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In this article, we review our recent work on quantum phase transition in two-dimensional strongly
correlated fermion systems. We discuss the metal–insulator transition properties of these systems
by calculating the density of states, double occupancy, and Fermi surface evolution using a com-
bination of the cellular dynamical mean-field theory (CDMFT) and the continuous-time quantum
Monte Carlo algorithm. Furthermore, we explore the magnetic properties of each state by defining
magnetic order parameters. Rich phase diagrams with many intriguing quantum states, including
antiferromagnetic metal, paramagnetic metal, Kondo metal, and ferromagnetic insulator, were found
for the two-dimensional lattices with strongly correlated fermions. We believe that our results would
lead to a better understanding of the properties of real materials.
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1 Introduction

An important goal of condensed matter physics is to find
new phases or states. Therefore, the study of quantum
phase transitions in strongly correlated systems plays
a vital role in condensed matter physics [1–12]. Two-
dimensional lattices of strongly correlated fermions are
valuable objects in condensed matter physics because

of their unique properties, which attract great interest
and lead to the finding of intriguing phenomena [13–
25]. In addition to the popular triangular lattice, the
square lattice, and the hexagonal lattice, other two-
dimensional lattices include the triangular Kagomé lat-
tice [26–29], the decorated honeycomb lattice [30, 31], the
Shastry–Sutherl and lattice, and the square–octagon lat-
tice [32–34]. The triangular Kagomé lattice was found in
a new class of two-dimensional materials, Cu9X2(cpa)6·
xH2O (where cpa = 2-carboxypentonic acid, a deriva-
tive of ascorbic acid, andX = F, Cl, Br), in which
Cu spins form the geometrically frustrated lattice [35,
36]. The decorated honeycomb lattice was discovered in
many synthesized nanomaterials, including the triangu-
lar organic material κ-BEDT(CN)3 [37], the Kagomé
lattice-structured Herberts mithite [38], and the three-
dimensional hyper-Kagomé lattice magnet (Na4Ir3O8)
[39]. A two-dimensional lattice filled with Cu2+ ions that
is topologically equivalent to the Shastry–Sutherl and
lattice was found in SrCu2(BO3)2 [40], and the quasi-
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square–octagon lattice was found in the functional ma-
terial ZnO [41, 42]. Thus, investigations of quantum
phase transitions in two-dimensional strongly correlated
fermion systems not only are valuable in theoretical re-
search but also are important for material applications.

Band theory cannot be used to describe the proper-
ties of strongly correlated systems because of the mag-
nitude of their interactions, which is comparable to
kinetic energy. Therefore, there have been many the-
oretical and experimental studies on two-dimensional
strongly correlated fermion systems with interesting re-
sults. In this article, we review our recent work on quan-
tum phase transitions in two-dimensional strongly corre-
lated fermion systems, including the triangular Kagomé
lattice [28], the decorated honeycomb lattice [43], the
Shastry–Sutherl and lattice [31], and the square–octagon
lattice [32–34], that we investigated by combining cel-
lular dynamical mean-field theory (CDMFT) and the
continuous-time quantum Monte Carlo algorithm.

2 Methods

2.1 Cellular dynamical mean-field theory

CDMFT [44–53] is a natural extension of single-site dy-
namical mean-field theory and a coarse graining method
that maps the lattice problem onto a cluster impurity
model. CDMFT can describe short-range spatial corre-
lation exactly (local degrees of freedom to the size of
a cluster) and uses effective self-consistent field (Weiss
field) to describe the remaining degrees of freedom. It
is important to separate the three basic elements of the
CDMFT scheme. First is the degree of freedom of a clus-
ter, which is expressed by an impurity’s degree of free-
dom in a self-consistent field. The embedded cluster in
a Weiss field leads to a cluster Green’s function and a
cluster self-energy. Second is the use of cluster Green’s
function or cluster self-energy to express a Weiss field

(i.e., self-consistent condition for cluster scheme). Third
is the relationship between cluster self-energy and lat-
tice self-energy. An impurity solver can estimate clus-
ter’s local correlation, and cluster self-energy can em-
body lattice self-energy by using the lattice’s periodicity.
Using a two-dimensional square lattice as an example,
in CDMFT, the lattice problem is mapped onto a clus-
ter impurity model in which four sites are included in
one cluster, as shown in Fig. 1 (we labeled the selected
cluster j = 0).

In a grand canonical ensemble, the partition function
for the system is

Z =
∫ ∏

j,μ,σ

Dc†iσDciσe−S , (1)

where c†iσ and ciσ represent particle’s creation and anni-
hilation operators respectively and σ is spin index. D is
Grassmann variables. σ

Thus, the system’s action can be defined as

S =
∫ β

0

dτ

⎛
⎝∑

iμ,jυ

c†iμOij
μυ∂τciμ − H [c†iμ, cjυ]

⎞
⎠

≡ Sc + Scb + Sb, (2)

where i, j are cluster labels, μ, υ are site labels in each
cluster, action Sc is for all terms in the cluster, action Sb

is for all terms excluding the cluster, and action Sbc con-
nects the cluster and the self-consistent field. And τ , β,
H represents time, inverse of temperature, Hamiltonian
respectively, while O is a matrix which summarizes the
nonorthogonality of the wave function basis. By comput-
ing the path integral for all variables, cjμ(c†jμ)(j �= 0),
we obtain the effective action for the cluster variable
c0μ(c†0μ),

1
Zeff

e−Seff [c†0μσ,c0μσ] ≡ 1
Z
∫ ∏

j �=0,μ,σ

Dc†jμσDcjμσe−S ,

(3)

Fig. 1 (a) Sketch map of two dimensional square lattices before mapped onto impurity model. (b) Mapping square lattice
problem onto cluster impurity where Nc = 4. (c) Sketch map of cluster for two dimensional square lattices after mapped
onto impurity model.
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Seff = −
∫ β

0

dτdτ ′∑
μυσ

c†μσ(τ)G−1
0,μυσ(τ − τ ′)cμσ(τ ′)

+
∫ β

0

Nc∑
μ=1

Unμ↑(τ)nμ↓(τ), (4)

where Ĝ−1
0,μυσ(τ − τ ′) is the Weiss field and μ, υ =

1, · · · , Nc are site labels in the cluster. Cluster Green’s
function Gc

μυ(τ−τ ′) ≡ − 〈Tτc†μ(τ)cυ(τ ′)
〉

and self-energy∑̂c

μυ(iωn) ≡ G−1
μυ (iωn)−Gc−1

μυ (iωn) are obtained from the
effective action Seff , in which the degree of freedom of
spin is omitted. A new Weiss field can be obtained from
the Dyson equation:

G−1
0 (iωn) =

[∑
K

1

(iωn + μ)1̂ − t̂(K) − ∑̂c
(iωn)

]−1

+
∑̂c

(iωn), (5)

where K is the reduced Brillouin zone, 1̂ is a 4 × 4 unit
matrix, μ is the chemical Potential,

∑̂c
(iωn) is the clus-

ter self-energy, which is a 4 × 4 matrix, and t̂(K) is the
4×4 hopping matrix of the super lattice whose elements
are

tij(K) =
∑

⇀
r 1−⇀

r 2

t
⇀
r 1

⇀
r 2

ij exp[iK · (⇀
r 1 − ⇀

r 2)],

where ⇀
r 1 and ⇀

r 2 are basic vectors of the super lattice
and i, j are indexes of sites in the cluster.

2.2 Continuous-time quantum Monte Carlo algorithm

The continuous-time quantum Monte Carlo (CTQMC)
[54–57] algorithm is used as an impurity solver for
investigations on quantum phase transitions in two-
dimensional lattices of strongly correlated fermions. The
main mathematical methods used in the CTQMC algo-
rithm are Metropolis sampling, the law of large num-
bers, and the central-limit theorem. We use the Hubbard
model [58–63] as an example to introduce the CTQMC
algorithm:

H = −t
∑
〈i,j〉σ

(C†
iσCjσ + h.c) +

∑
ijσσ′

uijniσnjσ′

+μ
∑

i

C†
iσCiσ, (6)

where u stands for interaction and n represents the den-
sity operator. With respect to the interaction picture, the
Hamiltonian can be written as H = H0 + H1, where H0

is the time-independent part and H1 is the perturbative
part. Therefore, the system’s partition function is

Z = tr[exp(−βH)] = trTτ [exp(−βH0) · S(β)], (7)

where

H1(τ) = eτH0H1e−τH0 =
∑
ijσσ′

uijeτH0niσe−τH0njσ′

=
∑
ijσσ′

uijniσ(τ)njσ′ (τ)

and S(β) = Tτ exp[− ∫ β

0
H1(τ)dτ ].

After a series expansion of the system action, the sys-
tem’s partition function is

Z = tr[exp(−βH0) · S(β)]

= tr{exp(−βH0) · Tτ exp[−
∫ β

0

dτH1(τ)]}

= tr{exp(−βH0)
∑

k

(−1)k

k!

∫
dτ1

∫
dτ2...

×
∫

dτkTτ [H1(τ1)H1(τ2) · · ·H1(τk)]}

= tr{exp(−βH0)
∑

k

(−U)k

k!

∫
dτ1...

×
∫

dτkTτ [
∑
i1

ni1↑(τ1)ni1↓(τ1) · · ·

×
∑
ik

nik↑(τkl)nik↓(τk)]}, (8)

where “tr” indicates the matrix trace and Tτ is a time-
ordering operator. In general, the special index and the
series expansion index are expressed as κ ≡ {k, i, {τi}}
while there is no confusion, so the system’s partition
function is now

Z = Z0

∑
κ

(−U)κ

κ!

∫
d1...

∫
dκ〈Tτn↑(1) · · ·n↑(κ)〉0

×〈Tτn↓(1) · · ·n↓(κ)〉0, (9)

where Z0 = tr[exp(−βH0)]. Therefore, the mean value
of every observable is expressed as

〈O〉0 =
tr[exp(−βH0)] · O

tr[exp(−βH0)]
. (10)

Fig. 2 Sketch map of random walk for κ = 3.

The integrand in the partition function in Eqs. (2)–(9)
can be simplified by using Wick’s theorem and perform-
ing a random walk for κ = 3, Fig. 2 is a scheme for
random walk for κ = 3. For example, the mean value of
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the integrand in the partition function for the spin-up
case is

〈Tτn↑(1)n↑(2)〉0
=
〈
Tτc†↑(1)c↑(1)c†↑(2)c↑(2)c†↑(3)c↑(3)

〉
0

= G0
↑(1, 1)G0

↑(2, 2) − G0
↑(2, 1)G0

↑(1, 2)

=

∣∣∣∣∣∣∣
G0
↑(1, 1) G0

↑(1, 2) G0
↑(1, 3)

G0
↑(2, 1) G0

↑(2, 2) G0
↑(2, 3)

G0
↑(3, 1) G0

↑(3, 2) G0
↑(3, 3)

∣∣∣∣∣∣∣
. (11)

For the spin-up κ-order case,

〈Tτn↑(1)n↑(2) · · ·n↑(κ)〉0

=

∣∣∣∣∣∣∣∣∣∣∣

G0
↑(1, 1) G0

↑(1, 2) · · · G0
↑(1, κ)

G0
↑(2, 1) G0

↑(2, 2) · · · G0
↑(κ, κ)

...
...

...
...

G0
↑(κ, 1) G0

↑(κ, 2) · · · G0
↑(κ, κ)

∣∣∣∣∣∣∣∣∣∣∣
= det D↑(κ). (12)

For the spin-down κ-order case, the process is the same
as for spin-up and result is

〈Tτn↓(1)n↓(2) · · ·n↓(κ)〉0

=

∣∣∣∣∣∣∣∣∣∣∣

G0
↓(1, 1) G0

↓(1, 2) · · · G0
↓(1, κ)

G0
↓(2, 1) G0

↓(2, 2) · · · G0
↓(κ, κ)

...
...

...
...

G0
↓(κ, 1) G0

↓(κ, 2) · · · G0
↓(κ, κ)

∣∣∣∣∣∣∣∣∣∣∣

= det D↓(κ), (13)

where G0 is Green’s function, which corresponds to the
Hamiltonian with U = 0.

In the CTQMC algorithm, we use the Metropolis selec-
tive sampling algorithm to generate configuration space
that satisfies the target distribution density function.
Adding or subtracting vertices help to realize the ran-
dom walk between arbitrary configurations. For exam-
ple, suppose that the lattice model has N sites and the
initial configuration is k.

1) When a vertex is inserted, the new configuration is
k + 1. The probability of choosing any one spatial site is
1/N , and the probability of extracting one vertex from
the existing κ + 1 vertices is 1/(κ + 1). The Metropolis
sampling-based detailed balanced condition is

Pk→k+1

Pk+1→k
= −UβN

κ + 1

∏
σ

detD(κ + 1)

∏
σ

detD(κ)
. (14)

The Metropolis sampling-based acceptance ratio for
when a vertex is added is

R = min
[
1,

Pk→k+1

Pk+1→k

]
.

Thus, the calculation of detD(κ + 1)/ detD(κ) is im-
portant. When a vertex is added to κ[(k → k + 1)],
detD(κ + 1)/ detD(κ) is calculated efficiently as

detD(κ + 1)
detD(κ)

= det[D(κ + 1)M(κ)] = det{I + [D(κ + 1) − D(κ)]M(κ)}

= det

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 · · · G0(1, κ + 1)
0 1 · · · G0(2, κ + 1)

0 0 · · · G0(3, κ + 1)
...

...
...

...∑
i

G0(κ + 1, i)M(κ)i,1

∑
i

G0(κ + 1, i)M(κ)i,2 · · · G0(κ + 1, κ + 1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

detD(κ + 1)
detD(κ)

= det

(
A D

C B

)
, (15)

where the matrix is composed of four bulk matrices: A

is a unit matrix, B is a matrix element (κ + 1, κ + 1),
C is a row matrix with κ elements, and D is a column
matrix with κ elements. Therefore,

detD(κ + 1)
detD(κ)

= det

(
A D

C B

)

= detA · det(B − CA−1D)

= G0(κ + 1, κ + 1)

−
∑
ij

G0
σ(κ + 1, i)Mσ(κ)i,jG0

σ(j, κ + 1).

(16)

Then, Eq. (14) becomes

Pk→k+1

Pk+1→k
= −UβN

κ + 1

∏
σ

[
G0(κ + 1, κ + 1)

−
∑
ij

G0
σ(κ + 1, i)Mσ(κ)i,jG0

σ(j, κ + 1)
]
.
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The unknown in the above equation is the matrix Mσ(κ).
The relationship between Mσ(κ) and Mσ(κ + 1) is ob-
tained from Eq. (17):

Mσ(κ + 1) =

det

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

· · · −λ−1L1,κ+1

· M ′
σ · −λ−1L2,κ+1

· · · −λ−1L3,κ+1

...
...

...
...

−λ−1Rκ+1,1 −λ−1Rκ+1,2 · · · −λ−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

(17)

where the matrix elements are defined as

M ′
σij = M(κ)ij + Li,κ+1λ

−1Rκ+1,j ,

Rij =
∑

n

G0
σ(i, n)M(κ)nj ,

Lij =
∑

n

M(κ)inG0
σ(n, j),

λ =
detD(κ + 1)

detD(κ)
.

2) When the lattice model has N sites and a vertex is
subtracted (κ → κ − 1), the Metropolis sampling-based
detailed balanced condition is

Pk→k−1

Pk−1→k
= −UβN

κ + 1

∏
σ

detD(κ − 1)

∏
σ

detD(κ)
.

Next, we calculate the physical quantity. For spin-up, the
system’s single-particle Green’s function is

G↑(τ)ij = −
〈
Tτc↑(i)c

†
↑(j)

〉
= − 1

Z tr
(
Tτc↑(i)c

†
↑(j)e

−βH
)

= − 1
Z tr

(
Tτc↑(i)c

†
↑(j) exp(−βH0)Tτ exp[

∫ 0

β

U
∑

i

ni↑(τ)ni↓(τ)dτ ]

)

= − 1
Z tr

[
Tτc↑(i)c

†
↑(j) exp(−βH0)

∑
κ

(−U)κ

κ!

∫
d1 · · ·

∫
dκTτni↑(1) · · ·ni↑(κ)Tτni↓(1) · · ·ni↓(κ)

]

= −Z0

Z
∑

κ

(−U)κ

κ!

∫
d1 · · ·

∫
dκ
〈
Tτc↑(i)c

†
↑(j)ni↑(1) · · ·ni↑(κ)

〉
0
〈Tτni↓(1) · · ·ni↓(κ)〉0, (18)

and 〈Tτc↑(i)c
†
↑(j)ni↑(1) · · ·ni↑(κ)〉0 = detD(κ + 1).

G↑(τ)ij =

∑
κ

(−U)κ

κ!

∫
d1 · · ·

∫
dκ det[D↑(κ + 1)D↓(κ)]

∑
κ

(−U)κ

κ!

∫
d1 · · ·

∫
dκ det[D↑(κ)D↓(κ)]

=

∑
κ

(−U)κ

κ!

∫
d1 · · ·

∫
dκ det[D↑(κ)D↓(κ)]

det[D↑(κ + 1)D↓(κ)]
det[D↑(κ)D↓(κ)]

∑
κ

(−U)κ

κ!

∫
d1 · · ·

∫
dκdet[D↑(κ)D↓(κ)]

, (19)

where
det[D↑(κ + 1)D↓(κ)]

det[D↑(κ)D↓(κ)]

is the measurement function and

D↑(κ + 1) =⎛
⎜⎜⎜⎜⎜⎜⎜⎝

G0
↑(1, 1) G0

↑(1, 2) · · · G0
↑(1, κ) G0

↑(1, j)

G0
↑(2, 1) G0

↑(2, 2) · · · G0
↑(2, κ) G0

↑(2, j)
...

...
...

...
...

G0
↑(κ, 1) G0

↑(κ, 2) · · · G0
↑(κ, κ) G0

↑(κ, j)
G0
↑(i, 1) G0

↑(i, 2) · · · G0
↑(i, κ) G0

↑(i, j)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

Thus,

G↑(τ)ij =
det[D↑(κ + 1)D↓(κ)]

det[D↑(κ)D↓(κ)]

= G0
↑(i, j) −

∑
pq

G0
↑(i, p)M(κ)p,qG0

↑(q, j). (20)

3 Results

In this article, we review our CDMFT-based inves-
tigation on the quantum phase transitions in two-
dimensional lattices, including the TKL, the decorated

An Bao, et al., Front. Phys. 10(5), 106401 (2015) 106401-5
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Fig. 3 Sketch map for the combination of cellular dynamical
mean-field theory (CDMFT) and continuous-time quantum Monte
Carlo (CTQMC) algorithm.

honeycomb lattice, the Shastry–Sutherl and lattice, and
the square–octagon lattice.

The TKL, as seen in Fig. 4(a), is a two-dimensional
geometrically frustrated lattice that is found in the
new material Cu9X2(cpa)2 · xH2O, (where cpais2-
carboxypentonic acid, a derivative of ascorbic acid, and
X = F, Cl, Br), in which the Cu spins form the geomet-
rically frustrated TKL. This lattice is also realized by
cold atoms in an optical lattice. In contrast with other
frustrated systems such as the triangular lattice and the
Kagomé lattice, the “triangles-in-triangles” structure on
the TKL induces two different sublattices.

The decorated honeycomb lattice in Fig. 5(a), also
called the star lattice, is a “cousin” of both the hon-
eycomb lattice and the Kagomé lattice because it

Fig. 4 (a1) Symmetric TKL with λ = 1. The blue lines represent
the hopping between A sites and B sites. The red lines denote the
hopping between B sites. (a2) TKL is similar to the Kagomé lat-
tice with λ > 1. (a3) TKL is similar a system composed of many
triangular plaquettes with λ < 1. (b) The red lines indicate the
first Brillouin zone of the TKL and the black lines correspond to
the Fermi surface for the noninteracting case. The Γ, K, M, K′, M′
points denote the points in the first Brillouin zone with different
symmetry. (c) Density of states of the symmetric TKL for A sites
and B sites when U=0 at half filling. Reproduced from Ref. [26].

Fig. 5 (a) Sketch map of decorated honeycomb lattice. Solid
circles denote A sites and open circles mean B sites. The cluster
contains six sites: a1, a2, a3, b1, b2, and b3. Inside the small
rectangular area (dotted blue line) and large rectangular area (dot-
ted blue line) are the 6- and 12-site clusters, respectively, used
in our analysis. Arrows m and n are the real lattice vectors. (b)
K-space vectors k1 and k2 and first Brillouin zone (shaded yellow
hexagon) of the decorated honeycomb lattice. (c) Band structure of
the tight-binding model along the path M-Γ-K-M shown in (b), in
which ε1, ε2, ε3, ε4, ε5, and ε6 represent six energy bands for tight-
binding approximation. There are Dirac points at K and K′(not
shown) and the quadratic band crossing point at Γ. (d) Noninter-
acting density of states (DOS) of the system at half-filling f = 1/2.
There are four van Hove singularities and two δ peaks. Reproduced
from Ref. [43].

interpolates between the two. If the triangles at the ver-
tices of the underlying honeycomb lattice shrink to their
center points, a honeycomb lattice is recovered while ex-
panding the triangles until their corners touch to produce
a Kagomé lattice. The decorated honeycomb lattice has
been found in new polymeric iron (III) acetate.

The two-dimensional lattice in Fig. 6(a), filled with
Cu2+ ions, is topologically equivalent to the Shastry–
Sutherl and lattice in Fig. 6(b) and was found in
SrCu2(BO3)2.

The square–octagon lattice is a bipartite lattice that
is viewed as a square lattice in which each vertex is dec-
orated with a tilted square, as seen in Fig. 7(a). The
quasi-square–octagon lattice was found in the (1010) sur-
face of the functional material ZnO by first-principle cal-
culations and aberration-corrected transmission electron
microscopy (ACTEM) experimental observations during
its pressure-induced phase transition.

We adopted the popular Hubbard model to describe
the behavior of strongly correlated fermions in the two-
dimensional lattices discussed above. The Hamiltonians
for the different lattices are different and are respectively
as follows:

For the TKL,

H = −
∑
〈i,j〉σ

tijc
†
iσcjσ + U

∑
i

ni↑ni↓ + μ
∑
iσ

niσ, (21)

106401-6 An Bao, et al., Front. Phys. 10(5), 106401 (2015)
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Fig. 6 (a) Arrangement of Cu2+ ion in SrCu2(BO3)2. (b) Sketch
map of Shastry-Sutherland lattice which topologically equivalent
to (a). The dashed green line marks the four-site cluster which
contains four atoms labeled by 1, 2, 3, and 4. t1 and t2 are the
nearest-neighbor hopping energy and the diagonal hopping energy
respectively. We set the distance between the nearest neighbors as
the length unit and t1 = 1.0 as the energy unit. (c) First Bril-
louin zone of Shastry–Sutherland lattice. Γ, K, and M denote high
symmetry points. (d) Tight-binding dispersion for t2 = 1.0; (e)
Density of states at half-filling for t2 = 0.8, 1.0, and 1.2, respec-
tively while U = 0. Reproduced from Ref. [31].

Fig. 7 (a) Sketch map of square-octagon lattice and illustration
of hopping term t1 and t2, where t1 and t2 represent hopping fac-
tors between the nearest-neighboring sites in the same square and
between the endpoints of the different squares’ linking line, respec-
tively. (b) Reduced Brillouin zone of square-octagon lattice. (c)
Energy band in the reduced Brillouin zone of square-octagon lat-
tice. (d) Density of states of the square-octagon lattice without
interaction for different anisotropic parameter. Reproduced from
Ref. [32].

where tij is the nearest-neighbor hopping energy, U is
the Coulomb interaction, μ is the chemical potential, c†iσ
and cjσ denote the creation and annihilation operators,
respectively, and niσ = c†iσciσ is the particle number
density operator. We also introduced the parameterλ,
a asymmetry factor defined as λ = tab/tbb and which can
be adjusted by suppressing samples in experiments. For

convenience, we set tbb = 1.0 as the energy unit.
For the decorated honeycomb lattice, we consid-

ered two-component fermions trapped in the lattice
with nearest-neighbor hopping t on vertex triangles and
t′(t′ = λt) between triangles as shown in Fig. 5(a); t = 1
was defined as the energy scale.

H = −t
∑

〈ij〉σΔ

c†iσcjσ − t′
∑

〈ij〉σΔ→Δ

c†iσcjσ − μ
∑
iσ

niσ

+U
∑

i

ni↑ni↓, (22)

where c†iσ and cjσ are the creation and the annihilation
operators offer m ions with spin σ on sites i and j, re-
spectively, niσ = c†iσciσ is the density operator represents
the vertex triangle, U is the on-site repulsion interaction,
and μ is the chemical potential. The Hamiltonian of the
decorated honeycomb lattice satisfies SU(2) spin sym-
metry, time-reversal symmetry, and C6 lattice rotational
symmetry.

For the Shastry–Sutherl and lattice, the Hamiltonian
is defined as

H = −t1
∑

〈ij〉1,σ

c†iσcjσ − t2
∑

〈ij〉2,σ

c†iσcjσ + U
∑

i

ni↑ni↓,

(23)

where c†iσ and cjσ are the creation and annihilation oper-
ators of fermions with spin σ on sites i and j, respectively,
niσ = c†iσciσ is the density operator, and σ is the spin
index, the value of which is up or down.

For the square–octagon lattice, the Hamiltonian is

H = −t1
∑

i,j∈,σ

c†iσcjσ − t2
∑
→,σ

c†iσcjσ + U
∑

i

ni↑ni↓

−μ
∑
i,σ

niσ + h.c. (24)

where c†iσ and cjσ are the creation and annihilation oper-
ators of fermions with spin σ on sites i and j, respectively,
niσ = c†iσciσ is the density operator, μ is the chemical
potential, and σ is the spin index, the value of which
is up or down. The first two terms in this Hamiltonian
account for the kinetic energy of the system, which is
characterized by the coefficient factors t1 and t2, where
t1 is the hopping between the nearest-neighbor sites in
the same square lattice and t2 is the hopping between the
endpoints of the line that links the two nearest-neighbor
square lattices. The third term describes the on-site re-
pulsive interaction (U > 0) between fermions with oppo-
site spin. Here, we set t1 as the energy unit (t1 = 1). Fi-
nally, to reach the half-filled case, μ should equal zero for
this lattice system. In addition, we define an anisotropic
parameter λ such that λ = t1/t2.
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At U = 0, the Hubbard model translates into a tight-
binding approximation. The density of states and the
energy dispersion in the reduced Brillouin zone for the
two-dimensional lattices discussed above at U = 0 are
presented below. As an example, we use the square–
octagon lattice with fermions to explain the process of
obtaining the density of states and the energy disper-
sion in the reduced Brillouin zone. For U = 0 and
μ = 0, the Hubbard model translates into a tight-

binding approximation Hamiltonian. Thus, the Hamil-
tonian in momentum space is H0 =

∑
k Ψ†

kH0
kΨk, in

which Ψk = (c1k↑, c2k↑, c3k↑, c4k↑, c1k↓, c2k↓, c3k↓, c4k↓)T.
The creation and annihilation operators in each unit cell
are the four sites where the index i = 1, 2, 3, 4, as illus-
trated in Fig. 7(a). k is the location in the first Brillouin
zone and ↑ and ↓ indicate spin-up and spin-down. Be-
cause H0

k is decoupled in spin states, i.e., H0
k is block

diagonalized, it takes the following form:

H0
k = −

(
1 0
0 1

)
⊗

⎛
⎜⎜⎜⎜⎝

0 t1eikx+iky 2t2e−i
√

2ky t1e−ikx+iky

t1e−ikx−iky 0 t1e−ikx+iky 2t2e−i
√

2kx

2t2ei
√

2ky t1eikx−iky 0 t1e−ikx−iky

t1eikx−iky 2t2e−i
√

2kx t1eikx+iky 0

⎞
⎟⎟⎟⎟⎠ . (25)

The energy band and the energy dispersion in the first
Brillouin zone of the square–octagon lattice within the
framework of a tight-binding approximation are obtained
by diagonalizing H0

k and are shown in Figs. 7(c) and 8,
respectively. The density of states of the square–octagon
lattice without interaction is presented in Fig. 7(d).

The energy dispersion and density of states of the dec-
orated honeycomb lattice and the Shastry–Sutherl and
lattice without interaction are shown in Figs. 5(c) and 9
and Figs. 5(d) and 6(d), respectively.

To investigate the transition between metal and insu-
lator in these two-dimensional lattices, half-filled with

Fig. 8 Energy dispersion of isotropic square-octagon lattice along
the line between high symmetric points in the reduced Brillouin
zone. (a) Energy band Ek2 and Ek3 contact at Γ point and M
point for λ = 2.0 and the system is in metallic state. (b) Energy
band Ek2, Ek3 and Ek4 cross at Γ point while Ek1, Ek2 and Ek3

cross at M point for λ = 1.0. (c) The band Ek1 and Ek2 contact
at M point while the band Ek3 and Ek4 contact at Γ point for
λ = 0.83 and the system is in metallic states. (d) Band Ek2 and
band Ek3 are completely separated by Fermi energy level and the
system turns into insulating states. t1 fixed for all case and equals
1. Reproduced from Ref. [32].

fermions for finite on-site repulsive interaction, we have
to calculate the density of states (or the momentum-
resolved spectrum), double occupancy, and the evolution
of the Fermi surface of these systems.

The momentum-resolved spectrum Ak(ω) of a TKL
is calculated using the maximum entropy method; the
results are shown in Fig. 10. Figure 10(b) shows that
with an increase in interaction, a visible gap near the
Fermi energy appears which indicates an insulating state.
The Ak(ω) of the plaquette insulator is shown in Fig.
10(c), and Fig. 10(d) shows there is visible gap near
the Fermi energy when the system stays in the Kondo
metal state. The momentum-resolved spectral function
is obtained using angle-resolved photoemission spec-
troscopy (ARPES) experiments and the plaquette insu-
lator. Kondo metal can be found in real samples.

After calculating the self-energy that satisfies the
accuracy requirement, we used the maximum entropy
method [64] to calculate the density of states of the
two-dimensional strongly correlated fermion systems dis-
cussed above. The formula for the density of states is

D(ω) = − 1
π

Nc∑
i=1

[ImGii(ω − iδ)],

where the site index and Nc is the number of sites in the
cluster. For the TKL, Nc = 8, for the decorated honey-
comb lattice, Nc = 6, and for the Shastry–Sutherl and
and square–octagon lattices, Nc = 4.

In general, with an increase in the on-site repulsive
interaction U , the probability of more than one fermion
occupying the same lattice site decreases and eventually
only one fermion is confined per lattice site at a certain
large value of U . This confinement is described as double
occupancy (Docc), an important quantity used to char-
acterize the critical point in Mott phase transitions. Docc

106401-8 An Bao, et al., Front. Phys. 10(5), 106401 (2015)
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Fig. 9 Energy dispersion of Shastry–Sutherland lattice along the line between high symmetric points in the reduced
Brillouin zone. (a) t2 = 0.8, (b) t2 = 1.0, (c) t2 = 1.5, (d) t2 = 2.0, (e) t2 = 2.1, and (f) t2 = 2.5. We label I II III
and IV from top to bottom. Band II and III begin to separate when t2 = 2.0 and the system becomes a band insulator at
half-filling. We focus on the case when t2 < 2.0 in this report. Reproduced from Ref. [31].

Fig. 10 The momentum resolved spectrum Ak(ω) at λ = 0.6. (a) The metallic phase at U = 6 and T = 0.5. (b) The
Mott insulating phase at U = 9 and T = 0.5. A clearly visible single particle gap shows up around the Fermi energy. (c)
The plaquette insulating phase at U = 7.6 and T = 0.5. A small gap shows up in this phase. (d) The Kondo metallic phase
at U = 7 and T = 0.2, in which A sites are metallic and B sites are insulating. The single particle gap vanishes in this
phase. Reproduced from Ref. [28].
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Fig. 11 The density of states of the decorated honeycomb lattice for finite interaction at T = 0.05. (a) The zero density
in the Fermi level at U = 1.0 shows that the system is a semimetal. (b) A finite density at the Fermi level for U = 4.0,
which indicates that the system stays in the Nematic metal phase. (c) A charge gap is opened at U = 6.0 means that the
system is an insulator. Reproduced from Ref. [43].

Fig. 12 The density of states of the Shastry–Suther land lattice for finite interaction. (a) Density of state (DOS) for
different on-site repulsive interaction U at T = 0.2 and t2 = 1.0. Mott metal-insulator transition happens at U = 9.5, in
which an obvious energy gap appears around the Fermi level. Density of states for (b) T = 0.1, t2 = 1.0; (c) T = 0.1,
t2 = 0.8 and (d) T = 0.1, t2 = 1.2 are also plotted, where the transition points are U = 8, 6.5, and 9.1, respectively.
Reproduced from Ref. [31].

Fig. 13 The density of states of the isotropic square-octagon lattice for finite interaction. (a) The density of states for the
different temperature while the on-site repulsive interaction fixed at U/t1 = 6. The critical temperature for Mott transition
is T/t1 = 0.17. (b) The density of states for different on-site repulsive interaction while the temperature fixed T/t1 = 0.5,
the critical on-site repulsive interaction is U/t1 = 8. Reproduced from Ref. [32].
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indicates the transition order and is used to describe the
localization of the electrons in strongly correlated elec-
tron systems. The formula for double occupancy is

Docc = ∂F/∂U =
1

Nc

Nc∑
i=1

〈ni↑ni↓〉,

where F is free energy, U is the on-site repulsive in-
teraction, and Nc is the number of sites in one cluster.
The arrows in Figs. 14–17, which show the double occu-
pancy of different lattices, indicate the phase transition
point at different temperatures. The smooth continuity
of the evolution of double occupancy is characteristic
of a second-order Mott transition that occurs with an
increase in the on-site repulsive interaction U , while dis-
continuity signals a first-order phase transition, such as
that near the critical point UNM−AFI in the decorated
honeycomb lattice. We conclude that Docc decreases as
the interaction increases because the itinerancy of the

Fig. 14 Thedouble occupancy on the A sites as a function of on-
site repulsive interaction U for different temperatures T at λ = 0.6.
The inset figure shows the double occupancy on the B sites. The
arrows with different colors show the phase transition points at
different temperatures T . Reproduced from Ref. [28].

Fig. 15 Thedouble occupancy (Docc) of the decorated honey-
comb lattice and the on-site repulsive interaction U for various
temperatures T . Solid arrows indicates the critical points of SM-
NM crossover while dashed arrows show the critical points of the
NM-AFM insulating phase transition. Reproduced from Ref. [43].

atoms is suppressed. The double occupancies for TKL,
decorated honeycomb lattice, Shastry–Sutherland lat-
tice, and square–octagon lattice are shown in Figs. 14–17,
respectively. We conclude from these figures that with
an increase in the on-site repulsive interaction, the dou-
ble occupancy trends toward zero, which indicates the
appearance of the Mott insulating state from a differ-
ent perspective. When the interaction is stronger than
the critical interaction of the Mott transition, the ef-
fect of temperature on Docc is weakened and Docc for
different temperatures consistently trends toward zero,
which shows that the temperature does not distinctly
affect double occupancy.

Fig. 16 The double occupancy (Docc) of the Shastry–Sutherland
lattice as function of the on-site repulsive interaction U for T = 0.1,
0.2and 0.5 when t2 = 1.0. The blue, red, and black arrows mark
the critical U ’s of Mott transition for T = 0.1, 0.2 and 0.5, and
the values are 8, 9.5, and 11.8 respectively. Inset: The evolution of
Docc as a function of t2 for different on-site repulsive interaction
at T = 0.1. Reproduced from Ref. [31].

Fig. 17 The double occupancy (Docc) of the square-octagon lat-
tice as function of the on-site repulsive interaction U for T = 0.17,
0.25, and 0.5. (a) The evolution of the double occupancy as a func-
tion of on-site repulsive interaction U for different temperature T .
The arrows hint the corresponding value of Mott transition for dif-
ferent temperature. (b) The value of the double occupancy under
certain temperature for different on-site repulsive interaction U .
Reproduced from Ref. [32].
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The spectral function of the Fermi surface,

A(k; ω = 0) ≈ − 1
π

lim
ω→0

ImGk(k, iωn)

reveals the evolution of the metal–insulator properties
of the two-dimensional lattices half-filled with fermions.
Gk(ω) is a k-dependent Green’s function, where k is the
wave vector in the original Brillouin zone.

The spectral function of the TKL on a Fermi surface
for different U, T , and λ is presented in Fig. 18. Fig-
ure 18(b1) shows that there are six peaks near the M
point in Fig. 4(b) for λ = 1. The Fermi surface shrinks
with an increase in the on-site repulsive interaction U

because of the localization of electrons. Figure 18(a1)
shows that the Fermi surface at λ = 0.6 is similar to
a system composed of many triangular plaquettes. The
Fermi surface at λ = 1.25 is similar to a Kagomé lat-
tice [see Fig. 18(c1)]. As the on-site repulsive interaction
U increases, the Fermi surface develops into a fiat plane
that shows the localization of electrons, as shown in Figs.
18(a2)–(c2). The spectral function can be measured using
ARPES experiments.

The distribution of the spectral weight A(k, ω) of the
Shastry–Sutherl and lattice at zero frequency (ω = 0)
and T = 0.1 for different U and t2 are presented in Fig.
19. The location of the maximum of A(k, ω = 0) is seen
as the Fermi surface. Figure 19 shows that when U is
small, the spectral function has sharp peaks at the cen-
ter and along the two intersecting diagonals of the first
Brillouin zone, which is weakly renormalized, compared
to the noninteraction case, and exhibits a well-defined
Fermi surface. With increasing interaction, the peaks de-
crease and finally vanish when there is a Mott transition

due to the localization of particles. Decreasing frustra-
tion also makes the Fermi surface shrink.

The first two Matsubara frequencies are linearly ex-
trapolated to estimate the self-energy at zero frequency.
The Fermi surface of the isotropic square–octagon lat-
tice, half-filled with fermions, for different interactions
U/t1 at a fixed temperature T/t1 = 0.1 is shown in Figs.
20(a2), (b2), and (c2). In addition, Fig. 20 shows the
Fermi surface of the anisotropic square–octagon lattice
for U/t1 = 4, 6, 8, while T/t1 = 0.1. With the decrease
of λ for a fixed U , the amplitude of the spectral weight
increases because of the localization of particles.

We discuss the magnetic properties of each state
in every two-dimensional lattice with fermions by
defining magnetic order parameters. For the TKL,
we define the ferrimagnetic order parameter m =
(1/N)

∑
i sgn(i)(〈ni↑〉 − 〈ni↓〉), where i denotes the sites

in the cluster shown in Fig. 4(a1) and N is the number
of sites in the cluster. The sign function sgn(i) = 1 when
i = 0, 2, 6 and sgn(i) = −1 when i = 1, 3, 4, 5, 7, 8. The
single-particle energy gap ΔE and m, a function of the
on-site repulsive interaction U , for λ = 1 and T = 0.2
are shown in Fig. 21. The Mott transition points of the A
and B sites coexist when asymmetry is absent. A single
particle’s energy gap opens when U = 8.5. The ferromag-
netic order parameter m = 0 for U < Uc = 13.8, which
indicates that the system is in a paramagnetic insulating
state. This nonmagnetic state with a visible energy gap is
similar to the short-range resonating-valence-bond state
(RVB) found in other systems, such as the honeycomb
lattice. We argue that this paramagnetic insulating state
is a candidate for short-range RVB spin liquid because
of the absence of any long-range correlations. There

Fig. 18 The evolution of the spectral function on Fermi surface. (a) λ = 0.6, (b) λ = 1.0, (c) λ = 1.25. Reproduced from
Ref. [28].
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Fig. 19 The distribution of spectral weight A(k, ω = 0) for different U at T = 0.1. (a) t2 = 1.2, (b) t2 = 1.0, and (c)
t2 = 0.7. Peaks in the diagrams represent the dominating distribution of electrons with zero energy in momentum space
and thus correspond to the location of Fermi surface. When the effect of interaction is small, it behaves like sharp peaks on
the two diagonals in the first Brillouin zone, reflecting the Fermi surface at half-filling. With the increase of on-site repulsive
interaction U and decreasing t2, the renormalization effect becomes stronger, and the distribution spread. In (c3) where
Mott transition occurs and the system is in the antiferromagnetic phase, no clear patterns of the distribution can be seen.
Reproduced from Ref. [31].

is a large region in the parameter space where the RVB
spin liquid state is favored. When U > Uc, a finite m

means that the system is in a ferrimagnetic state. The
inset in Fig. 21 shows the evolution of a single-particle
energy gap ΔE at λ = 0.6 and T = 0.5, in which a gap
opens at the A sites in advance.

For the decorated honeycomb lattice, we de-
fine an antiferromagnetic order parameter m =
(1/Nc)

∑
i sgn(i)(ni↑ − ni↓), where sgn(i) = 1 for i =

a1, a3(b3), and b2, and sgn(i) = −1 for i = b1, b3(a3),
and a2.

To discuss the magnetic order in each state
of a Shastry–Sutherl and lattice, we define
the staggered magnetic order parameter m =
(1/Nc)

∑
i sgn(i)(ni↑ − ni↓), where sgn(i) = 1 if i = 1,

3 and sgn(i) = −1 if i = 2, 4, as shown in Fig. 6(b).
The magnetic orders found in the Shastry–Sutherl and
lattice as well as the evolution of the staggered magnetic

order parameter m and the single-particle gap ΔE as a
function of U for T = 0.1 with t2 = 1.0 are shown in Fig.
23. When U = 6, both m and ΔE vanish and the system
is in a paramagnetic metal phase. When 6 < U < 8, the
magnetic order forms while the single-particle excitation
is still gapless, indicating that the system is in an an-
tiferromagnetic metal phase. When U increases to 8, a
gap opens and the system goes into an antiferromagnetic
insulator phase. The inset in Fig. 23 shows that when
t2 = 1.4, there is only the metal–insulator transition at
U = 10 and all magnetic orders are suppressed due to
strong frustration.

For the square–octagon lattice, we define
an antiferromagnetic order parameter m =
(1/Nc)

∑
i sgn(i)(ni↑ − ni↓), where sgn(i) = 1 if i = 1,

3 and sgn(i) = −1 if i = 2, 4, as shown in Fig. 7(a).
The magnetic orders found in the square–octagon lattice
are shown in Fig. 24, and the evolution of m and ΔE as a
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Fig. 20 Pictures in the same row depict the Fermi surface evolution for certain fixed on-site repulsive interaction and
different anisotropic parameters while the pictures in the same column shows the Fermi surface evolution for certain fixed
anisotropic parameter and different on-site repulsive interaction. Peaks in the diagrams represent the dominant spectral
weight of electrons with zero energy in momentum space and thus correspond to the location of Fermi surface. With the
increase of U and λ, the renormalization effect becomes stronger and the distribution spread. Fermi surface evolution is
obtained at temperature T/t1 = 0.1. Reproduced from Ref. [32].

Fig. 21 The evolution of single particle gap ΔE and ferrimag-
netic order parameter m for λ = 1 and T = 0.2. Paramagnetic
metallic phase with ΔE = 0 and m = 0 is found when U is weak.
As U increases, a gap is opened and non-magnetic order is formed
with ΔE �= 0 and m = 0. This paramagnetic insulating state can
be a short range RVB spin liquid. An obvious magnetic order is
formed when U is strong enough with ΔE �= 0 and m �= 0. The
inset picture shows the evolution of ΔE at λ = 0.6 and T = 0.5.
A plaquette insulator is found when the A sites are insulating and
the B sites are metallic. Reproduced from Ref. [28].

function of U for T = 0.1 is presented in Fig. 25.
Based on the density of states (or the momentum-

resolved spectrum), the double occupancy, the evolution
of the spectral function on a Fermi surface as a func-

Fig. 22 Evolution of the antiferromagnetic order parameter m
and the single-particle gap ΔE as a function of on-site repulsive
interaction U for λ = 1.0 and T = 0.05. Insets: (a) Evolution of m
and ΔE as a function of on-site repulsive interaction U for λ = 1.0
and T = 0.2; (b) and (c) two equivalent antiferromagnetic spin
configurations of the antiferromagnetic insulator in a decorated
honeycomb lattice. Reproduced from Ref. [43].

tion of k, and the magnetic order parameters, we next
present rich phase diagrams of temperature vs. interac-
tion for the two-dimensional lattices.

The T–U phase diagrams of the TKL, half-filled with
fermions, at λ = 0.6 and λ = 0.1 are shown in Fig.
26. The asymmetry which induced by different hoppings
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Fig. 23 Evolution of the staggered magnetic order parameter
m and the single-particle energy gap ΔE as a function of on-site
repulsive interaction U at T = 0.1 and t2 = 1.0. When the in-
teraction is weak, ΔE = 0 and m = 0, and the system is in a
paramagnetic (PM) metal phase. With the increase of the on-site
repulsive interaction U , an antiferromagnetic (AFM) metal phase
found with m �= 0 but ΔE = 0. When on-site repulsive interac-
tion U is strong enough, both m and ΔE are not equal to zero,
and the system enters anantiferromagnetic (AFM) insulator phase.
The insert picture is for t2 = 1.4. Reproduced from Ref. [31].

Fig. 24 (a) Sketch map of the anti-ferromagnetic order of square-
octagon lattice. (b) Sketch map of the paramagnetic order of
square-octagon lattice.

Fig. 25 (a) is the relationship between energy gap and on-site re-
pulsive interaction for T = 0.1 while (b) for T = 0.5. For T = 0.1,
antiferromagnetic state appears before the appearance of insulat-
ing state while the antiferromagnetic state disappears at T = 0.5.
The right vertical axes in (a) and (b) shows the value of magnetic
order parameter in each state. Reproduced from Ref. [32].

between two sublattices causes the phase transition
points of the A and B sites to separate. As U increases, at
T = 0.5 the A sites transition from a metallic phase into
an insulating phase but the B sites stay in the plaquette
insulating phase, in which electrons are localized at the
A sites and the absence of next-nearest-neighbor hopping
causes them to be itinerant only within the B sites. When
T < 0.34, the B sites transition into Kondo metal state
but the A sites remain in the metallic phase (see Fig.
26). This coexistence of phases corresponds to a Kondo
metal, i.e., the localized electrons at the B sites act as
the magnetic impurity, while the electrons at the A sites
are still highly itinerant. In this situation, the system
shows a strong Kondo effect because of the high density
of magnetic impurities. When U > Uc, i.e., Uc = 7.8 at
T = 0.25, both A and B sites transform into insulators.
In Fig. 26, the A sites reenter the Mott transition because
of frustration and asymmetry. This reentrant behavior,
which is also found in the anisotropic triangular lattice,
divides the coexisting phases into two parts: the plaque-
tte insulator and the Kondo metal. The inset in Fig. 26
shows the phase diagram of the TKL at λ = 1. There are
no coexisting phases or reentrant behavior when asym-
metry is absent.

The finite-temperature phase diagrams of the isotropic
decorated honeycomb lattice (t′ = t), obtained from 6-
site cluster and 12-sitecluster analyses show cluster-size
dependence. At low temperatures, such as T < Tc1 ∼ 0.1,
three phases are formed at different interaction strengths
U . When U < Uc1 ∼ 3.4 at T = 0.05, the system is a
semimetal (SM). In this phase, two Dirac points of the
system have been broken away from the quadratic band
crossing point and the low-energy physics is that of the

Fig. 26 Phase diagram of the TKL at λ = 0.6. The black solid
lines show the transition line of the A sites, and the red dashed
lines show the transition line of the B sites. Two kinds of coexisting
phases between red lines and black lines are the plaquette insula-
tor and Kondo metal. Inset: The phase diagram of the symmetric
TKL (λ = 1), in which there are no-coexisting phases. Reproduced
from Ref. [28].
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Dirac fermion. When U > Uc2 ∼ 5.2 and T = 0.05, the
system undergoes a first-order phase transition into a
Mott insulator phase with antiferromagnetic order; this
is called the antiferromagnetic insulator (AFI) phase.
A nematic metal (NM) emerges at an intermediate in-
teraction region, Uc1 < U < Uc2, where Uc1 and Uc2

are the critical points of the SM–NM crossover and the
NM–AFI phase transition, respectively. In this region,
the system is metallic, has an anisotropic momentum-
resolved single-particle spectrum at the Fermi level, and
shows conventional Fermi-liquid behavior. With increas-
ing temperature, the nematic order on the metal side
and antiferromagnetic order on the insulator side are
gradually destroyed by thermal fluctuation. The criti-
cal points (Uc1, Tc1) and (Uc2, Tc2), which indicate where
the nematic order (green line with circles) and antiferro-
magnetic order phases (black lines with squares)break,
are calculated. At very high temperatures, such as T >

Tc1 = 0.13, both the nematic order and the antiferromag-
netic order are broken by thermal fluctuation, and the
system goes from SM crossover to paramagnetic insula-
tor with increasing interaction. As Fig. 27 shows that at
T = 0.15, the system isa SM when U < 6.2 and a para-
magnetic insulator when U > 6.2. For the 12-sitecluster,
the properties of this system do not change but there is
a slight shift in the phase boundary. For example, at =
1/20, the phase transition from to NM occurs at U = 3.2
(U = 3.4 for the 6-site cluster) and the NM-to-AFI tran-
sition occurs at U = 5.0 (U = 5.2 for the 6-site cluster).

We also obtained the T –U phase diagram for the
Shastry–Sutherl and lattice while t2 = 1.0 (Fig. 28). The
antiferromagnetic metal phase exists when T < 0.175,

Fig. 27 Phase diagram of isotropic hopping (λ = 1.0) decorated
honeycomb lattice. Solid and dashed lines are the results obtained
using the6-site cluster (Nc = 6) and 12-site cluster (Nc = 12), re-
spectively. Four phases in the phase diagram: (i) semi-metal (SM);
(ii) antiferromagnetic insulator (AFI); (iii) Nematic metal (NM)
and (iv) paramagnetic insulator (PM). The critical on-site repul-
sive interaction and critical temperature for SM-NM crossover are
shown by (Uc1, Tc1). Critical points for the phase transition to AFI
are shown as (Uc2, Tc2). Reproduced from Ref. [43].

and there is a phase transition from antiferromagnetic
metal to AFI as U increases. When the temperature is
high, magnetic orders are suppressed by thermal fluc-
tuations and the system undergoes a transition from a
paramagnetic metal phase to a paramagnetic insulator
phase with increasing U . In addition, the inset of Fig. 28
shows the phase diagram with frustration for t2 = 1.3.
Because of strong frustration, magnetic orders are to-
tally suppressed, even at low temperature, and both the
AFM metal phase and the AFM insulator phase disap-
pear. The only transition is from a PM metal to a PM
insulator as U increases.

In the T–U phase diagram for the square–octagon lat-
tice (Fig. 29), the system transitions from the paramag-
netic metal state to the antiferromagnetic metal state at
low temperature and weak interaction. The narrowness

Fig. 28 T–U Phase diagram of interacting fermions on the
Shastry–Sutherland lattice at t2 = 1.0. The black line is the bound-
ary between metal and insulator while the red line shows the tran-
sition from the paramagnetic (PM) phase to the antiferromagnetic
(AFM) phase. There is a region of antiferromagnetic metal phase
before the system enters the antiferromagnetic insulator phase at
low enough temperature with the increase of U , The insert picture
is for the case of t2 = 1.3. Reproduced from Ref. [31].

Fig. 29 T–U phase diagrams of isotropic square-octagon lattice
for λ = 1.0. The black line is the boundary between metallic phase
and insulating phase while the red one distinguishes the param-
agnetic (PM) phase and anti-ferromagnetic (AFM) phase. Repro-
duced from Ref. [32].
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of the antiferromagnetic metal state region means that
this state is sensitive to temperature and on-site repul-
sive interaction. As the on-site repulsive interaction in-
creases, the system transitions into the AFM insulator
state.

In addition to the T–U phase diagram, we must dis-
cuss the competition between the anisotropic (asymme-
try) parameter and the on-site repulsive interaction in
these two-dimensional lattice systems. The definition of
asymmetry in the TKL is when λ = tab/tbb, where tab

is the term for hopping between site aand site b and tbb
indicates hopping between the nearest-neighbor b sites.
As λ increases, a zone in which the plaquette insulator
and the Kondo metal coexist appears. This zone is sup-
pressed in the range λ = 0.9− 1.11. When U > Uc, such
as Uc = 13.8, at λ = 1 the system becomes a ferromag-
netic insulator with m �= 0. Before entering the ferromag-
netic phase, there is a paramagnetic insulator state. We
argue this paramagnetic insulator state is a candidate for
a short-range RVB spin liquid because of the absence of
any magnetic order and long-range correlations.

Next, we investigate the influence of the lattice
anisotropy, λ = t′/t, on phase transitions in the dec-
orated honeycomb lattice. For λ < 1, the effective hop-
ping amplitudes on vertex triangles are larger than those
between vertex triangles and the electrons are more itin-
erant in the intra-triangles. For λ > 1, the effective hop-
ping amplitudes on vertex triangles is smaller than those
between vertex triangles and the electrons are more itin-
erant in the inter-triangles. When λ = 1, the NM phase
is enhanced. Figure 31 shows the phase diagram in the

Fig. 30 The competition between U and λ in TKL at T = 0.2.
The region between the black lines and the red lines denotes the co-
existing zone which contains the plaquette insulator and the Kondo
metal parts. A wide paramagnetic insulating region is found with
an intermediate U. The blue lines show the transition point to the
ferromagnetic insulator with a clear magnetic order. Inset: (a)
One possible dimer configuration formed in the paramagnetic in-
sulator, which is a candidate for the short range RVB spin liquid.
(b) Spin configuration of ferrimagnetic insulator. Reproduced from
Ref. [28].

Fig. 31 Competition between on-site repulsive interaction
anisotropic parameter λ in decorated honeycomb lattice when
T = 0.067. Solid and dashed lines are the results obtained us-
ing the 6-site cluster (Nc = 6) and 12-site cluster (Nc = 12),
respectively. Leftmost (blue) lines show the phase crossover line of
the semimetal and Nematic metal; circles indicate critical points.
Rightmost (black) lines show the phase translation line of the Ne-
matic metal and antiferromagnetic insulator; squares indicate crit-
ical points. Reproduced from Ref. [43].

λ vs. U plane when T = 0.067, for 6-site and 12-site
clusters. The phase boundary is shifted by λ and the
NM phase region gets larger as λ varies; thus, the ne-
matic metal becomes more stable due to the enhanced
anisotropy.

The competition between frustration and on-site re-
pulsive interaction in the Shastry–Sutherl and lattice is
shown in Fig. 32. When t2 = 0, the Shastry–Sutherl
and lattice transforms into a square lattice that is unsta-
ble toward an antiferromagnetic phase for an arbitrarily
small interaction due to the perfect nesting of the Fermi
surface, and the magnetic order is always accompanied
by a Mott insulating gap. Figure 32 shows that the finite
critical U is around 2.9 when t2 = 0 because of the finite

Fig. 32 t2−U phase diagram at T = 0.1. When t2 < 1.3, there is
an antiferromagnetic metal phase between the paramagnetic metal
phase and antiferromagnetic insulator phase. When t2 > 1.3, a low-
temperature paramagnetic insulator phase emerges (which should
consist of a small plaquette phase and a dimer phase). eproduced
from Ref. [31].
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Fig. 33 λ−U phase diagram at T = 0.17. Reproduced from Ref.
[32].

temperature. In the presence of frustration, instead of go-
ing directly into the AFM insulator phase from the PM
metal phase when U increases, the system first enters an
AFM metal phase. This shows that frustration plays an
important role in the formation of an AFM metal. When
t2 = 1.3, the AFM metal phase disappears and a PM in-
sulator phase emerges at U = 9.5. The critical frustration
t2 = 1.3 obtained here is consistent with that obtained
from the calculations of the two-dimensional Heisenberg
model of the Shastry–Sutherl and lattice, beyond which
the system was shown to consist of a small plaquette
phase and a dimer phase.

Figure 33 shows the competition between λ and U at
T = 0.17 for the square–octagon lattice with strongly
correlated fermions. The antiferromagnetic metal state
disappears because of the competition but the other
phases continue to exist at T = 0.17.

4 Summary

Investigation of quantum phase transitions in two-
dimensional lattices containing strongly correlated
fermions is an important branch of condensed matter
physics. First, in this review we introduced in detail the
cellular dynamical mean-field theory and the continuous-
time quantum Monte Carlo method, which we used in
our work on the quantum phase transitions in two-
dimensional lattices. Second, we presented magnetic
quantum phase diagrams, including the T –U phase di-
agram, and the competition between the anisotropy (or
asymmetry) parameter and on-site repulsive interaction
in two-dimensional systems.
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