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The two-orbital Hubbard model is studied numerically by using the Hartree-Fock approximation
in both real space and momentum space, and the ground-state properties of the alkali metal iron
selenide semiconducting KFe1.5Se2 are investigated. A rhombus-type Fe vacancy order with stripe-
type antiferromagnetic (AFM) order is found, as was observed in neutron scattering experiments
[J. Zhao, et al., Phys. Rev. Lett. 109, 267003 (2012)]. Hopping parameters are obtained by fitting
the experimentally observed stripe AFM phase in real space. These hopping parameters are then
used to study the ground-state properties of the semiconductor in momentum space. It is found
to be a strongly correlated system with a large on-site Coulomb repulsion U , similar to the AFM
Mott insulator — the parent compound of copper oxide superconductors. We also find that the
electronic occupation numbers and magnetizations in the dxz and dyz orbitals become different
simultaneously when U > Uc (∼3.4 eV), indicating orbital ordering. These results imply that the
rotational symmetry between the two orbitals is broken by orbital ordering and thus drives the strong
anisotropy of the magnetic coupling that has been observed by experiments and that the stripe-type
AFM order in this compound may be caused by orbital ordering together with the observed large
anisotropy.
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1 Introduction

Recently, the discovery of superconductivity in the al-
kali metal iron selenides AxFe2−ySe2 (where A = K, Cs,
Tl/K, or Rb) [1–4], which have the same structure as
the 122-type iron pnictides BaFe2As2, has stimulated
great interest in the study of iron-based superconductors.
Because the critical temperature Tc of these materials is
above 30 K, comparable to that of the iron pnictides,
plus the fact that some of them are magnetic insulators,
their study may serve as a connection between the iron
and copper superconductors [5].

In addition, they exhibit many novel properties
that the cuprates and iron pnictides do not have [6].
For example, angle-resolved photoemission spectroscopy
(ARPES) experiments display only electron-like pockets
at (π, 0) and (0, π) points on the Fermi surface [7–9].
The absence of hole pockets seems to contradict the be-

lief that Fermi surface nesting between electron and hole
pockets is crucial for antiferromagnetic (AFM) order and
superconducting pairing [10, 11], which is a widely held
view for iron pnictides. Phase separation is also observed
in many measurements, for example, from scanning tun-
neling microscopy and ARPES [12–14].

Another exotic phenomenon of the compounds
AxFe2−ySe2 is that there are different types of Fe
vacancy orders, depending on the degree of doping.
Since the report of a

√
5 × √

5 Fe vacancy order with
an exotic block AFM order, a novel large magnetic
moment (3.31μB/Fe), and a unique high Néel transi-
tion temperature (559 K) [15], and the subsequent find-
ing that superconductivity occurs with a highly ordered√

5×√
5 block AFM order [16], various compounds with

iron vacancy orders as well as magnetic orders have been
widely studied both experimentally and theoretically.
For example, neutron diffraction studies on semiconduct-
ing K0.85Fe1.54Se2 reveal a rhombus Fe vacancy order
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and stripe-type AFM order [17]. The observed magnetic
order is the same as that of the iron pnictide parent
compounds, but the magnetic moment (≈2.8μB) and
Néel temperature (280 K) are much higher. Because the
superconductivity emerges when the stripe AFM order
is suppressed, it is conjectured that the new semicon-
ducting stripe AFM phase is the true parent phase of
the alkali metal iron selenide superconductors. More-
over, a recent neutron scattering study on the isomor-
phous Se compound Rb0.8Fe1.5S2 also revealed a semi-
conducting phase with stripe-type AFM order and rhom-
bus vacancy order [18]. In addition, the values of the
magnetic moment and Néel temperature are nearly the
same as previously observed in K0.85Fe1.54Se2. These
findings have prompted the belief that the stripe AFM
order originates from local strong electron correlations
rather than from the weak coupling of Fermi surface nest-
ing. Furthermore, strong anisotropic magnetic couplings
are also observed in both of these compounds, because
the spin waves observed experimentally can be described
accurately by an effective Heisenberg model with sign-
changing anisotropic electron interactions in the ab plane
[19, 20]. It has therefore been concluded that such strong
anisotropy of the magnetic coupling may arise from or-
bital ordering.

Because the AFM spin fluctuations are strongly re-
lated to electron pairing and superconductivity, the de-
termination of the origin of the magnetism and magnetic
interactions is the key to understanding the superconduc-
tivity. In this paper, we will use the minimal two-orbital
Hubbard model to investigate the rhombus Fe vacancy
order with stripe AFM order both in real space and mo-
mentum space. The magnetic order and the Fe vacancy
order from the two-orbital Hubbard model in real space
are in good agreement with those observed by neutron
scattering. We find that, although the next-next-nearest-
neighbor (NNNN) hopping parameters are very small,
they are, nonetheless, very important for the presence of
the stripe AFM order. We then use the parameters ob-
tained in real space to study the ground state properties
of the semiconducting KFe1.5Se2 in momentum space.
Based on our results, we discuss briefly the microscopic
origin of the stripe-type AFM order and the physical pic-
ture that properly describes the alkali metal iron selenide
AxFe2−ySe2 superconductors.

2 Model and techniques

2.1 Model Hamiltonian

In this paper, we will use the two-orbital Hubbard model

based on dxz and dyz orbitals, which have been shown to
give the dominant contribution to the Fermi surface [21].
This is the simplest multiorbital model for the iron-based
superconductors but can reveal the essential low-energy
physics behavior. The two-orbital model can also be used
to study other superconductors, such as the BiS2 layered
superconductor [22].

The Hamiltonian for a two-orbital Hubbard model
generally contains two parts, namely, the tight-binding
term and the on-site Coulombic interaction term, and is
given by

H = HTB + Hint. (1)

The rhombus iron vacancies lead to a supercell as shown
in Fig. 1(a). The tight-binding term in momentum space
is defined as

HTB =
∑

k,i,j,α,β,σ

ξα,β
i,j (k)c†i,α,σ(k)cj,β,σ(k), (2)

where c†i,α,σ creates an electron at site i [as labeled in
Fig. 1(a)] with spin σ on an α orbital (and α = xz

and yz stand for the dxz and dyz orbitals, respectively),
ξα,β
i,j (k) =

∑
tα,β
i,j exp[ik · (rj − ri)], with tα,β

i,j being the
hopping amplitudes, and k is defined within the Bril-
louin zone of the supercell. For simplicity, we use t1 to
t6 to represent tα,β

i,j , as illustrated in Fig. 1(b).
The Coulombic interaction term at each site is given

by

Hint = U
∑

i,α

ni,α,↑ni,α,↓ + (U ′ − J/2)
∑

i,α<β

ni,αni,β

−2J
∑

i,α<β

Si,α · Si,β

+J ′ ∑

i,α<β

(
c†i,α,↑c

†
i,α,↓ci,β,↓ci,β,↑ + H.c.

)
, (3)

where Si,α (ni,α) corresponds to the spin (electronic den-
sity) of orbital α at site i, and ni,α = ni,α,↑ + ni,α,↓.
These terms refer to, respectively, an on-site intraorbital
Hubbard repulsion U , an on-site interorbital repulsion
U ′ satisfying U ′ = U − 2J by rotational invariance, and
a finite Hund’s coupling J . In brief, the first term de-
scribes a Hubbard on-site repulsion for the electrons lo-
cated in the same orbital, the second term is the on-site
interorbital repulsion for the electrons located in differ-
ent orbitals, and the third term is a Hund term with a
ferromagnetic coupling J . The pair-hopping interaction
is given by the fourth term, and its coupling J ′ = J is
obtained by symmetry. All of the following studies are
based on this two-orbital Hubbard model.
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Fig. 1 (a) Sketch of the rhombus Fe vacancy order and the stripe
type magnetic order of the semiconducting KFe1.5Se2. The gray
circles are represent the Fe vacancies. The blue dashed area marks
the unit cell that contains 6 Fe atoms and 2 Fe vacancies. (b) The
hopping parameters of the two-orbital model on a Fe square lat-
tice. The projections of the dxz (dyz) orbital onto the xy plane are
depicted in blue (white); t1, t2, t3, and t4 are the same as in Ref.
[23]; we also show the NNNN hopping amplitude t5 (t6) between
the σ-orbital (π-orbital).

2.2 Mean-field approximation

To study the ground state properties of the stripe AFM
phase with the rhombus iron vacancy order, a mean-
field approximation is applied to the Hamiltonian. As a
standard procedure, only the mean-field values for the
diagonal operators are considered; these can be written
as

〈c†i,α,σci,β,σ′〉 =
[
ni,α +

σ

2
cos (q · ri)mi,α

]
δαβδσσ′ ,

(4)

where σ = ±1 corresponds to up and down spins, re-
spectively, q is the magnetic order wave vector of the
ground state, and ni,α and mi,α describe, respectively,
the electronic density and magnetization in orbital α at
site i, which can be calculated self-consistently. Applying
Eq. (4) to Hint, we can derive the mean-field interaction

Hamiltonian in momentum space as

HMF
int =

∑

k,i,α,σ

[εi,αc†k,i,α,σck,i,α,σ

+ηi,α,σ(c†k,i,α,σck+q,i,α,σ + H.c.)] + C, (5)

where

εi,α = Uni,α + (2U ′ − J)
∑

β �=α

ni,β,

ηi,α,σ = −σ

2

(
Umi,α + J

∑

β �=α

mi,β

)
.

The last term of Eq. (5) is a constant given by

C = −NU
∑

i,α

(
n2

i,α − 1
4
m2

i,α

)

−N (2U ′ − J)
∑

i,α�=β

ni,αni,β

+
NJ

2

∑

i,α�=β

mi,αmi,β,

where N is the number of sites.
The full mean-field Hamiltonian HMF = HTB + HMF

int

is quadratic; thus, it can be numerically solved for a
fixed set of mean-field parameters by using the stan-
dard library subroutines. The orbital electronic occupa-
tion number ni,α and magnetization mi,α are obtained
self-consistently by minimizing the energy via an itera-
tive procedure. During the iterations,

∑
α ni,α is fixed

at each step; namely, the total electronic density is a
constant at each Fe site. The reader should assume that
these are the electronic densities for this model through-
out the manuscript, and we can change their values con-
veniently in a parameter input file. Thus, we can easily
study the ground state properties of KFe1.5Se2 for differ-
ent doping levels. The numerical solution of the mean-
field Hamiltonian allows us to calculate mi,α and ni,α

at a particular magnetic order wave vector q. Here, we
fix q at (π, 0) to investigate the stripe-type AFM order.
Although all the Fe 3d orbitals should be considered for
more accurate results, the simple two-orbital Hubbard
model introduced above can provide qualitatively cor-
rect results for the ground state properties.

2.3 Hopping parameters

The hopping parameters are obtained by finding the
stripe-type AFM phase on an 8 × 8 cluster with rhom-
bus Fe vacancies, as sketched in Fig. 2(b), using periodic
boundary conditions. Here we use the standard real space
two-orbital Hubbard model. This model has been exten-
sively studied by our group and others [24, 25]. More
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specifically, the real space two-orbital Hubbard model
used here is the same as in Ref. [26]. Earlier studies in-
dicated that this model has a Fermi surface at U = 0,
in agreement with band-structure results for pnictides
without considering the NNNN interactions and Fe va-
cancies [24]. In our model, we introduce both the NNNN
interactions and rhombus Fe vacancy order. To compare
with other iron superconductor materials, we set the in-
plane nearest-(t1 and t2), next-nearest-(t3 and t4) neigh-
bor hopping amplitudes to be the same as the classical
two-orbital hopping parameters [23], which are widely
used in the study of iron pnictide superconductors.

In our research, it is very hard to obtain a stripe-type
magnetic order unless t5 and t6 are included in the model,
as shown in Fig. 2(a). Therefore, we speculate that the
NNNN hopping parameters are very small; nonetheless,
they are important to the emergence of the stripe-type
AFM order. This discovery is consistent with a previ-
ous study in which inelastic neutron scattering was used
to study block AFM order spin waves in the insulating
compound Rb0.89Fe1.58Se2 [27]. There, the authors use a
Heisenberg model with anisotropic electron interactions
to analyze the experimental results, concluding that the
existence of NNNN superexchange couplings are very

Fig. 2 The magnetic states of KFe1.5Se2 on an 8 × 8 cluster
with rhombus Fe vacancy order. The hopping amplitudes are:
t1 = −1.0, t2 = 1.3, t3 = t4 = −0.85 for all the results but
t5 = t6 = 0 for (a) and t5 = −0.09, t6 = 0.1 for (b). The elec-
tronic density n = 2.1, U = 3.6, J/U = 0.3.

important, as they allow them to fit the entire spin wave
spectra. An extended J1–J2–J3 model also indicates that
a third nearest neighbor AFM J3 is necessary to describe
the magnetic orders of the iron chalcogenides FeTe and
K0.8Fe1.6Se2 [28]. Our results combined with theirs lead
to the conclusion that the inclusion of NNNN interac-
tions in the Fe vacancy system makes it more realistic.

We obtain the stripe-type AFM order as shown in Fig.
2(b) through adjusting the NNNN hopping amplitudes
(t5 and t6) and the on-site intraorbital repulsion U in a
self-consistent procedure. The initial configurations for
the calculations are chosen to be random, and the en-
ergy minimization results are obtained self-consistently.
Therefore, the initial configurations for the iterations to
search for the magnetic phase should be unbiased. We
find that the resulting magnetic phase is in good agree-
ment with the neutron diffraction measurements [17, 18].
In short, the set of hopping parameters we have obtained
here are reasonable and can qualitatively capture the es-
sential physics for a system with a rhombus Fe vacancy
order and stripe-type AFM order. All the momentum
space results below are based on this set of hopping pa-
rameters.

3 Results

We first plot the total magnetization m =
∑

α mi,α as a
function of the Coulomb repulsion U , as shown in Fig.
3. We observe that m becomes nonzero at a particu-
lar value of U0. According to our study on band struc-
ture, the valence and conduction bands start to separate
at nearly the same particular value of U0, but, overall,
some bands still overlap with each other and the chem-
ical potential crosses both of them. Thus, the magnetic
order has developed, but the system is still in a metal-
lic phase. As we increase U further, the system develops
into a semiconducting phase and the overlap between the
bands vanishes. Finally, when U is large enough, the sys-
tem becomes an insulator. We choose a large Hubbard U

coupling strength to describe KFe1.5Se2, because it is a
semiconductor. This is different from previous studies, in
which a weak or intermediate Hubbard U is used to de-
scribe their systems under the same model but without
iron vacancies for the pnictides [29]. Our results suggest
that the stripe AFM semiconducting KFe1.5Se2 has lo-
cal strong correlations; namely, the local electrons play
a crucial role while the itinerant electrons may be irrele-
vant. This is similar to the case of AFM Mott insulator,
which is the parent compound of copper oxide supercon-
ductors. Based on the present study, such strong AFM
correlations may be caused by orbital ordering, which is
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Fig. 3 The total (π, 0) ordered magnetization m as a function of
the Coulomb repulsion U (in eV units) for J/U = 0.3, n = 2.1.

consistent with our results, as shown in Fig. 4.
From Figs. 4(a) and (c), we find that the average

electronic occupation numbers and magnetic moments
of the dxz and dyz orbitals are entangled at half-filling
(n = 2.0); we cannot distinguish the two orbitals and
hence there is no orbital order. However, for n = 2.1, we
can see from Fig. 4(b) that nxz is larger than nyz when
U > Uc, whereas in Fig. 4(d) mxz becomes smaller than
myz at the same Uc, indicating the existence of orbital
order in this case. Clearly, there seems to be an inverse
relationship between the orbital magnetization and the
orbital occupation. Although it is unclear whether the
difference in orbital magnetization leads to the differ-

ence in orbital occupation, or vice versa, one thing is
certain: The magnetizations of the dxz and dyz orbitals
deviate from each other simultaneously at the same crit-
ical Uc where the orbital order appears. In this case, the
rotational symmetry between the two orbitals is broken
by the orbital ordering.

In addition to the results shown in Fig. 4, we have cal-
culated the values of ni,α and mi,α for different degrees
of doping, and found that the orbital order exists pro-
vided n > 2.0. Since large in-plane anisotropic magnetic
couplings are found in this material by experiments [19]
and via first-principles calculations [30], and they may be
derived from the broken symmetry in the orbital degree
of freedom [31], those dopings that lead to orbital sym-
metry being broken may be close to the real material. In
this paper, we choose the electronic density n = 2.1 as
a representative value for displaying and analyzing the
results because the orbital order can be obtained at a
relatively reasonable Uc, which is consistent with exper-
iments.

From the discussions above we can speculate that the
inclusion of the rhombus Fe vacancy order breaks the
degeneracy of the dxz and dyz orbitals, just as found in
earlier studies of the

√
5 × √

5 Fe vacancy order in the
same compound but with different doping values [32].
Because the spin and orbital are entangled, it is hard

Fig. 4 The average orbital electronic occupation number nα as a function of the Coulomb repulsion U for (a) n = 2.0 and
(b) n = 2.1, respectively. The average orbital magnetization mα as a function of the Coulomb repulsion U for (c) n = 2.0
and (d) n = 2.1, respectively. All the results are obtained with a mean-field approximation. The lattice size is 48× 48 with
periodic boundary conditions, and J/U = 0.3.
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to say which one is the main degree of freedom. Our
model analyses and experimental evidence indicates that
the orbital degree of freedom could be an important fac-
tor for the experimentally observed anisotropy of mag-
netic coupling. In this case, the orbital order may give
rise to the stripe AFM phase for the rhombus Fe vacancy
order.

4 Discussion and conclusions

In summary, we have studied the two-orbital Hubbard
model with mean-field approximation techniques, and
the phase diagram for the semiconducting KFe1.5Se2 has
been investigated in terms of the orbital magnetization
and electronic occupation number as a function of the
Coulomb repulsion U . Real materials could be described
more accurately by including more orbitals, such as in
the three- and five-orbital models, but this would be too
complicated for calculations. By adjusting the electronic
density in the two-orbital model, the physical properties
of this compound can be studied qualitatively just as well
as three- and five-orbital models. The electronic density
n is taken to be 2.1 as a representative value to describe
the real materials. The hopping parameters are obtained
through searching for the experimentally observed stripe
AFM order in real space [17, 18]. Although the NNNN
hopping parameters are very small, they have noticeable
contribution to the presence of the stripe AFM phase.
The ground state properties of this material are then
studied in momentum space using these hopping param-
eters. The total magnetic moment phase suggests that
this compound is a system with strong local correlations
similar to the AFM Mott insulators.

We also find that the magnetizations and electronic
occupation numbers in dxz and dyz orbitals deviate from
each other significantly at the same critical Uc, demon-
strating the emergence of the orbital order. From these,
we infer that the rhombus Fe vacancies enhance the
electron correlation and break the degeneracy of the dxz

and dyz orbitals. The orbital order may then lead to
the strongly anisotropic magnetic couplings observed in
KFe1.5Se2 and in recently measured Rb0.8Fe1.5S2, as a
result of rotational symmetry being broken. This pre-
diction is compatible with first-principles calculations
and inelastic neutron scattering observations [19, 30].
In short, the stripe-type AFM phase in KFe1.5Se2 and
Rb0.8Fe1.5S2 may originate from orbital ordering.
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