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The rotational properties of Bose-Einstein condensates in a synthetic magnetic field are studied by

numerically solving the Gross—Pitaevskii equation and comparing the results to those of condensates

confined in a rotating trap. It appears to be more difficult to add a large angular momentum to

condensates spun up by the synthetic magnetic field than by the rotating trap. However, strength-
ening the repulsive interaction between atoms is an effective and realizable route to overcoming

this problem and can at least generate vortex-lattice-like structures. In addition, the validity of the

Feynman rule for condensates in the synthetic magnetic field is verified.
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1 Introduction

Rotating quantum gas has attracted enormous research
interest because it exhibits a number of counterintuitive
phenomena unlike those of classical gas. One of its strik-
ing features is that vortices inside it are quantized. This
feature has been extensively explored in the context of
superfluid *He [1] and He [2, 3], and superconductors
[4]. The recent realization of atomic Bose-Einstein con-
densates (BECs) opens up a new avenue toward under-
standing the physics of rotating quantum gases [5]. The
atomic BEC has advantages over superfluid *He and 3He
because it is flexibly manipulated and can be easily ro-
tated using several techniques.

The first reported vortex in BECs was created by a
phase engineering technique using laser beams in which
a binary mixture of condensates was manipulated, and
quantized rotation of one component was realized [6].
Soon after, the rotating frame method succeeded in ex-
periments in which the condensate was spun up by rota-
tional deformation of a confining trap [7]. This approach
is similar to the rotating-bucket method in experimental
studies of superfluid “He [1]. One quantized vortex ap-
peared as the rotational frequency rose to a certain crit-
ical value for the deformed trap [7, 8. With increasing
rotational frequency, the number of vortices increased.
Vortex lattices [9-11] were also obtained at higher rota-
tional frequencies. Further increasing the rotational fre-

quency drove the condensates to a fast rotation regime
[12, 13].

The angular momentum of a rotating classical fluid is
proportional to its rotational frequency. For a quantum
gas, the angular momentum is characterized by the total
number of vortices it carries. The relation between the
number of vortices and the rotational frequency is de-
scribed by the well-known Feynman rule [14], which can
be expressed as 2mrhNy /m = 20A, where 2 is the ro-
tational frequency, and Ny is the vortex number within
area A. The Feynman rule was deduced originally for
superfluid helium in a rotating bucket. In view of the
analogy between the rotating bucket and the rotating
trap, the Feynman rule is naturally applicable to atomic
BECs in the rotating trap. The validity of the Feynman
rule has been intensively studied both theoretically [15-
17] and experimentally [10, 18] in recent years.

The rotating frame approach is subject to some limi-
tations; e.g., it is difficult to add optical lattices, and the
rotation is limited by the heating, metastability, and so
on. The synthetic magnetic field approach stands out and
is expected to overcome the above limitations [19, 20].
This novel approach creates a vector potential for atoms
by dressing them in a space-dependent manner with an
optical field and thus makes neutral atoms behave like
charged particles in a magnetic field [19]. Vortices were
observed experimentally in a condensate for a synthetic
magnetic field greater than the critical value [20]. The
hydrodynamical behavior of a condensate in a synthetic
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magnetic field and the dynamical instability of vortex nu-
cleation were studied in Ref. [21]. Enormous effort was
devoted to studying cold atoms subject to a synthetic
magnetic field in the presence of optical lattices. Experi-
mentally, a synthetic magnetic field has been engineered
in periodic lattices [22]. Theoretically, the Berezinskii—
Kosterlitz—Thouless transition in a two-dimensional (2D)
lattice has been investigated [23, 24], and the Hofstadter
butterfly physics in a strong field has been discussed
[25, 26].

The thermodynamic properties of an ideal Bose gas in
a synthetic magnetic field have also been studied [27, 28].
It is natural to expect that rotating the gas decreases the
Bose-Einstein condensation temperature. These studies
[27, 28] show that Bose-Einstein condensation can be
more easily suppressed in a rotating frame than in a
synthetic magnetic field, which implies that a rotating
frame can spin up the atomic gas more efficiently than a
synthetic magnetic field. If this is true, it is more difficult
to add a large angular momentum to condensates using a
synthetic magnetic field than it is using a rotating frame.
Therefore, it is worthwhile to check this issue carefully
and to thoroughly compare the two approaches.

In this paper, we focus on the rotational properties of
atomic BECs in a synthetic magnetic field. Vortex for-
mation is investigated by numerically solving the Gross—
Pitaevskii (GP) equation, with an emphasis on the dif-
ference between the results for a synthetic magnetic field
and for a rotating frame. This paper is organized as fol-
lows. Section 2 introduces the GP equations of BECs in
both a magnetic field and a rotating frame. Section 3
presents the numerical results and discusses the differ-
ence between the two approaches. A brief conclusion is
given in Section 4.

2 The model

The effective Hamiltonian for a neutral atom of mass m
in a synthetic magnetic field is given by

H= %(P —A)?+ %mw%(xz + %) + %mwizQ, (1)
where P is the canonical momentum operator, and A
is the synthetic gauge potential. Here the atomic BEC
is confined in an anisotropic harmonic trap, and wy and
w, are the trap frequencies in the x—y plane and on the
z axis, respectively. We assume that the synthetic field
B = 2mJ{2¢€, is parallel to the z axis and choose the sym-
metric gauge A = (B x1)/2 = m(2 xr), where {2 is the
Larmor frequency. Therefore, the GP equation for BEC
can be written as
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LU ) [ 1

o 5 (P = A+ V' (r) + o | $(r.1),

(2)

where V'(r) = $mwi(2® + y?) + 3mw?2?, ¢(r, t) is the
wave function of the condensates, and g = 4wh2as/m
is the contact interaction strength between atoms with
s-wave scattering length as. In this work, we consider
pancake-shaped BECs; that is, the harmonic trapping
frequencies satisfy w, > wy.

For convenience, Eq. (2) can be expressed using dimen-
sionless quantities, where the spatial coordinates x, y,
and z are normalized by the characteristic harmonic os-
cillator length ag = /h/(mw) with w = min{wp,w,} =
wo, and the time ¢ is in units of wo_l. Then Eq. (2) is
reduced to the dimensionless form
(7, 1)

ot

. 1 = < _ Sol 7a s
i = |5 (B = A2+ V(@) + BIOP| 9D, ()
where V(7) = $72(22 4+ 7°) + $722%, 70 = wo/w = 1,
V. = wy/wo, and B = 4wNag/ag. Here, dimensionless
variables are denoted with a tilde. Because of w, > wy,
the wave function can be supposed to be in a separated
variables form,
1;(727 E) = 1;2D (ja ga E)/l;lD (2)6_”2“2;
where

~ =2

dip(2) = (ys/m) /e /2
is the ground state of the harmonic oscillator along the
z direction. After integrating out the coordinate z, we
obtain the 2D GP equation,

.81/;2D(i'7g=£)_ Ls 2o, 1l o
i P = 2(P A) +2(:v +7°)

+92D|1/~J2D|2:| ¥ap(2,7,1), (4)

where gap = 8+/7./27 represents the effective 2D inter-
action strength. We note that v, is just the trap aspect
ratio of the anisotropic trap.

For comparison, we also consider the properties of
BECs in a rotating frame. In this case, the single-particle
Hamiltonian is given by

1
2m

H =

m m
(P-4 + 2(wh — )@ + %)+

w222,
(5)

Here A = m(£2 x r), and {2 denotes the rotational fre-
quency of the trap, which is comparable to the Larmor
frequency in Eq. (1). Therefore, both of them are re-
ferred to as the rotational frequency in this paper. Using
the same procedure, we obtain the corresponding 2D GP
equation in the dimensionless form:
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Oon (7, 7,1 1,~ = 1 2,
171/}213(5;; 51) = [g(P — A)2 + 5(1 — w—g)(IEQ + 312)
+92D|1/~J2D|2:| ¥ap (2,7, 1). (6)

In our calculation, we use the Fourier spectral method
to solve the nonlinear differential equations (4) and (6)
via the imaginary time propagation approach [29]. Al-
though these two equations do not differ fundamen-
tally, the comparison indicates apparently different phys-
ical behavior. The calculation starts with some initial
states and then propagates until numerical convergence
is achieved.

3 Results and discussion

The GP equation provides a remarkably reliable descrip-
tion of the physics of an atomic condensate. The prop-
erties of atomic BECs in a rotating frame have been
intensively investigated using the GP equation [15-17].
Vortex formation has been discussed in detail in terms of
the rotational frequency, the contact interaction between
atoms, and the aspect ratio of the traps. Hereinafter, the
corresponding results for BECs in a synthetic magnetic
field are examined. The focus is on the difference between
the two cases.

3.1 Effect of the rotational frequency on vortex
formation

The formation of quantum vortices and the dependence
of the vortex number on the rotational frequency are
among the most important issues for rotating quantum
gases. Unlike the classical case, no angular momentum
can be added to the quantum gas until the rotational fre-
quency exceeds a critical value, at which one quantized
vortex begins to form. Then more vortices appear as the
rotational frequency increases further.

Figure 1 shows the 2D atom density at different rota-
tional frequencies for BECs with the dimensionless con-
tact interaction gop = 100 in the rotating frame and
synthetic magnetic field. The critical rotational frequen-
cies for creation of the first vortex inside the BECs in the
rotating frame and synthetic magnetic field are 0.369wq
and 0.388wy, respectively. The two values are very simi-
lar, and the latter is slightly larger than the former.

However, the two types of rotation exhibit a remark-
able difference at high rotational frequency. For BECs
in the rotating frame, the vortex number grows quickly
with {2, especially when {2 approaches the trapping fre-
quency wyp. For example, there are about 10 vortices at
2/wy = 0.95, and the vortex number is 56 at 2 =
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0.99wp, which is just the upper limit of the rotational
frequency. Moreover, the BEC expands significantly. It
can be seen that the condensate occupies almost the en-
tire square region under consideration in our calculation
when (2 rises to 0.99wq. The vortex structure resembles
the Abrikosov vortex lattice. We note that the obtained
results may not be sufficiently accurate when (2 is close
to wo, because the boundary condition we choose in the
calculation may not be well met.

For the BECs rotated by the synthetic magnetic field,
the vortex number obviously grows much more slowly.
After one vortex is created, the vortex number remains
unchanged even when {2 reaches 0.8wy. It seems rather
difficult to add more vortices. Only 4 vortices emerge at
2 = 0.99wp. The Larmor frequency can be larger than
wp- Actually, there is no intrinsic upper limit value for 2,
which depends only on the strength of the synthetic mag-
netic field. Figure 1 shows the results for 2 > wy. The
vortex number rises, but still slowly. There are about
12 vortices at {2 = 1.9wg. This number is still small. In
experiments, about 10 vortices were observed in BECs
under a synthetic field [19, 20].

Another difference from the rotating frame case is that
the size of the condensates remains almost unchanged as
{2 increases. This point is clearly shown in Fig. 1.

The above results indicate that it is hard to create vor-
tices in BECs rotated by the synthetic magnetic field, as
suggested by thermodynamic calculations [27, 28]. To il-
lustrate this point further, we calculate the critical rota-
tional frequencies, {2./wp, for creating a certain number
of vortices, Ny, for the two types of rotation. The re-
sults are shown in Fig. 2. As mentioned above, in the
two cases, the critical rotational frequencies for creat-
ing one vortex are very similar. As the vortex number
increases, the two corresponding critical rotational fre-
quencies become increasingly different. For example, to
create 12 vortices, the critical rotational frequency for
the synthetic field is about twice that for the rotating

frame.
0.75 0.80 (0.85
0.70 0.75 y
:

Fig. 1 Contour plots of the density distributions |¢op|? showing
a steady vortex state in a rotating BECs with the dimensionless
contact interaction gop = 100. Upper panels correspond to rotating
frame. The middle (lower) panels correspond to synthetic magnetic
field. The number in the panels shows the rotational frequency in
units of wg. The last figure in the upper panels corresponds to rota-
tional frequency 0.99wq. The field of view in the panels is 8ag X 8ag.
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Fig. 2 Plot of the equilibrium vortex number Ny and rotational
frequency of creating certain number vortices {2./wo for conven-
tional BECs with the dimensionless contact interaction gop = 100.
The square points and circle points are numerical results. The black
and red lines represent synthetic magnetic field and rotating frame,
respectively.

Note that the vortices are admitted into the conden-
sate via dynamical instability [30, 21], and if the dy-
namical process of seeding vortices inside the conden-
sate is taken into account, the critical rotational fre-
quency should be larger than the value obtained us-
ing the present GP equation approach. Nevertheless, as
shown by the analysis above, our treatment can provide
a qualitatively reasonable description of the vortex for-
mation process.

The Feynman rule for atomic BECs in a rotating trap
has been studied [10, 15-18]. To proceed, we assess the
validity of the Feynman rule for BECs in the synthetic
magnetic field. Figure 3 shows the dependence of the vor-
tex number Ny and the angular momentum per atom
¢, /1 on the rotational frequency {2/wy. The number Ny
is obtained from the density distribution, and the angular
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Fig. 3 The number of vortices Ny (black square points) and
angular momentum per atom £, /h (red circle points) versus rota-
tional frequency 2/wq for conventional BECs with the dimension-
less contact interaction gop = 100. The upper and lower panels
correspond to rotating frame and synthetic magnetic field, respec-
tively.
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momentum per atom is numerically calculated according
to the equation £, = [[¢*L.ydzdy/ [[ |¢|*dady, where
L, = —ih(xdy — yJ,) is the z component of the angular
momentum operator. Numerical results show that the
angular momentum per atom, ¢, /A, is about half of the
number of vortices, so the Feynman rule basically holds
for the two frames. The small disagreement between Ny
and £,/h may be attributed to the inhomogeneous den-
sity [15].

3.2 Effect of the contact interaction on vortex
formation

According to the investigation of BECs in a rotating
frame, interaction between atoms can affect the forma-
tion of vortices considerably [31]. Vortices can be created
more easily in BECs with stronger repulsive interactions.
It is of interest to study the role of contact interaction
for BECs in a synthetic field. Figure 4 plots the critical
rotational frequency 2.1 /wy for the single-vortex state as
a function of the dimensionless contact interaction gop.
The lower critical rotational frequency decreases mono-
tonically with the contact interaction for both types of
rotation, which indicates that the interaction has a sim-
ilar effect on vortex formation in BECs rotated by the
synthetic magnetic field.

Figure 5 illustrates the vortex structures at different
values of gop. The rotational frequency is relatively large,
{2 = 0.7wg. The upper and lower panels show the atom
density for the rotating frame and synthetic field cases,
respectively. By simply counting, we find that the ratios
of the vortex numbers in the two cases are 5/1, 16/9,
24/17, 39/28, and 46/39 at gop = 100, 500, 1000, 2000,
and 3000, respectively. For both cases, the vortex num-
ber increases with increasing interaction, and the ratio
decreases and tends to unity. These results suggest that

0.40
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0.341
0.321
0.301
0.281
0.26 1
0.24 1
0.221
0.201

0 100 200 300 400 500 600 700 800 90010001100
&2p

Q1w

Fig. 4 The lower critical rotational frequency (2.1/wo for the
single-vortex state as a function of the dimensionless contact in-
teraction gop. The square points and circle points are numerical
results. The black and red lines represent synthetic magnetic field
and rotating frame, respectively.
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Fig. 5 Upper and lower panels: density profiles for rotating frame
and synthetic magnetic field at {2 = 0.7wg. From left to right, the
dimensionless contact interaction is 100, 500, 1000, 2000, and 3000,
respectively. The field of view in the panels is 8ag X 8ag.

although it is still relatively difficult to generate vortices
in the latter case compared to the former one, the differ-
ence between the two cases becomes small at sufficiently
large contact interactions. For example, the vortex num-
bers are comparable at gap = 3000, and lattice-like struc-
tures are formed in both cases. The vortex lattice has
not been observed experimentally using the latter ap-
proach [20]. In atomic gases, the s-wave scattering length
can be tuned easily via the Feshbach resonance [32, 33].
Thus, increasing the contact interaction is an effective
and realizable route to adding more angular momentum
and generating more vortices in condensates rotated by
a synthetic magnetic field.

As shown in Fig. 5, the condensate apparently becomes
larger as the interaction strengthens. It appears that it
is easier to add vortices in a larger condensate when the
particle number remains constant. This suggests a pos-
sible reason that it is easy to produce more vortices in
BECsSs spun up by the rotating trap than in those spun
up by the synthetic magnetic field: confinement of the
trap potential. According to Eqs. (4) and (6), in the ro-
tating frame, the effective trapping potential is weakened
with the rotational frequency §2; thus, the condensate ex-
pands. Nevertheless, in the synthetic magnetic field case,
the trapping potential is independent of the Larmor fre-
quency.

Finally, we briefly discuss the effect of the trap aspect
ratio, v, = w,/wp, on vortex formation. This issue has
been discussed for three-dimensional (3D) condensates in
the rotating frame, and it is indicated that increasing -y,
facilitates nucleation of the vortex [34]. In this study, the
3D system is converted into an effective 2D model, and
the trap aspect ratio 7, is included in the effective 2D
contact interaction gop = [+/7./2m, so the effect of in-
creasing -, is similar to that of increasing gop, as shown
in Fig. 5.

4 Summary

We investigated the rotational properties of BECs in a

Qiang Zhao and Qiang Gu, Front. Phys. 10(5), 100306 (2015)

synthetic magnetic field. Vortex formation was calcu-
lated by numerically solving the GP equation consid-
ering the effects of the Larmor (rotational) frequency,
the interaction between atoms, and the trap aspect ra-
tio. The obtained results were compared with those for
BECs in a rotating frame. We found that the vortex
number in the condensate spun up by the synthetic
magnetic field is much smaller than that in the rotating
frame given the same rotational frequency, which implies
that the synthetic magnetic field rotates the condensate
less efficiently. Strengthening the repulsive interaction
between atoms or increasing the trap aspect ratio are
helpful for creating more vortices. In particular, when
the interaction is sufficiently strong, comparable large
numbers of vortices are produced by both types of rota-
tion. Abrikosov-lattice-like structures can be formed in
both cases. Moreover, the validity of the Feynman rule
was verified for BECs in the synthetic magnetic field.
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