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Experimental system of coupled map lattices
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We design an optical feedback loop system consisting of a liquid-crystal spatial light modulator

(SLM), a lens, polarizers, a CCD camera, and a computer. The system images every SLM pixel onto
one camera pixel. The light intensity on the camera pixel shows a nonlinear relationship with the

phase shift applied by the SLM. Every pixel behaves as a nonlinear map, and we can control the

interaction of pixels. Therefore, this feedback loop system can be regarded as a spatially extended

system. This experimental coupled map has variable dimensions, which can be up to 512 by 512. The

system can be used to study high-dimensional problems that computer simulations cannot handle.
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1 Introduction

In the field of nonlinear dynamics, partial differential
equations are usually used in the study of spatiotemporal
systems — time, space, and state variables change con-
tinuously, but the inherent limitations of partial differ-
ential equations result in serious difficulties in the study.
Therefore, in 1992, Kaneko proposed the coupled map
lattice (CML) system, a nonlinear dynamical system that
is discrete in space and time but maintains continuous
state variables [1-4]. The application of the CML system
not only overcomes the shortcomings of partial differen-
tial equations but also results in a relatively high com-
puting efficiency. Therefore, it is an effective tool for the
study of nonlinear systems. The CML system was orig-
inally proposed to study spatiotemporal chaos [5], pat-
tern dynamics [3], and complex network problems [6].
With deeper research, the CML system has rapidly de-
veloped and is now widely used in various fields, such as
population models [7], chemical reactions, biological net-
works, and encrypted communication [8]. Therefore, the
CML system is of great value. In a typical study, com-
puters are used to simulate CML systems, but computer-
based simulation systems are limited by the speed of the
computer’s operation, and the limitation of the system
becomes more obvious as the dimensions increase. The
experimental system presented in this paper overcomes
this limitation.

* These authors contributed equally to this work.

In this study, we design an experimental CML sys-
tem that has dimensions of up to 512 by 512. The sys-
tem contains a photoelectric feedback loop consisting of
a liquid-crystal spatial light modulator (SLM), a lens,
polarizers, a CCD camera, and a computer. Although
computer simulation can solve most CML problems, it is
important to handle high-dimensional systems.

This paper is organized as follows. In Section 2, we in-
troduce the experimental setup and model the feedback
loop. In Section 3, we study the dynamics of the system
experimentally and theoretically. In Section 4, we discuss
possibilities for further research and other application of
this system.

2 Experimental setup and model

Our experimental system contains a liquid-crystal SLM,
a lens, polarizers, a CCD camera, a computer, and a
laser (635 nm). Figure 1 shows the experimental setup
of the system.

Collimated 635-nm light from a laser passes through a
polarizer oriented 45° to the long axis of the SLM. The
SLM reflects the light with a relative phase shift between
the fast and slow axes. The reflected light passes through
another polarizer also oriented 45° to the long axis of
the SLM. Then, it passes through the lens before it illu-
minates the camera. We employ the computer-controlled
SLM to apply arbitrary and spatially dependent phase
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Fig. 1 Experimental setup

modulation to the optical wavefront by using a birefrin-
gent liquid crystal sandwiched between an array of re-
flective electrodes and a transparent cover glass. Each
of the electrodes acts as an independent pixel that can
impose an arbitrary phase shift ranging from 0 to 27 be-
tween the two polarization components of the incoming
light by applying an electric field to reorient the liquid
crystal. The electric-field component of the incident light

. . o :o Eo(l
linearly polarized at 45° is 70(

1). The Jones matrix of

the liquid crystal with a vertical slow axis is (87“" 0

and the matrix of the second polarizer is % G %) Thus,

the electric field of the light illuminating the camera is

11 1 e Y 0\ E [ 1
E = — .
Ey cosp+1 —isingp
= . - (1)
2v/2 cosp+1 —ising

Therefore, the intensity of light incident on the camera
is

3

o E§ Iy
I=|E| :7(1+cos<p):3(1+cosgp). (2)

The polarization optics creates a nonlinear relation-
ship between the phase shift ¢ applied by the SLM and
the intensity of light incident on the camera.

We use the light intensity I as a feedback signal to ad-
dress the SLM and choose an appropriate lookup table
such that the phase shift ¢ is proportional to the light
intensity:

»=2rl. (3)

Then, the light intensity has a nonlinear relationship
with the light intensity of last moment:

Loy = %[1 + cos(2nL,)]. ()

Figure 2 shows this relationship clearly.
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Fig. 2 The relationship between the pixel value of the camera
(In41) and the pixel value of SLM (Ip,).

For each pixel, we are able to acquire a figure simi-
lar to Fig. 2. In the setup, we use a lens to image every
SLM pixel onto one camera pixel. The SLM we used has
512x512 pixels. We construct a network of iterated maps
by using a computer to link the camera and SLM. Each
pixel of the SLM or camera corresponds to a node in
the network of coupled maps. The dimension of such a
CML can be up to 512x512. Feedback is achieved by
iteratively updating the phase applied by each pixel on
the SLM that depends on the intensity measured by the
camera.

3 Dynamics

Figure 3 shows the experimental bifurcation diagram and
the largest Lyapunov exponent calculated from the ex-
perimental data. Here, k is equivalent to Ij.

We notice the bifurcation behavior from a fixed point
to the period-two cycle, then period-four cycle, and
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Fig. 3 Experimental results of one pixel. (a) Bifurcation diagram
of z; (b) The largest Lyapunov exponent (LLE) vs. k.
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finally a chaotic state. The system undergoes period-
doubling routes to chaos.

When k > 0.84, the value of largest Lyapunov expo-
nent is greater than zero. We are able to determine that
the system reaches chaos when k > 0.84. However, it
must be noted that when k ranges from 0 to 0.84, the
largest Lyapunov exponent is not always less than zero.
Aside from obvious acts with intermittent chaos corre-
sponding to the k value, the largest Lyapunov exponent
fluctuates near zero, which might originate from the de-
fects of the Kantz algorithm in time-series analysis [9].

Figure 4 shows the simulation result of the map

Tpy1 = g[l + cos(2mxy,)). (5)

Figure 5 shows the simulation result of the bifurcation
diagram again in a larger scale and without normaliza-
tion. On carefully studying the bifurcation diagram, we
find that a regular curve is formed by the dense points.

We also find that inside the bifurcation for k£ > 0.5,
when x = k, the points are densely distributed. When
k is equal to half-integer, the points are also distributed
densely at x = 0.

In order to explain why more points can be found in
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Fig. 4 Simulation results of Eq. (5). (a) Bifurcation diagram of
z; (b) The largest Lyapunov exponent (LLE) vs. k.

Yu-Han Ma, et al., Front. Phys. 10, 100504 (2015)

Fig. 5 The dense distribution curve.

some areas and why points are not evenly distributed at
each value of k, we study the distribution laws of Eq. (5).

We choose n initial conditions x(0), which are evenly
distributed from 0 to 1. After one iteration, we acquire
n states xz(1).

The value of y = 1+ cos(2mzx) ranges from 0 to 2 while
the range of (1) is from 0 to k. Because y is not a linear
function, the distribution probability of (1) is no longer
even from 0 to k. When z(1) = 0 or (1) = k, the abso-
lute value of the slope of y is 0. Therefore, (1) has the
highest probability distribution around 0 or k.

We substitute & into Eq. (5) to obtain z(2) = $k[1 +
cos(27k)]. This implies that the solution k[1+ cos(27k)]
has the highest distribution probability after the second
iteration.

On generalizing the derivation above, we obtain the
curve x = k[l + cos(2mk)] in the bifurcation diagram,
as shown by the red line. Based on the above derivation,
we conclude that the state x = 0 will transit to x = k and
that the state 2 = k will transit to « = 1k[1 + cos(27k)].

Some special values of k help us comprehend and verify
this conclusion intuitively.

When k = 22t 2 = 1k[1 + cos(27k)] = k[l +
cos(m(2m + 1))] = 0. This implies that around the area
k = %, the solution oscillates between x = 0 and
x = k, as we see the period-two windows around k£ = 0.5,
1.5, and 2.5.

When k =m, x = k[l + cos(2rm)] =k, z =k is a
fix point when k& = m. We can see this phenomenon in
Fig. 5 at k =1,2,3.

Of course, when k is neither an integer nor a half-
integer, the solution is not fixed or oscillatory. Therefore,
the solutions are distributed from 0 to k. Based on the
above analysis, there are three areas, x = k, x = 0, and
x = Zk[1 + cos(27k)], where the solutions are densely
distributed.

This is why we can see the regular curve inside the
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bifurcation diagram.

However, we cannot observe these regular curves from
the experimental results. We know that the radical rea-
son why some solutions distribute densely is the char-
acteristic of cos(z). Furthermore, the solutions being
densely distributed at x = 0 and = = k will lead to
the fact that the solutions are densely distributed at
z = £k[1 + cos(27k)]. In our experiment, we use a CCD
camera to obtain the gray scale of the reflected light.
There is hardly any pixel value that is exactly 0. There-
fore, we cannot see the period windows and the regular
curve $k[1 + cos(2k)].

Figure 6 shows the dynamics of a coupled ring,

Tnp1(i) = (L= &) f(wn(i)) +ef (xn(i — 1)), (6)
i=1,2,...,N, 2,(i + N) = 2, (i). (7)

Figure 6(a) shows simulation results of state z of a
node ¢ vs. the coupling strength €. Figure 6(b) shows the
experimental results of phase ¢ of node i vs. coupling
strength e. Here ¢(i) = 2nx(i). f(xn(i)) is Eq. (5) with
k = 1.39 where the local dynamics is chaotic. We can see
that the state is chaotic in most coupled regions and pe-
riodic in regions where the coupling strength is medium.
The experimental result is in good agreement with the
simulation.
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Fig. 6 Simulation and experimental results of a coupled ring Eq.
(6). (a) Simulation result of z(¢) vs. e. (b) Experimental result of
(i) vs. . Here (i) = 2mxz(i).

4 Further applications

In our experiment, we obtained a CML system filled with
262144 lattices in a 512x512 SLM. We studied the dy-
namic behavior of a single lattice and a coupled ring
theoretically and experimentally. Because we can mod-
ify the interaction between lattices, this feedback loop
system is actually a complex network with dimensions of
up to 512 by 512. Because of the high capacity and rapid
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response of the optics system, our experimental system
shows excellent efficiency compared with computer sim-
ulation. As the collective behavior of a complex network
is currently a hot topic in nonlinear science [10-12], we
are studying this topic by using this experimental CML
system. According to our observation, as the coupling
strength increases, the coupled map system behaves as
cluster synchronization and then global synchronization.
We will study the dynamics in more details in the future.
We are also studying chimeras in Gaussian-coupled-map
lattices. Of course, there are many aspects of the system
to be studied. This paper presents the basic dynamic
behavior of the system, which forms the foundation for
further research on different aspects.
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