic potential into the DH
and WF potentials as

φDH =
Qt

2π2

∫
dk

λ2
De/

(
1 + β

νr

)

k2λ2
De/

(
1 + β

νr

)
+ 1

× exp [ik · (r − Vtt)] (18)

and

φWF =
Qt

2π2

∫
dk

G(k · Vt)λ2
De/

(
1 + β

νr

)

k2λ2
De/

(
1 + β

νr

)
+ 1

× exp [ik · (r − Vtt)] . (19)

Equation (18) can be solved by using spherical polar co-
ordinates to obtain the DH potential as

φDH (r, t) =
Qt

r
exp

⎛
⎜⎝ −r

λDe/
(
1 + β

νr

)1/2

⎞
⎟⎠ , (20)

where r =
(
ρ2 + ξ2

)1/2 is the distance of the test charge
from an observation point r with its radial and axial dis-
tances ρ (= r sin θr) and ξ (= z − Vtt) . It may be noted
that the DH potential in Eq. (20) is significantly modi-
fied owing to the large dust-charge relaxation rate (viz.,
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k · Vt < νr) due to the effects of the ultraviolet pho-
toelectron and thermionic emission current. To proceed
further, we simplify the WF potential in Eq. (19) in cylin-
drical coordinates by using standard techniques [6–10] as

φWF (ρ = 0, ξ) ≈ 2Qt

ξ

⎡
⎣1 +

C2
da

V 2
t

(
1 + β

νr

)
⎤
⎦

×
⎡
⎣1 − C2

da

V 2
t

(
1 + β

νr

)
⎤
⎦
−1

cos
(

ωpdξ

Vt

)
. (21)

This is the WF potential of a test charge moving
with a constant velocity Vt along the z axis in a posi-
tive dust-electron plasma, accounting for a large dust-
charge relaxation rate. Note that the WF potential be-
comes an attractive potential [6-10] under the conditions
Vt (1 + β/νr) > Cda(≡ ωpdλDe) and cos (ωpdξ/Vt) < 0.

Hence, the attractive WF potential could be responsible
for attracting the positive dust grains of the same po-
larity so that crystalline structures can be formed in a
positively charged dusty plasma [30].

4 DH and FF potentials with a large
dust-charge relaxation rate

In this case, we consider a test charge Qt moving at a
constant speed Vt along the z axis in a positively charged
fluctuating dusty plasma and calculate the potential dis-
tribution around it. For this, the condition Vt � Vtd

is imposed on the speed of the test charge, which indi-
cates that the test charge is moving much slower than the
massive dust species, and consequently, the test charge
does not resonate with the phase speed of the DA waves.
Therefore, no WF appears behind the test charge. In the
limit of a large dust-charge relaxation rate (k ·Vt < νr),
Eq. (12) can be expressed for a slow test-charge response
as

D(k, k · Vt) = 1 +
1

k2λ2
De

+
1

k2λ2
Dd

×
[
1 + i

√
π

2
Cd exp

(
C2

d

2

)]
+

β

k2λ2
Deνr

. (22)

For a static test charge (viz., Vt = 0), the Landau damp-
ing term vanishes, and as a result, the DH potential is
obtained in a similar form as that in Eq. (20) but with a
new effective Debye length [48] λDef = λDd[1 + λ2

Dd(1 +
β
νr

)/λ2
De]

−1/2 for an electron-dust plasma. Montgomery
et al. [47] pointed out that one cannot rigorously neglect
the Landau damping term when the speed of the test
charge is much smaller than the thermal speed of the

slower species in a dusty plasma. Thus, by writing Eq.
(22) in a reciprocal form, we obtain

D−1 =
k2λ2

Def

k2λ2
Def + 1

−i
√

π

2
μVt

Vtd

k2λ4
Def

λ2
Dd

(
k2λ2

Def + 1
)−2

.

(23)

The effective shielding length can be expressed as

λDef = λDd

[
1 +

(
1 + β

νr

)
/Zd0

]−1/2

in the limits Te =
Td and ne0 ≈ Zd0nd0. Here, μ represents the an-
gle between the wave vector k and the velocity Vt.

By combining Eqs. (23) and (14), we can solve for
the shielded potential in spherical polar coordinates
to obtain φ1 (r, t) = φDH (r, t) + φFF (r, t) . Here,
φDH [= (Qt/r) exp (−r/λDef )] corresponds to the short-
range DH potential [49] with an effective Debye length
λDef . On the other hand, the FF potential can be sim-
plified by integrating over φk and μ as

φFF = − 2Qt√
2π

ξ

r

Vt

Vtd

λ4
Def

λ2
Dd

∂

∂r

∫ ∞

0

1
r

sin(kr)
(k2λ2

Def + 1)2
dk.

(24)

Now, by integrating Eq. (24) with respect to k, we finally
arrive at the result

φFF =
4Qt√
2πr

ξ

λDd

VtλDef

VtdλDd

λ3
Def

r3
. (25)

The expression in Eq. (25) represents the long-range FF
potential of a slowly moving test charge and is only valid
in the long-range limit, i.e., r � λDef . It is also impor-
tant to note that this shielded potential decreases with
the inverse cube of both the axial and radial distances
from the test charge in a positive dust-electron plasma.

5 Results and discussion

As a first step, we normalize the expressions in Eqs.
(17), (20), (21), and (25) for computational purposes
by using the normalized variables ω̄ = ω/ωpd, k̄ =
kλDe, φ̄DH = φDH/(Qt/λDe), φ̄WF = φWF /(Qt/λDe),
φ̄FF = φFF /(Qt/λDe), ρ̄ = ρ/λDe, ξ̄ = ξ/λDe, and
V̄t = Vt/Cda. We also consider some numerical values
that correspond to a laboratory plasma [49], for exam-
ple, ne0 ∼ 109 cm−3, nd0 ∼ 107 cm−3, Zd0 = 100,

R = (0.1 − 0.05) µm, J = 2 × 1018 photons cm−2·s−1,

Y = 0.1, and We = 2.5 eV. Furthermore, the values
for the average thermal energies, Te = Tph ∼ 1 eV
and Te = Td ∼ 0.15 eV, are respectively used to in-
vestigate the effects of the photoelectron and thermionic
emission currents on the shielded potential. Relying on
the above numerical values, other physical quantities,
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namely, the electron plasma frequency ωpe ∼ 1.78 × 109

s−1, the dust plasma frequency ωpd ∼ 9.3 × 103 s−1,
the electron and dust thermal speeds Vte ∼ 4.1 × 107

cm/s and Vtd ∼ 21.88 cm/s, the DA speed and elec-
tron Debye length Cda = ωpdλDe ≡ 218.85 cm/s and
λDe ∼ 0.023 cm, are computed. In addition, the electron
absorption and dust-charge relaxation rates lead to the
values νa ∼ 7.3 × 105 s−1 and νr ∼ 5.1 × 105 s−1 for
the nonzero photoelectron emission and electron collec-
tion currents with Ith1 = 0 for simplicity. However, even
for a vanishing photoelectron emission current, the mag-
nitude of νr (νa) is reduced to the value νr ∼ 3 × 105

s−1(remains constant). Similarly, we have also imposed
the condition νr > ω in this model to obtain the dielec-
tric constant in Eq. (13) involving the DA waves.

Figure 1(a) shows the effects of a fluctuating dust-
charge state (Zd1) as well as the constant dust-charge
state (Zd0) on the normalized dispersion relation of the
DA waves. The latter is significantly modified by the elec-
tron collection and photoemission currents through the
charging equation ∂tZd1e = Ie1 + Iph1. Here, the solid
black curve highlights the impact of the nonzero dust-
charge state Zd1 
= 0, whereas the dashed blue curve cor-
responds to Zd1 = 0, which means that the dust grains
are assumed to have a constant charge. The frequency
of the DA wave varies in magnitude as a function of the
wave number, and the modifications are found to be more
prominent owing to the photoemission process rather
than the contribution caused by the thermionic emission
process through the equation ∂tZd1e = Ie1 + Ith1, as dis-
played in Fig. 1(b). Physically, the emission of electrons
from the dust grains may be carried out by either pho-
toelectron emission or thermionic emission, which could
lead to an enhancement in the electron number density
(in contrast to a negatively charged dusty plasma, which
is not our focus in the present model) in the plasma sys-
tem. Thus, the large electron concentration decreases the
electron Debye length and results in an increase in the
phase speed of the DA waves. However, the dust-charge
perturbation effects through the factor (1 + β/νr) fur-

ther decrease the electron Debye length as well as the
phase speed (see the solid black curve in Fig. 1).

In the photoemission process, electrons are emitted by
ultraviolet radiation and depend upon the dust mate-
rial, dust polarity (the sign of the dust charge), and the
source of irradiation; however, thermally emitted elec-
trons exhibit a strong dependence on the dust surface
temperature and its polarity. In fact, these electrons are
sufficiently energetic that they can escape from the dust
surface while overcoming the potential barrier between
the dust surface and the ambient plasma. Hence, the
average thermal energy associated with ultraviolet pho-
toelectron and thermionic emission not only affects the
spectrum of the DA waves but also modifies the test-
charge DH and WF potentials

(
φ̄DH , φ̄W

)
as a function

of the axial distance
(
ξ̄
)
. The variations in the aver-

age thermal energy for Te = Tph(∼ 1, 1.5, 2) eV and
Te = Td(∼ 0.13, 0.14, 0.145) eV are shown in Figs. 2 and
3, respectively, for fixed normalized test-charge speeds
Vt (= 0.9, 1)Cda with a grain radius R = 0.1 µm and a
radial distance ρ = 0.2λDe. The numerical values, e.g.,
Te = Tph ∼ 1 eV [(∼ 1, 1.5, 2) eV] and Te = Td ∼ 0.13 eV
[(∼ 0.14, 0.145) eV] are typically found in the literature
[50] for studying positive dust-electron plasmas [taken
as nominal]. In both cases, the behavior of the DH po-
tential [see Fig. 2(a) and Fig. 3(a)] exponentially decays
as the thermal energy increases. However, the impact of
the thermal energy is more obvious in case of photoelec-
tron emission rather than thermionic emission. Figures
2(b) and 3(b) show the formation of an oscillatory WF
behind the test charge when the DA speed approaches
the test-charge speed (viz., Vt ∼ Cda). Consequently,
the amplitudes of the positive and negative potential
regions decrease (increase) as the dust-charge relax-
ation rate decreases owing to the photoelectron emission
current (thermionic emission current). The damping of
oscillatory WF potential behind the test charge occurs
for several Debye lengths in a positively charged dusty
plasma. It is well-known [51] that the WF potential can
be attractive for the positive-sign charges with the same

Fig. 1 The normalized wave frequency (ω/ωpd) is plotted against the normalized wave number (kλDe) for showing the
effects of (a) photoelectron emission current and (b) thermionic emission current. The solid black curves represent the
dust charging effects (Zd1 �= 0), while the dashed blue curves show the absence of dust charging effects (Zd1 = 0). Other
parameters are the same as given in Section 5.
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Fig. 2 The normalized DH potential [φDH/(Qt/λDe)] and WF potential [φWF /(Qt/λDe)] are plotted against the nor-
malized axial distance (ξ/λDe) in (a) and (b), respectively, for varying the average thermal energy Te = Tph = 1 eV (solid
black curve), 1.5 eV (dashed blue curve) and 2 eV (red dotted curve) with constant values of Vt = 0.9Cda and ρ = 0.2λDe.
Other parameters are the same as given in Section 5.

Fig. 3 The normalized DH potential [φDH/(Qt/λDe)] and WF potential [φWF /(Qt/λDe)] are plotted against the nor-
malized axial distance (ξ/λDe) in (a) and (b), respectively, for taking Te = Td = 0.13 eV (solid black curve), 0.13 eV
(dashed blue curve) and 0.145 eV (red dotted curve) with Vt ∼ Cda and ρ = 0.2λDe. Other parameters are the same as
given in Section 5.

Table 1 Typical parameters used in electron-dust laboratory plasmas.

(i) Normalized FF potential (φF F ) caused by electron collection and photoemission currents with

fixed ρ = 0.02λDe and ξ = 0.8λDe.

Zd0 Te = Tph νa/νr (λDd/λDe)2 Λ g ≈ [1 + Λνa(λDd/λDe)
2/νr ]2 φF F

100 1 eV 1.42846 0.01 0.694473 1.01994 0.000152638

(ii) Normalized FF potential (φF F ) caused by electron collection and thermionic emission currents with

fixed ρ = 0.02λDe and ξ = 0.8λDe.

Zd0 Te = Td νa/νr (λDd/λDe)2 Λ g ≈ [1 + Λνa(λDd/λDe)
2/νr ]2 φF F

100 0.15 eV 0.747528 0.01 0.104171 1.00156 0.00015544

Fig. 4 The normalized FF potential φ̄F F [given by Eq. (25)] is
plotted as a function of normalized axial distance ξ̄ for photoelec-
tron emission (solid black curve) and thermionic emission (dashed
blue curve). Other parameters are the same as given in Section 5.

polarity under the conditions V̄t (1 + β/νr) > 1 and
cos

(
ξ̄/V̄t

)
< 0.

On the other hand, the normalized FF potential
(
φ̄FF

)
distribution [given by Eq. (25)] around a slow test charge
is plotted as a function of the normalized axial dis-
tance ξ̄ (see Fig. 4) for photoelectron and thermionic
emission with a fixed dust-charge state Zd0 (= 100) and
test-charge speed Vt (= 0.005Cda) . The solid black and
dashed blue curves correspond to ultraviolet photoelec-
tron and thermionic emission, respectively. It may be
noted that the potential profiles overlap and exhibit simi-
lar behavior for different charging mechanisms. Since the
normalized FF potential is inversely proportional to the
parameters 1

Zd0
, 1

(ξ̄2+ρ̄2)2 , and 1
(1+β/νrZd0)

2 , any domi-
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nant influence of dust-charge fluctuations does not ap-
pear in the profiles of the FF potential. This can also be
confirmed from the table by comparing the normalized
values of the FF potential caused by the ultraviolet pho-
toelectron and thermionic emission currents. Note that
the variation in the potential appears five digits beyond
the decimal point; thus, it apparently does not mod-
ify the potential profiles. Hence, the dust-charge fluctua-
tions have a negligibly small impact on the FF potential
in an electron-dust plasma for specific laboratory param-
eters.

To summarize, we have considered a two-component
dusty plasma containing electrons and positively charged
fluctuating dust particulates. The inertialess electrons
are assumed to follow the Boltzmann distribution,
whereas the dust grains are taken as inertial and pos-
itively charged particles described by the Vlasov equa-
tion. In this model, the dust charging equation is em-
ployed to incorporate the effects of the electron collec-
tion, ultraviolet photoelectron emission, and thermionic
emission currents. The dust-charge dynamics and the
application of the space–time Fourier transform tech-
nique to the Vlasov–Poisson equations lead to a mod-
ified dielectric response function for DA waves and an
expression for the test-charge potential in the limit of
a large dust-charge relaxation rate. Numerical analy-
ses are performed for DH, WF, and FF potentials to
show the significant modifications due to the variation
in the plasma parameters. Thus, the present results
could be important in the context of dust crystalliza-
tion/coagulation in positive dust-electron plasmas.
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