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By considering the nonmonotonic d-wave gap effect, the energy and momentum dependence of
quasiparticle scattering interference is studied in the presence of a single impurity. It is shown that
the pattern of the quasiparticle scattering peaks in the full Brillouin zone of electron-doped cuprate
superconductors is very different from that in the hole-doped case described by the Octet model.
This difference is the result of the nonmonotonic d-wave superconducting gap in the electron-doped
case. As the energy increases, the position of the local peaks in the Brillouin zone moves rapidly. In
particular, the characteristic peaks of the electron-doped cuprate superconductors appear between
the antinodal and nodal directions, unlike in the hole-doped case.
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Since its discovery, the electron-doped cuprate super-
conductor [1] has become a very important component
in studying high-temperature superconductivity. There
are many similarities between electron-doped and hole-
doped cuprate superconductors, including the layered
structure of the CuO2 plane, the square lattice, and the
strong doping dependence of physical properties. How-
ever, more significantly, differences in electron-doped and
hole-doped cuprate superconductors have been found by
a wide variety of measurement techniques [2, 3]. First,
the electron-doped cuprate has lower superconducting
transition temperature Tc than the hole-doped cuprate,
with Tc less than 30 K in electron-doped cuprate super-
conductors compared with up to 130 K in the hole-doped
cuprate case [4] (160 K under pressure [5]). Second, the
parent compounds of cuprate superconductors are Mott
insulators with an antiferromagnetic long-range order
(AFLRO) [6]. The AFLRO of the hole-doped cuprate is
destroyed quickly as the doping concentration increases,
and disappears around a doping level of δ ≈ 0.05. Su-
perconductivity then appears below Tc until the doping
concentration δ ≈ 0.27. However, in the electron-doped
case, the AFLRO exists over a wide range of electron
doping concentrations, and even coexists with super-
conductivity over some range of the electron doping
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concentration [2, 7]. Third, a large body of experimental
data show that the superconducting gap function of the
hole-doped cuprate superconductors has a monotonic d-
wave symmetry Δk = Δ(cos kx − cos ky) [8, 9], whereas
the electron-doped case has a nonmonotonic d-wave su-
perconducting gap function Δk = Δ[(cos kx − cos ky) +
B(cos 2kx − cos 2ky)] [15–18]. The nonmonotonic d-wave
gap leads to a significant reconstruction of the Fermi
surface; the maximum gap is not at the antinodal point
[π, 0], but at the hot spot between the antinodal point
[π, 0] and nodal point [π/2, π/2], whereas the maximum
gap is at the antinodal point [π, 0] in hole-doped cuprate
superconductors. As a good supplement for understand-
ing high-temperature superconductivity in hole-doped
cuprate superconductors, it is very important to observe
the physical properties of electron-doped cuprate super-
conductors, especially those which are different from the
hole-doped case.

In unconventional superconductivity, the electron–
electron interaction usually plays a crucial role in deter-
mining the physical properties, especially the electronic
structure [10–14]. Therefore, we can obtain the key com-
ponents of the electron–electron correlation by study-
ing the electronic structure. The electronic structure in
electron-doped cuprate superconductors shows apparent
discrepancy from the hole-doped case because of the
nonmonotonic d-wave gap function observed by angle-
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resolved photoemission spectroscopy (ARPES) [15–17].
The intensity of the Fermi surface at the optimal doping
concentration in the electron-doped cuprate supercon-
ductors is strongly depressed at the hot spot (the inter-
section of the Fermi surface with the antiferromagnetic
Brillouin zone boundary) between antinodal point [π, 0]
and nodal point [π/2, π/2]. Moreover, the impurity is a
useful way of probing the microscopic electronic struc-
ture in cuprate superconductors [19], and non-magnetic
impurities can lead to strong pair-breaking effects with
non-s-wave symmetry gaps. As a very powerful tool for
studying the local impurity effect, scanning tunneling mi-
croscopy (STM) can probe the local atomic-scale quasi-
particle properties around impurity positions in real-
space by measuring the tip-sample differential tunneling
conductance, which is proportional to the local density
of states [20, 21]. In particular, a Fourier-transformed
STM technique has been used to obtain momentum-
space information of quasiparticles. Therefore, both real-
space and momentum-space modulations of local density
of states can be acquired simultaneously [22, 23]. The
quasiparticle scattering interference phenomena charac-
terized by the peaks in the local density of states is be-
lieved to be important (these include the physical pro-
cesses dominating quasiparticle scattering, quasiparti-
cle momentum-space structure, and dispersion). For the
hole-doped cuprate superconductors, the quasiparticle
scattering interference is well established [22], and the
positions of the local scattering peaks move in the Bril-
louin zone with increasing energy, which can be described
by the Octet model [23]. Theoretically, based on the phe-
nomenological d-wave Bardeen–Cooper–Schrieffer (BCS)
formalism [24–32], the properties of the quasiparticle and
its related quasiparticle scattering interference phenom-
ena have been studied by considering the effect of im-
purities. However, for electron-doped cuprate supercon-
ductors, neither a corresponding STM experiment nor a
theory to study the quasiparticle scattering interference
phenomena have been reported until now.

In our earlier work [33], we considered the monotonic
d-wave symmetry gap and discussed the energy and mo-
mentum dependence of quasiparticle scattering interfer-
ence for hole-doped cuprate superconductors in the pres-
ence of a single point-like impurity. This study was con-
ducted within the framework of the renormalized Hub-
bard model, and some of the main features of STM ex-
periments on hole-doped cuprate superconductors were
well reproduced, including the energy dependence of the
quasiparticle scattering interference pattern and disper-
sion along the nodal and antinodal directions. In this
letter, we study the quasiparticle scattering interference
of the electron-doped cuprate superconductors in the su-

perconducting state with the nonmonotonic d-wave sym-
metry gap. We clearly show that the quasiparticle scat-
tering interference pattern of the electron-doped cuprate
superconductors is very different from that in the hole-
doped case. Therefore, the Octet model cannot explain
the unusual local quasiparticle peaks in electron-doped
cuprate superconductors.

For cuprate superconductors, it is widely accepted
that, although the superconducting pairing mechanism
of the cuprate superconductors may be beyond the con-
ventional electron–phonon mechanism, the form of the
BCS with d-wave gap symmetry is valid in describing the
superconducting state of the cuprate superconductors,
as confirmed by the ARPES experiments [34]. Moreover,
the characteristic feature of cuprate superconductors is
the presence of the two-dimensional CuO2 plane, and it
seems evident that the unusual behavior occurs mainly
in this square plane. Therefore, we use the BCS Hamil-
tonian

H =
∑

k,σ

(ξk − μ)C†
kσCkσ

−
∑

k

Δ(k)(Ck↓C−k↑ + C†
−k↑C

†
k↓), (1)

where ξk = −2t1(coskx + cosky) + 4t2 coskx cosky,
t1 = 0.38 eV, t2 = 0.12 eV [17, 35], C†

k(Ck) is
the electron creation (annihilation) operator, μ is the
chemical potential related to doping concentration, and
Δ(k) = Δ[γ(d)

k + Bγ
(2d)
k ] is the superconducting gap

function with the nonmonotonic d-wave effect. Here,
γ

(d)
k = (coskx − cosky)/2, and the parameter B deter-

mines the strength of the next higher harmonics γ
(2d)
k =

(cos 2kx − cos 2ky)/2.
Following our previous work [33], we define the elec-

tron diagonal and off-diagonal Green’s functions as

G(k, τ − τ ′) = −〈TCkσ(τ)C†
kσ(τ ′)〉

Γ †(k, τ − τ ′) = −〈TC†
−k↑(τ)C†

k↓(τ
′)〉. (2)

The electron diagonal and off-diagonal Green’s functions
can then be obtained in BCS form as [36]

G(k, ω) =
U2

k

ω − Ek
+

V 2
k

ω + Ek
, (3a)

Γ †(k, ω) =
Δ(k)
2Ek

(
1

ω − Ek
− 1

ω + Ek
), (3b)

where U2
k = [1 + (ξk − μ)/Ek]/2, V 2

k = [1 −
(ξk − μ)/Ek]/2, and the quasiparticle spectrum Ek =√

(ξk − μ)2 + Δ2(k), Δ(k) = Δ[γ(d)
k + Bγ

(2d)
k ] .

To show the effect of the parameter B, we calculate
the nonmonotonic d-wave superconducting gap function
Δ(k) along the Fermi surface from the antinodal region
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Fig. 1 The superconducting gap Δ(k) = Δ[γ
(d)
k + Bγ

(2d)
k ]|k=kF

along the Fermi surface as a function of the Fermi angle θ for B = 0
(dotted line), B = 1.0 (dashed line), B = 2.0 (solid line) with pa-
rameters t1 = 0.38 eV, t2 = 0.12 eV, Δ = 0.1 eV, μ = 0.2 eV.
The dotted line (B = 0) is a monotonic d-wave gap. Inset: The
corresponding Fermi angle in the Brillouin zone.

[π, 0] to the nodal region [π/2, π/2] for different B, and
plot Δ(k) as a function of the Fermi angle in Fig. 1.

Our results in Fig. 1 clearly show that there is a big
change in the superconducting gap distribution along the
Fermi surface for different B. When B = 0 (i.e., the
monotonic d-wave gap form), the gap is largest near the
antinodal point [π, 0] at the Fermi momentum along the
boundary of the Brillouin zone, and decreases monotoni-
cally with increasing Fermi angle, then vanishes near the
nodal point [π/2, π/2] at the Fermi momentum, which is
the case for the hole-doped cuprate superconductors [9].
As B increases, the magnitude of the superconducting
gap near [π, 0] is suppressed, and the largest supercon-
ducting gap appears at the hot spot region (the inter-
section of the Fermi surface with the antiferromagnetic
Brillouin zone boundary) between the antinodal point
[π, 0] and nodal point [π/2, π/2]. Therefore, the appear-
ance of the parameter B also leads to the reconstruction
of the Fermi surface.

The Fermi surface is a fundamental concept in con-
densed matter physics, and plays an important role in
understanding the physical properties of a system. This
is why we focus on the Fermi surface during the study
of electron-doped cuprate superconductors. To study
changes in the Fermi surface, we now discuss the electron
spectrum of the electron-doped cuprate superconductors
by calculating the electron spectral function A(k, ω).
The electron spectral function A(k, ω) can be obtained
from the electron diagonal Green’s function G(k, ω),
A(k, ω) = −2ImG(k, ω). Therefore, from Eq. (3a), the
electron spectral function A(k, ω) is expressed as

A(k, ω) = [U2
kδ(ω − Ek) + V 2

k δ(ω + Ek)], (4)

Information about the Fermi surface is then manifested
by the electron spectral function at the Fermi energy,
A(k, 0). In Fig. 2, we map the electron spectral func-

Fig. 2 The electron spectral function intensity maps at the Fermi
energy (ω = 0) in the Brillouin zone with parameters t1 = 0.38 eV,
t2 = 0.12 eV, Δ = 0.1 eV, μ = 0.2 eV, B = 2.0. Inset: The corre-
sponding ARPES experimental results of cuprate superconductors
Nd2−xCexCuO4+δ , reproduced from Ref. [17].

tion A(k, 0) at the Fermi energy with t1 = 0.38 eV,
t2 = 0.12 eV, Δ = 0.1 eV, μ = 0.2 eV, and B = 2.0.
For comparison, the corresponding ARPES experimen-
tal data for Nd2−xCexCuO4+δ [17] is also shown in Fig.
2 (inset).

Our results clearly show that the Fermi surface of the
electron-doped cuprate superconductors does not form a
continuous contour in the Brillouin zone because of the
suppression of the nonmonotonic d-wave superconduct-
ing gap. Obviously, the electron spectral distribution of
the electron-doped cuprate superconductors at the Fermi
momentum has the largest intensity near the antinodal
point and nodal point, while it is suppressed at the hot
spot (the intersection of the Fermi surface with the anti-
ferromagnetic Brillouin zone boundary). This is in qual-
itative agreement with the experimental data [17]. The
unusual behavior of the electron spectral distribution in
the electron-doped cuprate superconductors is attributed
to the effect of the nonmonotonic d-wave superconduct-
ing gap interacting with the next higher harmonic B,
where the maximum of the superconducting gap is near
the hot spot. In particular, the Fermi surface of the
electron-doped cuprates is quite different from the hole-
doped case, in which the electron spectral distribution
reaches its maximum intensity at the nodal region and
its minimum at the antinodal point [37].

Following our previous work [33], the full electron
Green’s function of the electron-doped cuprate super-
conductors can be expressed in Nambu representation
as

G̃(k, ω) =

(
G(k, ω), Γ (k, ω)
Γ †(k, ω), −G(k,−ω)

)
(5)
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G̃(k, ω) =
ωτ0 + (ξk − μ)τ3 + Δkτ1

ω2 − E2
k

, (6)

where τ0 is the unit matrix, τ1 and τ3 are Pauli matrices,
and the tilde denotes a Nambu space matrix.

To investigate the effect of the quasiparticle scattering,
we consider a single point-like impurity

Ṽ = V0δ(r)τ3, (7)

which changes the full electron Green’s function
G̃I(r, r′, ω). With the impurity scattering contribution,
this can be obtained from the T matrix [19] in real-space
as

G̃I(r, r′, ω) = G̃(r − r′, ω) + G̃(r, ω)T̃ (ω)G̃(−r′, ω)

(8)

where the T matrix can be obtained as [19]

T̃ (ω) =
V0τ3

1 − G̃(ω)V0τ3

. (9)

In this case, the local density of states in real-space can
be obtained as [33]

Ñ(r, ω) = − 1
π

ImG̃I(r, ω) = Ñ0(ω) + δÑ(r, ω), (10)

where Ñ0(ω) is the homogeneous density of states in the
pure system, reflecting a homogeneous background, the
second term δÑ(r, ω) is the modulation of the homo-
geneous density of states due to the appearance of the
single point-like impurity, and δN(r, ω) = δÑ11(r, ω).
Thus,

δN(r, ω) = − 1
π

Im[G̃(r, ω)T̃ (ω)G̃(−r, ω)]11, (11)

and the local density of states in momentum-space given
by the Fourier transform is obtained as

δN(q, ω)=− 1
π

Im
(

1
N

∑

k

[G̃(k+q, ω)T̃ (ω)G̃(k, ω)]11

)
.

(12)

We now discuss the quasiparticle scattering interfer-
ence phenomena in electron-doped cuprate superconduc-
tors, and choose the parameters t1 = 0.38 eV, t2 =
0.12 eV, Δ = 0.1 eV, μ = 0.2 eV, and B = 2.0. To
determine the effect of the nonmonotonic d-wave super-
conducting gap on the quasiparticle scattering process,
we calculate the momentum dependence of the Fourier-
transformed local density of states δN(q, ω) for (a) the
monotonic d-wave superconducting gap Δ(k) = Δγ

(d)
k

and (b) the nonmonotonic d-wave superconducting gap
form Δ(k) = Δ[γ(d)

k +Bγ
(2d)
k ] with energy ω = −0.04 eV

in the presence of a single point-like potential scatterer

Fig. 3 The Fourier-transformed local density of states as a func-
tion of momentum in the full Brillouin zone with energy ω = −0.04

eV for (a) the monotonic d-wave gap Δ(k) = Δγ
(d)
k and (b)

the nonmonotonic d-wave gap form Δ(k) = Δ[γ
(d)
k + Bγ

(2d)
k ] in

the presence of a single point-like potential scatterer of strength
V = 0.5 eV.

of strength V = 0.5 eV. The results are plotted in
Fig. 3.

It is clear that there is a large difference between the
patterns of quasiparticle scattering for the monotonic d-
wave gap and the nonmonotonic d-wave gap. The re-
sults of |δN(q, ω)| are fourfold symmetric, and some lo-
cal peaks (bright region) appear at different wavevec-
tors q. In particular, the local peaks, which are lo-
cated in the antinodal direction ([0, 0] → [π, 0]) with
large momentum wavevectors q and the nodal direction
([0, 0] → [π, π]) with small momentum wavevectors q,
are often investigated because they reflect key informa-
tion about the Fermi surface. In Fig. 3(a), there are four
local peaks, marked by the white circles, at the antin-
odal region of one quarter Brillouin zone. The charac-
teristic peak is marked by the white square along the
nodal direction of one quarter Brillouin zone with the
small wavevectors q. With the monotonic d-wave gap,
all these local peaks can be explained well by the Octet
model [22, 33]. We now discuss the case of the nonmono-
tonic d-wave gap in electron-doped cuprate superconduc-
tors, shown in Fig. 3(b). There are approximately seven
distinct local peaks at the antinodal region of one quar-
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ter Brillouin zone, marked as black circles. In the nodal
region with small momentum wavevectors q, we can see
a local peak, as in the monotonic d-wave case. In partic-
ular, two local peaks appear along the direction between
the nodal direction and antinodal direction, where no
peak was found under the monotonic d-wave gap. These
are marked by the black triangles.

The pattern of the Fourier-transformed local density of
states |δN(q, ω)|, which embodies the quasiparticle scat-
tering process, is strongly energy dependent. Thus, the
position and magnitude of the local peaks in the pat-
tern changes rapidly as the energy (|ω|) increases. To
illustrate these points clearly, the Fourier-transformed
local density of states |δN(q, ω)| were evaluated as func-
tions of energy and momentum. The results at various
energies in the presence of a single point-like impurity
potential scatterer of strength V = 0.5 J are plotted in
Fig. 4. Our results show that the pattern of |δN(q, ω)|
changes as the energy (|ω|) increases. The positions of
the local peaks in momentum-space vary, especially in
the large-momentum antinodal region and the small-
momentum nodal region. Analogous to Fig. 3, we mark
the characteristic local peaks with the nonmonotonic d-
wave superconducting gap using white circles, black cir-
cles, black squares, and black triangles. As the energy
increases, the peaks in the antinodal region, marked by
white circles, move toward the region of large momen-
tum, away from the center of the Brillouin zone. In con-
trast, the peaks marked as black circles move toward the
axis [0, 0] → [π, 0], and merge with the middle peak on
the axis [0, 0] → [π, 0] at high energy. In the nodal direc-
tion, the peak marked by the black square moves toward
large q along [0, 0] → [π, π]. The four characteristic peaks
q2, q3, q4, q14 marked with different colored arrows corre-
spond to the arrows in Fig. 5(b). In particular, there is
a peak marked by a black triangle in Fig. 4(b) between
the antinodal direction [0, 0] → [π, 0] and nodal direction
[0, 0] → [π, π]. This moves steadily toward large q as the
energy increases.

Unlike the hole-doped cuprate superconductors with a
monotonic d-wave superconducting gap Δ(k) = Δγ

(d)
k ,

the superconducting gap of the electron-doped cuprate
superconductors exhibits a nonmonotonic d-wave form
Δ(k) = Δ[γ(d)

k +Bγ
(2d)
k ]. This leads to a significant differ-

ence in quasiparticle scattering interference between the
hole-doped and electron-doped cuprate superconductors
in the presence of a single point-like impurity. Both the
hole-doped and electron-doped cuprate superconductors
have nodes in the Brillouin zone where the supercon-
ducting gap is zero. Therefore, the impurity can induce
a finite density of quasiparticle excitations in the gapless
nodes, even at zero temperature [38]. These quasiparti-

Fig. 4 The Fourier-transformed local density of states as a func-
tion of momentum in the full Brillouin zone with energy (a)
ω = −0.03 eV, (b) ω = −0.04 eV, (c) ω = −0.05 eV, and (d)
ω = −0.06 eV with parameters t1 = 0.38 eV, t2 = 0.12 eV,
Δ = 0.1 eV, μ = 0.2 eV, B = 2.0 in the presence of a single
point-like potential scatterer of strength V = 0.5 J.
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cles induced by the impurity can also be scattered
by the impurity. The quasiparticle dispersion in the
superconducting state has been obtained as Ek =√

(ξk − μ)2 + Δ2
k. This gives Δk = Δγ

(d)
k in the hole-

doped cuprate superconductors, and Δ(k) = Δ[γ(d)
k +

Bγ
(2d)
k ] in the electron-doped cuprate superconductors.

The contours of constant energy (CCE) can be used to
understand the electron structure of the system. There-
fore, we calculated the CCE in the momentum space for
(a) hole-doped (B = 0) and (b) electron-doped (B = 2.0)
cuprate superconductors, and have plotted the results
as a function of momentum in Fig. 5 for t1 = 0.38 eV,
t2 = 0.12 eV, Δ = 0.1 eV, and μ = 0.2 eV. For the hole-
doped cuprate superconductors, the quasiparticle disper-
sion Ek has a “banana-shaped” CCE surrounding the d-
wave nodes [Fig. 5(a)], and the pattern of |δN(q, ω)| rep-
resenting the quasiparticle scattering process can be de-
scribed well by the Octet model [23, 33], which has seven
characteristic wavevectors (q1, q2, q3, q4, q5, q6, q7). As
the energy increases, the size of the CCE increases, which
changes the magnitude of the characteristic wavevector
and leads to movement in the local peaks. However,

Fig. 5 Schematic plot of the contours of constant energy (CCE)
in the first Brillouin zone for (a) hole-doped (B = 0) and (b)
electron-doped (B = 2.0) cuprate superconductors. The character-
istic wavevectors in the figures indicate elastic quasiparticle scat-
tering processes.

for electron-doped cuprate superconductors, the pattern
of |δN(q, ω)| is more complex than the hole-doped case,
and cannot be understood within the Octet model. From
Fig. 5(b), we can see that the CCE has a minimum in
the hot spot region as a result of the higher harmonics
γ

(2d)
k = (cos 2kx − cos 2ky)/2, and the number of charac-

teristic wavevectors at energy ω has fifteen wavevectors
(q1, q2, q3, q4, q5, q6, q7, q8, q9, q10, q11, q12, q13, q14, q15).
As the energy increases, the size of the CCE increases in
both the nodal and antinodal regions, and the related
local peaks change position in the Brillouin zone.

To summarize, we first discussed the reconstruction of
the Fermi surface in the electron-doped cuprate super-
conductors as a result of the nonmonotonic d-wave gap
effect. The intensity of the electron spectral distribution
was found to be strongly suppressed in the hot spot
region. Second, the quasiparticle scattering interference
phenomena of the electron-doped cuprate superconduc-
tors was discussed in the presence of a single impurity
by calculating the energy and momentum dependence
of the Fourier-transformed local density of states in the
full Brillouin zone. It was shown that the nonmonotonic
d-wave gap plays a crucial role in determining the pat-
tern of the Fourier-transformed local density of states,
which is very different from the pattern in the hole-
doped case. In particular, there are several characteristic
local peaks along the direction between the antinodal
direction and nodal direction in electron-doped cuprate
superconductors, and these local peaks do not appear in
the hole-doped case. Moreover, as the energy increased,
the position of the local peaks at both the antinodal and
nodal regions in the Brillouin zone changed visibly. Our
theoretical results predict the main features of quasi-
particle scattering interference in the electron-doped
cuprates, which is an important part of understanding
the unusual physical properties of cuprate superconduc-
tors.
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