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Rectification phenomena and the phase locking in a two-dimensional overdamped Frenkel-Kontorova
model with a graphite periodic substrate were studied. The presence of dc and ac forces in the
longitudinal direction causes the appearance of dynamicalmode locking and the steps in the response
function of the system. On the other hand, the presence of an ac force in the transverse direction
causes the appearance of rectification,even though there is no net dc force in the transverse direction.
It is found that whereas the longitudinal velocity increases in a series of steps, rectification in
the transverse direction can occur only between two neighbor steps. The amplitude and phase of
the external ac driving force affect the depinning force,rectification of the system and particles

trajectories.
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1 Introduction

The properties of Shapiro steps [1, 2] have been stud-
ied experimentally and theoretically for many years in
the dissipative dynamics of many-body systems, such
as charge-density or spin-density wave conductors [3-7],
vortex lattices [8-13], colloids [14, 15] and Josephson-
junction arrays (JJA) biased by external currents [16—
20]. To understand these very complex physical sys-
tems, the focus was always on simple many-body mod-
els. Among them, the dissipative (overdamped) Frenkel-
Kontorova (FK) model [21-30] is one of the simplest and
most tractable, yet it is still able to describe the essence
of many physical and biological phenomena.

The FK model represents a harmonic chain of interact-
ing particles subjected to a sinusoidal substrate potential
[26, 31]. Tt can describe different commensurate or in-
commensurate structures that show very rich dynamical
behavior when they are subjected to an external force.
The dynamics of the de+ac driven FK model is char-

classical transport, friction and lubrication, computer simulation of molecular and

acterized by the appearance of a staircase macroscopic
response or Shapiro steps in the curve of the average ve-
locity as a function of the average external driving force.
These phenomena are due to interference or dynamical
locking of the internal frequency arising from the motion
of particles over the periodic substrate potential with the
frequency of an external ac force [32-34]. However, most
works on the overdamped FK model consider only the
simplest case in which the ac and dc forces are in the
same direction. This raises the question of what type of
phenomena will appear if the ac and dc forces are applied
in different directions.

Attention has been focused recently on dissipative
nonequilibrium systems which can produce a ratchet ef-
fect. For a particle moving in an asymmetric potential, a
net dc drift in one direction can occur in the absence of
a dc drive when an applied ac drive is combined with ac
flashing of the potential. Rectification arises because of
the asymmetric potential, which is the key factor for the
appearance of this phenomenon in these one-dimensional
(1ID) systems. Such ratchet phenomena have been re-
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ported in a variety of 1D systems or motions, such as
biological motors [35, 36|, particle segregation [35-37],
colloidal particles moving through asymmetric potentials
[35, 36, 38], atom transport in optical lattices [39], charge
transport in quantum dot systems [40], fluxon motion in
superconductors [41, 42], transport of granular particles
[43], and vortices in superconductors and superconduct-
ing quantum interference devices [44, 45].

There are many examples of rectification in two-
dimensional (2D) systems, including the motion of
biomolecules or polymers through periodic arrays of
posts [46-48]. Here the particles are driven in alternat-
ing directions by an electric field. Another approach to
2D rectification is to drive particles through a periodic
array at various angles [49-51]. Several theoretical stud-
ies have also considered models of particles moving in
2D asymmetric potentials, leading to rectification and
negative differential conductivity [52-54]. A better un-
derstanding of 2D systems that exhibit rectification can
facilitate the creation of technological devices for applica-
tions such as the separation of different species of colloids
or biomolecules or new techniques for electrophoresis.

Graphene, a single, one-atom-thick sheet of carbon
atoms arranged into a hexagonal honeycomb lattice, has
excellent electronic, mechanical, and thermal properties
and has exhibited great potential for a wide range of
research in materials science and engineering. Graphene
and its derivatives can be used as the active material in
solar cells or transparent conductive electrodes, electro-
catalysts for oxygen reduction in fuel cells, counter elec-
trodes in dye-sensitized solar cells, and high-performance
electrodes in supercapacitors, actuators, batteries, and
sensors [55-57], and for electronic transport in quantum-
dot structures [58-60].

Rectification of the simple cubic lattice and triangular
lattice have been studied previously [21, 25]. The present
study considers graphene, which is much more interest-
ing. For example, the electrical and mechanical proper-
ties of graphene have been used in flexible transparent
electrodes [61]. Stiff and flexible graphene oxide paper
[62] is promising for use in fuel cells and structural com-
posite applications. A nanoresonator based on flexural
vibrations of suspended graphene was implemented [63].
Self-retracting motion of graphite was observed exper-
imentally [64]. Nanorelays based on the telescopic mo-
tion of nanotube walls [65, 66] were realized experimen-
tally. Furthermore, a mass nanosensor based on the small
translational vibrations of nanotube walls was considered
[67, 68]. By analogy with these devices, a nanorelay based
on the telescopic motion of graphene layers and a mass
nanosensor based on the small translational vibrations
of graphene layers was proposed [69]. For all these appli-
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cations and for understanding of the fundamental prop-
erties of graphene, the investigation of the mechanical
properties of few-layer graphene associated with the rel-
ative displacement of the layers is highly important. The
interaction between the walls of carbon nanotubes and
between the nanotubes themselves is similar to the inter-
action between graphene layers. Therefore, investigation
of the interlayer interaction and relative displacement of
graphene layers is also of interest for the development
of nanotube-based nanoelectromechanical systems [65-
68, 70] and for studies of the interaction between carbon
nanotubes in fibers and yarns [71].

In the theory of rectification phenomena, the dissipa-
tive 2D FK model driven by external dc and ac forces,
where the ac force can be applied in both directions, has
not been studied yet. In this paper, we investigate rec-
tification and phase locking in the 2D overdamped FK
model with a periodic graphite substrate where in addi-
tion to the dc and ac drives in the longitudinal direction,
an ac force in the transverse direction is also applied.
The rectification phenomena in the 2D FK model exhibit
completely different physics from those in the 1D case
[24, 72-75]. The longitudinal velocity was found to in-
crease in a series of steps as Fy. increases where near the
transition between two steps, rectification in the trans-
verse direction was observed. The effect of the amplitude
and phase of the external ac driving force on the rectifi-
cation, critical depinning force and particle trajectories
were investigated.

2 Model

In the overdamped FK model, the dynamics of the entire
system is described by the following equation of motion:

a(‘/znt + Visub)

G F (), (1)

VPnm = —
where v is the damping coefficient where in our work,
simulations were performed for v = 1.0, r,, =
(Zr.m» Yn,m) is the position of the (n,m)-th atom, Vi,
is the interatomic interaction potential, Vi, is the pe-
riodic substrate potential, and F(t) = Fy. + F,.(t)
is the driving force, where F;. = Fyx, Fo.(t) =
Asin(2rvat)x + Bsin(2wvpt + ¢o)y, and & and y are
the unit vectors in the longitudinal (z) and transverse
(y) direction, respectively. We will consider a periodic
pinning potential with hexagonal symmetry of graphite:
Ve = Vo[2cos(3x) cos(%y)—i—cos(%y)], where b
is the lattice constant of the substrate. The interac-
tion potential between atoms in the upper layers of the
graphitic layer is chosen to be of the simple harmonic
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form Vi, = Ei?mzl %[(rmm — a)?], with a stiffness
strength K, where ry, ,, is the distance between two
neighbors (¢ = 0.246 is the lattice constant of the up-
per layer).

In this paper, we consider the system size 14a x % 3a.
The initial condition is that the velocities of all the atoms
are zero, and all the atoms are in their equilibrium posi-
tions. Equation (1) is integrated using the fourth-order
Runge-Kutta method with the periodic boundary condi-
tions. The time step used in the simulations was 0.0017,
and a time interval of 1007 was used as a relaxation time
to allow the system to reach the steady state. The dc
force was increased from zero with the step 107%. We fix
va = vp = 1y, A = B and examined the time average of
both the longitudinal v, and the transverse v, velocities
of particles. The response functions v, (Fg.) and v, (Fyc)
were analyzed for the commensurate structure. In partic-
ular, the rectification, critical depinning force and parti-
cle trajectories are examined for different parameters of
the system.

The response functions in the 1D FK model have been
well studied, the average velocity of the resonant solution
is given by v = iﬁf:j vo [32, 33, 74, 75], where i, j, and m
are integers, and vy is the frequency of the ac force. For
a given resonant velocity value o, the triplet (,7,m) of

integers is clearly not unique; if 3 is an irrational num-
ber, there is a unique minimal triplet with the property
that 4, 7, and m have no common factors. On the other
hand, for a rational value of 8 = % (where p and ¢ are
co-prime integers), a minimal triplet is such that ip + jq
and m have no common factors. Accordingly, the reso-
nant velocity is called harmonic if m = 1, and subhar-
monic whenever m > 1. When 8 =1, i =0,m = 3, the
resonant solution is: v, = %VO (j=0,1,2,3,---), which
is consistent with the results presented in Fig. 1.
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Fig. 1 Average velocity in the z-direction v, as a function of the
average driving force Fy. for A = B, ¢9 = 0, v4 = vg = 0.1 in
different ac amplitude regime A = 0, 0.05,0.15, 0.25, 0.35.
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3 Numerical results

Figure 1 shows the response functions of v, (Fy.) are pre-
sented for the different amplitudes of the ac force. The
response function is characterized by the appearance of
large harmonic steps where the step width and the crit-
ical depinning force are strongly affected by the ampli-
tude of the ac force. When F,. — 0, the system be-
haves as a dc-driven system. If an external ac force is
applied, the average velocity of the resonant solution for
the graphite system appears in a series of steps v, = %VO
(j =0,1,2,3,---). On the jth step, the average velocity
in the y direction is strictly zero. The quantization of the
step height appears due to the periodicity of the external
drive. This result differs from that obtained for the struc-
ture with the hexagonal symmetry in which v, = jug
[21]. The number of harmonic steps on the curves de-
pends on the amplitude of the ac force. Namely, as we
can see in Fig. 1, the first and the second steps appear
for A = 0.05, the first and third steps appear for the
case of A = 0.15, for the case of A = 0.25 there is no
fourth step, and for the case A = 0.35, there are four
steps. Very small subharmonic steps appear for the case
A =0.05and A =0.35.

Figure 2 shows v,(Fy.) and 0y (Fg.) versus Fy. for
A =B =025 ¢9 =0 and vy = vg = 0.1. Because
there is no net dc force in the transverse direction, v, = 0
for most values of Fy.. On the step of 0, (Fqc), Uy(Fae) is
zero, i.e., there is no rectification. However, the minimum
value of the v, appears in the negative direction, and the
rectifications (7, # 0) occur between two neighboring
steps. As we can see in Fig. 2(b), the first rectification
in the y-direction occurs between zero and the first step,
and other rectifications in the positive y-direction occur

@ 020
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0.05 -
0.00 . . . . .
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(b)
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7, 0.000
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Fig. 2 (a) Longitudinal average velocity U, vs. average driving
force Fy. which is applied in the z-direction. (b) Corresponding
average transverse velocity v, vs. average driving force Fy. for
A=B=025¢9=0,vs=vp=0.1.
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between two successive neighboring steps. The velocity
in the z-direction is larger than that in the y-direction.

Figure 3 shows 0, (Fy.) and v, (Fy.) as a function of
Fy. for the ac amplitude A = B = 0.2 are presented (the
other parameters are the same as in Fig. 2). A compari-
son of Fig. 3 and Fig. 2 reveals the strong effect of the ac
amplitude on the results. In Fig. 2 the first rectification
is mainly in the negative y-direction and the rectifica-
tions between steps all have similar values v,(Fy.). In
Fig. 3, a very strong rectification with very large v, (Fy.)
appears between the second and the fourth steps. Values
of A= B = 0.0,0.05,0.1,0.15,0.3,0.35,0.4, 0.5, and 0.6
were also examined. Rectification can occur asymmetri-
cally, it can appear in the positive or negative y-direction,
depending on the magnitude of A.

The phase difference between the ac forces in the -
and y-directions strongly affects the rectification, as can

(@) 025
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0.00 : : : : :
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Fig. 3 (a) Longitudinal average velocity U, vs. average driving
force Fy. which is applied in the z-direction. (b) Corresponding
average transverse velocity v, vs. average driving force Fy. for
A=B=0.2,¢0=0,vqa =vp =0.1.
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Fig. 4 (a) Longitudinal average velocity U, vs. average driving
force Fy. which is applied in the z-direction. (b) Corresponding
average transverse velocity v, vs. average driving force Fy. for
A=B=02,¢9=75,va=vp =01
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beseen in Fig. 4, which shows the longitudinal and trans-
verse velocities as a function of the average driving force
are presented for ¢9 = 5 (the other parameters are the
same as in Fig. 3. To understand how the phase differ-
ence affects the rectification in detail, the dependence
of both v, (Fy4.) and 0y (Fgc) on Fy. for other values of
¢o=0,%, 7,7, 5 were examined. Figure 5 shows the re-
sults obtained for the case of ¢g = 7. These results also
show the effect of the phase on the critical depinning
force. For A = B = 0.2 in Fig. 3, the critical depinning
force is nonzero, whereas with the introduction of the
phase difference in Figs. 4 and 5, the critical depinning
force at which rectification is observed decreases to zero
as ¢g increases.
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Fig. 5 (a) Longitudinal average velocity U, vs. average driving
force Fy. which is applied in the z-direction. (b) Corresponding
average transverse velocity v, vs. average driving force Fy. for

A=B=02¢g=7T

T:va=vp =01

(a) 2 (b)8

6
0 1 2 3 1015 1016 1017 1018

5564 5565 5566 5567 8308 8309 8310 8311 8312

326
24866
X X

16143 16145 24868 24870
Fig. 6 Particle trajectories (black lines) and periodic potential
minima (black dots) for different dc forces Fy. from Fig. 3. (a)
Fgqe =0, (b) Fy. = 0.0711, (¢) Fy. = 0.1388, (d) F4. = 0.1641,

(€) Fye = 0.2153, (f) Fy. = 0.2590.
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Fig. 7 Particle trajectories (black lines) and periodic potential
minima (black dots) for different dc forces Fy. from Fig. 4. (a)
Fge. =0, (b) Fyg. = 0.05, (c) Fg. = 0.0943, (d) Fy. = 0.1198, (e)
F4. = 0.1519, (f) Fy. = 0.2281.

To understand how the steps and the rectification ap-
pear, the particle trajectories were analyzed. The tra-
jectories of one particle moving on the substrate poten-
tial are presented for six different cases of v,: the zero
step (j = 0), the first harmonic (j = 1), the second
one (j = 2), the transition from the second to the third
one (j = 2 — 3), the third (5 = 3) and the fourth step
(j = 4) in Figs. 6(a)—(f) respectively, where A = B = 0.2,
va=vp =0.1 and ¢9 = 0.

In Fig. 6(a), Fge = 0 (j = 0), where 0,(Fy.) =
Uy(Fac) = 0, the particle moves in a confined orbit that
encircles one pin. When the particle is on the first step
(the average velocity is a constant in the z direction) in
Fig. 6(b), Fy. = 0.0711 (§ = 1), and the orbit does not
encircle a pin but forms a small loop that repeats every
first plaquette. Because the average velocity is zero in
the y direction, there is no rectification in this case. The
results in Figs. 6(c) (j = 2), (e) (j =4), and (f) (j =5)
are similar to that in Fig. 6(b). The average velocity in
the y direction is zero for these cases, suggesting that no
rectification occurs. In one period, the displacement in
the x direction is 2b, 4b and 5b respectively. However, in
the transitional region between steps 2 and 3 (j = 2 — 3)
in Fig. 6(d), the rectification occurs. The displacement
of the particle in the x direction is 3b, whereas that in
the y direction is nonzero.

Changing of the phase ¢y will affect these trajectories.
Figure 7 shows the one particle trajectory for the case of
A=B=02,v4s=vp=0.1and ¢ = 5. The dc forces
are Fy. = 0,0.05,0.0943,0.1198,0.1519, and 0.2281 in
Fig. 7(a)—(f) respectively. As in the previous case in Fig.
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6, in Fig. 7(d), rectification appears between two steps,
7 =2 — 3, where Fy. = 0.1198.

Similar results were also observed for the other sys-
tem parameters. On the basis of these simulations, we
find that the rectifications always occurs between two
neighboring steps. On the steps, there are no rectifica-
tion phenomena.

4 Conclusion

the dynamics of a 2D overdamped
Frenkel-Kontorova model with a periodic graphite sub-
strate in the presence of dc and ac forces was studied,

In conclusion,

where the ac force is applied in both the longitudinal
and transverse directions. The obtained results showed
that whereas the longitudinal velocity increases in a se-
ries of steps of the height %Vo, the rectification (7, # 0)
may occur in the transition region between two neigh-
boring steps of v,. By changing the amplitudes and the
phase of the external ac force, one can control the recti-
fication, trajectories and depinning of particles, i.e., the
frictional force in the system. These results may have po-
tential applications in many branches of physics such as
studies of vortices in superconductors, classical electron
motion, and biomolecules moving through 2D arrays of
posts, and especially in nanotribology.

This study differs from the previous works [21, 25].
The rectification of materials with triangular symmetry
was studied in Ref. [21], whereas that of the simple cubic
symmetric materials was studied in Ref. [25]. The present
study,unlike all other previous works, considers graphite.
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