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The effects of the dust size distribution in ultracold quantum dusty plasmas are investigated. The
amplitude ¢, and width w of quantum dust acoustic waves are studied with different dust size

distributions in the system. The ¢,, and w of the quantum dust acoustic waves are found to increase

as the total number density increases. The ,, and w are greater for unusual dusty plasmas than

for typical dusty plasmas. Moreover, as the Fermi temperature of the dust grains increases, the ¢,,

of the wave decreases. The w of quantum dust acoustic waves increases as the speed ug of the wave

increases.
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1 Introduction

In the last two decades, the study of dusty plasma has
developed rapidly because of the relevance and diverse
applications of dusty plasmas in space, the earth’s envi-
ronment, and laboratory plasmas [1-5]. Dusty plasmas
or complex plasmas consist of electrons, ions, and ex-
tremely massive, highly charged micrometer-sized dust
particles. The collective dusty plasma interactions have
been studied both theoretically and experimentally |6,
7). Dust acoustic waves (DAW) were first reported the-
oretically in unmagnetized dusty plasmas by Rao et al.
[2]. On the other hand, at higher frequencies, Shukla
and Silin showed the existence of dust ion acoustic waves
(DIAW) [3]. Laboratory experiments on dusty plasmas
have confirmed the existence of both DAW and DIAW
[8-10].

Recently, the quantum effects in dusty plasmas have
received much attention [11-16]. Quantum mechani-
cal effects become important when Ag; > Apj, where
ABj(Apj) is the thermal de Broglie wavelength of the
jth species. For Ap; < Apj, the plasma particles are
treated classically and are assumed to be point like. In
recent years, there has been a growing interest in study-
ing the physics of quantum plasmas not only in astro-
physical systems [17] but also in the manufacturing of
microscale and nanoscale objects [18-23] as well as in

intense laser-solid density plasma experiments [24]. Gen-
erally, the quantum hydrodynamics (QHD) model is em-
ployed to study quantum plasma systems instead of the
classical fluid model [25-28]. The QHD model is based
on the introduction of a quantum correction term, the
so-called “Bohm Potential”, to the classical fluid equa-
tions.

Although there have been many investigations on the
quantum effects of dusty plasmas, most of these stud-
ies have focused on mono-sized quantum dusty plasmas
[13-16]. In fact, a dusty plasma consists of many differ-
ent dust grains with different sizes [29-32], which has
been reported in both space plasmas and laboratory ex-
periments. It has been widely accepted that the dust size
distribution can be described by a power law distribution
in space plasmas [33, 34] and by a Gaussian distribution
in laboratory plasmas [29]. However, in general, the dust
size distribution function does not fully satisfy a power
law distribution or a Gaussian distribution. The distri-
bution function depends on the environment in space
plasmas and the experimental conditions in the labora-
tory. Therefore, it is important to investigate the role
of an arbitrary dust size distribution in quantum dusty
plasmas. An arbitrary dust size distribution can contain
both the power law distribution and Gaussian distribu-
tion [32, 35]. Recently, the dust size distribution effect
has been studied in a magnetized quantum dusty plasma
[36, 37]. The Landau damping phenomenon of the dusty
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plasma, which considers the dust size distribution effect,
has also been studied [38].

The present paper will study arbitrary dust size dis-
tribution effects in unmagnetized quantum dusty plas-
mas. We consider a polynomially expressed distribution
of dust particles in a quantum dusty plasma. For dust
grains with radius r in a given range [F'in, Tmas|, Where
Tmin 1S the lower limit and r,,,, is the upper limit, the
differential polynomially expressed distribution function
is of the form

n(r)ydr = [ag + a1r + asr? + azr® + - - |dr (1)

This function satisfies the following equation:

Niot = / n(r)dr

Tmin

where r is the radii of dust grains, ag,a1,a2,as3--- are
constants, and Ny, is the total number density of dust
grains. Outside the limits 7 < 7y, and r > 7,42, We use
n(r) = 0.

In this paper, we consider the role of dust size distri-
bution and employ the QHD model. We study the dust
size distribution effects for quantum dust acoustic waves
in an unmagnetized, collisionless, and ultracold quantum
dusty plasma.

This paper is organized as follows. The basic set of
QHD equations are presented in Section 2. The dust size
distribution effects are studied for quantum dust acous-
tic waves in Section 3. The conclusions are presented in
Section 4.

2 Basic equations

We consider a one-dimensional QHD model to describe
the dynamics of quantum dust acoustic waves in a three-
component quantum dusty plasma consisting of elec-
trons, ions, and charged dust grains, known as an e-d-i
plasma. We assume that the plasma particles obey the
following equation [39]:

ms V3

Ps = niv (2)

3n?,
where s equals e for electrons, ¢ for ions, and d for dust
grains, m is the mass, Vp, = \/2KpTrs/ms is the Fermi
speed, Kp is the Boltzmann constant, Trs is the Fermi
temperature, and ng is the number density with its equi-
librium value ngg.

In the following, we assume that there are N differ-
ent dust grains with different sizes. We assume that the
jth (7 = 1,2,3,---,N) dust grain pressure in a one-
dimensional zero-temperature Fermi gas obeys the fol-
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lowing law

= 3z (3)

where mg; (j = 1,2,3,---,N) is the mass of jth dust
grain, Vg, = \/2KgTra;/ma; is the jth dust grain Fermi
thermal speed (each dust grain is assumed to have equal
temperature), and Tpg; is the jth dust grain Fermi tem-
perature, ng; is the jth dust grain number density with
its equilibrium value ngjo, pgj is the jth dust grain pres-
sure.
At equilibrium, the charge neutrality condition is

N
nio = Z Z40j1doj + Meo,

j=1
where n;g, neo, and nqo; are the number densities of un-
perturbed ions, electrons, and the jth dust grain, respec-
tively. Here, Zgo; is the unperturbed number of charges
residing on the jth dust grain measured in units of elec-
tron charge.

The dynamics of the low-phase velocity (Vrg < Vp <
Vre,i) and low frequency (va, <| 0 |< Ve,in, | 01 |K
(ng. [Ve.in)0%), where vg, is the normalized charged
particle-neutral collision frequency, in such a quantum
dusty plasma with N different dust grain species is gov-
erned by the following set of equations:

auc/lj +u;‘aucfj _ de-e 8@/
ot 7 Ox my; ox
2 —82 TLI
1 Opgy W 0 2.2\ "di
- 7 7 6 ,J + 2 ) T ; )7 (4)
mdjndj X mdj X /ndj
871;[- o
) —
o + g (ngjug;) =0, (5)
8280/ N ’ ’ ’ ’

where u/dj is the fluid velocity in the z-direction of the
jth dust grain, Z;lj is the charge number of the jth dust
grain, and ¢ is the electrostatic potential. Eqgs. (3)-(-)
constitute the QHD model for a three-component e-d-i
quantum dusty plasma.

We now introduce the following normalizations:

’ ’ ’
Udy = udj/cda ndjo ndjo/Ntoh t =t Wpd,
’ o ! _ 7’
Zy = Zg/Zw0, ma = mg/ma, ¢ = ep [Fo,
’ . .
and n; = n;/nj for (j = e,i) as well as ¢y =

\/(QEdOKBTFi)/”ﬁ’Ld, and Wpd = \/(471’22062]\715015)/77%1,
where A\p = \/(2KBTFi/47r2doe2Ntot) is the Debye
length. Therefore, we obtain the following set of dimen-
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sionless equations:

(9udj ('“)udj

_ Zgj Op
ot + Uagj Ox

mgj Ox

1 M (9Tldj Hd2

O EmVTE

a nZoma O0r — 2mg; Ox Tdj
Gnd» 0
5t %(ndjwj) =0, (8)
82
8,@2 anjzdj + peNe — ViNig, (9)
J=1
where Fy = cima/za0, 6 = Trpa/TriZao, Ha =
202 /Macy, pre = neo/ZaoNiot, i = Mio/ZaoNtots
e = 1/(w—1), and p; = p/(p — 1). Here, n, and n;
are given as follows:
250 H2 2(p _1 (92 250 1.1
=1+ =2 1+ 22)=i 2 (14 2532, (10
ne=+ 22 e 204 0 0 28 )
9 102 1,1
=[1-20+Hi(1-2¢)7 7551 -29)3]7,  (11)

where o = and where

TFe/TFi He =
\/(Ed0h2wgd)/memdcg and H; = \/(Ed0h2w§d)/mimdc§
are quantum parameters for electron and ion, respec-

tively.

We now study the dispersion relation of the system by
assuming ng; = ngjo + ﬁjei(kx’“’ot), Ugj = ﬁjei(’“’:’“’ot),
@ = @ei(kmfu}gt)
and the frequency, respectively. Moreover, ﬁjei(
ajei(k:z—wot)

, where k£ and wg are the wave number
km—wmﬁ))
, and @el(F*=wot) are small perturbations in
equilibrium state. We assume that the fluid velocity and
electrostatic potential equal zero at the unperturbed
equilibrium state. Substituting these expansions into
Egs. (7)—(9), we obtain the dispersion relation as follows:

S W gy (L
— 4k?*mg;6 + k*H3 — 4m3jw8 o Hels
H? H?
—k2=< J(1— K220, 12
AR ) (12)

3 Korteweg-de Vries (KdV) equation for a
quantum dusty plasma with N different dust
grain species

For small but finite amplitude waves, we use the tra-
ditional perturbation method [40], which has been used
extensively in previous studies. For an arbitrary dust size
distribution of dusty plasma, we introduce the following
stretched variables:

€ =c(x—wvot), T=¢e% (13)
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where € is a small parameter characterizing the strength
of the nonlinearity and v is the phase speed of the waves.
The variables can be expanded as follows:
Ngj = Ndoj + €2nd1j + 54nd2j + -,
ugy = 2uarj + ugg; +--- (j=1,---,N),
p=cor+etopt, (14)
Substituting Egs. (13) and (14) into Egs. (7)—(9) and
collecting the lowest order terms of ¢, we find

Ndoj

Nd1; = Ud1js (15)
Vo
Zq; v
Ud1j = #@1, (16)
4V
anljzdj + ,Uz)QOl, (17)

Using Eqs. (15)—(17), we obtain the velocity of the soli-
ton as follows:
N

ZdjndOJ He
3 5~ (18)

We collect the next higher order of ¢ from the equa-
tion of continuity, the equation of motion, and Poisson’s
equation. We obtain

o 2
+nd1j81(;—21j + nao; 81{;22j =0, (19)
R
H2 1 %na
74mi2[j ndoj 867?’“ =0 (20)
(1- fi;; _ Nz i 901 anszd]
*(% + wi)p2 + %(% — pi)gi = 0. (21)

Now, using Egs. (15)-(18) and eliminating nqz;, uq2;,
and @9 from Egs. (19)—(21), we obtain the KdV equa-
tion:

91 01
+ Apy—— + B =0, 22
or T AV 653 (22)
with the coefficients
373 i mai+2Z3. 5
A YLy T - e — P
- N 2Z§jnd0jmdjvo ’ ( 3)
Zj:1 (6—ma;v5)?
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1 Hipe _ Hipi _ ZN H§Z3,n405
B — J:1 4mdj (5—mdjvg)2 (24)

N 2Z3ma05majvo
Ej:l (5]—mdj'ug)2
We transform the independent variables & and 7 to
n =& —ugr and 7 = 7, where ug is a constant speed
normalized by ¢4. The possible stationary solution of the
KdV equation (22) is given as

1 = pmSech® (%) : (25)
where
3U0
"= — 26
@ " (26)
and
w8 (27)
U0

are the amplitude and width of the quantum dust acous-
tic waves, respectively.

The charge and mass of the jth dust grain can be ex-
pressed as follows [29]: Zg = k,rj, mgj = kmr;’, where
k. =~ 4dmegVo /e and ki, ~ 47pq/3. Here, &g is the vacuum
permittivity, Vy is the electric surface potential at equi-
librium, and pg is the mass density of the dust grains
(assumed to be constant and equal for all grains). We
assume that the dust size distribution is given by Eq.
(1). Therefore, after substituting Eq. (1) into Egs. (23)
and (24), we obtain

T2 3k2 k2 (aor6+a1r7)+k2 (a0r3+a1r4)5
J . dr+ 25 — i

A— r1 (6—kmr3v3)3
B J"T2 2k§kmv0(agr5+a1r5)d
r1 (6—k:m7‘3v§)2 r
(28)
H2p, H2 0, H2 L2 2 3
1— b — = — [ 4k;r§'§§0—rk:f;£2))2 dr
B= 0" (29)

T2 2k2kmvo(aor®+a1r®)
fm (5—?%:%5)21 dr

In our numerical simulation, we choose previously re-
ported parameters [15, 41, 42]: n;p = 2.0 x 103°m=3,
Neog = D X 1029m_3, Zigo = 103, m; = My, Tr. = 100K,
mg = 10""kg, pg ~ 1g/cm3, and a ~ 0.1 — lum.

4 Results and discussion

Figure 1 shows how the dust distribution function af-
fects the amplitude and width of quantum dust acous-
tic waves. For generality and simplicity, we first let
n(r) = ap, and we find that the wave amplitude ¢,,
and width W depend on the parameter ag. As ag in-
creases, ¢, and W increase as shown in Fig. 1. Because
ao stands for the magnitude of the total number density
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of dust particles, which should always be positive, we
conclude that the wave amplitude and width increase as
the total number density of dust particles increases.

For the given system parameters, a larger amplitude
results in a narrower width of the KdV solitary wave. Be-
cause the amplitude and width of the solitary wave only
depend on the value of ug, the coefficients of both A and
B are constants. However, for different system parame-
ters such as ag or dust grain density with a given ug, the
results are different. Figure 1 shows that the amplitude
and width increase as ag increases because the coefficient
A decreases while B increases as ag increases.

In Fig. 2, we let n(r) = ag + arr and a9 = 0.9. We
note that the wave amplitude ¢,, and width W depend
on the parameter of a;. It is observed that ¢, and W
increase as a; increases. As we showed above, for the
case of a; > 0, the number density of larger dust par-
ticles is greater than that of smaller dust particles. At
the same time, for the case of a; < 0, which is usually
found both in space plasmas and in the laboratory, the
number density of larger dust particles is smaller than
that of smaller dust particles. Therefore, we conclude

Fig. 1 The variation of ¢, and W with respect to ag. The
other parameter values are p = 4.0, o = 10, H; = 6.494 x 1073,
H. =0.2782, H; = 2.656 x 1072, § = 5x 1078, k, =1, km = 4,
Tmin = 0.01, rmaz =1, ugp = 1.0, and a1 =ag =--- = 0.

~0.003204
-0.003213
& -0.003222
-0.003231+
-0.003240+
24361
2432
24281

24244

-1.0 -0.5 0.0 0.5 1.0
a;

Fig. 2 The variation of ¢, and W with respect to aj. The
other parameter values are p = 4.0, o = 10, H; = 6.494 x 1073,
H.=0.2782, H; =2656 x 1072, § =5x 1078, k, =1, km = 4,
Tmin = 0.01, rmaz =1, up = 1.0, ap = 0.9, and a2 = a3z = --- = 0.
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Fig. 3 The electrostatic potential ¢ is plotted against n =
& — uoT, keeping different values of speed ug = 1.0 (dotted line),
up = 0.8 (solid line), and ug = 0.5 (dashed line). Other parameter
values are p = 4.0, 0 = 10, H; = 6.494 x 1073, H. = 0.2782,
Hy; =2.656x1072 6 =5x 1078, ky = 1, ki = 4, pin = 0.01,
Tmaz = 1, ag = 0.9, a1 = —0.3, and ag = a3z =--- = 0.

Figure 3 shows the variation of the electrostatic poten-
tial 1 as a function of 7 for different values of speed wy.
From Fig. 3, the wave amplitude ¢,, clearly increases as
the speed g increases, considering the effect of dust size
distribution. Thus, as the speed ug becomes faster, the
wave amplitude ¢, increases.

The previous studies [32, 37] have focused on classi-
cal plasmas, while the investigation in Ref. [36] stud-
ies quantum dust acoustic waves in magnetized plasma.
The present investigation studies quantum dust acoustic
waves in unmagnetized plasma.

5 Conclusions

In this study, we obtain a KdV equation by using the
reductive perturbation method in an unmagnetized, col-
lisionless, and ultracold quantum dusty plasma. The am-
plitude and width of the quantum dust acoustic waves
are studied, accounting for dust size distribution. For an
arbitrary dust size distribution in quantum dusty plas-
mas, we choose a polynomially expressed distribution
function to investigate how the dust size distribution in-
fluences the amplitude and width of quantum dust acous-
tic waves.

From the numerical results, we conclude that the
amplitude ¢,, and width W of quantum dust acoustic
waves increase as the total number density increases.
The amplitude and width are greater for unusual dusty
plasmas than for the usual dusty plasma. This conclu-
sion is similar to that for classical dusty plasmas in
which the quantum effect is neglected [32]. We can see
the amplitude of the wave ¢, increases as the speed ug
increases. Finally, as the Fermi temperature of the dust

Juan-Fang Han, et al., Front. Phys. 10(5), 105201 (2015)

grains increases, the amplitude of the wave decreases.
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